CHAPTER 3
GROUP REPRESENTATIONS

In geometrical and physical applications, group theory is closely associated with
symmetry transformations of the systems under study. In classical physics, the
interest lies in the effect of the symmetry transformations on the solutions to the
partial differential or integral equations of “mathematical physics”. These solutions
usually form a linear vector space.! With the advent of quantum mechanics, this
connection becomes more explicit, as linear vector space is adopted as the formal
mathematical framework for the underlying theory. The interest in group theory,
therefore, centers on the realization of group transformations as linear trans-
formations on vector spaces of classical and quantum physics.

We assume the reader to be familiar with the theory of linear vector spaces. For
reference, however, and for the purpose of introducing consistent and convenient
notation, we provide a review of key notions and results of the theory of linear
vector spaces in Appendix II. A summary of the notation used throughout the book
is given in Appendix I. In the following, we shall use the terms “linear trans-
formations” and “operators” interchangeably. For definiteness, we shall explicitly
use finite-dimensional vector spaces in our discussions, although most results hold
for physically useful inifinite-dimensional (Hilbert) spaces as well. Unless stated
otherwise, we take the vector spaces to be defined over the complex number field.

3.1 Representations

The multiplication of linear transformations on a linear vector space is, in general,
associative, but not necessarily commutative [cf. Appendix II]. Hence it is basically
a “group multiplication”. A set of invertible linear transformations, closed with
respect to operator multiplication, satisfies the group axioms. Such a set forms a
group of linear transformations, or group of operators.

Definition 3.1 (Representations of a Group): If there is a homomorphism from a
group G to a group of operators U(G) on a linear vector space V, we say that U(G)
forms a representation of the group G. The dimension of the representation is the
dimension of the vector space V. A representation is said to be faithful if the
homomorphism is also an isomorphism (i.e. it is also one-to-one). A degenerate
representation is one which is not faithful.

Let us be more specific: the representation is a mapping

ge G —— Ul(g)

! This point of view was the unifying theme of the classical, influential book of Courant and Hilbert on
Mathematical Methods of Physics [Courant].
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where U(g) is an operator on V, such that

(3.1-1) Ulg1) U(g2) = U(9:9),

i.e. the (representation) operators satisfy the same rules of multiplication as the
original group elements.

Consider the case of a finite-dimensional representation. Choose a set of basis
vectors {&;,i=1,2,...,n} on V. The operators U(g) are then realized as n x n
matrices D(g) as follows:

(3.1-2) U(g)le) = lep D(g)i, geG

[Reminder: (i) the index j is implicitly summed from 1 to n; (ii) for the matrix
D(g), the first index () is the row-label and the second index (i) is the column-label.
See Appendix I for details of the notation used.] Let us examine how the basic
property of the representation operators, Eq. (3.1-1), can be expressed in terms of
the {D(g); g € G} matrices. Apply the operators on both sides of Eq. (3.1-1) to the
basis vectors, and we obtain

U(g,) U(g,)le> = Ulgy) e D(g,)’; = lex> D(gy) jD(gz)ji
= U(g192)le> = lex) D(919,)"

Since {e;} form a basis, we conclude

(3.1-3) D(g,) D(g) = D(9:9.)

where matrix multiplication is implied. Since D(G) = {D(g) g € G} satisfy the same
algebra as U(G) [cf. Appendix II], the group of matrices D(G) forms a matrix
representation of G.

Example 1. There is a trivial 1-dimensional representation for every group G:
let V= C (the space of complex numbers), and U(g) =1 for all ge G. Clearly
U(g,)U(g,) =1-1=1=U(g,9,), hence g € G — 1 forms a representation.

Example 2: Let G be a group of matrices (such as GL(n), U(n) mentioned in
Chap. 2), V = C (the space of complex numbers), and U(g) = det g. This defines a
non-trivial one-dimensional representation since (det g, )(det g,) = det(g,g,) is a
basic property of matrices.

Example 3: We recall that, for any given real number ¢ in the interval (—n <
¢ < m), the numbers {e"™,n=0,+1,+2,...} form a (one-dimensional) repre-
sentation of the discrete translation group in one spatial dimension, as discussed in
detail in Chap. 1.

Example 4: Let G be the dihedral group D, consisting of e (identity), & (reflection
about the Y-axis), v (reflection about the X-axis), and r (rotation by z around
the origin) as described at the end of Sec. 2.1 (cf. Table 2.3 and Fig. 2.1); and
let V, be the two-dimensional Euclidean space with basis vectors (€,,¢€,). By
referring to Fig. 3.1a, and making use of the definition Eq. (3.1-2), we easily infer:

- 9 ow=(s )
=y 5) 0= )

(3.1-4)
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It is straightforward to verify that the mapping g — D(g) is a homomorphism (cf.
Table 2.3), hence these matrices form a 2-dimensional representation of the D,
group.

Example 5: Let G be the group of continuous rotations in a plane around the
origin 0, G = {R(¢), 0 < ¢ < 2x}. Let V, be the same two-dimensional Euclidean
space as in the previous example. Since (cf. Fig. 3.1b)

&, =U(¢)é, =&, cosd + &, sing

(3.1-5) R L . R
&, = U(p)é, =&, (—sing) + &, cos¢
we obtain?:
_ (cos¢p —sing
(3.1-6) D(¢) = (sind) cos¢>

Note that if x is an arbitrary vector in V,, x = €;x’, then
x' = U(p)x = &x"

. xI=D(@Yx'

or,

X't cos¢p —sing \/x’
(3.1-8) (x'2>=<sin¢ COS¢>><>€2>

Applying two rotations by angles ¢ and 8 in succession, one can verify that the
matrix product D(0)D(¢) is the same as that of a single rotation by (¢ + ),
D(¢ + 0) [cf. Eq. (3.1-3)]. Thus, {U(¢)} provide a two-dimensional representation
of the rotation group {R(¢) € R(2)}. Correspondingly, {D(¢)} is the matrix real-
ization of {U(¢)} with respect to the specific set of basis {€;}.

Example 6: Let G be the dihedral group D; consisting of three reflections and
three rotations as described in Sec. 2.2 (cf. Fig. 2.2). Again, choose V, to be the 2-
dimensional Euclidean space as above. The two basis vectors {€;} transform under
group operations as depicted in Fig. 3.1c. (The group elements are labelled
according to Sec. 2.2. To avoid confusion about the numerical indices, the basis
vectors are denoted by (€,,€,) in this graph.) Expressing the transformed vectors
U(g)e; in terms of the original basis vectors according to Eq. (3.1-2), one obtains six
2-dimensional matrices {D(g)} which form a representation of the group Dj,.
[Problem 3.1] Since the group D5 is isomorphic to the symmetric group S;, these
matrices provide a representation of S as well.

