Chapter 1
LINEAR POLARON MODEL

Let us consider the hamiltonian of the linear polaron system consisting of
the energy of one oscillator Hg, oscillator vibration of lattice Hy and a linear
electron-lattice interaction Hgy.

H=Hgsyy =Hs+ Hg + Hss
p? K?r? 1 .. 2 . 3
H= —+=——+23% (o0} +V*(Nasa}) + = D_ S(f)(f -7)gs
2 J \/‘7 J

2m 2
g9-1=45, P-y=py
(1.1)
where S(f) = S(|f]) is real, v(f) = v(|f]) > O and is a radially symmetric
function. f = 2"—L"1, &'I—?’- 2—’}:‘-‘- , Na are integers and L3 = V is the volume

of the system. The total number N of oscillators is supposed to be finite for
finite V. N — oo when V — oo and is such that % = constant.
Note the identity

g DS\ (. . .(E-5) ()
Z (1o - 2(1)«‘)( 30 47
lz.,mq,q,+ ) i EWe .y

+1 Z{«(f r)es —i(f - r)q,}f}—”

N
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In view of the radial symmetry,
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From this we can write the potential energy
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where . (f)f2
K§ = Z A7) (1.2)
If K= Ky, U >0. We also see that U = 0 when
=34 (f-r) _S_(fl
YENAN W ®)

The total kinetic energy 21’% +313 s |py|? is evidently positive definite.
Let us introduce normal coordinates @y. Then r, g; will be linear combi-
nations of @y and

Qx+03Qxr=0.
For K = Ky, (a) shows that U becomes zero only if ¢; belongs to the

3-dimensional manifold (b). In other words, we note that H is an invariant
with respect to the 3-dimensional translation group
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Linear Polaron Model 3

Therefore exactly three of 22 will be zero, all other 22 being positive. We
thus have three modes

éa =0

corresponding to the inertial motion. Thus r(t) contains uniform inertial
movement on which harmonic vibrations will be superimposed. Also note that
when K < Ko, the form U is not positive so that some Qi must be negative
and the movements will be of unstable type characterized by exponentially
increasing function of ¢.

Here we shall be interested in the case K = K. But from technical
consideration it will be more convenient to take

K=Ky + 7]2 (1.3)

and then perform the limiting process (n — 0) (before the usual limiting
process V — co). Note that as 2 > 0 the form U is positive definite and
hence all 17 will be positive. Thus in this situation all r,p,¢s,ps will be
represented as sums of harmonic vibrations.
We now introduce the Bose amplitudes
h H hv 3
g5 = (5;’(]‘—))2('7!+b"-f); Ps =i(—2(,f—))2(b} —bs) -

It is easy to see that

*
!

3

g-f=4q;; pP-5=
and grpr —Prdq
las,ps] = f—f;h"f—f =1.

The hamiltonian (1.1) can be transformed into

2 1
_pP* 1o a2, . 1 h 3 e t
H= 4 (K3 +n')r +z;\/‘_/.5(f)(——2y(f)) (F-x)(bs +51 )
1

+ 3 hu(f)hes + Ewa(f) . (1.4)

! !
The Hamilton equations of motion from Eq. (1.4) are
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‘The Heisenberg equation for operators b, bt ¢ will be:

dby
Nl = h(f )by - \/—(2,,(,)) S()E-x) 5

dst
in—1 =—hu(f)bt_,+\/_(2 (f)) S(f)(E -x)

and on changing f — —~f

db}
—in—L = h(f)8} + f(z m) S(f)(E x).

Here we shall draw attention to the study of the equilibrium correlation
and two-time Green functions constructed with the help of Eq. (1.4). We
introduce correlation and Green functions defined by the relations

(AOB(Nea = [ Tap)e™C~do

(BAOa = [ Taslo)e ™ t-Naw, p= 1o (1
((AE), Br))eer = 8¢ — T)([A(E), B(r)eq
- o) ALBL) = B)AL)
(), B adw = ~8(r — )([A(E), B(r)])eq -

Introduce a function of a complex variable 2(Im Q@ £ 0),

{((A,B))a = %[_x IA.B(“’)%':&U (1.7)

which is regular in the complex 2} plane except the real axis. The function
(1.7) defines the frequency representation of the retarded and advanced Green
function by means of the relations

(@ Bt = 5= [ (A BNorioe™® s (1)
(A0, B s = o [ (4 BPumioe™ o (19)
which yield

(4, Busio ~ (4, Bumio = =202 5" Lop(u) . (110)
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The equation of motion for Green functions are

ret
adv

i%((A(t),B(r)))r = st - 248 - B4 + (24, By

0((4, B))g = E(AB —BA)+ ((i;,;, B))a (1.11)

