
Chapter 1 

LINEAR POLARON MODEL 

Let us consider the hamiltonian of the linear polaron system consisting of 
the energy of one oscillator Hs, oscillator vibration of lattice Hz and a linear 
electron-lattice interaction Hsz-

H — Hs+z = Hs + Hz + Hsz 
,2 # 2 r 2 

9-f = 9/ . P-f — P*f 
(1.1) 

where S(f) = 5(|f|) is real, i/(f) = i/(|f|) > 0 and is a radially symmetric 
function, f = (jZj^-, ^ 2 . , 2l^3-\, na are integers and L3 = V is the volume 
of the system. The total number N of oscillators is supposed to be finite for 
finite V. N —• 00 when V —• 00 and is such that y = constant. 

Note the identity 
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where 

^i{f.r)q}?in-=--L'£i{f.r)q_fs(-f) 

In view of the radial symmetry, 

3 / 

/ f yj' 

From this we can write the potential energy 

r2„2 

(a) 

where 

S2(f)f 1 ^S-'(f)f 

H K = K0,U >0. We also see tha t U = 0 when 

( f . r ) S ( / ) 

""•i^Twr- (b) 

The to ta l kinetic energy ^ + | £ \ | P / | 2 i s evidently positive definite. 

Let us introduce normal coordinates Qx- Then r , qj will be linear combi­

nations of Qx and 

Qx + n\Q\=0. 

For K = KQ, (a) shows tha t U becomes zero only if qj belongs to the 

3-dimensional manifold (b). In other words, we note that H is an invariant 

with respect to the 3-dimensional translation group 

r - r + R , ? / - < ? / + V ( / ) y/y ' 
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Therefore exactly three of 17̂  wiU be zero, all other Cl\ being positive. We 
thus have three modes 

corresponding to the inertial motion. Thus r(t) contains uniform inertial 
movement on which harmonic vibrations will be superimposed. Also note that 
when K < Ko, the form U is not positive so that some fi^ must be negative 
and the movements will be of unstable type characterized by exponentially 
increasing function of t. 

Here we shall be interested in the case K = KQ- But from technical 
consideration it will be more convenient to take 

K = K0 + r,2 (1.3) 

and then perform the limiting process (rj —• 0) (before the usual limiting 
process V —• oo). Note that as rj2 > 0 the form U is positive definite and 
hence all flj will be positive. Thus in this situation all r,p,qf,Pf will be 
represented as sums of harmonic vibrations. 

We now introduce the Bose amplitudes 

It is easy to see that 

Q-f = 9/ ; P-f = P*f 

and 

[ < ? / , P / ] " ih _ 1 -
The hamiltonian (1.1) can be transformed into 

+ £M/)&}*/ + £ E M / ) - (i.4) 

The Hamilton equations of motion from Eq. (1.4) are 

dp 

m ^ = P 

dt =-{KS + V*)r-^S(f)(^I)yf{bf + b 1 ) . (1.5) 
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The Heisenberg equation for operators bf, b_j will be: 

dbf , , , . t i / h \i 
^ = ̂ ( ' -^(47)) 5 ( / ) ( f ' r ) ; 

and on changing f -* —f 

- ^ _ M / , t . + J=(_)-S(/)(f.r). 

Here we shall draw attention to the study of the equilibrium correlation 
and two-time Green functions constructed with the help of Eq. (1.4). We 
introduce correlation and Green functions defined by the relations 

(A(t)B(r))eq = f°° IA,BW'-iu{t-T)d" 
J — oo 

(B(r)A{t))e<l = / _ ^ IA,BH<-'h'h<-iu{t-T)du , P = -j~, (1.6) 

((A(t) )B(r)» r e t=fl(t-r)([X(t) ,B(r)]> e q 

g ( f r ) (A(t)B(r)-B(r)A(t) ) 

«A(t), B(r)» a d v = -6(T - t){[A(t), B(r)])eq . 

Introduce a function of a complex variable n(Imf) ^ 0), 

((A,B))a = \j J*A<*)\_U ** (1-7) 

which is regular in the complex ft plane except the real axis. The function 
(1.7) defines the frequency representation of the retarded and advanced Green 
function by means of the relations 

((A(t),B{r)))tet = ±J J(A,B»w+<oe-w(t-r )^ (1.8) 

«A(t), B(r)»8dv = i - J°° ((A, B)>u_«,«-i"(*-')dW (1.9) 

which yield 

i _ . - P h u 
((A,B))u+i0 - ((A,B))u.i0 = -2irt - IA,B{<») • (1-W) 
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The equation of motion for Green functions are 

ijt((A(t), B(r)» fet = 6[t - r)\{AB - BA) + ((i*M,B(r))) ^ 
adv adv 

ii((A, B))n = \(AB- BA) + ( ( t ^ , B » n ( 1 U ) 

1 dA 

-itt((A, B))n = ±{AB - BA) + ({-£, B))„ . 