2 The signs of sing in Eq. (3.1-6) might appear to be backwards, but they are not. Explicitly, according to
Eq. (3.1-2) [see also Appendix II, Egs. (I1.3-1) and (IL.3-3)],

U(g)ler) = ler> D(9)'s + lex> D(¢),
U(@)lex) = le) D(9)'5 + les> D(¢)?,

Comparing with Eq. (3.1-5), we can identify the matrix elements D(¢)/; precisely as given in Eq. (3.1-6). It
is important for the reader to develop proficiency with matrix manipulations in the rest of the book.
Appendices I and 11 are designed to provide help if needed.
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The last three examples illustrate that different groups may be realized on the
same vector space. Here, the 2-dimensional Euclidean space V, is seen to provide
representations for the two finite groups D,, D, as well as the continuous (hence
infinite) group R(2).

Example 7:  Let V, be the space of complex-valued linear homogeneous functions
S of two real variables (x, y):

(3.1-9) fx,yy=ax+by

where (a,b) are arbitrary complex coefficients. If we interpret (x,y) as the
components of a vector x in a 2-dimensional Euclidean space V,, (x, y) = (x!, x2),
then group operations from any of the three previous examples will induce the
following transformation in the function space v,

geG

(3.1-10) f—— (x4 x?) = f(x'!,x"?)

vyhere X' = _U(g“)x [cf. Eq. (3.1-7)]. It is straightforward to show that the mapping
(11? the function space V) defined by Eq. (3.1-10) is a homomorphism; forif g"g’ = ¢
then

f==f W= fIUGE) X
[ W= TUGY)

Substituting f’ from the first equation to the right-hand side of the second, we
obtain:

(.1-12)  f"(x) = fLU(g")'U(g")'x] = f[U(g"g)"'x] = f[U(9) 'x]

or,

(3.1-11)

S8 ) = fTUGg) 'x]

Therefore, the set of transformations defined by (3.1-10) forms a representation of
the group G. The function space V, in this case is 2-dimensional, and (due to the
linear nature of the function f) the representations realized on V, are actually the
same as the ones realized on {x € V,} described in the previous three examples.
[Prove!]

There are, of course, other function spaces defined over (x,y) which are of
arbitrarily high dimensions. One can obtain rather complicated representations of
the group G in question on those higher dimensional spaces. We shall discuss some
examples of this kind in later sections. Group representations on function spaces are
very important in physical applications. The transformation properties of “Wave
Functions” in classical (string, sound, fluids,...) and quantum (Schrodinger,
Dirac,...) systems as well as “Fields” (Electromagnetic, Gauge, . . .) under space-time
and “internal” symmetry groups are central to modern physics and will occupy
much of our attention.

Theorem 3.1: (i) If the group G has a non-trivial invariant subgroup H, then any
representation of the factor group K = G/H is also a representation of G. This
representation must be degenerate; (i) Conversely, if U(G) is a degenerate
representation of G, then G has at least one invariant subgroup H such that U(G)
defines a faithful representation of the factor group G/H.
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Proof: (i) The mapping ge G — k = gH e K followed by k— U(k) on V is a
homomorphism from G to the group of linear transformations U(K). It, therefore,
forms a representation. If H is a non-trivial invariant subgroup, then the first step of
the above mapping is many-to-one. Hence the representation is not faithful. (ii) The
proof follows from Theorem 2.5 of Chap. 2. QED

An immediate corollary of this theorem is that all representations (except the trivial
one) of simple groups are faithful.

Example: We learned in Chap. 2 that the symmetric (permutation) group S; has
an invariant subgroup consisting of {e,(123),(321)}. The factor group is isomorphic
to C, = {e,a}. The group C, has the rather simple representation (e,a — 1, —1).
This induces a one-dimensional representation of S; which assigns 1 to the elements
{e,(123),(321)} and —1 to {(12),(23),(31)}. The reader should verify for himself that
this assignment indeed preserves the operation of group multiplication. (cf.
Table 2.4)

3.2 Irreducible, Inequivalent Representations

A fact of fundamental importance is that for most groups of interest, the possible
ways of realization of the group (i.e. possible representations) are limited and can be
enumerated. Therefore, once the symmetry group is specified, the structure of the
vector spaces of physical interest is determined to a large extent. In order to
enumerate all possible representations, it is important to distinguish between
essentially different (or “inequivalent”) representations from redundant (or
“equivalent”) ones. What types of redundancy are there? We shall describe two of
them.

Let U(G) be a representation of the group G on the vector space V, and S be any
non-singular (i.e. invertible) operator on V. (U(G) stands, collectively, for the
operators {U(g),g € G}.) Then it is obvious that U'(G) = SU(G)S™ "' also form a
representation of G on V. The new representation is of the same dimension as the
original one. The relation between the two representations is identical to that
between two matrix representations of the same operators with respect to two
different bases on V. The two sets of operators U(G) and U’'(G) are said to be related
by the “similarity transformation” S. [cf. Appendix II]

Definition 3.2 (Equivalence of Representations): Two representations of a group
G related by a similarity transformation are said to be equivalent.

Equivalent representations form an equivalence class. It suffices to know just one
member of this class. The others can be generated by performing all possible
similarity transformations. In enumerating possible representations of a group, we
need only concern ourselves with inequivalent representations.

How can one tell whether two given representations of a group are equivalent or
not? The answer can be found, obviously, by seeking characterizations of the
representation which are invariant under similarity transformations. One such
characterization is the trace. [Definition I1.14]

Definition 3.3 (Characters of a Representation): The character y(g) of ge Gin a
representation U(G) is defined to be y(g) = Tr U(g). If D(G) is a matrix realization
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of U(G), then
x(g) = Y. D(g);

All group elements in a given class of G (cf. Sec. 2.4) have the same characters,
because Tr D(p) D(g) D(p~ ') = Tr D(g). Therefore, the group character is a function
of the class-label only.

A second type of redundancy concerns direct sum representations. The most
obvious form of such a representation is as follows: Let U(G) be a representation of
the group G on a vector space V,,. If for some choice of basis on V,, the matrix
representation of U(G) appear in the form:

D (0

where D,(g) are m x m, D,(g) are (n — m) x (n — m) square matrices and the two
O’s are m x (n — m) and (n — m) x m rectangular null-matrices, then D(G) is the
direct sum of D,(G) and D,(G). Since

n _ [ Pi(g) Dy(g') 0
D(g)D(g)—< 0 D,(9) D4(g")

D(G) does not contain any new information other than that already contained in
D,(G) and D,(G). In practice, direct sums may not be immediately identifiable as
above, because the block-diagonal form of the representation matrices can be
obscured by a similarity transformation as the result of using a different basis. In
order to identify a direct sum properly, we first introduce a few useful terms.

> forallge G

) forallg, g'eG.

Definition 3.4 (Invariant Subspace): Let U(G) be a representation of G on the
vector space V, and V, be a subspace of V with the property that U(g)|x)> € V, for
allx € Vyand g € G. V, is said to be an invariant subspace of V with respect to U(G).
An invariant subspace is minimal or proper if it does not contain any non-trivial
invariant subspace with respect to U(G).

Examples of trivial invariant subspaces of V with respect to U(G) are: (i) the space V
itself, and (ii) the subspace consisting only of the null vector.

