
Chapter 1 

Introduction 

The primary purpose of this book is to examine in an introductory, 

but quanti tat ive way, some of the details of neutron-nuclear reactions. A 

necessary subsidiary to this purpose is some study of nuclear structure per 

se. And, since the subject at hand dwells in the realm of the microscopic 

rather than the macroscopic, it will be necessary to view it from the per­

spective of quan tum mechanics rather than classical mechanics. 

This point needs emphasis — the distinction between classical and 

quan tum mechanics is merely one of perspective. Whatever the real world 

is all about, it has not changed in the past hundred years. But the tech­

niques for observation and measurement have been enormously refined and 

enlarged, requiring a corresponding refinement and enlargement of our per­

spective on natura l phenomena to facilitate interpretation and understand­

ing. No doubt, further refinement and enlargement will be called for in the 

future. 

The modification of perspective from classical to quantum, which 

was largely initiated and completed in the first quarter of this century, was 

sparked by a number of failures of the classical viewpoint. First of all, 

spectral analysis of the radiation from black bodies became precise enough 

tha t clear discrepancies between observation and classical theory were ap­

parent . Planck resolved the mat te r (crudely speaking) by assuming that 

the energy states of the radiation field were discretely distributed, ra ther 

than continuously. Then significant differences appeared between theory 

and observation of specific heats of solids at low temperatures . So Einstein 

borrowed Planck's idea and assumed discretely distributed oscillator energy 

states for the atoms in the solid with consequent marked improvement in 

agreement between theory and measurement. At the same time, the dis-
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creteness of the radiation emitted by atoms was giving classical theory fits. 

So Bohr borrowed from Planck and Einstein, added a few refinements of 

his own, and came up with the idea of discretely distributed energy states 

for the electrons in atoms. What was emerging was a clear call for a new 

perspective — one tha t recognizes the possibility, if not probability, tha t 

the states accessible to real systems are discretely, not continuously, dis­

tr ibuted. Since the rules, axioms, or whatever extant at the t ime could not 

encompass this new awareness; new rules had to be invented — to include 

the old ones when applicable but to open up the possibility of interpreting 

the seemingly fundamental discreteness of natural phenomena when neces­

sary. These new rules for guiding perspective constitute what has come to 

be called the quantum mechanics. 

In an a t tempt to clarify this mat ter somewhat, let us consider the 

classical view of the motion of a point particle of mass, m, moving in a 

central force field describable by a potential, V(r ) . 

Fig. 1.1. 

The rules employed in this situation are usually borrowed from 

Newton, and read 

dt 
- W . 

m v , (1.1) 

v = — r . 
dt 

If V is a function of the magnitude of r only, then 

F = - W = - r — , 
dr 

(1.2) 
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so tha t , for an at tractive force, dV/dr must be positive. In this instance 

we observe tha t the tota l energy of the particle is a constant of the motion, 

i.e.: 
dH 

whe 

H=-mv2 + V. (1.3) 

Tha t the angular momentum is another constant of the motion is also easily 

established, i.e., 

—L = r x F = 0 . where ,_ ,. 
dt (1.4) 

r x m v . 

Since 

L2 = (r x P ) • (r x P ) 

= r2P2 - (r • P ) 2 , (1.5) 

we may display the total energy (recall Eq. (1.3)) as 

H= [ ' +-^+V(r). (1.6) 
2m 2mr 2 v ; y ' 

To proceed further, and for the sake of explicitness, let us assume that 

V = —Ze2/r and note tha t r • P = mr and display 

„ 1 .o L2 Ze2 . . 
H = -mr2 + . 1.7) 

2 2mr2 r y ' 
The turning points of the orbits are the values of r satisfying Eq. (1.7) 

when r = 0. 

Now the crux of the mat te r is that , according to these arguments, 

there is a continuum of elliptic orbits and a continuum of hyperbolic orbits. 

But numerous observations on systems of this kind (hydrogen-like atoms) 

have clearly demonstrated tha t , at least, the bound (elliptic) orbits (states) 

are discretely distributed. Thus we must modify our perspective of this 

situation in order to accommodate these observations. Experience has 

revealed tha t the modifications required are probably at least as subtle and 

extensive as those discussed below and numerously applied throughout the 

remainder of these lectures. 

In order to facilitate the introduction and delineation of the requi­

site change in viewpoint, it is convenient to contemplate for a moment the 

notion of a measurement. A measurement often consists of a recording 
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2mr ! 