. 1 dA
~i0((4, B))a = 5(AB - BA) +((—, B))a -
From Eq. (1.6) we get one useful identity
(B(r)A(t))ea = / Ipa(w)e ™ Ctdw = / Ip.a(—w)e= =gy

and IB,A (-—w) = IA'B(w)e—p”h

From Eq. (1.7) it is easy to see that

(B, A))n——/ Ial) 2 dw=—/ Ioa(-o) 22
=£/:°°IA,B(W) O—w
Therefore
(B, Ao = (A, B))-a; ImQ#0. (1.12)

Starting from Eqs. (1.5) and (1.11) we get

imQ{(ra,78))a = {(Pa,s))a
(r = (r1,r2,r3), P = (P1, P2, P3) , PaTp — TpPa = —théap) ;  (1.13)

_in“pon rﬁ))ﬂ = —0Oa,p — (Kg + 7]2)«?&, rﬁ))ﬂ

S N S
\/V;S(f)(zy(f)) fa((bf+b—]7 ﬂ))ﬂ 3(1 14)

hQ((bs,re))a = hv(f){{bs,e))a ~ \/_(2V(f)) SUFWE -1 ra)as;

AL, ma)a = —hu(F)((6 1, roha + \,_(2 m) SUNE T rada
(1.15)
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From Eq. (1.15) it follows that

1 1 \3%
(s 7)) =~ = 15— f))(w)h) SUNE 7,70

((bff:rﬁ \/_Q+t/(f)(2u(f)h) S(f)(f -r,rs))a -

Thus

i 1 1 1 \3
(8t pora) = < { s — gy ) () SV Emreh)

By substituting this formula into Egs. (1.13) and (1.14) we get

—mQQ((ra, 7‘5))9 (K2 +n )((rm rﬂ))ﬂ - 60!,3
R (f) 1 1
vZ tlarn * v =)

X ((f -x, fﬂ))n :

Since

ST F(E D fafs = bapg 3 FUED S (1.16)
I

f
it follows that

- mﬂ2(<7'a,fp>)n =-"n ((Ta,fp))n

15~ S%(f)f2
3 2 ) (reo o

15 5%f) 2 1 1
+sz:61/(f)f {amvm o =a)
X ((ra’rﬂ))ﬂ _6a,ﬁ .
But

1 _ 1 + 1 _ 1
Q+v(f) vl(f) vlf)-0 v(f)
_ -0 . 0

v(f)@+v(f))  (w(f)-al)f)

_ 1 1
- n{V(/‘)(V(f)+9) * (Q—V(f))'/(f)} '
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therefore Eq. (1.16) gives

2_2_al S%(f) ,2 1 1
il =’ =052 Sty {V(f)+0+ﬂ—l/(f)}]

X {{ra,r))a = a,p - (1.17)

Denote

__—1 Sz(f) 2 1 1
M) = 2 ga 7y {u(f)+n+n—u(f)} (1.18)

f
and note that
A(-Q) = -A(Q) . (1.19)
Equation (1.17) yields
_ Sa,p
((rasradla = —=5— 2L OA@) (1.20)
From Egs. (1.5) and (1.11) we have
_ —1mQ, 5
and Egs. (1.12) and (1.19) yield
_ imQ&a,p
((rg,Padla = —o5— 2+ 0AQ) (1.22)
By using Eqgs. (1.5) and (1.11) we further have
. m
—10m{(rg, pa))ar = ;’g("ﬁpa = Parp) + ((Pg, Pa))a
and
(mQ)26,,5
s Pa = —mé, -
((pﬂ p ))ﬂ Moq g + m2 — '72 +QA(Q)
QA(Q) - n*
= -5, ) )
T N YN () (1.23)

For |Im 1| > 0, we may perform in Eqgs. (1.20-1.23) the limiting procedure
n — 0, thus obtaining

_ ba,p
(rams)) = 705+ aA (@)
B —im(16, 5 —imba g
<(pa,rﬁ))ﬂ - “((rﬂ,Pa»Q = Mng + QA(Q) = mn+ A(Q) (124)
_ (mQ)%6,5 A(f)
<<Pmpﬁ)>ﬂ = '—m&aqﬁ + m? + QAE;Q) - _50!”@ MQ+ A(Q) .
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It should be stressed that in calculating the spectral intensity I, g(w) for
example, I, .. (w), we must use the form (1.23) before letting  — 0. In

view of Eq. (1.10) :
ih mQ? o
Tam (@) = bap (1= ™) e QA@))
w+1i0
= ~bapmii eir;‘“")21r { mn'? f (2) T J +
n?+0AMI | (125)