Definition 3.5 (Irreducible Representations): A representation U(G) on V is
irreducible if there is no non-trivial invariant subspace in V with respect to U(G).
Otherwise, the representation is reducible. In the latter case, if the orthogonal
complement? of the invariant subspace is also invariant with respect to U(G), then
the representation is said to be fully reducible or decomposable.

Example 1: Consider the action of the dihedral group D, on the 2-dimensional
Euclidean space V, as described in Example 4 of the previous section. The 1-
dimensional subspace spanned by €, is invariant under all four group operations.
[cf. Eq. (3.1-4) and Fig. 3.1a] It is therefore an invariant subspace with respect to D, .

31f V, is a subspace of V, the orthogonal complement of V, consists of all vectors in V which are
orthogonal to every vector in V,. For finite-dimensional vector spaces, at least, the orthogonal
complement of V, also forms a subspace, called V, say, and we have V=V, @ V,.



34 Group Theory in Physics

The same is true for the 1-dimensional subspace spanned by €,. The 2-dimensional
representation of the group given by Eq. (3.1-4) is therefore a reducible represen-
tation. The representations defined on the 1-dimensional invariant subspaces are
irreducible as these spaces are minimal.

Example 2: The 1-dimensional subspace spanned by €, (or €,) is not invariant
under the group R(2). [cf. Example 5 of Sec. 1] However, if we form the following
linear combinations of (complex) vectors,

. 1
(3.2-2) e, = —ﬁ

it is straightforward to show that:

($61 —ie,;) 5

U(g)e, =&, e

3.2-3 ,
( ) U(p)e_ =¢é_e"

Therefore, the 1-dimensional spaces spanned by €, are individually invariant under
the rotation group R(2). The 2-dimensional representation given by Eq. (3.1-6) can
be simplified if we make a change of basis to the eigenvectors &, . With respect to the
new basis,

i
(3.2-4) D'(¢) = (eo e?,,,,)

The D'(¢) matrices can be obtained from the D(¢) matrices of Eq. (3.1-6) by a
similarity transformation S, which is just the transformation from the original basis
{€,,€,} to the new basis {€,,€_} given by Eq. (3.2-2). [cf. Egs. (IL.3-5), (I1.3-6)]

Example 3: The reader should be able to convince himself (after working out
Problem 3.1) that the 2-dimensional space V, is minimal with respect to the dihedral
group D;. Therefore, the 2-dimensional representation of D5 (hence S;) described in
Example 6 of Sec. 1 is an irreducible representation.

Let us look at the general matrix form of a reducible representation. If V, is a
n,-dimensional invariant subspace with respect to U(G), we can always choose a
set of basis vectors {€;,i = 1,...,n} in V such that the first n, vectors are in V,
(Theorem IL.3). Since, for allg € G,

U(g)le;y = le;y D(g)eV, fori=1,..,n

we conclude that D(g)); = O fori=1,...,n, and j = n, + 1,...,n. Therefore, the
matrix representation is of the form:

Dy(g) D’(Q))
3.2-5 D(g) =
(3.2-5) (9) < 0 Dy
where D,(g) and D,(g) are square matrices of dimension n, and n, =n — n,
respectively and D’(g) is a n; x n, rectangular matrix. One can verify that if D(g)
and D(g’) are both of this form, then their product D(gg’) is also of this form, and
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that Dy(gg’) = D(g)D{g’) for i = 1,2. Thus, all essential properties of D(G) are
already contained in the simpler representations D,(G) and D,(G). It is therefore
natural that our study of group representations be directed primarily to irreducible
representations.

The basis vectors {€;,i = n; + 1,...,n, + n,} span the subspace V, complemen-
tary to V,. If V, is also invariant with respect to U(G) (i.e. U(G) is decomposable),
then a repeat of the above argument leads to the conclusion that D’(g) of Eq. (3.2-5)
must vanish. Therefore, D(g) reduces to the block diagonal form Eq. (3.2-1).

We see that if U(G) s a representation of the group G on V and V*is an invariant
subspace of V with respect to G, then by restricting the action of U(G) to V*, we
obtain a lower-dimension representation U*(G). If the subspace V* cannot be
further reduced, U*(G) is an irreducible representation, and we say that V¥ is a
proper or irreducible invariant subspace with respect to G.

3.3 Unitary Representations

Definition 3.6 (Unitary Representation): If the group representation space is an
inner product space (cf. Appendix I1.5), and if the operators U(g) are unitary for all
g € G, then the representation U(G) is said to be a unitary representation.

Because symmetry transformations are naturally associated with unitary
operators (which preserve lengths, angles, and scalar products), unitary represen-
tations play a central role in studying symmetry groups. They acquire added
importance as the result of two useful theorems.

Theorem 3.2: If a unitary representation is reducible, then it is also decomposable
(i.e. fully reducible).

Proof: Let U(G) be a reducible representation of G on the inner product space V.
Let V, be an invariant subspace (of dimension n,) with respect to U(G). We can
choose an orthonormal basis of V {&,i=12,...} such that &€V, for
i=1,2,...,n,. The orthogonal complement of V, is spanned by {&,i=n, + 1,
n; + 2,...}, and shall be denoted by V,. We need to prove that V, is also invariant
with respect to U(G). This can be established in two steps: (i) Since V, is invariant,
lelg)> = U(g)le;> e V,fori=1,...,n;(ii) Since U(G)is unitary, {(e(g)|e;(g)> =0
for all j=n; +1,n, +2,... and i=1,...,n,. This means €;(g) are in V,, the
orthogonal complement of V,. Since any vector x € V, is a linear combination of
{&,j=n, +1,...}, U(g)Ix) must also be in V,. QED

Theorem 3.3: Every representation D(G) of a finite group on an inner product
space is equivalent to a unitary representation.

In order to prove this theorem, we need to find a non-singular operator S such that
SD(g)S~! = U(g) is unitary for all ge G. S can be chosen to be one of those
operators which satisfy the following equation:

(33-1) (%)) =<SxISy> = Y<D(g)xID(g)y>  forallx,yeV
g

The existence of S is easily established by noting that (i) (x, y) satisfies the axioms of
the definition for a new scalar product (Problem 3.4); and (ii) S represents the
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transformation from a basis orthonormal with respect to the scalar product (| ) to
another basis orthonormal with respect to the new scalar product (,). To show that
U(g) is unitary for such a choice of S, note:

(U(g)x| U(g)y> = (SD(g)S™*x|SD(g)S™"'y>
=2.{D(g')D(9)S™'x| D(¢')D(9)S™"y>

= (D(g")S™ x| D(g")S™'y>

=(S7'x, 87y =<Lx|y)

The second, fourth, and last equalities in this derivation follow from Eq. (3.3-1), the
third equality is a consequence of the Rearrangement Lemma. Since Eq. (3.3-2)
holds for all x, y € V and g € G, the representation U(G) is indeed a unitary one.

