CHAPTER II
THE REDISCOVERY OF GAUGE SYMMETRY

. gauge invariance has no physical meaning,
but must be satisfied for all observable quan-
tities in order to ensure that the arbitrariness of
A and ¢ does not affect the field strength.

Rohrlich, 1965*

2.1 Introduction

Gauge invariance was recognized only recently as the physical
principle governing the fundamental forces between the elementary
particles. Yet the idea of gauge invariance was first proposed by
Hermann Weyl? in 1919 when the only known elementary particles
were the electron and proton. It required nearly 50 years for gauge
invariance to be “‘rediscovered” and its significance to be understood.
The reason for this long hiatus was that Weyl’s physical interpretation
of gauge invariance was shown to be incorrect soon after he had
proposed the theory. Gauge invariance only managed to survive
because it was known to be a symmetry of Maxwell’s equations
and thus became a useful mathematical device for simplifying many
calculations in electrodynamics. In view of the present success of
gauge theory, we can say that gauge invariance was a classical case
of a good idea which was discovered long before its time.

In this chapter, we present a brief historical introduction to
the discovery and evolution of gauge theory. The early history of
gauge theory can be divided naturally into old and new periods
where the dividing line occurs in the 1950’. In the old period,
we will return to Weyl’s original gauge theory to gain insight into

g, Rohrlich, Classical Charged Particles (Addison Wesley, Reading, Mass., 1965).
2H. Weyl, Ann. Physik 59, 101 (1919).
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several key questions. The most important question is what moti-
vated Weyl to propose the idea of gauge invariance as a physical
symmetry? How did he manage to express it in a mathematical
form that has remained almost the same today although the physical
interpretation has altered radically? And, how did the development
of quantum mechanics lead Weyl himself to a rebirth of gauge
theory?

The new period of gauge theory begins with the pioneering
attempt of Yang and Mills® to extend gauge symmetry beyond the
narrow limits of electromagnetism. Here we will review the radically
new interpretation of gauge invariance required by the Yang-Mills
theory and the reasons for the failure of the original theory. By
comparing the new theory with that of Weyl, we can see that many
of the original ideas of Weyl have been rediscovered and incorporated
into the modern theory.

2.2 The Einstein Connection

In 1919, only two fundamental forces of nature were thought
to exist —electromagnetism and gravitation. In that same year, a
group of scientists also made the first experimental observation of
starlight bending in the gravitational field of the sun during a total
eclipse®. The brilliant confirmation of Einstein’s General Theory
of Relativity inspired Hermann Weyl to propose his own revolutionary
idea of gauge invariance in 1919. To see how this came about, let us
first briefly recall some basic ideas involved in relativity.

The fundamental concept underlying both special and general
relativity is that there are no absolute frames of reference in the
universe. The physical motion of any system must be described
relative to some arbitrary coordinate frame specified by an observer,
and the laws of physics must be independent of the choice of frame.

In special relativity, one usually defines convenient reference
frames which are called “inertial”, i.e. moving with uniform velocity.

3C. N. Yang and R. L. Mills, Phys. Rev. 96, 191 (1954).
*H. von Kluber, Vistas in Astronomy 3,47 (1960).
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For example, consider a particle which is moving with constant
velocity v with respect to an observer. Let S be the rest frame of
of the observer and S’ be an inertial frame which is moving at the
same velocity as the particle. The observer can either state that
the particle is moving with velocity v in S or that it is at rest in S'.
The important point to be noted from this trivial example is that
the inertial frame S'can always be related by a simple Lorentz
transformation to the the observer’s frame S. The transformation
depends only on relative velocity between particle and observer,
not on their positions in space-time. The particle and observer
can be infinitesimally close together or at opposite ends of the
universe; the Lorentz transformation is still the same. Thus the
Lorentz transformation, or rather the Lorentz symmetry group
of special relativity, is an example of “global” symmetry.