Here we shall begin to use the short-hand notation
F(@)|, = F() - F(a),
keeping in mind that the division by 1 — ¢=#" in Eq.(1.25) may introduce a
delta function K§(w) with some unknown coefficient K.
When 72 > 0, the expressions
w+140
Iw—l'O
in Eq. (1.25) are zero in a neighbourhood of the point w = 0. On the other
hand we know that in this case #2 > 0, p,(t) is a sum of harmonic oscilla-
tions with frequencies not equal to zero, therefore the corresponding spectral
intensity
. Tpapplw) =0
in the neighbourhood of the point w = 0 (which does not contain the frequen-
cies of the mentioned harmonic oscillator). So we must first compute (1.25)
for n2 > 0 and only after this may we go to the limit # — 0. Let us consider
in some detail the simplest example when '

v(f)=v=const >0. (1.26)
In this case, Eqs. (1.1), (1.2) and (1.18) yield
K3 1 1\ _ -K20
A(Q) = S {n+u+n—u}"n2-—u2° (1.27)
From Eq.(1.25) it follows that
. 202 w+i0
Touws (@) = bap5—(1— e7P)~1
e 27 mQ? -" —%w—io
i0
Ay - o ome)i m202(0% — v?) - o
’p 2n — Q%(K3 +n? + mv?) + 22| Y

(1.28)
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Here the denominator has two roots in 112, namely

2.2
2___ v'n 4
wy K2 + V2 + (" ) (1 29)
K2 +v2m )
w = —— O(n?)

so that
mQ* — Q2(K2 + 1% + v2m) + v?n? = m(Q® — w?) (0% — w3) .

Therefore

m202{0? - 1?)
- 2(KZ + v2m+ n?) + 292
_mwiwi-»?) 1 mwi(w? —v?) 1 te
w?-w?: 022 wi-w? 02-uw2

where ¢ is regular and does not have any singularity on the real axis. On the
other hand

SN U S W D
2-w? 2w 0-w; Q+wj)’ I=5
and . ohi
3
Toa? = Ty 0w~ He e}

We thus get from Eq. (1.28)

1 hw ( hw, m(ve —w
Toaips = 56"'” {Hﬁa(“’”wl)*‘ cp;.Tﬂw +w1)} (2 i)

—wi
1 A h , mwa (w3 — v?)
t 55.:.19 {1 — e—Phws §(w—wa) + ehwa — 1 ( +w2)} wi —w? '

In view of Eq. (1.29), in the limit w; — 0 when 5 — 0,

hwy — l hw, 1
1 — e Phw, ﬂ ePhwr 1 - -E

K2
w2—+p=\/;°+u3.

=0, =0’
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Thus, by performing in Eq. (1.30) the limiting process n — 0 we finally get

m20
Tpapp (@) = ba,p m“w)
K26, 4 h K
+ 2u {l—e‘ﬂhl‘a(w M+ ePhu — 15(w+l‘)} (,1 30)

which yields

(Pa(t)Pﬁ(T)>eq =0, a#p

m26
(pa t)palr >e =
( ) ( ) q + (}\;:)2
% h —in(t—r b iu(—r
{——""—6 uit )+;ﬂh“—_1€“(t b
(1.31)

tou \ 1= e Pha

Consider now the more general case when v(f) becomes a continuous spec-

trum in the limit V — oo.

Let us return to Eq. (1.25). We have
¥ +10
bidand 1 ‘” ' (1.32)

Touins (4) = Sty —emmoy o 1 (D, o

where aa(Q) )
_ ~-n
f ) = Cas 2 raAm)
We see that
w+10
fm{0) =-1; fa (Q)| o= 0, for sufficiently small w.
w—t
Therefore for sufficiently small w:
1 w+i0 1 1 _ .
= @210 = 1) (35 — oo5) = 2 ()s()

= 2mé(w) .

Note that % has only one singular point { = 0. For this reason, for arbitrary
w10

real w: .
2 5@ = taris) + £ ()
Q’f"( 0 07" w—io
or
1 0 . 1 w410
Sfa(@)] = —2mib() + = @)
w~10
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w+i0
w—10 )

is regular in the neighbourhood of the real axis and because of this

Thus Eq. (1.32) yields:

thwm

Tpaps(w) = 5a,ﬂ5‘7‘r(—1—_‘e_ﬁ—,w){ —2mib(w) + %fn (@)

But the functi
ut the function KO

1— ¢—pha

hw 1 w+i0 3 w+i0
1—e~whh ﬁf" (n)|w—-1'0 T 1= ¢-Bon In (n)lw—io
Therefore
Lo (w)=0, a#ad;

ik OA(Q) —n2  |w+io

m21r(1 — e~ R0 mQ — 2 + QA(Q) |w-i0 )