Although we restricted the statement of the Theorem 3.3 to finite groups, the
proof suggests that it remains valid for any group provided the summation over
group elements in Eq. (3.3-1) can be properly defined and such that the Rearrange-
ment Lemma holds. Examples of continuous groups (which are necessarily infinite)
with the required property which occur in physical applications are rotation groups
in n-dimensional Euclidean space, the unitary group U(n), and the special unitary
groups SU(n).

An immediate corollary of Theorems 3.2 and 3.3 is that all reducible represen-
tations of finite groups are fully reducible. Let V, and V, be complementary
invariant subspaces with respect to U(G), and U,(G), U,(G) denote the operators
which coincide with U(G) on these subspaces, then clearly V = V, @ V, in the sense
of vector spaces, and U(g) = U,(g) ® U,(g) in the sense of operators (see Appendix
II) for all g € G.

(3.3-2)

Definitién 3.7 (Direct Sum Representation): Given the above situation, the rep-
resentation U(G) is said to be the direct sum representation of U,(G) (on V,) and
U,(G) (on V,).

If either V, or V, is reducible with respect to G, then it can be further decomposed.
This process can be repeated until the representation U(G) is fully reduced. If during
this reduction, an irreducible representation U'(G) occurs a, times, U%G) a,
times, ... etc., we write:

UG =U'G e -alU'GeliGe el G- -
(3.3-3) a, terms a, terms

=Y a,U¥G)
ud

In Eq.(3.3-3), U#(G) on the right-hand side denotes inequivalent irreducible
representations labelled by u. With the proper choice of bases, U(G) will appear
in block-diagonal form with U#(G) appearing as diagonal blocks. Direct sum
representations and the decomposition of reducible representations are of central
importance in theory and in application; many examples will be given when w
discuss specific groups. .
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How does one recognize a reducible representation if its apparent matrix
realization does not appear in block-diagonal form? This question will be
automatically answered as we proceed to investigate the remarkable properties of
the inequivalent irreducible representations.

3.4 Schur’s Lemmas

In order to prove the central theorems of group representation theory (and also
for later use), we must discuss two powerful lemmas derived by Schur at the
beginning of this century.

Schur’s Lemma 1: Let U(G) be an irreducible representation of a group G on the
vector space V, and A be an arbitrary operator on V. If 4 commutes with all
the operators {U(g),g € G}, i.e. AU(g) = U(g)A, then 4 must be a multiple of
the identity operator E, i.e. A = AE where 4 is a number.

Before delving into the proof of this lemma, let us consider a simple consequence of
this lemma which illustrates the power of this result. Other important consequences
will arise later.

Theorem 3.4: Irreducible representations of any abelian group must be of
dimension one.

Proof: Let U(G) be an irreducible representation of the abelian group G.
Denote by p a fixed element of G. Due to the abelian nature of the group, we have
U(p)U(g) = U(g)U(p)forall g € G. According to Schur’s Lemma, U(p) = 4,E. This
applies to all p e G. Hence, the representation U(G) is equivalent to the one
dimensional representation p—» 4, Cforallpe G. QED

Examples of irreducible representations of simpler abelian groups will be given in
Sec. 3.5 [cf. Tables 3.1 and 3.2].

Proof of Schur’s Lemma 1: (i) Without loss of generality, we can take U(G) to be
unitary and 4 to be hermitian. [If U(G) is not unitary, we can make it into one by a
similarity transformation (Theorem 3.3). If A4 is not hermitian, we can always
decompose it into two hermitian operators A, = (4 + A")/2, A_ = (4 — A")/2i,
and consider these separately before combining them again in A (= 4, +i4_)];
(i) A basis of V, {ii,;}, can be chosen to consist of the eigenvectors of 4, i.e.

Alug;> = lug;> A

where 4, are the eigenvalues of 4, and a represents additional labels needed to specify
the basis vectors fully. The set {1, ;} may be chosen to be orthonormal; (iii) For any
given i, denote by V' the subspace spanned by {@, ;& = 1,2,...}; we can prove that
V' are invariant subspaces with respect to U(G). The reason is |[U(g)u,;» € V), as a
consequence of the fact that it is also an eigenvector of A with the same eigenvalue
A le.

A U(g)lua,i> =U(g)4 |ua,i> = U(g)lua,i>'{i ’

(iv) But U(G) is irreducible on V: the vector space V does not contain any non-
trivial invariant subspace (Definition 3.5). Consequently, the invariant subspace V*



38 Group Theory in Physics

must coincide with Vitself, i.e. Vi = V. It follows that 4 has only one eigenvalue, and
A=1E. QED

The second lemma of Schur compares two irreducible representations of a given
group.

Schur’s Lemma 2: Let U(G) and U’(G) be two irreducible representations of G on
the vector spaces V and V' respectively, and let A be a linear transformation from V’
to V which satisfies AU'(g) = U(g)Afor all g € G. It follows then, either (i) A = 0, or
(i) V and V' are isomorphic and U(G) is equivalent to U'(G).

To help visualize the content of this theorem and the proof that follows, consider the
schematic diagram Fig. (3.2a). Notice that both AU'(G) and U(G)A are trans-
formations from V' to V. The equality of the two is represented graphically by the
closing of the quadrangle.

Proof of Schur’s Lemma 2: (i) Denote by R the range of A4, ie. R={x€eV,
x = Ax'for some x’ € V'}.(cf. Fig. 3.2b) R is an invariant subspace of V with respect
to U(G) because given any |x)>eV, U(g)|x) = U(g)A|x'> = AU'(g)|x"> =
A|U’(g)x"> € R for all g € G. But if U(G) is an irreducible representation, we must
have either R =0 (hence 4 =0) or R =V (i.e. the mapping 4 is “onto”) [cf.
Definition 3.5]. (ii) Now, consider (in V') the null space N’ of 4: N' = {x" e V’;
AX’ = 0}. (see Fig. 3.2c) N’ is an invariant subspace of V' with respect to U'(G)
because if [x>e N’ then AU'(g)|x") = U(g)A|x') = U(g)|0) =0, implying
U'(g)|x'> e N',for all g € G. Since U'(G) is irreducible, we must have either N’ = V’
(hence A =0) or N’ = 0. In the second case, 4|x'> = A|y’)> implies |x'> = |y’>.
Hence the mapping A4 is one-to-one. Combining (i) and (ii), we see that either
A = Ooritestablishes an isomorphism between V and V'. In the latter case, we have
also U(G) = AU'(G)A™!. QED

\
- X
8

Fig. 3.2 Graphical illustration of the proof of Schur’s Lemma 2.
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3.5 Orthonormality and Completeness Relations of Irreducible
Representation Matrices

We are now ready to present the central results of group representation theory.
First, let us agree on a list of notation,

nG: order of the group G;

,u, labels for inequivalent, irreducible representations of G;
the dimension of the u-representation;

D“(g) the matrix corresponding to g € G in the u-representation with respect to
an orthonormal basis;

xh character of class {; elements in the u-representation;
n;: number of elements in the class {;;
ng: number of classes in the group G (i = 1,2,...,n,).

