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Consider a homogeneous symplectic manifold (M = G/K,w). It is
possible to associate with (M,w) a homogeneous contact manifold (M =
G/K,8), called contactification of (M,w). It is defined as a homogeneous
principal R-bundle over M = G/K, with an invariant connection form
6 : TM — R, whose curvature form df is equal to df = 7*w (see e.g.
Ref.1). By definition, 6 is a G-invariant contact form on M. Such a ho-
mogeneous contactification is uniquely determined (up to a covering) and
it is described as follows. The Lie algebra g of G is a central extension
g =RZ + g of g, with Lie brackets [, ] defined by

X, Y] =wer(X,P)Z+[X,Y], XY eg=LieG),

where X, Y € X(M) are the infinitesimal transformations associated with
X,Y € g, while 8 is the unique G-invariant contact 1-form such that

aeK(Z)z]-’ geKlg:O-

By construction, the Reeb vector 7 of § is the infinitesimal transformation
T = Z associated with Z and the contact distribution D coincides with the
unique G-invariant distribution

DEK=Span{X'eK,X€g}.

Proposition 4.1. Let (M = G/K,w) be a homogeneous 2n-dimensional
symplectic manifold and (M = G/K,0) the associated contactification.
Then, there erists a natural 1-1 correspondence between G-invariant ef-
fective n-forms © on M and G-invariant effective n-forms ©M on M.

Furthermore, if the subgroup K is connected and the homogeneous man-
ifold M = G/K is reductive, with a reductive decomposition g = t+m, then
the invariant effective n-forms on M are in natural one to one correspon-
dence with the ady-invariant exterior n-forms ©, € A™m* that are effective,
i.e. so that

w;'10,=0, (8)
where we denoted by w, € A’m* the value of w at the point o = eK € G/K.

From this proposition, the problem of describing the invariant effective n-
forms on the homogeneous contact manifold (M = G/K, ) and associated
invariant generalized Monge-Ampére equations reduces to the classification
of ady-invariant effective n-forms on the vector space m. In the next section,
we describe such invariant effective forms on homogeneous bi-Lagrangian
manifolds of the normal real form of the exceptional group Ga.
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4.2. Invariant effective forms on homogeneous
bi-Lagrangian manifolds

Cousider the homogeneous bi-Lagrangian manifolds M;, My and Mj of
the normal real form G¢ of the exceptional group Ga, associated with the
fundamental gradations (1), (2) and (3) in §2.3.

The manifolds M2 and M3 are both 10-dimensional. The space of invari-
ant 5-forms on M3 is 2-dimensional. In order to give explicit expressions of
two generators © and @’ for this space, let us pass to the complexification
and consider a basis (E*) of (m®)*, which is dual to a basis of root vectors
(Eq) of m€ =3, o8 Let also

x def
+ = E:t(3oz1+2ag) )

* _ * * * * * * __ *
et1=Fi,,, 6= E:l:(a1+az) v €3 = EY 0, 1as) » €4 = Bi(3ai+as) -
In this notation, one generator is
O =k Nel, A el NelpNel,

while the other 5-form @’ is obtained from © by changing all + signs into
— and vice versa. Both forms © and ©’ are effective, i.e. satisfy (8) w.r.t.
to the unique (up to a scalar multiple) invariant symplectic form w, of M 3,

The manifold Ms also has a 2-dimensional space of invariant 5-forms.
A pair of generators is given by the 5-form

©=FE3 1o, N\EZy NET

~ Q] -] —x2

A

A (E;a1+a2 A Ei3a1—a2 - E§a1+2a2 A Ei3a1—2az)
and the form ©’, obtained from © by replacing any element B oy thaan DY

EX 4 oy —kpap+ HOWeVer, neither © nor @' is effective w.r.t. to the unique
invariant symplectic form of Mo.

Finally, consider the 12-dimensional manifold M;. This manifold admits
several invariant 6-forms and a 2-dimensional space of invariant symplectic
forms. The following is an example of an invariant 6-form, which is effective
w.r.t. any of the invariant symplectic forms:

O = E3y, 1200 N Esay oy NELa, NEL,, NET NE?

—2 — 1 —Qn —3(11—&2 .

The complete classification of invariant symplectic forms and related effec-
tive forms can be obtained by direct computations.
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