Ipa,pa (w) = mo&(w) -
We thus have
(pa (t)pa’ (T)>eq = 0, [s # a’ H

co ihme—iﬂ(t—‘r) QA(Q) - ,72 w+1i0
alt)Pa eq =& § —
(Pa(t)Pa())eq = m /_oo 27(L — e~ PP} mQZ — 52 + QA(Q)|

dw .
w—10

(1.33)

Consider the function

QA(Q) — n?
m(2 — n2 + QA(Q)
mQ2
mQ% — n2 + QA(Q)
ml
+ 3
m + A(Q2) — 7

() = -

for ! =¢e+iwand 1= —e+1w; € > 0.
In virtue of Eq. (1.18),

—Im A(w + 7€)

_ mex— S%(f) 1 1
V4 6V"'(f)f2{(V(f)+w)2+sz+(V(f)—w)2+e2}>0’
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Furthermore . 2,
Im - %— =’rw;7+52 >0
Therefore
Im (m02+A(0) - "—2) >e, Q=w+tie
o) )
and

lmﬂ+A(ﬂ)—%;|>e.

In the same manner, we have

2
lImﬂ+A(ﬂ)—%—|>e, wheree=-Im 2>0.

(1.34)

We thus see that the function f,(f) of the complex variable 2 is regular in

the two half-planes

ImQ>0,
ImQ<O0.

Further let us note that the poles of the function

1
1— A0

in the region (1.35) nearest to the real axis are respectively

Hence if we have a normal closed contour C in the region

O0<Iml< —

2%
kB

or in the region

0>Imﬂ>2—15,

hB
then

c—iﬂ(t—f)
/C S sah(®dn=o0.

(1.35)
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Writing down Eq. (1.18),

GV"’(f) W) +8 T asu) (1.36)

we see that it is an expression which contains only a finite number of terms
(f) when V is held fixed. Therefore for sufficiently large |Q2]

|2- A(©)] < const

ImQ]>e>0 (1.37)
and
|A(Q)| < const.
O<ex< <2——
4 &y hﬂ.
&1 W s
—_—— < -
€
~= 0 Q +oo

We thus take for C an infinite contour

. —t .

te] — 00 < w < 1€ + 00

- - .
te—~00 < w <teE+ 00

and obtain

mih [t

_ mih e-—iﬂ(t—f) QA(Q) _ i
27 Jiey—00 1—e PA0 MQO2 — n2 + QA(Q)
mih ie+oo c—in(t—r)

mih NA(Q) — n? a0
27 Jiemoo 1—e~PPO MQO2 —n2 + QA(Q)
from which it follows that the integral

mih 6400

27

¢—t0(t=1) QA(N) — 40
ceees 1— ¢80 MOZ — 2 1 NA(M)
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does not depend upon € when

2w
0<e< — (1.38)

hg
In the same way, we see that the integral taken over the interval
(—ie — 0o, —ie + co) does not depend upon & when ¢ is in the region {1.38).
We can write Eq. (1.33) in the form

thm [i€Te° (=007 QA(Q) -
(Pa(t)palr))eq = mb — 27 Jipoo 1= e PPO mQ —p2 4 0A(N)

thm [Tietoe —in(t-7) QA(Q) — n?
27 Jjemoo 1—e MO m2 — 92 + QA(Q)

dQ

aq .

In view of Eqgs. (1.34) and (1.37) we may go to the limit n — 0 and write

thm [H1 ¢—00-1)  QA(Q)
iemoo 11— €7RF0 m( + A(QD)
te+o00 e—s‘ﬂ(t—r) A(ﬂ)

27 Jie—oo 1 — €79 mQ + A(Q)

df}

(Pa(t)Pa(7))eq = mb —

daQ .
(1.39)

Consider now the standard limiting process V — oco. From Eq. (1.18) we have

*® dv
—/_ By (v) g2

By ) = 5 X AL s0) ) + ) -0}

Ev (w) 2 0, Ev (—w) = EV (w) .

where

Suppose that this generalised function Ey (w) tends to

1 Sz(f)
(2r)* J 62(f)

By (w) — E(w) = F{8(v(f) +w) +8(v(f) —w)}df

V — o0

in such a way that
(i) the limit is taken uniformly in any finite interval of the region

te—o0o<w<1ie+ 00, e>0 (1.40)
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and
—te—o0o<w<—te+00, e>0

so that

/w Ey (u)nduu — —Ax(f) = /_: %(’:)‘i" ; (1.41)

(ii) for |Im Q] > ¢, |QA(Q)| £ K, where K, is a constant independent of
V. In this situation we may go to the limit V — oo in Eq. (1.39) and write

ihm [T = 00-1) A _(0)
=mf — == > df)
(pa(t)palr)) = mé 27 Jiemoo 1— e PP mQ 4+ A (0)
: —tetoo ,—i(l(t—71)
4+ hm ¢ Bec() g
27 Joieeoo L= e=PR0 (1 + Ay (D)
i w1
im0 Ay [T
T or e im e mar AL
(1.42)
Here
* E)
= - —=d
As(9) - v
E)=E(-v) >0 (1.43)
and by virtue of (ii),
AL ()] < K., for ImQ|>e¢. (1.44)