Theorem 3.5 (Orthonormality of Irreducible Representation Matrices): With the
symbols defined above, the following orthonormality condition holds,

n : .
(3.5-1) n—Z;DZ(g)",-D“(g)’I =8, 0{5f

where, by convention, D (g)" = [D*(g)', ]*. [The convention for the placement of
the lHdlCCS is estabhshed in Appendix 1.]

Please note that this important theorem applies only to irreducible representations
(labelled by u,v). The sum is over all group elements of G. The reason to call
this an orthonormality condition is that if, for fixed (v,j,!), we regard
D*(g)!,(n,/ng)"'* as a ng; component vector (with g ranging over G), then this
equation is just the usual orthonormality relation for vectors.* The proof of this
rather remarkable theorem will be given after we sample some of its consequences.

This theorem simplifies when applied to any abelian group: since all irreducible
representations are one dimensional, we have,

(3.5-2) ng' Y di(g)d"(g) = 3,

where d*(g) are c-numbers.” We can make use of these relations to construct new
irreducible representations from known ones.

Example 1: Consider the 31mplest non- tr1v1al group C, (cf. Table 2.1). The
1dent1ty representation d, is given by (e, a} ——— (1, 1). (This notation stands for:

d,(e) = 1 and d,(a) = 1. The short-hand notation is natural because, according to
the above dlscussxon we want to regard d,(e) and d,{a) as two components of a
“vector”.) If a second, inequivalent representation d, is also regarded as a vector with
two components, then it must be orthonormal to (1, 1), according to Theorem 3.5.
The only two-component vector which is orthogonal to (1,1) and also properly
normalized is (1, —1). Therefore the only candidate for a second irreducible
representation is (e,a) —— (1, —1). It is easily verified that this is indeed an

n i .
4 Explicitly, one can introduce the notation (glu,,[,l)="ib“(g)’, and write Eq. (3.5-1) as
Y Lp, i, klg><glv,j, 1> = 6,6%,6% which is a more familiar form of orthonomality relation.
g9

5 A c-number is a complex number; it is usually used in a context to contrast with operators or matrices.
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Table 3.1 Inequivalent Irreducible
Representations of C,

g
M e a

1 1 1

2 1 -1

irreducible representation. There is no other irreducible representation of C,. We
can summarize the results in Table 3.1.

This example gives us a first glimpse of the usefulness of Theorem 3.5, quite apart
from its theoretical value: we can deduce new, inequivalent irreducible represen-
tations of a group from knowledge of the simpler ones (such as the identity
representation above)—by the requirement of orthonormality. When combined
with other handles on the simpler representations (such as Theorem 3.1), we can
obtain a wealth of information about irreducible representations of the simpler
groups.

Example 2: Consider the dihedral group D, [cf. Table 2.3]. The trivial irreducible
representation is {e,a,b,c} = {1,1,1,1}. The elements {e,a} form an invariant
subgroup. The factor group consists of {(e, a), (b, c)} and is isomorphic to C,. (There
is only one group of order 2.) According to Example 1, this factor group has two
inequivalent irreducible representations. Using Theorem 3.1, we obtain two induced
representations of the full group D,. The first one is again the identity represen-
tation. The second one is {e,a,b,c} LN {1,1,—1, —1}. Applying the same
procedure te the invariant subgroups with elements {e, b}, and {e, c}, we obtain two
more irreducible representations: {e,a,b,c} -2 {1, —1,1, —1} and -2 {1, —1,
—1,1}. It is easily seen that these representation vectors do satisfy the required
orthonormality condition, and no other irreducible representation is allowed by
that condition. These representations are summarized in Table 3.2.

Table 3.2 Inequivalent Irreducible
Representations of D,

Example 3: We have already seen (in Chap. 1) the orthonormality relation at work
in the case of the infinite abelian group T¢ = {T(n),n = 1,2,...; consisting of all
discrete translations. The representations are given by T(n) — ™", where ¢ serves as
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the representation label. Eq. (1.4-2), then, is the expression of the orthonormality
relation (3.5-2) with the correspondence yu, v — &, & and g — n.

We pointed out in Chap. 1 that this relation coincides with the classical Fourier
Theorem for periodic functions. Theorem 3.5 represents a significant extension of
that important and powerful result. We shall emphasize this central result a number
of times throughout this book.

Proof of Theorem 3.5: (i) Let X be any n, x n, matrix and define
(3.5-3) M, = ZD (99X D*(g)  [Di(9)=D;'(9)]

Then D, '(p)M,D*(p) = M, for all pe G (as the result of the Rearrangement
Lemma). According to the second Schur’s Lemma, either u # vand M, = 0,oru =v
and M, = ¢, E where ¢, is a constant and E is the unit matrix; (i) Choose X to be one
of the n,n, matrices X Kk=1,...,n;1=1,..., n,) with matrix elements (Xt )'

8% 6;. We obtain

= %:D,,*(g)"'.-(X 1)'iD*(9), = X D,'(9)", D*(g)",

According to (i), the left-hand side is equal to zero if u # v. This proves the part of
Theorem 35 concerning u # v. In the case u = v, the left-hand side must be equal to
cfom where cf are constants. They can be determined by taking the trace of
both sides of the above equation. On the left-hand side, one obtains n cl, on
the right-hand side, one obtains Z[D"(g)DT(g)]", = ng 6%, Therefore ck =

(n /ng) 51 QED

Corollary 1: The number of inequivalent irreducible representations of a finite
group is restricted by the condition: ) n,? <
m

Proof: Asmentioned earlier, we can regard D*(g)’ i»g € Gastheng components of
a set of orthogonal “vectors” labelled by ( u,z j). Since the labels (i, ]) take n,? values,
,* represents the number of “vectors” in this set, whereas ng is the number of

components of each such vector. The inequality then follows from the well-known
fact that the number of mutually orthogonal (hence linearly independent) vectors
must be less than the dimension of the vector space (which is just ng). QED

It is this important result which makes it possible to set the main objective for
group representation theory as that of finding all the possible inequivalent
irreducible representations for the groups of interest. The most remarkable fact is, in
fact, that the above inequality is always saturated: i.e. Y n,? = ng. Thus, the ng-

. M o, . .
component vectors D*(g)'; labelled by (u, i, j) are a complete set in addition to being
orthogonal.

Theorem 3.6 (Completeness of Irreducible Representation Matrices): (i) The di-
mensionality parameters {n,} for the inequivalent irreducible representations satisfy:

(3.5-4) Y n? =ng;
u
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(ii) The corresponding representation matrices satisfy the Completeness Relation®:

(3.5-5) S 2 DH(g) DY(g') = by
wlk g

The proof of Eq. (3.5-4) will be deferred until we introduce the notion of the regular
representation later in this chapter (See Theorem 3.11). If this result is accepted, then
the set of orthonormal vectors labelled by (u, 1, k) and with components equal to
D*(g)', must be complete—because the number of independent vectors in the set is
equal to the dimension of the vector space. The completeness relation, according to
Theorem I1.13, can be written in the form of Eq. (3.5-5).