In general relativity, the description of relative motion is much
more complicated because one is dealing with the motion of a
system in a gravitational field. For the sake of illustration, let us
consider the following “gedanken” exercise for measuring the
motion of a test particle which is moving through a gravitational
field. The measurement is to be performed by a physicist in an ele-
vator. The elevator cable has broken so that the elevator and
physicist are falling freely®. As the particle moves through the field,
the physicist determines its motion with respect to the elevator.
Since both particle and elevator are falling in the same field, the
physicist can describe the particle’s motion as if there were no
gravitational field. The acceleration of the elevator cancels out the
acceleration of the particle due to gravity. This is a simple example
of the principle of equivalence, which follows from the well-known
fact that all bodies accelerate at the same rate in a given gravitational
field (e.g. 9.8 m/sec? on the surface of the earth).

Let us now compare the physicist in the falling elevator with
the observer in the inertial frame in special relativity. It might
appear that the elevator corresponds to an accelerating or ‘‘non-
inertial”” frame that is analogous to the frame S’ in which the particle

Sp.G. Bergmann, Introduction to the Theory of Relativity (Prentice-Hill, New York, 1946).
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appeared to be at rest. However, this is not true because a real
gravitational field does not produce the same acceleration at every
point in space. As one moves infinitely far away from the source,
the gravitational field will eventually vanish. Thus, the falling
elevator can only be used to define a reference frame within an
infinitesimally small region where the gravitational field can be
considered to be uniform. Over a finite region, the variation of the
field may be sufficiently large for the acceleration of the particle not
to be completely cancelled.?

We see that an essential difference between special and general
relativity is that a reference frame can only be defined “‘locally’ or
at a single point in a gravitational field. This creates a fundamental
problem. To illustrate the difficulty, let us now suppose that there
are many more physicists in nearby falling elevators. Each physicist
makes an independent measurement so that the path of the particle
in the gravitational field can be determined. How are the individual
measurements to be related to each other? The measurements were
made in separate elevators at different locations in the field. Clearly,
one cannot perform an ordinary Lorentz transformation between the
elevators. If the different elevators were related only by a Lorentz
transformation, the acceleration would have to be independent of
position and the gravitational field could not decrease with distance
from the source.

Einstein solved the problem of relating nearby falling frames
by defining a new mathematical relation known as a ‘“‘connection”.
To understand the meaning of a connection, let us consider a 4-
vector A, which represents some physically measured quantity.
Now suppose that the physicist in the elevator located at x observes
that A, changes by an amount dA4, and a second physicist in a
different elevator at x' observes a change dA4,. How do we relate
the changes dA, and dA4,? In special relativity, the differential
dA, is also a vector like A, itself. Thus, the differential d4, in the

2 strongly varying gravitational field gives rise to “tidal” forces which can produce some
unusual effects. For example, see the science fiction story Neutron Star by L. Niven (Bal-
lantyne, New York, 1968).
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the elevator at x'is given by the familiar relation

, oxt
dd, = -=5 d4, a-1)

where, according to the usual convention® , the repeated index u is
summed over the values = 0,1, 2, 3. The simple relation (I - 1)
follows from the fact that the Lorentz transformation between x
and x'is a linear transformation. What happens in general relativity?
We can no longer assume that the transformation from x to x’
is linear. Thus, we must write for dA; the general expression

ox ok
4, = dd, + A d<———>

14 ax a 2%
ox* 9%x* N
= 5;;; .t A" ——ax,v PN dx . (Ir-2)

Clearly, the second derivatives 32x*/dx'”dx' will vanish if the x*
are linear functions of the x'”

How do we interpret the physical meaning of the extra term
in (IT - 2)? Such terms are actually quite familiar in physics. They
occur in ‘‘curvilinear” coordinate systems. For example, suppose
that two physicists are located on a circular path at the positions
x,y and x' =x + dx, y' =y + dy as shown in Fig. (2-1). The curved
path could be the equator of the earth. Using the familiar curvilinear
coordinates:

x = Rcos ¢ , y = Rsin¢g , (I1-3)

it can be easily seen that the differentials dx and dy depend on the
coordinates x and y. Now suppose that the physicist at x, y measures

bThe components of the 4-vector AH = (A°, A) and A =(4,,A) w1th A° = -A,. Vector
components with upper and lower indices are related by x“ = & xV, where g” is the
metric tensor which appears in the definition of the invariant space- lme interval ds* =
&y dx* dx¥. The components of Sup AT &, = 8,, = 8y, = 1, g, = -1, and all other
components are zero.
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Fig. 2.1 A simple example of nonlinear effects in curvilinear coordinate system. Physicists
at x, y and x', y', observe that vectors A and A’, which are perpendicular to the circle at
their respective locations, do not point in the same direction.