Turning point 
for hyperbolic 
orbit (H > 0) 

Turning points 
for elliptic 
orbits (H < 0) 

Fig. 1.2 

of many numbers, each purportedly a quanti tat ive realization of the same 

thing. Different observations often yield numbers of different magnitude, 

so an average of the results is usually performed to obtain a statistically 

significant estimate of the quanti ty to be measured. In other words, a mea­

surement often consists of an experimental determination of an expectation 

value for the quanti ty of interest. 

For example, suppose tha t f2 represents a quanti ty to be measured. 

Apparatus would then be devised to provide a number of realizations of 0 , 

say fli, 02; • • • ) fiy> •• • > ^N> w n e r e N is the number of realizations for this 

particular measurement. Since the number of significant figures available 

by our appara tus is finite, if N is sufficiently large we find that many 

realizations are the same. T h a t is, i~2y may occur n3- t imes, and the rat io, 

rij/N, is an experimental estimate of the probability of realizing flj in a 

given try. Call this probability P m e a s ( ^ y ) i-e-, 

imeas(fiy) = n,-/N. (1.8) 



Introduction 5 

The experimental estimate of an expectation value for the quanti ty to be 

measured is thus 

(fly), (1-9) 
3 

where the sum runs over those values of j for which the fly are all different. 

We note in passing tha t the variance of this measurement is 

vmeas = Yl n^Pmea.fn,-) - ^ • (i-io) 
3 

Whatever rules of mechanics we accept, they must be adequate to 

guide us in interpreting measurements of this kind — as well as perhaps 

some others. Thus the rules must tell us how to compute the possible 

realizations of an observation — the fly's, and also how to compute the 

probabilities of realizing a given value of fly in a single try — the P(fly) 's . 

Furthermore, in order to understand how systems evolve in t ime it will 

also be necessary for the rules to tell us how to compute the probabilities 

tha t the system will undergo transitions from one state to another. As 

we have seen, the classical rules usually led us to the conclusion that the 

possible results of observations are continuously distributed — a conclusion 

contradicted by many studies, especially of microscopic systems. 

The modern rules, which so far appear to fulfill all of these require­

ments quite successfully, and at the same time encompasses all of the old 

rules, will be introduced now and subsequently in bits and pieces; and 

extensively applied to a study of nuclear structure and neutron-nuclear 

reactions. To unders tand the measurement described above, we require 

first of all an operator, fl0p> to represent the quanti ty to be measured — 

fl. The eigenvalues of f l o p will then represent the realizations of single 

observations (the fly's) and hence must be real. (Do not be distressed if a 

certain amount of unfamiliar terminology crops up from time to time. Such 

mat ters will be clarified by examination and illustration subsequently.) It 

is assumed tha t the eigenfunctions, | j), of Qop, which satisfy the equations 

o>p|y) = fiy|y), ( l .n) 

form a complete set. 

Next we require a rule for the computat ion of the probabilities of 

realizing a given fly in a single try. At the present t ime the rule states 

tha t these probabilities are given by the diagonal "matr ix elements" of a 

probability operator, D, i.e., 

ptheoi(n3) = {j\D\j). (1.12) 
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By axiom, this probability operator is to be computed according to the 
Liouville equation, i.e., 

= l\D,H\, (1.13) 

where H is the system Hamiltonian (or energy operator — recall Eq. (1.6) 
for a particle in a central force field). Finally, the theoretical expectation 
value of CI, to be compared with the measured one displayed in Eq. (1.9), 
is to be computed according to 

U) = ^ n j - P t h e o r ( n j ) 

i 

= £oia,P|y>(j|i>|y> 
3 

= £(£oia>Pb-'>o-TO>) 
3 3' 

= TrQopD, (1.14) 

since the representation, { | i ) } , diagonahzes the operator, Clop. The 

notation, Tr ClopD, means to take the trace (sum of diagonal elements) 

of the mat r ix product of the mat r ix elements of fiop and D. 

This is about all of the rules we are going to need. The remainder 

of our task will be to clarify them somewhat, and implement them for 

application to specific cases. Initially, we concentrate on rule one — on 

the construction of operator representatives for observables and then the 

determination of their eigenfunctions and corresponding eigenvalues (pos­

sible results of observations). However, to assist us in this task we first 

note tha t , according to Eqs. (1.14) and (1.13), 

dw m ^ 3D 

dt p dt 

= ^-Tr Qop{DH - HD) 

= l-{TTHSlopD-TrVlopHD) 

= ^Tr{HClop-nopH)D 

= l-Tr[H,nop}D , (1.15) 
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where we have assumed that n o p itself is not explicitly t ime-dependent. 