The right hand side of Eq. (1.42) does not depend upon ¢ if ¢ is positive and
sufficiently small. We thus may perform in Eq. (1.42) the limiting process
€ > 0, € — 0 and obtain

w410
hm [ w —iwt 1 A ()
(aldlpa(Mea=mt = 2= | G gt Ao (@) o

We assume that the discontinuity

+10
1 Ao(@) |7

QmO + A (Q)

w—10
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is of the first order, so that if (1) is an analytic function in the neighbour-
hood of the real axis (for example F(1) = :— %57 ), then

w+10
1 Ax(l) _
(FO) - F) gt anm|  ~
w10
As
_M)_ =—1+ __mﬂ____
mQ+ A, (Q) m + A (D)
and
wtse
thm w

= -—Fﬁ(w) = —mb§(w)

w—1f

Tox 1-eBunQ

we finally get

(Pa(t)pa(r))eq = /_ : I{w)e *“tdw ,

i0 1.45
Tw) = e 1 o (1.45)
YT Tox 1— e P mO+ A (€2) oo
From Eq. (1.43)
Ay (wx10) = —/E’(V)P( 1 )du:tan(w)
* w—v
it follows that .
1 w+i0
t— >0 .
mi + Ac (1) w—10
Since w
T=epan 2 0
we easily see that
J{w)>0. (1.46)

It is to be noted that if we take
K3
E(w) = T{&(w — )+ 6(w — o)},

we shall obtain from Eq. (1.45) our previous formula (1.31).
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Let us now turn to the calculation of the free energy of the dynamical system
under consideration,
F' = —fIn SpePH

The free energy of one particle of mass m not interacting with the phonons is
2 2

— — -p’ﬁ/2m=.. 1 — p_ .'L. 2
Fg 6ln Spe 0'}%lnSpexp (2m+ 21'),19

The free energy of X 1s given by

Fg = —0In Spe~H=# |

Hy = %E(PIP} +v2(f)asqy)

As these energies are well-known we need only to calculate that part of the
total free energy which corresponds to the interaction of our particle with the
phonon field

F‘int = F — F, s — F; >}

In order to perform such a calculation let us introduce a parameter A (between
0 and 1) 1n the total hamiltoman H

H()\) = 21’—; + "2;2 + ;; Azs;’j,fr +=\/- ZI\SN/(f r) + Hg
We see that
H(0) = Hs + Hg ,
H(1)=
and thus

2)
1 Sp aH —ﬁH(A) OH
- ax ¢ -
- /o = /; (G5 Mneadh (1.47)

Here the index A m

Fine =/ aF(A)dA —0/ —ln SpeFH(\ g)
0

(- )»\,eq
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indicates that averaging is performed with the Gibbs statistical operator, cor-
responding to H(A). On one hand, we have

0H(A) 11 AS?P
3,(\ ) 3V +1—Zsﬂu(f r),
1

and on the other hand we may write the equation of motion (1.5} for the
hamiltonian H()) as

r , 11 /\"’S"’f2

—mﬁ—n 1‘=§V l/2 f) Z)\Sfo
Therefore SH() P2
r
A< oA >A,eq - _<(mﬁ + ’721‘) . r>,\,eq ' (148)

In view of Eqs. (1.6}, (1.10) and (1.24)

(ra(t)ra'())r,ea =0, a#d;
4 w+1i0
; > _ A /00 e—tw(t—7) 1 |
(Ta( )ra(T) A,eq — o oo 1 — e Buwh Q2 — ,72 I QAzA(Q) w

w—i0
(1.49)

because by changing H to H()\) we introduce a factor A into S; and thus
A(Q) is to be replaced by A2A(Q).

Therefore
d?ra(t) 2
((=m g —rra(0)retr)

+i0

_ iR [T mw? - n? ) 1 o dw

T2 f_ o 1— e Puh m? —n? + QA2A(Q) "

ih [ e—iw(t-7) mQ2 — ’72 w+i0 .
- EE/OO 1—ePoh mQ2 — 52 + QA2A(Q) | “o

and because of Eq. (1.48)

w+10
dw .