a quantity which is described by a vector A. The vector A happens
to be exactly perpendicular to the circular path at x, y as shown in
Fig. (2.1). The direction of A could be interpreted as the “‘upward”
direction when one is standing on the surface of the earth. However,
the vector A is clearly different from the upward direction A’ at the
position x’, y' of the second physicist. The vector A at x, y is
rotated by an angle d¢ from the perpendicular direction A’ at x’, y’.
The difference between A and A, assuming they have the same
magnitude, is

[Aldg = IAl,égdx + IAIa—¢dy . ar-4)

ox oy

Let us compare this simple result with the extra term in (II - 2).
We see that they both have the same general form, namely, they
are proportional to the vector A itself and to the distance dx (and
dy) between the points x and x'. This suggests that the second
derivative in (Il - 2) can be interpreted as a kind of coefficient
which arises from “curvilinear” rather than linear transformations
between x and x'. These curvilinear coefficients are denoted by
the special symbol

b OX (II-5)
VA axnlaxl}\
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and are called the components of a “connection”. They are also
called affine connections or Christoffel symbols in texts on general
relativity .6

Although we have used a simple angular coordinate system
(IT - 3) to interpret the meaning of the connection, it is important
to note that the gravitational connection is not simply the result of
using a curvilinear coordinate system. The value of the connection
at each point in space-time is dependent on the properties of the
gravitational field. The field determines the relative orientation of
the different falling elevators in the same way that the ‘“‘upward”
direction on the surface of the earth varies from one position to
another. The analogy with curvilinear coordinate systems merely
indicates that the mathematical descriptions of free-falling frames
and curvilinear coordinates are similar. It required the genius of
Einstein to generalize this similarity and arrive at the revolutionary
idea of replacing gravity by the curvature of space-time in general
relativity.”

Let us briefly summarize the essential features of general
relativity that Weyl would have utilized for his new gauge theory.
First of all, general relativity involves a specific force, gravitation,
which is not the case in special relativity. However, by studying
the properties of coordinate frames just as in special relativity,
one learns that only local coordinates can be defined in a gravita-
tional field. This local property is required by the physical behavior
of the field and leads naturally to the idea of a connection between
local coordinate frames. Thus the essential difference between
special and general relativity is that the former is a global theory
while the latter is a local theory. This local property was the key to
Weyl’s gauge theory.

2.3 Weyl’s Gauge Theory
Weyl went a step beyond general relativity and asked the

5C.W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation (W. H. Freeman, San Francisco,

1973).
7Einstein, The Meaning of Relativity (Princeton University, New Jersey, 1955).
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following question: if the effects of a gravitational field can be
described by a connection which gives the relative orientation
between local frames in space-time, can other forces of nature such
as electromagnetism also be associated with similar connections?
Generalizing the concept that all physical measurements are relative,
Weyl proposed that the absolute magnitude or norm of a physical
vector also should not be an absolute quantity but should depend on
its location in space-time. A new connection would then be neces-
sary in order to relate the lengths of vectors at different positions.
This idea became known as scale or ‘“gauge” invariance. It is impor-
tant to note here that the true significance of Weyl’s proposal lies in
the local property of gauge symmetry and not in the particular
choice of the norm or “gauge” as a physical variable. As we shall see,
the assumption of locality is an enormously powerful condition that
determines not only the general structure but many of the detailed
features of gauge theory.