For abelian groups, all irreducible representations are one-dimensional, hence
n, =1 for all u. We expect, therefore, that there are ng inequivalent irreducible
representations. This is, of course, seen to be the case for the groups C, and D,, as
illustrated in Table 3.1 and 3.2 respectively. It is also simple to see that the row
vectors (labelled by ) form complete orthogonal sets.

This result can also be generalized to infinite groups if the required summation
can be meaningfully carried out. We again mention the example of the discrete
transformation group T° Eq.(1.4-1) is the expression of completeness for the
representation functions for that particular case.

The orthonormality and completeness relations for D*(g)'; are very important
theoretical results. However, the representation matrices themselves are basis-
dependent, and hence bring in much detail which is not intrinsic to the irreducible
representation (U*(G)) itself. For this reason, it is much more fruitful to move on
to the corresponding relations concerning group characters, which are basis-
independent.

3.6 Orthonormality and Completeness Relations of Irreducible Characters

Recall that the characters of a representation U(G) are traces of the operators
U(g) [Definition 3.3], and they are independent of the choice of basis in the
representation space. All group elements in a given class have the same characterina
given representation.

Lemma: Let U¥(G) be an irreducible representation of G. Then the sum of U*(g)
over any class of group elements is given by:

(3.6-1) Y UMH) = g4 E

hel; n#
where {; denotes the class i, E is the identity operator and the other quantities are
defined earlier in Sec. 3.5.

Proof: Denote the left-hand side of the above equation by A4;: then
U*(g)A;U*(g) " = A;, as the product merely rearranges the order of the summation,
which is immaterial. (We use, of course, the fact that if h € {;, then ghg™' € {; for all
g € G.) According to Schur’s Lemma 1, 4; must be proportional to the identity
operator, 4; = ¢;E. We can evaluate ¢; by taking the trace of both sides of this
equation. The left-hand side yields n;x¥, the right-hand side yields ¢;n,. QED

Theorem 3.7 (Orthonormality and Completeness of Group Characters): The
characters of inequivalent irreducible representations of a group G satisfy the

¢ In the notation introduced in the footnote of p. 39, this completeness relation takes the more familiar
form:

G

.l k gl) =0%
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following relations:

(3.6-2) Y % xyiar =0, (orthonormality)
i g

(3.6-3) i Syl =06! (completeness)
N u

where, by convention, y !} = (y#)*. The summation on i is, of course, over the distinct
classes of the group; and the summation on p is over all the inequivalent irreducible
representations.

Proof: (i) Westart from Theorem 3.5. Setting i = k,j = I, and summing over both
indices, we obtain on the left-hand side, (n, /ng) times )" x}(g) x*(9) = > m; x}' x}; and

on the right-hand side, n,d,. The orthonormality rglation thus follows; (ii) Turn
to Theorem 3.6. Sum g over group elements of the class {;, and g’ over the class {;,
According to the lemma just proved, we should obtain, on the left-hand side
(ninj/ng) times Y .x* x}/TrE/n, =Y x* x}’. While, on the right-hand side, we obtain

. "
n;0{. This proves the completenes; relation. QED

The orthonormality and completeness relations become even more transparent if
we define normalized characters,

(3.6-4) Xi= (ni/nG)l/ZXi

Using implicit summation convention [cf. Appendix I], Theorem 3.7 appears simply
as:

(36-5) L =0
(3.6-6) 747 = o

(Compare with Theorem I1.13.) If {};,i = 1,2,...,n .} areinterpreted as components
of a vector ¥, Eq. (3.6-5) can be further simplified to 7}- 7 = J,, where - indicates
that a “scalar product” in the n_-dimensional vector space is taken. These notational
conveniences will prove useful in some of the subsequent discussions.

An important consequence of Theorem 3.7 is the following corollary.

Corollary: The number of inequivalent irreducible representations for any finite
group G is equal to the number of distinct classes of G (i.e. n.). In other words, y¥isa
n. X n.square matrix if we designate u as the row index and i as the column index. A
table of this matrix for any given G is called the character table.

Example: For abelian groups, each group element forms a class by itself and all
irreducible representations are one-dimensional, hence D*(g) = x%. Therefore,
tables of D*(g) (such as Tables 3.1 and 3.2) are also character tables for the
corresponding group (C, and D, respectively).

In general, because the characters y# are much simpler than the representation
matrices D¥(g)¥;, and because they are intrinsic to the representations (ie.
independent of the arbitrary choice of basis), they are much more useful in the
studying of irreducible representations of groups.
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Example: Let us find all the irreducible representations of the non-abelian group
Ss. (i) S; has three classes: the 1-cycle {e}, the 2-cycles {(12),(23),(31)}, and the 3-
cycles {(123),(321)}. Hence, there are three inequivalent irreducible representations.
(i) We know, a priori, that there is the trivial (identity) representation p — E for all
p€S;. Let us label it as ¢ = 1. The three characters are (1,1, 1). (iii) From the
example following Theorem 3.1, we know of a second one-dimensional (irreducible)
representation of S; which has the characters (1, —1, 1) for the 1-, 2-, and 3-cycles
respectively. We label this representation by u = 2. (iv) The last irreducible rep-
resentation (u = 3) must be 2-dimensional, since Theorem 3.6 requires ng = 6 =
1 + 1 + ny% The three characters (y;%,i = 1,2,3) can be determined as follows:
(@) x3 = TrD(e) = TrE = 2; (b) from the orthonormality and completeness re-
lations, one can deduce that 3 = 0, and y3 = —1. The character table for S; is
summarized in the following:

Table 3.3 Character Table of
the Group S,

u i 1 2 3

1 1 1 1
2 1 -1 1

3 2 0 -1

Note that for any representation, the character for the identity element (say, i = 1)
is equal to the dimension of the representation. Hence the first column of the
character table reveals the dimension of all the irreducible representations. The
most important uses of the character table for practical applications, however, are
derived from the following Theorems.

Theorem 3.8: In the reduction of a given representation U(G) of group G into its
irreducible components, the number of times (a,) that the irreducible representation
U*(G) occurs [cf. Eq. (3.3-3)] can be determined from the formula:

(3.6-7) a, =2 i timi/ng =101

Example: Consider the following matrix representation D(G) of the group C,:

10 01

¢ o1 ° 10
(Verify that this is indeed a representation!) The characters are y; = (2,0). The
character table for the irreducible representations is given by Table 3.1. In fact,
x4~ =(1,1), x#=2 = (1, —1). Thus, according to the above theorem, a; = 1 and
a, = 1, i.e. each of the irreducible representations occurs once in the reduction of
the 2-dimensional representation. We leave as an exercise to prove that, through a

similarity transformation, this representation can be brought to the fully reduced
(diagonal) form
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1 0 1 0
e——><0 1) and a—><0 _1> [Problem 3.6].

This form explicitly shows that D(G) is a direct sum of the two irreducible
representations.