Purely for the sake of illustration, let us consider the problem of con­

structing operator representatives for the position, momentum, and energy 

of the previously discussed particle moving under the influence of a central 

force. At the outset we must note tha t this mat te r of identifying appropri­

ate operator representatives of observables need not be accomplishable in a 

unique way. Furthermore, it is precisely with respect to these mat ters that 

we must proceed by a considerable exercise of ingenuity and guess work. 

For example, we might first guess tha t we can (in this instance) be guided 

by classical arguments in identifying the energy operator, i.e., 

H=^V. (1.16, 

So far so good, but what do we mean by the operators P and V (or r , the 

position operator)? Tha t is, what are the operands of P and r , and what 

is the manner in which P and r operate upon their respective operands? 

To illustrate terminology a little, consider a few common (and famil­

iar) examples of operators and operands. 

(a) Multiplication (the multiplication of / by g to produce h): 

gf — h 

I \ 
operator operand 

(6) Differentiation: 
d t< \ - r f{x + Ax)~f{x) 

TJ{X) = A^o Ax ' k{x) 

/ \ 
operator operand 

(c) Integration: 
ry 

dx }{x) —» h{y) 
\ 

f 
Jo 

(d) Matrix: 
operator operand 

«b\(f1\ = {af1 + bf2\ (hi 
.c d) \f2J - \cf1+df2J \h2 

f t 
operator operand 

Note tha t all of these operators are linear. That is, if A is one of the 

operators, / and g are operands, and a and j3 are numbers, then 

A{af + Pg) = aAf + pAg. (1.17) 
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However not all of these operators commute with each other. That is, if A 

and B are two operators and if / is an operand for each, then 

[A,B]f = (AB-BA)f^O 

generally. For example 

(a) Multiplicative operators commute by definition. 

(b) Differentiation: 
d d st * 9 d rr . 

ox ay dy dx 

usually, so tha t 

But 

dx' dy 
/ = 0 . 

xf[x) jt x — f(x), 
dx 

hence 

Actually 

dx 

d_ 

dx 

dx 

f = -f-

(c) Matrices: If A and B are two matrices, then 

AB- BA= [A,B] = 0 

only in very special cases. 

We return now to the task of identifying operator representatives 

for momentum, P , and position, r , (or functions of position V(r ) ) . As a 

first guess, let us assume tha t r is a multiplicative operator — so also is 

any function of r . But what about P ? Consider the expected value (a 

measurable quanti ty) of r , i.e., 

TrrZ? . (1.18) 

By this we mean, as usual, tha t if {ipm} is an appropriate, complete set of 

functions, then 

(m | r |n ) = / dTip*mvij)n and 

m|D|n) = / dTi}>*mDipn (1.19) 
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are square arrays of numbers, and 

(r) = T r r D 

2_] I / J ( ro | r |w)(n | JP | ro) 
m \ n 

Now, as indicated by Eq. (1.15), we have 

which, according to Eq. (1.16), becomes 

~p2 

(1.20) 

(1.21) 

£w = b 
Tr 

2m 

2 m ' 

+ V,T D 

D + Tr[V,r}D (1.22) 

We have agreed to treat r (and hence V(r) also) as a multiplicative oper­

ator, thus 

[V,r] = 0 (1.23) 

and 

» « = » * 
El 
2 m ' 

D (1.24) 

The mass of the particle, m, is just a number; and consequently to be 

regarded as a multiplicative operator. It is easily shown that , for any two 

operators A and B, 

[A2,B\ = A[A,B)+[A,B]A. 

Hence, Eq. (1.24) reads 

¥t{r) = TT^k{p^ + ^WD 

(1.25) 

(1.26) 

Clearly P has to be identified as an operator that does not commute with 

d{r)/dt ~ 0 which is most unreasonable. Instead, guided again by expe­

rience, we would like (or expect) 

ai<r> = M 

< P > - (1.27) 
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Thus, let us require 

^{Py[ i , / , r ] + [Py , r ]P J -}=P . 