From Eq. (1.6) we get one useful identity 

(2?(r)A(t))eq = f°° IB,A^h~iu{t~T)^= I" lB,A(-<*)'-Mt-T)<l" 
J—oo J—oo 

andJB ,A(-a,) = J x , B ( w ) e - ^ h . 

From Eq. (1.7) it is easy to see that 

i t°° i _ f-Puh i /•» * _ 8uh 

i r00 i — »/Jw'1 

-5/.. i"M«-*-5f=-*' 

Therefore 
( ( f l , A » n - « A , B » _ o ; Im fl ^ 0 . (1.12) 

Starting from Eqs. (1.5) and (1.11) we get 

im(l{{ra,r0))„ = ((pa,^))^ 

(r = (ri ,r2 , r3) ,p = (p1.P2.P3) ,par0 - rgpa = -t'W0,^) ; (1.13) 

-••n«p., r , ) ) 0 = - *„,, - (#0
2 + r,2)((ra, rs))a 

-^E5(/)(sK7)) , / .«i/ + »t-/.r,»o;(ij4) 

ftn((6/.^>>n = M / ) ( ( 6 / . ^ ) > n - ^ ( ^ ~ y ) ' S ( / ) ( ( f r , ^ ) ) n ; 

WW*-/ , r ,»o = - / » / ( / ) ( ( 6 l / > r , » 0 + - ^ ( ^ y ) *5( / )((f • r, r , » n 

(1.15) 

http://p1.P2.P3
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Prom Eq. (1.15) it follows that 

Thus 

«»,-»',..»» . ^ { ^ " fTT^T)} (5OT)*W)«"."» • 
By substituting this formula into Eqs. (1.13) and (1.14) we get 

-mD2((ra, rp))n = - {K% + i?a)«ra> r0))n - Sa,p 

+ v ^ 2 » / ( / ) / a \ n + i/(/) + i / ( / ) - n J 

x ( ( f •r,r0))a . 

Since 
V ^ PVIf \\f. fa = /;_ ^ £ f (|f | ) / a / , = *a>/,| E ^(lf I)/' (!-16) 

/ 
it follows that 

But 

- m n 2 ( ( r „ , r ^ n = -r)2((ra,r0))n 

i ^ 5 2 ( / ) 2 r i i 
+ ^ ^ 6 K / ) / U + v(f) + "(f)- 0 
X ( ( ' • a , f / j ) ) n " ^ a , / ? • 

1 1_ 1 1_ 

n+ !/(/) *(/) + * ( / ) - " !/(/) 
-n n 

+ "(/)(n + "(/)) M/)-n(")/) 
= "" I ^(/)M/) + n) + (n -«/(/)M/)J ' 



Linear Polaron Model 

therefore Eq. (1.16) gives 

«*?-s-^Y.Btrf[> 
1 

Denote 

'v^6^{f)J W/) + n n-v(f) 
x {{ra,r/3))n = 5a,0 . 

and note tha t 

A(-n) = -A(n) 
Equation (1.17) yields 

( ( r a ' r " ) ) n = ^ n 2 _ ^ + n A ( n ) • 

From Eqs. (1.5) and (1.11) we have 

« P « ' r " » n ~ m Q 2 - r? + fiA(fi) 

and Eqs. (1.12) and (1.19) yield 

w*>p«>to-mn3-„3 + nA(n) " 
By using Eqs. (1.5) and (1.11) we further have 

m , 

and 

-inm((rp,pa))n = rrirpPa - par0) + ((pp,pa))a 
in 

({P0,pa))a = -mSa,f, + m Q 2 _ r ? 2 + n A ( n ) 

Sa,0rn-
OA(n) - r?2 

(1.17) 

(1.18) 

(1.19) 

(1.20) 

(1.21) 

(1.22) 

(1.23) 
mf l 2 - »72 + OA(fi) ' 

For |Im fi| > 0, we may perform in Eqs. (1.20-1.23) the limiting procedure 

rj —• 0, thus obtaining 

((r«,r/3)} 
Mn2 + nA(n) 

((Pa,rp))n = - ( ( r / 9 , p a ) ) n = 
-imQ8a</3 -imS, a,0 

MCi2 + nA(n) mn + A(n) 
(1.24) 

// w * , (™n)2*«,/? . A(n) 
{(pa,P0))o = - m 5 a , ^ + _ 0 2 _ O A , 0 > =-<?«„8- • - • mfi2 + OA(n) Mn + A(Q) 
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It should be stressed that in calculating the spectral intensity IU,B(W) for 
example, ipa,P/,(w), we must use the form (1.23) before letting r) —• 0. In 
view of Eq. (1.10) 

w+tO 

2»rv ' mf)2 - n2 + fiA(fi) 

_ _ * tft f nA(n)->7 2 ^ 
a""m( l - «-**»)2ir I mn 2 - ,,2 + nA(Q) J 

w-»0 
«+»0 

- o (1.25) 
Here we shall begin to use the short-hand notation 

F[tl)fa = F{b)-F(a), 
keeping in mind that the division by 1 — e~^hu in Eq.(1.25) may introduce a 
delta function KS(w) with some unknown coefficient K. 