Proof of Theorem 3.8: Take the trace of Eq. (3.3-3), and we obtain y; = Zau X,
or upon multiplication by (n;/ng)'/?, ¥ =} a, ¥*. Taking the scalar produuct on

both sides with ¥,', and applying the orthorll‘ormality property of ¥* [Theorem 3.7
part (i)], we obtain ¥,'¥ = a,. QED

Theorem 3.9 (Condition for Irreducibility): A necessary and sufficient condi-
tion for a representation U(G) with characters {y;} to be irreducible is that

Znilxilz =ng(ie. 717 =1)

Proof: If a, denotes the number of times that the irreducible representation
U*(G) is contained in U(G), we have:

1i=@" @) =a"a,i! 7 =a"ad, =} la,l
n

If U(G) is equivalent to an irreducible representation v, then a, = 1 and a, = 0 for
u #v. Hence 7'-¥ = 1 and the condition of the theorem is satisfied. Conversely,
if this condition is satisfied, we must have ZIG,JZ =1. Since a,=0,1,2,...,

the only way this can be fulfilled is if a, = {* for some v and a, =0 for all
u#v. QED

Because of the many uses of group characters, character tables for all useful
symmetry groups have been evaluated and are readily available. In parti-
cular, character tables of all crystallographic point-groups are given in all books
which concern the application of group theory to solid state physics. [Hamermesh,
Tinkham]

3.7 The Regular Representation

The Regular Representation defined on the Group Algebra plays an important role
in the development of the group representation theory, as will be evident from our
subsequent discussion. In order not to be distracted by what might appear to be a
somewhat abstract and technical subject, we only discuss the bare essentials in this
section. A more systematic treatment of this subject is given in Appendix III. (The
results will be needed in Chap. 5 on the symmetric group.)

Let G be a finite group with elements {g;,i = 1,...,ng}. The group multiplica-
tion rule g; g; = g, can be written formally as

(3.7-1) 9:9; = gmd]

where A7} = 1 or 0 depending on whether m = k or m # k.

Theorem 3.10 (The Regular Representation): The matrices (A)";=Af, i=1,...,ng,

form a representation of the group G. It is called the regular representation.
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Proof: To avoid being confused by the many indices, we shall change our nota-
tion a little bit: let a, b, c € G such that ab = ¢, and ag, = g,,A}; ... etc. Then,

abgi = agmAl'J"j =Gk AZmAZ"j
and

k
cgj= gkch

Since the left-hand sides of these two equations are equal, the right-hand sides must
also be. This implies

(3.7-2) A7y = Ag;.

Omitting matrix element indices we have, (A,)(A,) = (A,), i.e. these matrices form
a representation of G. QED

Before discussing the important consequences of the regular representation, it
is worth pointing out that Theorem 3.10 is really just a different incarnation
of Cayley’s Theorem of Chap. 2 (Theorem 2.1). A straightforward comparison
of the correspondence ae G — p, € S, specified by Eq. (2.3-1) and the mapping
a — A, given above reveals that

(3.7-3) (A = 0,

where the integers @, are determined by Eq. (2.3-2). This provides us with an
alternative proof of Theorem 3.10: we have

(Aa)km (Ab)mj = 5,4:,,. L"j = 5::,,1. = 5?,- = (Ac)kj

where the third equality follows from Eq. (2.3-3), and the rest are just definitions.
The significance of the regular representation lies in the fact that all inequiva-
lent irreducible representations of the group are contained in it; furthermore,
the number of times each irreducible representation appears is precisely equal to
its own dimension. To see this, let us evaluate the characters of the regular
representation: yy = Tr(A,) = Ak,. When b = ¢ (the identity), y® = A%, = n; (since
A%; = 6%). When b # ¢, bg, # g,; therefore all the diagonal matrix elements of A,
vanish and y} = A}, =0 for all k (=1,...,ng) and b € G. Applying Theorem 3.8,
we find that the number of times the irreducible representation u occurs in the

regular representation is given by:

(3.7-4) a, = ZXMiX? (ni/ng) = xitxe (ne/ng) = myngng™* =n,

As previously defined, n, is the dimension of the y-representation.

Theorem 3.11 (Decomposition of the Regular Representation): (i) The regular
representation contains every inequivalent irreducible representation u precisely n,
times, and (i1)

(3.7-5) Yt =ng
N

Proof: (i) See the discussion preceding the theorem; (ii) Using the above result,
we have A{ =) n, U*(e). Taking the trace, we obtain y* = ng =Y n,2. QED
u »
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The last result is just the missing element in the proof of Theorem 3.6 on the
completeness relation for the irreducible representation matrices. This restores the
logical completeness of our presentation.

Example: Consider the group C, = {e,a}. According to the above discussion,
the regular representation matrices are

10 0 1
(3.7-6) Ae=<0 1) Aa=<1 0)

The characters are:
=2 4=0

Making use of the character table of the irreducible representations of C,
(cf. Table 3.1), we obtain

af_, =1 as_, =
Therefore the regular representation contains each of the irreducible representa-
tions exactly once.
By a similarity transformation, A/ = SA;S™', the matrices of Eq. (3.7-6) can
be diagonalized:

10 1 0
(3.7-7) A, = <0 1) A/ = (0 _1>
where
S =< 1 1>
-1 1

is used. Eq. (3.7-7) makes explicit the reduction of the regular representation into
its irreducible components.

As a consequence of Theorem 3.11, one can obtain all the inequivalent irre-
ducible representations of any finite group G, by systematically reducing the
corresponding regular representation into its irreducible components. With an
appropriate choice of basis vectors, as illustrated in the above example, the repre-
sentation matrices in the regular representation can be all brought to the block-
diagonal form

D2
DZ
D"

D"

| S —] [ —__
n, Blocks n, Blocks
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Note that the first irreducible representation (u = 1) is always the 1-dimensional
identity representation. The above expression explicitly displays the content of
Theorem 3.11.

In the first part of Chap. 5, the reduction of the regular representation will be
worked out in detail for a non-trivial example—the permutation group S;. To
prepare our way for that study, and for the general analysis, we need to examine the
regular representation space a little more closely. By the way the representation is
introduced, the space has as its basis the group elements {g,, € G} —the right-hand
side of Eq. (3.7-1) contains an explicit summation over the basis element label m.
[Although there is actually no sum since all but one coefficients vanish.] Con-
ceptually, we have thereby introduced a new mathematical structure which, on the
one hand, is a linear vector space (with respect to forming linear combinations)
and, on the other hand, has a well-defined multiplication rule (based on the original
group structure). This new mathematical construct is called the group algebra. A
systematic method for the reduction of the regular representation on the group
algebra space can be formulated in terms of irreducible projection operators called
idempotents. This method is employed to derive all irreducible representations of
the general permutation group S, in the second part of Chap. 5. An introduction to
the basic theory of group algebra necessary for that analysis is presented in
Appendix III rather than here because it represents a somewhat more advanced
topic than the rest of this chapter. The group algebra is also called the group ring.

