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The stochastic ideas are used in two ways in these methods: (i) to decide
stopping criteria for the methods, and (ii) to develop techniques to approximate
the region of attraction for a local minimum point. The goal of many stochastic
methods is to develop good approximations for the regions of attraction for local
minima so that the search for that local minimum is performed only once.

Some stochastic methods try to determine all local minima for the function.
Then, the best local minimum is claimed as the global minimum point. One
difficulty is that the number of local minima for the problem is not known a
priori. Therefore it is difficult to determine when to end the search for local
minima. Usually a statistical estimate for the number of local minima is used in
practice. The methods usually have two phases: a global phase and a local phase.
In the global phase, the function is evaluated at a number of randomly sampled
points. In the local phase, local searches are performed from the sample points to
yield candidate global minima. The global phase is necessary because just a local
strategy cannot give a global minimum. There are many stochastic methods for
global optimization, such as multistart, clustering, controlled random search,
simulated annealing, acceptance-rejection, stochastic integration, and genetic
algorithms. We shall describe only the basic ideas of some of the methods. More
details can be found in Refs. 7 and 17 and works cited therein. It is important to
note that since some stochastic methods use random processes, an algorithm run
at different times can generate different iteration histories and local minima.
Therefore, a particular problem needs to be run several times before the solution
is accepted as the global optimum.

Multistart Method. The basic idea of multistart methods is to perform search for
a local minimum from each sample point. The best local minimum point found is
taken as the global minimum. The stopping criterion for the method is based on a
statistical estimate of the number of local minima for the problem. The method is
reliable but it is not efficient since many sample points lead to the same local
minimum. Therefore, strategies to eliminate this inefficiency in the algorithm
have been developed.

Clustering Methods. The basic idea of clustering methods is to remove
inefficiency of the multistart method by trying to use the local search procedure
only once for each local minimum point.”' The random sample points are linked
into groups to form clusters. Each cluster is considered to represent one region of
attraction such that a search initiated from any point in the region converges to
the same local minimum point. Four clustering methods have been used for



Introduction to Optimization 31

development of the regions of attraction: density clustering, single linkage, mode
analysis, and vector quantization multistart.

Controlled Random Search. The controlled random search has both global and
local phases in its algorithm. It uses the idea of a simplex which is a geometric
figure formed by a set of n+1 points in the n-dimensional space (n is the number
of variables). In two dimensions, the simplex is just a triangle and in three
dimensions, it is a tetrahedron. The method does not use gradients of the cost
function and so continuity of the functions is not required. In the global phase,
one starts with n+1 sample points. The worst point (having the largest value for
the cost function) is replaced by a trial point evaluated using the centroid for the
n sample points including the worst point. If the trial point is feasible and has
better cost function value, then it replaces the worst point of the selected set.
Otherwise, the process is repeated until a better point is found. In the local phase,
the worst point among the current n+1 sample points is reflected about the
centroid of the simplex. The point is then expanded or contracted to obtain a
better point. The worst point is replaced by this point. The two phases are
repeated until a stopping criterion is satisfied.

Acceptance-Rejection Methods. The acceptance-rejection methods use ideas
from statistical mechanics to improve efficiency of the multistart algorithm.*’
The strategy is to start the local minimization procedure only when the randomly
generated point has smaller cost function value than that of the local minimum
previously obtained. This forces the algorithm to tunnel below the local minima
in search for a global minimum. This modification, however, has been shown to
be inefficient, and therefore the tunneling process has been pursued only by
means of deterministic algorithms, as explained earlier. The acceptance-rejection
based methods modify this tunneling procedure which is sometimes called
random tunneling. The idea of acceptance phase is to some times start local
minimization from a randomly generated point even if it has a higher cost
function value than that at a previously obtained local minimum. This involves
calculation of certain probabilities. If the local minimization procedure started
from an accepted point produces a local minimum that has higher cost function
value than a previously obtained minimum, then the new minimum point is
rejected. This is called the rejection phase.

Stochastic Integration. In these methods, a stochastic perturbation of the system
of differential equations for the trajectory methods is introduced in order to force
the trajectory to a global minimum point. This is achieved by monitoring the cost
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function value along the trajectories. By changing some coefficients in the
differential equations we get different solution processes starting from the same
initial point. This idea is similar to simulated annealing but here a parameter in
the differential equation is decreased continuously.

6. Concluding Remarks

Basic concepts and terminology used for optimization of structural and
mechanical systems are described. Various types of optimization models are
presented and discussed. Optimality conditions for continuous variable
optimization problems are presented. Concept related to algorithms for
continuous variable optimization problems are presented and discussed. Basic
concepts of methods for discrete variable, multiobjective and global optimization
problems are described. The material is introductory in nature, and so, several
references are cited for readers interested in more in-depth study of various
topics.
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