When rj2 > 0, the expressions 

i«+«0 

Iw-tO 

in Eq. (1.25) are zero in a neighbourhood of the point w = 0. On the other 
hand we know that in this case rf1 > 0, pa{t) is a sum of harmonic oscilla­
tions with frequencies not equal to zero, therefore the corresponding spectral 
intensity 

in the neighbourhood of the point w = 0 (which does not contain the frequen­
cies of the mentioned harmonic oscillator). So we must first compute (1.25) 
for T)2 > 0 and only after this may we go to the limit rj —• 0. Let us consider 
in some detail the simplest example when 

u(f) = v = const > 0 . (1-26) 

In this case, Eqs. (1.1), (1.2) and (1.18) yield 

From Eq.(1.25) it follows that 

JP..P>) = *«.*£( i - ' -^r 1 -
2 n 2 u+tO 

w-t'O 

a'02x{ ' mn4-02(if2 + r)2 + mi/2) + , V 

ui+t'O 

w - t O 

(1.28) 
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Here the denominator has two roots in ft2, namely 

m 

(1.29) 

so that 

mft4 - il2{K2 + r,2 + v2m) + v2r,2 = m(ft2 - w2)(ft2 - u\) . 

Therefore 

m2n2(ft2 - u2) 
mft4 - 0 2( i fg + v2m + »j2) + v2n2 

= mu2{w2 -v7) 1 mul(wl - v2) 1 

w2 - w\ n 2 - w2 w | - w2 n 2 - wi 
where e is regular and does not have any singularity on the real axis. On the 
other hand 

ft2 

and 

J. 1_ f__l l _ i 
- W 2 ~ 2wy ' I f t - w y Q + Wji' J - 1 ' 2 

n ^ b 2 = ~hj;{s{u ~ Wj) ~s{w+wy)} 

We thus get from Eq. (1.28) 

_ l c f *wi <•> * ^ l «•/ »1 m( i / 2 -w?) 

, 1 t / ft f/ \ , * f/ , \1 mw 2 (w | - i / 2 ) 
+ 2^1i-.-»..'<"~*»>+ ?=nr*("+"2)} V_w»j • 

In view of Eq. (1.29), in the limit u>i —» 0 when »j —» 0, 
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Thus, by performing in Eq. (1.30) the limiting process i j - t O w e finally get 

m26 

+ 
K2

06au 

2/x {r^6^-^ + 7^ri5^ + ^} • 
(1.30) 

which yields 

(Pa(t)p0(r))e<l=O, a^/3 

{Pa[t)Pa{T))eq = , + ( r 
+ M J * e-i»(t-r) . * e<M(*-r)\ 

2p \ l - e - ^ * " ^ e ^ / x _ ! e J (1.31) 

Consider now the more general case when v(f) becomes a continuous spec­

t rum in the limit V —• oo. 

Let us return to Eq. (1.25). We have 

w+»0 

w - i O 
(1.32) 

where 

We see tha t 

Jr,{ > mQ2-r,2 + OA{n) 

/„(0) = - l ; /,(n) 
w+tO 

u-iO 

Therefore for sufficiently small w: 

= 0 , for sufficiently small w . 

= 2m6(cj) . 

Note tha t A has only one singular point f2 = 0. For this reason, for arbitrary 

real w. 
1 iw+»o 1 

f_mU = -A-9.iriA<t,A -I 

iw+»'0 

L-iO n
: ^ ( n ) | .„ = +2«5(o;) + - / f , (n) 

-^/,(n) "+*° =-2™%)+ -!-/,, (n) 
0} u—iO it 

u+iO 

u>-iO 

u+iO 

w-iO 
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Thus Eq. (1.32) yields 

But the function 

ihwm \ n . . . . 1 . ._. <"+»'° 1 

hil 
1 _ e - ^ n 

is regular in the neighbourhood of the real axis and because of this 

hw 1 . , „ , "+i0 h "+*o 
fM 

u-iO i - e-uPh n 

Therefore 

•Jpa.PcM = wi9<S(w)-m 

We thus have 

-/Jflfc' w-tO 

ift nA(n) - rf 
2TT(1 - e - f t ^ n ) mO - r?2 + ilA(il) 

iw+tO 

lu-tO 

(Pa(<)Pa'(7"))eq = 0 , a / a ' ; 

. , , , , , „ Z"00 ^ m e - ' n ( « - T ) flA(n) - r)2 -+<o 
(Pa(t)Pa(r)U =rn9- J_^ 2 , ( l _ , - ^ n ) m f l 2 _ „ 2 + n A ( n ) 

du) . 
u-iO 

(1.33) 

Consider the function 

/,(«) = -
nA(n) - tf 

= - i + 

mil2 -rj2 + ilA(il) 

mil2 

mil2 -r)2 + ilA(il) 

mil 
= - l + — 

mil + A(il) - £ 

for Q = e + iw and il = — e + iw; e > 0. 

