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I. Canonical Operator Formalism of Qnantom Mechanics 

1.1 Canonical Quantization 

Classical Mechanics: 

Let L(q 4) be a Lagrangian of a system, q being a dynamical vari­
able and q its time derivative. The canonical momentum p is defined by 

a? 
( i . i ) 

and Hamiltonian of the system is given by the following Lagrange 
transform: 

H(p jq) = p q — L(q.q) (1.2) 

The Hamiltonian is a function of q and p only, because 

SH ~ 8(/> q - L) = (6> q + p8q - ^-8q 
dq 

= (8pq-^-8q) 
dq 

dq 
8q) 

(1.3) 

The Lagrange equation of motion 

d 
~dt bq 

^ = 0 
Qq 

is. a consequence of Hamilton's principle: 

8 f L dt = 0 

(1.4) 

(1-5) 

The Hamilton equations of motion are then derived from (1.1). (1.3) 
and (1.4) : 

H dp 
p = 

Bq 
(1.6) 

The equation of motion for an arbitrary physical quantity F , is 
then obtained from (1.6) as 
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where [ . \P is the Poisson bracket defined by 

[A Ji]P = - [B A h = | i M - &* *± (1.8) 
dp d? a/> d? 

Quantum Mechanics : 

In canonical operator formalism of quantum mechanics the dynami­
cal variable q and its canonical conjugate momentum p are operators in a 
Hilbert space (from here on operators are denoted with " ) and satisfy 
the following canonical commutation relation: 

[q.p] = qp — pq = i (1.9) 

The state of the system is a time dependent vector in the Hilbert 
space (Schrodinger picture), and the mechanical equation of the state 
vector is the Schrodinger equation: 

i A \^(t)> = H(p.q) l«KO> (1.10) 

where H is a Hamilton ian operator obtained from the classical Hamil-
tonian (1.2) by promoting the classical variables to the quantum operator 
variables. 

In this procedure there exists an ambiguity if p and q appear in a 
product form because of the noncommutativity of p and q. If this is the 
case one must define the quantum mechanics by specifying the order of 
operators. Accordingly, to a classical system many quantum mechanical 
systems may correspond. 

The operator ordering ambiguity may not be as serious a problem 
for systems of few degrees of freedoms. For systems of many degrees of 
freedom especially for field theories, however, this is a serious problem 
because the different ordering may produce diflFerent interaction vertices. 

In this lecture, therefore, we assume that the Hamiltonian has the 
following standard form: 

1 M 
H = T Z P^+V^i-92 ? M ) (111) 
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which is of course free of operator ordering ambiguity and the quantiza­
tion is unique. 

1.2 Heisenberg Picture 

In Schrodinger picture operators q and p are time independent while 
the state vector is time-dependent. 

The Heisenberg picture is a picture in which the operators are time-
dependent and the state vector is not. To be an equivalent quantum 
mechanical description the Heisenberg picture should be related to the 
Schrodinger picture by a time-dependent unitary transformation: 

qQ) = U+(t)qU(t). p(t) = U+(t)pU(t) (1.12) 

I <t>>=U+(t)'\ <KO> (1-13) 

UU)U+(t) = U+(t)U(t)=l (1.14) 

Using Schrodinger equation (1.10) we obtain the equation for U(t ) : 

iA-U(t) = if UU) (1-15) 

A formal solution of U is 

U(t) = e-'f" (1.16) 

The coordinate representation is the representation in which q is 
diagonal: 

q I q >= I q >q (1.17) 

<q' I q >= 8(q — q') 

The Schrodinger wave function is a component of I \p(t )> in I q > basis : 

Mq.t) = <q l*(f ) > = <q\U(t) I <I> > (1.18) 

Similarly, in the Heisenberg picture we consider a moving basis \ q ,t > 
such that the Schrodinger wave function \fi (q , t) is a component of 
I * > in I q , t > basis: 
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\fi{q, t)= <q,t I 4>> (1.19) 

Comparing with (1.18) we obtain 

I q.t>=U\t) I q > (1.20) 

The interpretation of \\i{ q. t ) we adapt is the standard probability 
amplitude interpretation. The transition probability q X ~*q',t' is then 
given by 

<q\f\ q,t>= <q'\ U(f)U+(t) \q>= <q'\ «>-'(''-'>" \q> 

(1.21) 

Thus, we call U(t ) the evolution operator. 