3.8 Direct Product Representations, Clebsch-Gordan Coefficients

Vector spaces which occur in physical applications are often direct products of
smaller vector spaces that correspond to different degrees of freedom of the physical
system (e.g. translations and rotations of a rigid body, or orbital and spin motion
of a particle such as the electron). We shall define the direct product of two
representations, and study the relationship between representations of a symmetry
group realized on the product space and those defined on the component spaces.

Definition 3.8 (Direct Product Vector Space): Let U and V be inner product
spaces and {ii; i = 1,...,n,} and {¥;; j = 1,...,n,} be orthonormal bases in the
two spaces respectively. Then the direct product space W = U x V consists of all
linear combinations of the orthonormal basis vectors {W,; k = (i,j); i = 1,...,n,;
j=1,..,n,} where W, can be regarded as the “formal product” W, = @;¥,.” By
definition:

(i) <wW¥|w,> =6, = 67,67, where k' = (i',j") and k = (i, j);

(ii) W = {x;|x) = |w,> x*} where the complex numbers x* are the components
of x;

(iii) <{x|y) = x} y* where x} = (x*)*.

Example: Let x, be the coordinate vector of “particle 1”. Similarly, let x, be the
coordinate vector of “particle 2”. Then the two-particle system consisting of par-

"It is possible to define the direct product without reference to specific bases. One makes use of the
space consisting of all linear transformations from V to U. [Halmos] The above formulation is adopted
because it is just as general, and it stays closer to the way such products arise in physical applications.
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ticles 1 and 2 are characterized classically by the coordinates (x,,X;). In quantum
mechanics, let |y, s = 1,2, denote the state vectors of particle s in the quan-
tum mechanical Hilbert spaces H;, and let {|x,>} be the basis vectors in the
“coordinate representation”. We have,

s> = ~[I’D Yhx)d’x  s=12,

where ,(x) is the Schrédinger wave function of particle s. [Messiah, Schiff] Then
the states of the combined two-particle system are elements of the direct product
space H, x H, with coordinate basis vectors {|x,,x, )} and state vectors

¥ = flxl’x2> ly(xlax2)d3x1 dst

where W(x,,X,) is the c-number Schrodinger wave function of the two-particle
system.

To each pair of operators (4, B) defined on the vector spaces U and V respectively
there is a natural direct product operator,D = A x B,defined on W = U x V which
is determined by its action on the direct product basis vectors {W,} (cf. Definition
3.8) as,

(3.8-1) Diw =|w.>D¥,  D¥,=A",B/,

where A”; (B’;) are matrix elements of 4 (B) on the subspace U (V) with respect to
to the bases {§;} ({V;}) and k = (i,j), k¥’ = (,j). In most applications, the opera-
tors A and B are related in the sense that they correspond to the same physi-
cal operator realized in the two different vector spaces U and V. In that case,
the operator D also corresponds to the same operator realized on the direct pro-
duct space U x V. For instance, in the example given above, the operators A, B,
and D could be the quantum mechanical momentum operator p, for particles 1,
2, and the combined two-particle system respectively. Likewise, they could be
the Hamiltonian, or one of the angular momentum operators for the respective
systems.

We now apply these concepts to the theory of group representations. Let G be
a symmetry group of a physical system (e.g. rotations in 3-space), and W be the
direct product space of physical solutions consisting of two sets of degrees of
freedom U, V (e.g. orbital motion of two different particles). Suppose D¥(G) and
D*(G) are the representations of G on U and V respectively. Then the operators
D***(g) = D*(g) x D*(g) on W with g € G also form a representation of the group
G. [Prove that g € G — D(yg) is a homomorphism.]

Definition 3.9 (Direct Product Representation): The representation D***(G) de-
fined above on the space W is called the direct product representation of D*(G)
(on U) and D*(G) (on V).

It is straightforward to verify that the group characters of the direct product
representation D**¥ are equal to the product of the characters of the two represen-
tations D* and D*: i.e.

(3.8-2) X =
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where an implicit class-label (previously denoted by i) is not displayed. Indeed,
1 = TrD**¥(g) = D***(g)*.'= D*(9)"; D*(g)’; = x*x", where g is any group
element belonging to the class under consideration. Suppose D*(G) and D*(G)
are irreducible representations of the group G of dimension n, and n,, respec-
tively, then D***(G) is a representation of dimension n, x n,, and it is usually
reducible. The number of times a, that a given 1rreduc1b1e representation D*(G)
occurs in D**¥(G) is given by Theorem 3.8: a4™” = 717**" = Z(x V¥ 2k xi ni/ng.

Example: Consider the product representations D* x D” of the symmetric group
S; where D* and D" are the three irreducible representations discussed pre-
viously. By consulting the character table (Table 3.3), it is obvious that D! ** ~ D!,
D'*2 ~ D% D**2~ D! D3~ D3 and D?**3~ D3 where ~ stands for
“equivalent to”. What about D3*3? This is a four-dimensional representation; hence
it must be reducible. Applying the formula of the last paragraph, we obtain: a, =

=@4+0+2)/6=1, and a; =(8 + 0 — 2)/6 = 1. Hence the representations
D1 D2, and D3 occur once each in the reduction of D3*3,

Let D* (defined on U) and D" (defined on V) be irreducible representations.
The product representation D**” (defined on W = U x V) is in general reducible;
it can be decomposed as D**¥ ~ Z a, D*. In other words, the vector space W can

be decomposed into a direct sum of invariant subspaces W2 where 4 is the label
for irreducible representations, and o (=1,...,a;) dlStlngUIShCS the spaces which
correspond to the same 4. A new basis in W can be chosen such that the first
n, basis vectors are in W, ', the next n, are in W,%,..., etc. With respect to the
new basis, the representation matrices are all in block-diagonal form.

To be specific, let us denote the new basis vectors by {W}; I=1,...,n;;
a=1,...,a;; and A = irreducible representation label}. We assume, as usual, that
they are orthonormal. These vectors are related to the original basis vectors

{W, =W, ;;i=1,...,n,j=1,...,n,} by a unitary transformation,

(3.8-3) Iwary = Y Iwi > < il Vo, 4,1

where (i, j(p, v)a, 4,1) are (complex number) elements of the transformation ma-
trix with (i, j) as the “row index” and (a, 4, I) as the “column index”. The labels (4, v) in
the middle serve to identify this transformation matrix as being the one for D**" to
D*; they are fixed.

Definition 3.10 (Clebsch-Gordan Coefficients): The matrix elements {i, j(u, v)a, 4,1
defined by Eq. (3.8-3) are called Clebsch-Gordan Coefficients.

Theorem 3.12 (Orthonormality and Completeness of Clebsch-Gordan Coeffi-
cients)) The Clebsch-Gordan coefficients satisfy the following orthonormality
and completeness relations:

(38'4) Z <il5j,(.u: V)(Z, l, l> <(X, j's l(/"” V)l,]> = 61”!' 5j,j
all
and
(3.8-5) 2K AL ()i ) i, Ve, 4,1 = 6%, 6%, 6",
tJ

where <o, 4, 1(u, V)i, j> = <0, j(w, v)a, 4, 1%