Weyl’s gauge invariance can be easily expressed in mathematical
form. We will use a notation which is somewhat more modern3
than Weyl’s original work. Let us consider a vector at position x
with norm given by f(x). If we shift the vector or transform the
coordinates so that the vector is now at x + dx, the norm becomes
f(x + dx). Expanding to first order in dx, we can write the norm as

fx +dx) = f(x) + a#fdx“ , (II-6)

where the abbreviation 8, means 8/dx*. We now introduce a gauge
change through a multiplicative scaling factor S(x). This factor can
be visualized as the change in size of a metre stick as shown in
Fig. (2.2). The factor S(x) is defined for convenience to equal unity
at the position x. The scale factor at x + dx is then given by

Sx+dx)=1+ 9,5 dx* . ar-7)

The norm of the vector at x + dx is then equal to the product
of Egs. (Il - 6) and (II - 7). Keeping only first order terms in dx,
we obtain after a little algebra,

8C. N. Yang, Physics Today, 42 (June 1980).
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Fig. 2.2 The scale factor S(x) in Weyl’s gauge theory is illustrated by the change in length
of metre stick from x to x + dx.

Sf=f+(3,8)fdx* + 3, fdx* . (11 - 8)

For the special case of a constant vector, we see that the norm has
changed by an amount

(8“ + a“S)fdx“ . -9

The derivative 9, is the new mathematical “connection” associated
with the gauge change. Note that the connection 9,5 resembles the
connection obtained from the simple example of curvilinear coordi-
nates in (II - 4).

Weyl took the bold step of identifying the gauge connection
0,8 with the electromagnetic potential A,. One reason for this
identification is that the connection itself transforms like a potential.
It is straightforward to show that a second gauge change with a scale
factor A will transform the connection as follows,

9,8 — 9,8 + A . d1-10)
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From classical electromagnetism, we know that the potential behaves
under a gauge transformation like

A —>Au+ayA , (Ir-11)

n

which leaves the electric and magnetic fields unchanged. Since the
forms of (II - 10) and (II - 11) are identical, it appeared that Weyl’s
new interpretation of the potential as a gauge connection was per-
fectly compatible with electromagnetism.

Unfortunately, it was soon pointed out by Einstein and others®
that the basic idea of scale invariance itself would lead to conflict
with known physical facts. Some years later, Bergmann noted,
somewhat ironically, that Weyl’s original interpretation of gauge
invariance would also be in conflict with quantum theory. The wave
description of matter defines a natural scale for a particle through its
Compton wavelengthX = h/Mc. Since the wavelength is determined
by the particle’s mass M, it cannot depend on position and thus
contradicts Weyl’s original assumption about scale invariance.

Despite the initial failure of Weyl’s gauge theory, the idea of
a local gauge symmetry survived. It was well known that Maxwell’s
equations were invariant under a gauge change. However, without
an acceptable interpretation as some kind of physical coordinate
transformation, gauge invariance was regarded as only an “‘accidental”
symmetry of electromagnetism. The gauge transformation property
in Eq. (Il - 11) was interpreted as just a statement of the well known
arbitrariness of the potential in classical physics. Only the electric
and magnetic fields were considered to be real and observable.
Gauge symmetry was retained largely because it was useful for
calculations in both classical and quantum electrodynamics. As
every student of physics knows, problems in electrodynamics can
often be most easily solved by first choosing a suitable gauge, such
as the Coulomb gauge or the Lorentz gauge, in order to make the
equations more tractable.

%p. Bergmann, Physics Today, 44(March 1979).
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2.4 Canonical Momentum and Electromagnetic Potential

A significant, but often overlooked, clue to the meaning of
gauge invariance was provided by the formulation of electromagneti-
sm as a classical Hamilton-Jacobi field theory. The most familiar
consequence, well known to all physics students, is the simple recipe
for replacing the momentum with the canonical momentum

Py —>pu —eA . (I1-12)

M

This replacement is all that is needed to build the electromagnetic
interaction into the classical equations of motion.