In virtue of Eq. (1.18), 

Im A(w + ie) 

S 2 ( / ) 
V ^ 6 i / 2 ( / ) 

= v"2^ {(*(/)+<. + ) 2 + e 2 ( i / ( / ) - u ; ) 2 + e2 
> 0 
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Furthermore 
r,2 r,*e n Im - -£r- = ir—z > 0 . 
ft w2 + e2 

Therefore 

Im (mil + A(fl) - 77) > e . 0 = w + te 

and 
1 rj2 

mft + A(ft) - -!- > e . (1.34) 

In the same manner, we have 

I n2 

|lm 0 + A(fl) - ±- > e , where e = —Im ft > 0 

We thus see that the function /„ (ft) of the complex variable ft is regular in 
the two half-planes 

Im ft > 0 , 

Im ft < 0 . (1.35) 

Further let us note that the poles of the function 

1 
I _ e-fiha 

in the region (1.35) nearest to the real axis are respectively 

^ 2m n 2xi 

Hence if we have a normal closed contour C in the region 

or in the region 

then 

0 < Im ft < — 
hp 

*\ — 
0 > Im ft > — , 

r e - iO(t-r) 



Linear Polaron Model 13 

Writing down Eq. (1.18), 

we see that it is an expression which contains only a finite number of terms 
( / ) when V is held fixed. Therefore for sufficiently large |ft| 

|Q • A(n) | < const |Im f)| > e > 0 (1.37) 

and 
|A(fJ)| < const. 

0 < e < e i < - . 

ci w - > — - • 

a 

We thus take for C an infinite contour 

tCl — CO < W < t £ i + OO 

ie — oo < w < ie + oo 

and obtain 

_ mih r* i+0° e-n(«-r) n A ( f l ) _ ^ 
2T X^-oo 1 - e - W MQ2 - n2 + OA(n) 

mtft r'*+" e-«"(«-o nA(n) - »?2 

2TT /,,_„„ 1 - e - ^ n A/fl2 - t?2 + DA(fi) 

from which it follows that the integral 
mih r'+°° «-<"(«-••) QA(n) - r?2 

2 T . / „ _ „ 1 - « " « " A/fi2 - »/2 + flA(n) 



14 Some Aspects of Polaron Theory 

does not depend upon e when 

0 < e < g . (1.38) 

In the same way, we see that the integral taken over the interval 
(—ie — oo, — ie + oo) does not depend upon e when e is in the region (1.38). 
We can write Eq. (1.33) in the form 

ihm r e + ° ° e - ' n (* - ' ) QA(n) -»? 2
 J r i 

ail 
i / i / xv „ ihm r e + 0 ° e 
(Pa [t)pa (r))eq = m(9 - — y ^ j e-^"mn-r/2 + nA(n) 

ifcm /-<«+~ e-*n(t-r) n A ( f i ) - r ? 2 

J —ie—oo *• 2TT y_ i ,_0 0 1 - e- f t"n mn 2 - r?2 + OA(n) 

In view of Eqs. (1.34) and (1.37) we may go to the limit rj —* 0 and write 

ihm fit+0° e-'n(*-T) A(0) 
+ 2n /_<,_„«, 1 - e-WO mn + A(fi) ' ( J 3 Q ) 

Consider now the standard limiting process V —• oo. From Eq. (1.18) we have 

where 

# v H > 0; £V (~w) = Ev (w) . 

Suppose that this generalised function J5y(w) tends to 

V —»oo 

in such a way that 
(i) the limit is taken uniformly in any finite interval of the region 

ie — oo < w < ie + oo , e > 0 (1.40) 
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and 

so that 

—is — oo < w < —is + oo , e > 0 

(ii) for |Im fi| > e, |f2A(Q)| < Ke where K, is a constant independent of 
V. In this situation we may go to the limit V —• oo in Eq. (1.39) and write 

{Pa(t)pa{r)) = mO 
ihm fie+°° e-«'n('-') A00(n) hm r£+o° £2 

2*" Jie-oo 1 _ e - ^ m f l + A o o f f i ) 

2TT J-it-oo 1 - e" 

tTim /"°° e 
1 7 ./_«„ 1 - e - ^ « mtt + Aoo (0) 

in 

^ m f i + Aoofn) 
w+te 

Aoo(n) dw . 