A way of realizing this requirement is to identify 

so that 

ihV 

[Pjirk\ = —ihSjk • 

(1.28) 

(1.29) 

(1.30) 

Let us pursue this matter a little further and, again making use of 
Eq. (1.15), consider the time-rate-of change of the average momentum, i.e., 

| ( P > 4 T r [ F , P p . (1.31) 

Here again we use Eq. (1.16) to obtain 

> ^ • b 
• b 

\P2 1 

2m 
£>i 

D 

D + -Tr[V,P}D 

= -Tv[V,P}D (1.32) 

since all the components of the operator P commute with each other. Using 
the identification (1.29) for P , we find that 

= -TrWD 

= -<w> 
= +&)• (1.33) 

Note that here we have made an interesting contact with classical mechan­
ics. Comparing with Eq. ( l . l ) , we see that classically Newton's relations 
purportedly connected instantaneous momenta and forces (or potentials); 
whereas, by the more modern view, they instead connect average momenta 
and average force. However, we must note that Eqs. (1.27) and (1.33) do 
not merely imply that all that is required to restore Newton's relations to 
respectability according to the modern view is to simply re-interpret the 
dependent variables they apply to, for 

( F ( r ) ) ^ F ( ( r » (1.34) 
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in general. Indeed, 

<F(r)) = < F « r ) + A r ) > 

2 drk dr, ^ 1 > 3 5 j 

where we have made use of the fact that , by definition, (Ar) = 0 and 

imply the usual interpretation of derivatives in a Taylor expansion. It is 

worthwhile noting that if we choose F ( r ) appropriate to the description 

of planetary (or satellite) motions, the second term in Eq. (1.35) is truly 

negligible compared to the first, and hence the classical equations of motion 

apply to high accuracy. Conversely, if we choose F ( r ) to describe the 

motion of an electron in the field of a proton, we find tha t the second term 

in Eq. (1.35) is not negligible, and consequently the classical equations are 

not applicable to such a system. 

Returning now to our discussion of the illustrative problem of a "parti­

cle" moving in the field of a central force, we see tha t now we have identified 

an energy operator, Eq. (1.16), position operators as multiplicative oper­

ators, and the momentum operator according to Eq. (1.29). The energy 

operator may now be more explicitly displayed as 

h2 

H = V2+V. (1.36) 
2m v ' 

According to the rules introduced above, the possible energy states for this 

system are described by the solutions to the equation 

Hrf> = Erl>, or ( - — V 2 + V ) $ = E$ , (1.37) 
\ 2m / 

and the possible energies accessible to the system are those values of E for 

which Eq. (1.37) has acceptable solutions. Using spherical, polar coordi­

nates, it is a straightforward mat te r to show that the differential equation, 

(1.37), can be re-written as 

h2 

2mr2 
d 
dr 

(Sd\ 
{'d-r) 

h2 

2mr2 
1 3 

sin 6 36 (™eh) 
i a2 

sin2 6 d<p2 

+ V(r)\iP = ExP . (1.38) 

For further manipulation here, and numerous applications later, it is con­

venient to recognize tha t 

-h2 1 d ( . n d 
s i n 0 — + sin 6 86 \ 3d J s i n

2 6 d<p2 

= (r X P ) 2 = ft2L2 (1.39) 



12 Applied Quantum Mechanics 

where, evidently, we have defined L to be the angular momentum of the 

system in units of h. Thus we may display Eq. (1.38) as 

Hrj> = Ei> 

where 
h2 d ( 2 d \ h2L2

 Jr , x 
H=~- 2 — r 2 — + - 2 - + V . 1.40 

2mrz or \ dr) lmrz v ' 

At this point it is convenient to observe that 1? commutes with H, 
i.e., 

[L2,H} = 0. (1.41) 

The physical significance of this observation is illuminated by Eq. (1.15) 
which says here 

yt(L
2)=l-Tv\H,L2}D = 0. (1.42) 

Evidently, the expected values of all operator representatives tha t commute 

with H are constant in time. We may infer from this that such operators 

represent constants of the motion of the system in question. (Compare 

with Eq. (1.4)). The mathematical significance of the commutativi ty of 

two operators is about the same as the separability of variables in par­

tial differential equations. The mathematical s tatement that is significant 

here is that commuting operators can be simultaneously diagonalized. The 

importance and usefulness of this point will be drawn out and stressed 

repeatedly as we go along. 

