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This is again of type (IV). On the other hand, if R < d(1 + λ), the initial
holdings are (γ, bd(γ )/R2). This is of type (III).

So the proof of the theorem is complete.

5. An Example with Path-Dependent Least Cost
Superreplicating Portfolios

In a two-period binomial model with parameters S, u, d , R, λ, and µ, we
consider a short position in a put option with exercise price K satisfying

Sd2 < K < Sud.

This is the contingent claim {(0, 0), (0, 0), (1,−K )}. It follows from Theo-
rem 7 that there is a least cost superreplicating portfolio and we need only
consider the following possibilities for such a portfolio:

(I) the initial holdings are (1,−K/R2) (only arises if R < d(1 + λ) and
K < Sud(1 − µ));

(II) the initial holdings are (δ, B), where δ ≤ 0 and there are two possibili-
ties: δ = 0 which only occurs if K ≥ Sd2(1 + λ) and then B = 0 also;
δ < 0 which only occurs if K < Sd2(1 + λ) and then δ and B satisfy
B R = −δSu(1 + λ) and B R2 − (1 − δ)Sd2(1 + λ) = −K ;

(III) the initial holdings are (α, B/R), where α > 0 and (α, B) are the initial
holdings in a replicating portfolio for the one-period portion {d, du, dd}
(only arises if R < d(1 + λ));

(IV) a replicating portfolio for the whole two-period model.

Example.
Consider a two-period model with u = 1.1, d = 0.95, R = 1.05,
λ = µ = 0.06, and S = 100. Consider the put with exercise price 93
which is between 90.25 and 104.50. A short position in this put is the claim
{(0, 0), (0, 0), (1,−93)}.
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Note first that as R > d(1 + λ), we do not need to consider (I) or (III). We
consider (II) first. As K < Sd2(1 + λ), the only possibility is that there exist
δ < 0 and B such that

B R2 = −δSu R(1 + λ) = (1 − δ)Sd2(1 + λ) − K ,

that is,

1.052 B = −δ110 × 1.05 × 1.06 = (1 − δ) × 90.25 × 1.06 − 93.

We solve the last equation to get δ = −0.0996 and then B = 12.1940/1.052.
Then the initial holdings are (−0.0996, 12.1940/1.052), which has cost
1.1003.

The only other possibility is (IV), a replicating portfolio for the whole
model. We find that the one-period claim {(0, 0), (1,−93)} with initial
stock price 95 has the unique replicating portfolio (−0.1764, 18.1627). Next
we need to determine the replicating portfolio for the one-period claim
{(0, 0), (−0.1764, 18.1627)} with initial stock price 100. It turns out that
this has cost 1.16. Hence the least cost is 1.1003. Note that this least cost
superreplicating portfolio is path-dependent.

Now we show that the example just given is a special case of a situation
in which there is a unique least cost superreplicating portfolio and it is path-
dependent.

Theorem 8. Consider a two-period binomial model with parameters
S, u, d, R, µ, and λ satisfying

d(1 + λ) < u(1 − µ), R(1 − µ) < d(1 + λ) < R.

For every contingent claim with terminal holdings {(�uu, Buu), (�ud,

Bud), (�dd, Bdd)} satisfying �uu = �ud < �dd, Buu = Bud, and

Bdd − Buu − Sd2(1 + λ)(�uu − �dd) > 0, (4)

there exists a unique least cost superreplicating portfolio. Moreover, this port-
folio is path-dependent.

Proof. Let (�u, Bu) and (�d, Bd) be the holdings in a least cost superrepli-
cating portfolio at the end of the first period. Then we know that the initial
holdings (�, B) form a least cost superreplicating portfolio for the one-period
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claim {(�u, bu(�u)/R), (�d, bd(�d)/R)} with initial stock price S. We have
to show that there is just one possibility for {(�, B), (�u, Bu), (�d, Bd)}.

We first show it is necessary that

�u = �uu.