(1.42) 

Here 

and by virtue of (ii), 

E{v) = E(-u) > 0 

|nAoo(n)| < Ks , f o r | I m f i | > e 

(1.43) 

(1.44) 

The right hand side of Eq. (1-42) does not depend upon e if s is positive and 
sufficiently small. We thus may perform in Eq. (1.42) the limiting process 
s > 0, e —* 0 and obtain 

, , . . ., „ ihm f UJ ;,,t 1 
(pa(t)Pa(r)U = ™e-— j _ ^ Y^t^e n 

Aoo(n) 
mQ + Aoo (ft) 

w+t'O 

du> . 

u-iO 

We assume tha t the discontinuity 

Aco(n) 
fimfJ+Aooffi) 

w+iO 

u-iO 
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is of the first order, so that if F((l) is an analytic function in the neighbour* 
hood of the real axis (for example F{fi) = 1 _ < ."^ f t ) , then 

(F{n)-F(w)) 
i Aoo(n) 

n mfl + A ^ n ) 

«+«o 
= 0 

u-iO 

As 

and 

mfl Aco(n) = 

mfi + Aootn) mn + Aoo(n) 

tftm w 
w+»« 

m 
2JT l - e - ^ - ^ f l 

we finally get 

(Pa(t)Pa(r)>eq = / ° ° / (« )«—*&; , 
J—oo 

= --r5(w) = --m0£(w) 

-oo 

ihm* w 
2n 1 - e-P*" mfl + A«, (fl) 

<d+«'0 

w-t'O 

From Eq. (1.43) 

Aoo(w±i0) = - I E{v)p(~-}dv±nrE{w) 

it follows that 

Since 

we easily see that 

mn + Aro(n) 

w+t'O 

u-iO 

> 0 . 

UJ 

1 _ e-0uh 

J » > 0 . 

>0 , 

It is to be noted that if we take 

E(w) = ~-{6{w - i/0) + 6{w - v0)} , 
it 

(1.45) 

(1.46) 

we shall obtain from Eq. (1.45) our previous formula (1.31). 
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Let us now turn to the calculation of the free energy of the dynamical system 
under consideration, 

F' = -01nSpe-" f f 

The free energy of one particle of mass m not interacting with the phonons is 

2 2 

Fs = -9 In Spe- p a "/ 2 m = -6 lim In Sp exp - f £ - + ^ - r 2 ) ^ 
n—»o \2m 2 / 

The free energy of £ is given by 

As these energies are well-known we need only to calculate that part of the 
total free energy which corresponds to the interaction of our particle with the 
phonon field 

jFint = F — Fs — Fz 

In order to perform such a calculation let us introduce a parameter A (between 
0 and 1) in the total hamiltoman H 

„,.. p 2 »;2r2 1 1 ^ A 2 S 2 / 2 1 v ^ i e „ . „ 

We see that 

H{0) = Hs + ffE , 

1/(1) = H , 

and thus 

_ ^ s p t f , - w ) r\8H 

Here t h e i n d e x A in 

(• >A,eq 
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indicates tha t averaging is performed with the Gibbs statistical operator, cor­

responding to H(X). On one hand, we have 

dH(X) _ 1 1 ̂  AS, 2 / 2
 2 

dX 
1 i „ A S 2 / 2 . 1 v - o „ , 

and on the other hand we may write the equation of motion (1.5) for the 

hamiltonian H(X) as 

d2: 1 1 a'T i J- ••• v ^ A S , / i ̂ -^. 

Therefore 

In view of Eqs. (1.6), (1.10) and (1.24) 

(1.48) 

(*•«(*)»•<»'(r)>A,eq = 0 , a^a'; 

hi r°° e-,'"(*-r) 
<ra(t)r a(r))x,eq = ^ j ^ t _ e _ ^ f t m n 2 - r?2 + nA2A(f]) 

w+»0 

dw 

w-»0 

(1.49) 

because by changing H to H{X) we introduce a factor A into 5 / and thus 

A(f2) is to be replaced by A2A(fi) . 

Therefore 

<(-^-*.M>.M) 
= tft C°° mu>2 - r,2 __iu(t_r) 

ih f°° e-M*-r) m n 2 - r?2 

w+tO 

- *1 f°° L 
~ 2TT J_00 1 

m n 2 - r ? 2 + n A 2 A ( n ) 

w+tO 

dw , 

du> 

u-iO 

e-/}un mQ2 _ ^2 + nA 2 A(Q) 

and because of Eq. (1-48) 

w-»0 
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Note tha t 

aft2 - r,2 

= 1 
fiA2A(n) 

mO2 - rj2 + OA2A(n) mO2 - r)2 + fiA2A(n) ' 

m n 2 - r?2 

mn2 -ri2 + nA2A(Q) 

Therefore Eq. (1.48) yields 

w+tO 

w-tO 

»A2A(n) 
ma2 - »/2 + nA2A(n) 

u+iO 

u-iO 

\ d\ /A,eq 2v J_00 1-e-P" 

HAA(n) 
h mn2 -n2 + A2nA(n) 

u+t'O 

dw 

w-«0 

By applying literally the reasoning used for the calculation of (pa{t)pa(
7"))eqi 

we get in the limit r/ —• 0, V —• oo 

/3H{\)\ 3ih r°° n i 

\ 3X / A , e q
_ 2 i r i . 0 0 l - e - " f i n f i 

AAeo(n) 

nmn + A2A00(Q) 

w+«« 

dw. (1.50) 