At this point we dwell a bit upon the nature of the operator, 

L2 = L2 + L2+L2, (1.43) 

its eigenfunctions, and its eigenvalues. Of course, the physical significance 

of the vector, L, is tha t it represents the angular momentum (in units 

of h) associated with the orbital motion of the system of interest. Its 

representation in terms of position and momentum operators is indicated 

in Eq. (1.39). Also in Eq. (1.39) is displayed its representation as a part ial 

differential operator. As such, it operates on functions defined on the space 

of points comprising the surface of a unit sphere. These points can be speci­

fied by the two angles, 9 and <p; or equivalently by /z = cos 6 and <p. We 

observe tha t 

[Li,Lj] =ieijkLk , (1-44) 

where e,yfc is zero if any two indices are the same; is one if all indices are 

different and in cyclic order; and is minus one if all indices are different 
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radius 

Fig. 1.3 

and in anticyclic order. Evidently, no two of the components of L commute 

with each other. However, we observe further that 

[Li,L2} = 0, a l i i . (1.45) 

According to a remark above, we thus anticipate tha t we may simulta­

neously diagonalize L2 and any one of its components — say L3. This 

anticipation is indeed realized, for we know (as is demonstrated in any 

introductory quan tum mechanics text) tha t the spherical harmonics are 

simultaneous eigenfunctions of L2 and £ 3 , i.e., 

L2Yt
m = 1(1 + 1)17™ , 

L3Y,m = mY™ . (1.46) 

We also know tha t the function set {Y™}, I = 0, 1 ,2 , . . . , and m = —I, 

—I + 1,... , I — 1, /, is complete and orthonormal. 

Up to now we have paid no attention to a special aspect of operators 

and operands — an aspect tha t will be of considerable importance to us in 

all of our subsequent discussions. To illustrate the mat te r in the present 

context, let A be some operator that operates on functions defined on the 

surface of the unit sphere. The matr ix elements of this operator in the 

representation {Y™} are defined to be 

(l'm'\A\lm) = J YiT^AY^dQ. , (1.47) 

where dCl = s\n.8d0d(j> = dfid<f> is an infinitesimal surface element. The 

square array of numbers thus defined comprises a matr ix in the usual sense. 

Now suppose that 

{l'm'\A\lm}* = (lm\A\l'm') , (1.48) 
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where the * operation implies complex conjugation. Tha t is, suppose the 

complex conjugate of the matr ix is equal to its transpose. Such matrices 

are called hermitian matrices, and operators whose matr ix elements exhibit 

this hermitian property are called hermitian operators. For differential 

operators, this hermitian property of the operator is intimately related to 

the notion of self-adjointness. Thus we are warned that it is not something 

peculiar to operators alone, but is a property ascribable to operators in 

conjunction with appropriate function sets — namely those function sets 

with respect to which the matr ix elements of the operator in question 

exhibit the hermitian property, i.e., Eq. (1.48). With due regard for these 

warnings, we will nevertheless frequently refer to the hermiticity (or lack 

of it) of operators themselves. For example, the hermitian conjugate of the 

operator, A, in the illustration above will be designated by A^; and the 

fact tha t A is hermitian will be read as 

A = AK (1.49) 

The great importance of this notion to us here stems from the fact that 

the eigenvalues of hermitian operators are real. Since the realizations of 

observations are also real numbers, we may expect that the operator rep­

resentatives of potential observables will usually be hermitian. We note in 

passing that the operators L2 and L3 are hermitian (with respect to the 

representation {Vjm}, since the matrices 

(l'm'\L2\lm) = 1(1 + l)Sn.Smm, , 

(l'm'\L3\lm) = mSu'Smmi , (1.50) 

are diagonal with real elements. 

Returning to our illustrative problem, Eq. (1.40), we note that we 

may now reduce it to an ordinary, second order differential equation (or, 

rather, a set of such equations). Display if) as the series, 

^ M = Z)^m(r)y,m(M), (1.51) 

and insert it into the indicated equation to obtain (making appropriate use 

of the orthonormality of the Fjm 's) 

ft2 d ( 2dRlm\ ft2i(i + l) _ 
~2^Tr V ^ T j + 2mr2 R'm + VRlm-ERlm . (1.52) 

(Do not confuse m for mass with m for orientational quan tum number.) 

Since these equations do not depend upon the orientational quan tum num­

ber, m, 

Rim{r) = Ri{r) only. (1.53) 
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Evidently, we will go no further here without specifying the functional 

dependence of V upon r. But the specification of the potential implies the 

selection of a particular physical problem; and that , indeed, is just what 

we are leading up to. 