1 3 Interaction Picture 

We first split the Hamiltonian into two parts, free and interaction: 

H = / / 0 + £ i (1.22) 

We call H0 "free" part. But it need not be a free Hamiltonian provided 
it is a Hamiltonian for which we can solve the problem exactly. Next, 
construct the evolution operator due to H0 : 

U0(t) = e~i"0' (1.23) 

The interaction representation is defined by 

qj(t) = Uj(t)q U0(t). pi(t) = UfU)p f>0(O (1-24) 

I <h ( O > = t / 0
+ ( ' ) I < M ' ) > (1.25) 

Using (1.23) and the Schrodinger equation we obtain 

i-jL I * / ( * ) > = £ / ( * ) I * / ( * ) > (1.26) 

where 

^ / ( r ) = f>0
+ U)HlU0(t) (1.27) 

A formal solution of (1.26) is given by 
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I </>/ (t ) > = T e — I </»7 ( - 0 0 ) > 

= Uj ( f . - 0 0 ) I </>7 ( - 0 0 ) > ( 1 . 2 8 ) 

where T is the time ordering symbol defined by 

T(H1(t)HIU
,))=H1(t)HI(f) for t>f 

= H,(f)HjU) for t <f (1.29) 

etc. 

Let I n > be an eigenstate of H0 with eigenvalue £„ : 

HQ\n>=En \n> (1.30) 

I < n I </>; (r ) > 1 2 is the probability of finding the system in n-state at t . 
Suppose at t = —00 the state is prepared in I i > (initial) state: 

\i >= I ^ ; ( -Oo)> (1.31) 

The probability amplitude of finding the system in I / > (final) at 
t = 00 is given by 

< / I!/,; (oo)> = < / I Uj (00.-00) I i > = < / I S I £ > (1.32) 

S is called the scattering operator (S-operator). Using (1.28) we obtain 

S =T e — (1.33) 

Using (1.21) and (1.25) we also obtain 

S = l i m e " ° ' e - ^ < ' , - ' > e ~ ^ 0 ' (1.34) 

1.4 Quantum Theory of Fields 

The extension of the formalism described in the previous sections 
into many variables is trivially done by attaching an appropriate index 
to q and p . 

qm. pm (m = 1.2 M) (1.35) 
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[qm.Pn] = i8rm, (1.36) 

Field theories are systems of many (infinite) degrees of freedom. As 
an example let us consider a real scalar field theory whose Lagrangian 
density is given by 

X = j^d^d^ - m2<f>) (1.37) 

where <f> is a real scalar field which is a function of space-time point. 

We restrict the space to a large finite volume V and <£(ic.r) to 
satisfy the periodic boundary condition. We then expand (f> into Fourier 
components: 

&xjt ) = * 2> r*~V(') (1-38) 

where momentum k is given by a set of integers nx nf and nz : 

k=?ILn U3 = V) (1.39) 
LJ 

and ]T is the sum over n 's. Note 

r 
q}it) = q^t) (1.40) 

The Lagrangian of the system is then given by 

L=Jdx£ = ±-Z[\qjrU)\2-w2\qjr(t)\
2] d-41) 

V l k 

where 

w? = P + m2 (1.42) 

The Lagrangian (1.41) is equivalent to a system of free harmonic 
oscillators. Thus, the quantization is straightforward: 

[ ? r . / r . ] = i S r _ P (1.43) 

where pg is the canonical conjugate momentum : 

Pir = q? (1.44) 

Using (1.38) and analogous expression for 
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TTG?) = * Z > i r * » (1.45) 

we obtain 

[$(x).TKx")] = i8(x-x-) (1.46) 

In deriving (1.46) we used 

which is valid in the infinite volume limit. 

The Hamiltonian of the system is given by 

# = y I > \ Z + W<7*z) (1-48) 

= ±.fdx(&(x) + (V#(* ))2 + m24>Hx)) (1.49) 

s l / " ^ ^ * ^ V[#] (1.50) 

Although we started with the Lorentz invariant Lagrangian density 
(1.37) the canonical operator formalism is inherently non-covariant, 
since the time is treated in the canonical formalism entirely differently 
from the space. The shortcoming of the non-co variance is remedied to 
some extent in the Heisenberg picture: 

ftxjt ) = eA'$(x)e-*" . OiJcjt ) = e ^ ' w O O e - " ' 

Using the explicit form of H we obtain 

6 \ # ( £ . r ) = vix.t ), Q,vixjt) = (V 2 + m 2 )#(x ,< ) 

accordingly a covariant equation follows: 

(a,2 - V2 + m2Mx.t ) S ( D + m2)$(x ) = 0 (1.51) 

We demonstrated the Lorentz covariance of Heisenberg picture for a 
free scalar field. Convince yourself this is so with interactions provided 
that the interaction Lagrangian does not involve space-time derivatives. 