The right hand side does not depend on s when 0 < e < | ^ . So, put t ing 

s > 0, e -* 0 from Eq. (1.47) we obtain 

' i n t - 2^ y0
 d A ./_„, i - e-/»*o n m 0 + A 2 A o o (n) 

w+tO 

dw . (1.51) 

w-»0 

Consider a special example 

X 2 

EW) = -f-iH" ~ fo) + H" + ^o)} (1.52) 

then 

and 

Aco(n) = -
n 2 - i / 2 

I AAoo(n) AX2 

n mfi + A2 Aoo (fi) a mn 2 - (mi/2 + A2Kg) 

This expression has three poles 

n = o, n = M(A), n = -M(A); M(A) = ̂ 2 + A 2 ^ 
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Note that 
1 I f 1 1 

n2-/x2(A) 2M(A)tn-/x(A) n + /x(A) 
We then see that 

w+»0 
AAco(n) 

w-t'O 

2m6(w)\Kl 2*\Kli 
mvl + \*Kg 2M2(A)m {*(»-i i(A)) + ff(« + /*(A))} 

and. 

3tfe f°° n i AAoo(n) ta"H0 

u—iO 

r°° n_ 
2JT /_„„ 1 - e - ^ ° A mfl + A2Aco(n) 

= ,g AAg 3AiT2ft f 1 _ £ ^ W _ 1 
mv2 + A2tf2 2mA*(A) 11 - « - W » ) "*" 1 - e-*»MA) J 

AJf2 3AJf2ft 3AJf2ft «-*M*) 
= -30—=—?—-=• + £ r + °-

mi/g + A2Jfg 2m/z(A) mM(A) 1 - r » M » ) 

= £ { " f M»»* + ^o 2) + f ^ + Wln(l - .-'*<*>)} . 

Therefore 

I £T 

^ - s ^ V ^ + f l M - ^ m i - l ^ , (I53) 

As we have seen, all the Green's functions and correlation functions corre­
sponding to the particle S as well as Fint are defined by E{v) and the influence 
of the photon field on these quantities is also specified only by the spectral 
intensity E(v). Therefore, if we have two different systems of oscillators in­
teracting with our particle (in the way considered) for which E(u) will be the 
same, all mentioned quantities will remain unchanged. 

Consider for example the two-body problem 

X = 2 _ + ^ L ( r - R ) 2 + £ - = ; r K a ( 2m 2 v ' 1M *-*" 
o t = l 

Ma 2m + 2 (ra Ka) + 2M ' 
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and the corresponding one-body hamiltonian 

2 < 3 

Hs = 2m~=2^^/a' 

a=l 

Let us compute 
S p e - g ^ 

Fini - -01n S p e - f f s / 9 S p e - w ^ > 

where the one-dimensional hamiltonians #,#s ,Jfe are 

To diagonalize the one-dimensional hamiltonian M, we introduce normal co­
ordinates q, Q and corresponding momenta y, Y: 

mx + MX . . 
= q, x — X = Q . (I-54) m+ M 

Noticing that 

m d d 

+ 

we put 

We have 

dx m + Mdq 8Q ' 
a _ M d a_ 

dX~ m + Mdq dQ' 

m 
p=^TMy + Y' 
P=-J±-y-Y. m + MV 

(1.55) 

* 2 ( m + A / ) y + 2 M m r + 2Q " * , n + *° 

V. - y2 . i/ _ 1 M + m 2 K$ 2 
Mm~2(m + M)' MoBC-2~Mm~Y + TQ ' 
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Therefore 

Spe-*s0 l n S p e - ^ / J 

The free energy of the one-dimensional oscillator HE with frequency v = 
y/Ko/M is known to be 

ft" „, 1 
Fs = — - 6 In ^ i - , 

2 1 - t~Phv 

and as the oscillator H has the frequency 

- v 3 5 ^ - ^ M 
m 

F08c will be 

ft// 
~2~ " *" 1 - e-0fc*» •foac = ~ ^ In STT ; one-dimensional . 

So 
Sng-Xln/J 1 _ e~0hv Q 

As x is the coordinate in the interval — ^ < x < \ , the proper value of the 
corresponding momentum will be ^j-nft and 

S p e - ^ - n
E e x P { - ( ¥ n f t ) 2 ^ } 
n 

(^fe)3 J^oo eXP { - 2(£M) )dP 

m+ M 

So 
m+M 3 1 - e - / "" ' 

which coincides with Eq. (1.53) if we take 

K2 
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It is also easy to obtain formula (1-31) starting from the two-body problem 
by putting 

y = t ( a T - a ) ^ — — J 

h \i 

where a, â  are Bose amplitudes, H — M+m' an<^ s o P ls 8 i v e n by 

« = '», + »)(4)!. 