A(BH(A)> 3zh 1 mQ? — n?
8A /[xeq 21 J_oo 1 —e7Peh mQ2 — 92 + QA2A(0)

w—t0
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Note that
mQ? —n? -1 Qx2A(Q)
mQ2 — 2 + QX2A(Q) T m0Z2 - 92+ QA2A(Q)°
+10 +10
mQ2 — p? o QN2A(Q) o

m? — n2 + QXZA(Q) T T w2 02 + OX2A(0)

w-10 w~—10

Therefore Eq. (1.48) yields

<?_H(_)\)> _ zh /' 1 QAA(Q)

A 27r 1— e Puwh mO2 — n2 + A2QA(0)

w10

By applying literally the reasoning used for the calculation of (pa(t)pa(7))eq,
we get in the limit n - 0,V — o0

+i
<3H()\)> _ 32h/ 0 1 AA (Q) o (1 50)
X /aeq 27 1— e~ PRO QmQ + AAx(0) )
wW—1€
The right hand side does not depend on € when 0 < ¢ < ?L—; So, putting
e >0, e — 0 from Eq. (1.47) we obtain
3ih 1 aag@ [
1
mt - / d/\/ l—e_ﬂhn an+’\2A (Q) . dw . (151)
w—10
Consider a special example
K2
Blw) = 25w — vo) + 60 +v0)} (1.52)
then )
K§Q
A () = 0z
and

1 Mwe(9) AK?

1
OmO+2A2A,(0)  Qma2 — (mv? + A2K2)

This expression has three poles

2
0=0, Q=p(\), Q=-p(A); u(\)=1/2+r5C
m
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Note that

1 _ 1 { 1 _ 1 }
02— p2(2) 28 Q-p() Q+p(r))°
We then see that

i0
1 () |7

T Omi+ A2A,(0) i

_ 2w16(wl’;§ 1 22:2’\({\()0;{6(0) — B(N) + 6w + u(N)}

and.
_ 3ik Q8 1 MA@ [T .
T2 [ 1— PR QmO + A2A,, (ﬂ)
_ AKg 3AKZh { N e—Phu(A) }
B mv2 +A2K2 * 2mu(A) L1 - e—Phu(A) 1 — e—Phu(d)
AK3 + 3AK3h  BAKZh e Phe(d)
mvo +A2K2  2mp(A) | mp()) 1—ePre()
= i 22 3h a/‘(A) —ﬂhu.(.\)
Therefore

K3
m+—f 34 1 — e—Bhve
F., = —301 Yo 4 2 (u— In—— 0o—
int B R R et e TN

2
p=wug+!§nﬂ (A=1).

As we have seen, all the Green’s functions and correlation functions corre-
sponding to the particle S as well as F;,,; are defined by E(v) and the influence
of the photon field on these quantities is also specified only by the spectral
intensity E(v). Therefore, if we have two different systems of oscillators in-
teracting with our particle (in the way considered) for which E(v) will be the
same, all mentioned quantities will remain unchanged.

Consider for example the two-body problem

2 2
_p K 2
X’ﬁ"’z( R) E Ha s
2 2
_ Pa o _ 2 Pa
X°—2m = ra = Ra)"+ 2M
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and the corresponding one-body hamiltonian

13
Hg = =—m§ ,

p_

2m

P? K2 P K?
o= 1+ - 3 (24 o).

Let us compute
Spe~H
Spe—HsASpe—Hzoh *

where the one-dimensional hamiltonians X, Xs, Xp are

Fint =—0In

X=—1—p2+£‘i(z—X)2+—-—P2

- 2m 2 2M

_ 1 3, _ 1 e 15400
XS - 2mP ’ XE = 2MP + 2K0X .

To diagonalize the one-dimensional hamiltonian X, we introduce normal co-
ordinates g, @ and corresponding momenta y,Y:

mz+MX

— = *-X=Q. (1.54)
Noticing that
a_m a @
3z m+Maq 8Q’
8 M 9 2
3X m+M3q 3Q’°
we put
m
p= y+Y,
"‘I{M (1.55)
=m+My—-Y.
We have
_ 1 2 , 1M+m_, K3 ,
=g+ T2 mm ¥ t 3 9 =it Ho,
2 2
¥o—_— Y . _1MAmo, K§
}(m_2(m+M)’ Xonc—z MmY+ZQ.
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Therefore
Sp e_xlnﬁ ln Sp e“xo:cﬂ

Spe=¥sf " InSpe-¥zP °

The free energy of the one-dimensional oscillator Hy with frequency v =

v/ Ko/M is known to be

F'int = —=301n

and as the oscillator H has the frequency

Foge will be
hy 1

Fose = 7 —fln m H one-dimensional .
So S XinB Bhv
_ pe in 1—e” 3
F’im; = -—39111'S~pe_—xsp —301HT+ h(;},—y) .