The form of the canonical momentum is motivated by Hamilton’s
principle or the principle of least action. The essential idea is to
obtain both Maxwell’s equations and the equations of motion for
charged particles from a single physical principle. This is accomplish-
ed formally by constructing a suitable Lagrangian density which
contains all of the necessary information to describe the interaction
of a charged particle with an electromagnetic potential 4,. The
derivation of the Lagrangian is found in many texts on electro-
magnetism!© and gives

L= (0, ~eA — JEF® 1r-13)
The first term in the Lagrangian, which explicitly contains the
canonical momentum, is the kinetic energy. The second term,
involving the Maxwell field. tensor Fy,, = d,4, — 9,4, gives the
energy density of the electromagnetic field. The components of
F,, are the electric and magnetic fields®:

0 E E E

1 2 3
F, = “E, 0 -B, B, ) (11 - 14)
~E, B, 0 -B,

-E, -B, B, 0

2 1

°In some texts, the electric field components are multiplied by a factor of i.
19y p. Jackson, Classical Electrodynamics (J. Wiley, New York, 1962).
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Hamilton’s principle is usually formulated in terms of a path
that a dynamical system follows between two points. Given a system
described by Lagrangian L (q, t), where q is a generalized coordinate
and ¢ is time, the path integral defined by

S = jL(q, t)dt dr-15s)

is called the ‘“action”. Hamilton’s principle states that the path
which the system must follow is the one for which the action Sis a
minimum. Although Hamilton’s principle is purely classical in
origin, the use of the path integral is now very familiar in quantum
mechanics.

The minimum of the action S is found by varying the generaliz-
ed coordinates g and velocities dg/d¢ and setting the variation of
S equal to zero!!. The resulting equations are called the Euler-
Lagrange equations of motion

oF _a§£ =0 , (II-16)

0

Modyq,) | 9q,
where the coordinate g, is now defined to be a four-vector. By using
the Lagrangian (II - 13) and identifying the components of g, with
spatial coordinates, (Il - 16) yields the familiar Lorentz force law
for charged particles. Alternatively, if we equate the g, with the
electromagnetic potential A,, one obtains Maxwell’s equations.
Thus, within the Hamiltonian formalism, the electromagnetic po-
tential acquires an added significance. The potential becomes an
integral part of the canonical momentum, and it is thus treated as
if it were a generalized coordinate in the Euler-Lagrange equations.
Although these properties of the potential appear to be purely
“formal”, they played an essential role in the rediscovery of gauge
invariance.

2.5 Quantum Mechanics and Gauge Theory
With the development of quantum mechanics, Hermann

Uy, Goldstein, Classical Mechanics (Addison-Wesley, Reading, Mass, 1959).
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Weyl!?2 and others!3’!# realized that Weyl’s original gauge theory
could be given a new meaning. The essential clue was provided by
the realization that the phase of a wavefunction could be a new
local variable. Instead of a change of scale, a gauge transformation
was re-interpreted as a change in the phase of the wavefunction,

Y —> peler (Ir-17
The familiar gauge transformation for the potential A, became
A“ —)Au - au)\ ) (IT-18)

The Schrodinger equation for a charged particle in an electromag-
netic field is left unchanged after the two transformations (II - 17)
and (Il - 18) are applied. The non-relativistic Schrodinger equation
is written

1 ( . >2 oY
—\|—ihv—eA) + +V =ih— > (IT-19)
[Zm e }‘P o
where the canonical momentum now appears as the quantum opera-

tor

—ihv — eA . (IL- 20)

After the phase change (II - 17), there will be a new term propor-
tional to eV from the operator —ihV acting on the transformation
wavefunction. This new term will be cancelled exactly by the
gauge transformation of the potential according to (II - 18).

The phase of a wavefunction clearly satisfies the requirements
for a new local variable. The previous objections to Weyl’s original
theory no longer apply because the phase is not directly involved in
the measurement of a space-time quantity like the length of a vector.
In the absence of an electromagnetic field, the amount of phase
change can be assigned an arbitrary constant value since this would
not affect any observable quantity. When an electromagnetic field

124 Weyl, Zeit. Physik 56, 330 (1929).
13y Fock, Zeit. Physik 39, 226 (1927).
14 London, Zeit. Physik 42, 375 (1927).



















