As d(1 + λ) < u(1 − µ), the one-period claim {(�u, bu(�u)/R),

(�d, bd(�d)/R)} is in one of Cases 1–6 of Remark 1. Denote by C(�u,�d)

the cost of its least cost superreplicating portfolio. As R > d(1 + λ), it fol-
lows from Theorem 4(a) that the least cost superreplicating portfolio for the
one-period claim is either the unique replicating portfolio with correspond-
ing p satisfying 0 < p < 1 or (�u, bu(�u)/R2). Hence, referring to the
proof of Theorem 5.1 of Chen et al. (2004), where here we observe that
αu = βu = �uu, we find that for fixed �d,

∂C

∂�u

{
< 0 if �u < �uu,

> 0 if �u > �uu,

and so we must have �u = �uu at a minimum. This also means that bu(�u) =
bu(�uu) = Buu.

Next we determine the zeros of the function fd. As d(1 + λ) < u(1 − µ),
fd(�d) is strictly decreasing and Equation (4) says that fd(�uu) < 0. Hence
there is a unique γ such that fd(γ ) = 0 and γ < �uu. So

bd(�d) =



Buu − Sud(1 + λ)(�d − �uu) if �d ≤ γ,

Bdd − Sd2(1 + λ)(�d − �dd) if γ ≤ �d ≤ �dd,

Bdd − Sd2(1 − µ)(�d − �dd) if �dd ≤ �d.

Next it follows from the proof of Theorem 7 that there is a δ with γ < δ <

�dd such that

au(�d) =


< 0 if �d < δ,

= 0 if �d = δ,

> 0 if δ < �d,

and ad(�d) > 0 for all �d.
Hence if �d ≤ δ, we have ad > 0 and au < 0 and the one-period claim

{(�uu, Buu/R), (�d, bd(�d)/R)} is in Case 2 of Remark 1. If δ < �d, we
have ad > 0 and au > 0 and the claim is in Case 1 or 4 of Remark 1. In all cases,
it follows from Theorem 4 and Remark 1 that the least cost superreplicating
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portfolio for the claim is the unique replicating portfolio so that the least cost
C is given by

C = p

R

[
�uuSu(1 + λ) + Buu

R

]
+ 1 − p

R

[
�d Sd̄ + bd(�d)

R

]
,

where

p = R − d̄

u(1 + λ) − d̄
, d̄ =

{
d(1 − µ) if �d ≤ δ,

d(1 + λ) if �d ≥ δ.

Hence

∂C

∂�d
= 1 − p

R2




SRd(1 − µ) − Sud(1 + λ) < 0 if �d < γ,

SRd(1 − µ) − Sd2(1 + λ) < 0 if γ < �d < δ,

SRd(1 + λ) − Sd2(1 + λ) > 0 if δ < �d < �dd,

SRd(1 + λ) − Sd2(1 − µ) > 0 if �d > �dd.

It follows that the unique minimum is achieved at δ.
Thus, we have shown that C(�u,�d) achieves its unique minimum at

(�uu, δ). This means that a least cost superreplicating portfolio for our two-
period claim has share holdings �uu and δ at the end of the first period and
initial holdings which constitute a least cost superreplicating portfolio for the
one-period claim {(�uu, Buu/R), (δ, bd(δ)/R)}. Morever, as seen above, the
least cost superreplicating portfolio for this one-period claim is the unique
replicating portfolio (δ, bd(δ)/R2).

Nowweshowthat thisportfolio,consistingof initialholdings (δ, bd(δ)/R2)

and end of first-period holdings (�uu, Buu/R) and (δ, bd(δ)/R), is path-
dependent. If it were path-independent, there would be terminal holdings
(�, B) in the ud state with � ≥ �uu, B ≥ Buu such that when the stock
price moves from Su to Sud we could rebalance the holdings (�uu, Buu/R)

in state u to get (�, B), and when the stock price moves from Sd to Sud we
could rebalance the holdings (δ, bd(δ)/R) in state d to get (�, B) also. Thus,
we would need

B = Buu − (� − �uu)Sud(1 + λ) = bd(δ) − (� − δ)Sud(1 + λ).

As � ≥ �uu and B ≥ Buu, the first equation implies that � = �uu, B = Buu

and so the second equation can be written as

Buu = bd(δ) − (�uu − δ)Sud(1 + λ).
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However, au(δ) = 0. Thus,

(δ − �uu)Su(1 + λ) + bd(δ) − Buu

R
= 0.

From the last two equations we find that R = d . This contradiction shows
that the least cost superreplicating portfolio is path-dependent.
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