As z is the coordinate in the interval —-L <z< 12‘-, the proper value of the
corresponding momentum will be 2 Tnh and

. 5\2__ B
Sp e~ ¥inB ;e"P{ — (Erh) smeany )
Spe—X¥sB Eexp{ - (%"nh)zg%}

2
(32)° [0 exp { — 55y Hp
1 Bp?
Leeo (25)° [0, exp { — 2 }dp
m+ M
——.

m+M 3 1— e Bhv

Fii = -36In +5h( —l/)-—3(91n*—e[ﬁl—l;,

which coincides with Eq. (1.53) if we take

A3

=M.
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It is also easy to obtain formula (1.31) starting from the two-body problem

by putting L
Y= i(a* - a) (‘—h);“) ! )
3 (1.56)
— (4t "y
Q_(a +a)(2MM) ]
where a,a! are Bose amplitudes, M = H%—"‘;, and so u is given by
KZ
2 _ Ao
H= M .
We further have 5
Hose = 7“ + hpata
and
ih% = hua ; a(t) = etk
al(t)= e *#tal |
as p
d—i{ =0, y = const .
From Eq. (1.56),
1
-_m et oiut _ o —ipt (F")"tl"’)"‘T 7
Pa(t) m+My+1,(a € ae*H%) 5 (1.57)

Since
(4%)eq = (m+ M),
(o) = T (0= gy
M, = 2 _ K
p 2

we see that Eq. (1.31) results. Thus the correlation equilibrium (two-time)
averages corresponding to S-particle for the hamiltonian Eq. (1.1) are the
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same as for two-body problem Egs. £1‘54_1'57) in the “one frequency” case,
that is, when v(f) = v or E(w) = £-[6(w — vo) + §(w + vo)].

Let us return now to the expression of the F;,; in this case and consider
it in the limit of classical mechanics. By putting in Eq. (1.53) £ — 0 we
get the classical value Fi,y = 0. It is easy to see that zero value of Fi,
occurs always in classical mechanics for dynamical systems characterized by
the hamiltonian 1 with value of K2. This fact may be established directly,
starting from Eq. (1.50) which we rewrite in the form

w4ie

aH(,\)> __sA[® _Q AA(0)
Aeq

duw
oA 2% | 1— e M0 mP —n? + M30A(Q)|

(1.58)

where 0 < e < :—;. In the classical limit,

lim A0

A e - g=?-

|-

So for classical mechanics we can write

<'3%A)> = -%'f {/“ﬂo F(ﬂ)dﬂ-/_“m F(n)dﬂ} . (1.59)

Aeq €—o00 —i¢—o0

where
AA(Q)
m2 — % + A2QA(Q) -

F(Q) = (1.60)
We see that F((Q) is a regular analytic function in the half-plane

ImQ1>e>0.

Therefore

/C F(Q)dR =0 (1.61)
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for any closed contour lying in this half-plane. Take for C the contour of the
type

Y
-
®

real

consisting of the interval (1e — R, i€+ R) and the semi-circle C with the centre
at 2¢ and radius R. As at C

1
F@) =0(g)
we see that
1
FWYdOQ=0{—-} —0.
[ r@an=o(3)
Therefore

ig+400
/ F(Q)d2=0.

£€—00

Similar reasoning may be applied to

—ig6+o00
/ F(@)da=o0.

—i6—00

In fact, F(£1) is a regular analytic function in the half-plane

IMO<-e<0.



26 Some Aspects of Polaron Theory

We take the closed contour as follows:

= real axis

A

semi-circle '

and repeat the reasoning, then we will obtain

/ T p(ayda

~1€6—00

Using Egs. (1.47) and (1.59), we get
Fine=0.

We wish to point out that this result is due entirely to classical mechanics. In
quantum mechanics, Eq. (1.58) shows that the corresponding

a0 AA(Q)
T 1 e PRO mO2 52 4 AZA(Q)

F(Q)

has poles on the imaginary axis
2mn

Q=__,Bh ;

n: integer , (1.62)

and for this reason the integrals of the type (1.61) will not be equal to zero
(they will be equal to sum of residues of the corresponding poles in Eq. (1.62)).

Averages from T-Product

Let us now consider equilibrium averages of the form

(T{(ra(t) = ra(r)(ra’(t) = rar(r))}ea »

where T denotes the sign of the time-ordered product. As

(ra(t) = ra(r))(ra(t) — rar(7))

= ra(t)rar(t) — ra(r)ra(t) — ra(t)ra{r) + ro(r)ra ()
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we have

T{(ra(t) — ra(r))(ra(t) — rar(r))}
_ { ra(t)rar(t) = rar (t)ra(r) = ra(t)rar(r) + ra(r)ra(r) ft>r
ra(t)rar(t) — ra(r)rar(t) — ra(r)ra(t) + ra(r)rar(r) ift<r
(1.63)

Thus from Eq. (1.49) (putting A = 1), we get
(T{(ra(t) = ra(r))(rar(t) — rar(r))}eq =0,  a#a (1.64)
and

(T{(ra(®) — ra(r))*})