We further have 

and 

da 
ih— 

dt 

u2 ~^-

W ^ M 4. t 

*osc = — + hfia'a 
it 

= h/j,a ; o(t) = 

o*(t)= ^ " V 

— = 0 , y = const . 
at 

From Eq. (1.56), 

hHn\ 5 

(1.56) 

Hence 

( P a W P a W U = ( ; ^ ) V > e q + ^ « a a t > « - ^ « - ' ) + (ata>e*"(«-')) . 

Since 

•MM = 
Mn2 _ Kl 

fj. fj, ' 

we see that Eq. (1.31) results. Thus the correlation equilibrium (two-time) 
averages corresponding to 5-particle for the hamiltonian Eq. (1.1) are the 
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same as for two-body problem Eqs. (1.54-1.57) in the "one frequency" case, 
that is, when v(f) = v or E{u) = ^§-[£(w - fo) + £(w + "o)]-

Let us return now to the expression of the Pjnt in this case and consider 
it in the limit of classical mechanics. By putting in Eq. (1.53) ft —• 0 we 
get the classical value /\nt = 0. It is easy to see that zero value of Fint 

occurs always in classical mechanics for dynamical systems characterized by 
the hamiltonian 1 with value of K2. This fact may be established directly, 
starting from Eq. (1.50) which we rewrite in the form 

\ 8X /A.eq _ 2JT J_„ 1 - t~ 
AA(fl) 

Mn mQ2 _r)2 + A2nA(n) 

u+it 
du, 

where 0 < e < M. In the classical limit, 

lim 
Aft 

n-o l - e-i/»n p 

So for classical mechanics we can write 

(1.58) 

<m..,=-^r:'W::>4 <-> 
where 

F(n) = AA(n) 
mil2 - i;2 + A2ftA(ft) ' 

We see that F(il) is a regular analytic function in the half-plane 

(1.60) 

Im ft > e > 0 

Therefore 

f F{il)d(l = 0 (1.61) 
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for any closed contour lying in this half-plane. Take for C the contour of the 

type 

real 

consisting of the interval (ie — R, ie + R) and the semi-circle C with the centre 

at ie and radius R. As at C 

that 

Therefore 

/ F{n)dn = ofy —>o 

/ • te-f oo 

/ F(Q)dQ = 0 . 

Jie—oo 

Similar reasoning may be applied to 

/

—t*+oo 
F(n)dn = o. 

-t«—oo 

In fact, F(Q) is a regular analytic function in the half-plane 

IM n < -e < 0 . 
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We take the closed contour as follows: 

real axis 

and repeat the reasoning, then we will obtain 

r—te+oo 

I F(n)dn. 

Using Eqs. (1.47) and (1.59), we get 

flnt = 0 . 

We wish to point out tha t this result is due entirely to classical mechanics. In 

quan tum mechanics, Eq. (1.58) shows tha t the corresponding 

F(il) 
Ktl AA(n) 

1 - e-*«i mH2 - r?2 + A2A(H) 

has poles on the imaginary axis 

2win 
n = ph 

n: integer (1.62) 

and for this reason the integrals of the type (1.61) will not be equal to zero 

(they will be equal to sum of residues of the corresponding poles in Eq. (1.62)). 

A v e r a g e s f rom T - P r o d u c t 

Let us now consider equilibrium averages of the form 

< T { ( r a ( t ) - r a ( r ) ( r a . ( t ) - r a . ( r ) ) } ) e q > 

where T denotes the sign of the time-ordered product . As 

( r a ( i ) - r a ( r ) ) ( r v ( i ) - > v ( r ) ) 

= ra{t)rai{t) - ra(r)ral(t) - r a ( i ) r a - ( r ) + ra{r)rv (r) 
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we nave 

T { ( r a ( t ) - r a ( r ) ) ( r a . ( i ) - r „ . ( r ) ) } 

_ f r-a(t)ra-(t) -ra-(t)ra(T) -ra(t)ral{T) + ra{r)ral(r) if t > r 

I ra(t)ra>(t) - r a ( r ) r a . ( t ) - r a - ( r ) r a ( t ) + r a ( r ) r a . ( r ) if t < r 

(1.63) 

Thus from Eq. (1.49) (putting A = 1), we get 

( T { ( r a ( t ) - r a ( r ) ) ( r a . ( t ) - r a . ( r ) ) } > e q = 0, a ^ a ' (1.64) 

and 

<T{(r a ( t ) - r a ( r ) ) 2 }> 

2(1 _ e-<«(*-T) -M. f°° 2(1 - e- '" '1 

~ 2* }_„ 1 - «-/»« ft mQ2 - r?2 + OA(ft) 

«+»o 
dw , t > T 

(T{(ra(t)-ra(r)f}) 

u_ r°° 2(1 - i 

2* /-oo 1 -

, ( r - t ) 

u-tO 

u+tO 

e-^ft m n 2 - r?2 + nA(n) 
c? a;, £ < T . 