. w40
= Ez_ © 20 e ) 1 dw t>r71;
Cam) o 1-ePh mQE-p2+QA(@) ’
(T{(ra(t) — ra(r))?})
. w+10
_ M /'°° 20— e"o07r) 1 dw, t<r7
2 o 1—ePr m(2 -2+ QA(Q) " ’ )
Therefore
(T{(ra(t) ~ ralr))?})
. w10
. ] _ p—iw(t—7)
_ R 2(1—¢ ) 1 do .  (1.65)
ar J_oo  1—e PR mQ2 2 + QA(Q) i

For some application it is useful to calculate the time-ordered product on
“imaginary time”. Put ¢ = —is and take real s as the order parameter:

Tiru(-ishraiey = { 71 2o 0

rar(—i0)ra(—is), s<o

By using Eq. (1.49) (with A = 1) we obtain

(T{{ra(—is) — ra(—%0))(ra' (—1s) — ra/(—20))})eq = 0, a#a (1.66)
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and

(T{(ra(—is) = ra(—io))*}eq
w—+1i0

hi oo 2(1 _ e-—w|o—a|) 1
- E -/;OO 1-— e_hwﬁ mQZ _ rIZ + QA(Q) dw . (1.67)

w—10
Consider the “one-frequency” case:

E(w) = %3{6((;1 —vo) + 6w+ o)} .

In this case we may not use directly the formulae (1.65) and (1.67) and remark
that the result will be the same as for the two-body model (1.54).
We have

(ralt)ra(r))eq = (z(t)2(7))eq
and from Eq. (1.46)
M
m+ M Q.
As the evolutions g¢(t) and Q(t) are described by independent hamiltonians
H;, and Hg respectively, we have

T=q—

(#(B2()en = (aO)a(rNea + gz QRN -

Hence

(T{(ra(~s) = ra(=ic))*}eq

= —18) — q(—10))? __1\4_ —23) — Q(=20))?Veq -
= (T{(q(~%s) — ¢(—%0))*Deq + (m+ M) (T{(Q(~1s) — Q(—10)) })(11.68)
Note that because of Eq. (1.67)
q(t) — q(r) = (](‘;:_:l)y , Y= const
(y )eq = (m+ M)0 s
thus 2
((att) - ar))?) = L2 (1.69)
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We also have

a(0ate) - a(r)al) = [ @ Walr) - a) e (B)at

1 t
= M+m/ (ya(r) — q(r)y)dt
t-71 L t—17
= wrmla-a) =ho——. (1.70)

So

(T{(g(—45) — ¢(—%0))*}eq = (¢°(—is) — 2¢(—is)q(—10) + ¢*(~i0))eq
= ((Q(_":s) - q(_":a))z)eq + (”“1(—7:3)Q(_i0') + ‘I(_ia)Q(_is))eq , fs>0,

and in virtue of Egs. (1.69) and (1.70)

. . s —o)?6 h .
(T{(a(~is) ~ al=i0)Nea =~ 4 =2 (o 0), s>
By interchanging s and o it is easy to see that
)2
(T(q(is) — q(=io)Neq =~ B 1 o (umy

M+m M+m

Now to calculate the left hand side of Eq. (1.68) one must find the expression
for

(T{(Q(—%s) — Q(~%0))*}eq -
Note that

Q(t) = (e'.“tat + e_""ta,) (2:{#)% .

From which it follows that
T{(Q(—1s) — Q(:0))?}

{(e""a'f + e #%a) (e““af +e #%a) + (e“"aT + e_""a)(e““’aT + e #%)

= 2Mu
+2T((e**at + e"#a)(e#?at + e #7a))} .

Therefore

<T{(2(_is) ~ Q(=10))*Neq
= m{2(a1a) + 2(aat) — 9ekle—al (ata) — 9e—#le—0l (aah)}, (1.72)
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here 1 )
tg) = — — Yy —

(aa)_ehﬁl‘—l’ (aa>—1+ehﬂu_1'

By noting that
1 1 K? u0)2 1 ( Mm
= = = (22) 5 (recall that M = —=="-)
m+ M mMM wEMm (/1, Mmreed at M M+m/’
M2 1 O M21 M K -

GRS ity =i R

we get from Egs. (1.68), (1.71) and (1.72)
) 0))? —-—ﬁzs—cf2 Iz—ﬁzs—-a
(T{(ra(=s8) = ra(=i0))Nea = = (%) 0o = )" + - (22) |5 —of

2 2
p—v 1 amnle=ny _ L ufe—r]
Rl h{l_c_hﬁu(l e )~ raa (e —1t.

(1.73)

It is interesting to see that

(T{(ra(—is) — ra(—10))%})eq > 0, when |s — o| < ph = % . (1.74)