w-tO 

Therefore 

( T { ( r a ( i ) - r a ( r ) ) 2 } ) 

_ hz_ f°° 2 ( 1 - e - ' " ^ - ^ ) 
mn 2 - r?2 + fiA(fi) 

u+tO 

dw . (1.65) 

For some application it is useful to calculate the time-ordered product on 
"imaginary time". Put t = —is and take real s as the order parameter: 

T{ra(-is)ra,(-ia)} = 
ra(—is)rai(—io-) , s > a 

rai{-ia)ra[-is), s < a 

By using Eq. (1.49) (with A = 1) we obtain 

(T{ ( r a ( - t » ) - r a ( - i o r ) ) ( r a . ( - i a ) - r a »( -»V) )}> e q = 0> a jk a' (1.66) 
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and 

(T{(r«H-r aH) 2}> 
hi f°° 2(1 

~ 2^ ]_„ 1 
2( l -e-" l ' , - < T l ) 

e-fc«^ m f i 2 _ ^2 + nA(n) 
dw . (1.67) 

w-»0 

Consider the "one-frequency" case: 

^ M = ^ { % - "o) + % + i/o)} • 

In this case we may not use directly the formulae (1.65) and (1.67) and remark 

tha t the result will be the same as for the two-body model (1.54). 

We have 

(ra(t)ra[T))eq = (x(t)x{r))eq 

and from Eq. (1.46) 

X = Q TT7Q • 

As the evolutions q{t) and Q(t) are described by independent hamiltonians 

H-ln and Hoac respectively, we have 

M 2 

<z(i)x(r)) e q = (q(t)q(r))e(l + + (Q(t)Q(r))e<l . 

Hence 

eq ( T { ( r a H S ) - r a ( - i a ) ) 2 } ) 

= (T{(q(-is) - q(-i*))2})e(l + —M—(T{(Q(-is) - Q(-ia))2})eq . 
(m + M ) 2 (1.68) 

Note that because of Eq. (1.67) 

q(t)~q(r)= {M~+
T

m)y> y = const. 

{y2)eq = (m+M)e , 

thus 
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We also have 

q(t)q(r) - q(r)q(t) = j\q'{t)q{r) - q(r)q'(t)}dt 

1 f* 
= , . / (y«(r) - g( r )y)^ 

M + m JT 

{yq- qy) = ih,,~ r • (1.70) 
M + m M + m 

So 

(T{{q(-is) - q(-ia))2})eq = (q2{-is) - 2q{-is)q{-ia) + q2{-ia))eq 

= {{q{-is) - g(-i'cr))2)eq + (-q(-is)q(-ia) + q(-ia)q{-is))eq , if s > a , 

and in virtue of Eqs. (1.69) and (1.70) 

(T{(q(-iS) - 9 ( - H ) 2 } ) e q = - ^ 7 ^ + -j^—(» - °) > if o > ° • 
M + m M + m 

By interchanging s and a it is easy to see that 

<T(„(-.-.) - q{-i«)?)U = - ^ ^ + ^ | . - , | . (1.71) 

Now to calculate the left hand side of Eq. (1.68) one must find the expression 
for 

(T{(Q(-is)-Q(-iv))2})eq. 

Note that 

Q[t) = { ^ + e-^a){—-\ 
<2MfM' 

From which it follows that 

T{(g( - is ) -QH) 2 } 

= ^ - { ( e " V + e - ^ a H ^ V + e'^a) + ( e " V + e ^ ' a ^ V + e'^a) 

+ 2T((e'"a t + e~'"a)(e'J<Tot + e ^ ' a ) ) } . 

Therefore 

(T{(Q(-is)-Q(-io-))2})eq 

k {2{a^a) + 2(aai) - 2e^~^ {a^a) - 2e~^-^ (aa!)} , (1.72) 
2MfJ, 
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here 
/_t_\ _ 
^a a> ehp» _ ! ' 

By noting that 

1 1
 M

 K' 
m+ M rnM fi2Mm 

M2 1 M2 1 M 

(nr,\\ — i i 
N ' eKpn _ l ' 

= ( — ) — (recall that At = 

JT2 , ,2 , ,2 

M m 

M + m ) . 

S — <7 

(m + M) 2 Al/U m2 Al/< m2/* m2//2 m/u3 

we get from Eqs. (1.68), (1.71) and (1.72) 

(T{(ra(-is) - r a ( - i a ) ) 2 } ) e q = - ( ^ ) % ( - - * ) a + £ ( j * ) ' 

fi2-u2 ( i e-*.( . -rh 1 fe»»i»-T| _ n \ 

(1.73) 

It is interesting to see that 

( T { ( r a ( - { S ) - r a ( - i a ) ) 2 } ) e q > 0 , when \s - a\ < fih = - . (1.74) 




