CHAPTER 1

CHIRAL SYMMETRY - SPECTRAL
SUM RULLES - MS-SCHEME
AND PERTURBATIVE QCD
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Prof. Murray Gell-Mann contemplating his meson classtfication, some meson peaks, the QCD jets and the nucleon structure
Sfunction



1. PERTURBATIVE QCD AND CHIRAL SYMMETRY

Since the pioneering work of Gell-Mann, Fritzsch and Leutwyler®’
and after the discovery of the asymptotic freedom properties of QCD?’,
there are various reasons for believing that QCD is the best candidate
theory of strong interactions though the confinement problem is still
unsolved owing to the peculiar infrared behaviour of the theory. The
asymptotic freedom property of QCD at high momentum allows perturba-
tive calculations in a series—-expansion of the strong interaction cou-
pling constant to give a nice description of various hard processes®’
{deep inelastic scattering, Drell-Yan, jets, high PT...)
a) The QCD Lagrangian and its Symmetry

The QCD Lagragian density is :
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where G:' = GHA: - avn: +gq fabc A: A} {(a =1,2,...,8) are Yang-Mills

4> field strengths constructed from the gluon fields A:(x).
i D S . vati .
(Du)ua = Suﬂ a“ - ig 5 Auﬁ Au are covariant derivatives acting on
a
the quark colour component «,8 = red, blue and yellow. Aia are the

eight 3x3 colour matrices and fabc the structure constants which close
the SU(3) Lie algebra :

[Ts, Tb] =i fabc T, ’ (1.2)

l s
where (TB)GB = 5 A:B in the fundamental colour 3 representation,
whilst in the adjoint 8 representation of gluon basis(T“)bc = ~i f:c.

The 1last two terms in (1.1) are respectively the gauge-fixing term



necessary for a covariant quantization in the gluon sector [ab = 0(1)
in the Landau (Feynman) gauge] and the Fadeev-Popov®’ ghost term neces-
sary to eliminate unphysical particles from the theory ( ¢®(x) are
eight anticommuting scalar fields in the 8 of SU(3) ).
EQCD(x) is locally invariant under the BRS®’ transformations:
Ap(x) — A“(x) +wdD ¢
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where w(x) is an arbitrary parameter.

£

an(x) is invariant under the U(l)B global transformation:

$ (x) — exp(-16 1 ¢ (x) . (1.4)

to which corresponds the conserved baryonic current :
I (x) = Z 551 ™ 4}1 (1.5)
i
and the baryonic charge generator of the U(l)B group :

5
B = I d®x J°(x, t)y . (1.6)

For massless quarks fQCD is also invariant under the axial U(l)A trans-
formation :

b (1817 )e (1.n

acting on quark-flavour components. The corresponding current



ab(x) = Z &, 7“7”4:1 (1.8)
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has an anomalous divergence
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where the rate of the change of the associated axial charge
. 3 o -3
Q, = | 4'x ao Jpo(x, 1) (1.10)

is zero in the absence of instanton-type solutions”’.

In the massless quark limit (m! = 0), EQ also possesses a

cD
SU(n)L X SU(n)R global chiral symmetry and is invariant under the

global transformation :

~i gA
¢1 — exp( i g°T A ] ¢‘ .

Lt (1.11)
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where ™ A = 1,...,n%-1 are the infinitesimal generators of the SU(n)
group acting on the quark-flavour components. The associated Noether

currents are the vector and axial-vector currents :

A - A
viix) = 3 T, T b

- A
A:(x) = Eﬁl T, T T ¢1 , (1.12)

which are the currents of the algebra of the currents of Gell-Mann!:'®’.

The corresponding charges which are the generators of SU(n)L X SU(n)R



are :

A _ 3 A _ pA
Qo = I d®x (v° Ao] ,

0* Idax (v*‘ + AA) . (1.13)
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b) Chiral Symmetry Breaking and PCAC

The charges in 1.13 are conserved in the massless quark limit.
In the Nambu-Goldstone®’ realization of chiral symmetry, the axial
charge does not annihilate the vacuum. This is the basis of the succes-
ses of current algebra and pion PCAC ®’. In this scheme, the chiral
flavour group G = SU(n)L X SU(n)R is broken spontaneously by the light
(u,d,s) quark vacuum condensates down to a subgroup H = SU(n)“R
where the vacuums are symmetrical :

N <¢d )= 4) - (1.14)

This spontaneous breaking mechanism is accompanied by n?-1 massless
Goldstone P (pion-like) bosons which are associated with each unbroken
generator of the coset space G/H. On the other hand, the vector charge
is assumed to annihilate the vacuum and the corresponding symmetry is
achieved & la Wigner-Weyl!®’. In this case, the particles are classi-
fied in irreducible representations of SU(n)“R and form parity
doublets. 1In addition to the electromagnetic mass which the Goldstone

11)

boson can aquire . they get a mass mainly from an explicit breaking

(m1 # 0) of the SU(n)L x SU(n)R global symmetry. In this case, the
divergence of the axial-vector current reads :

3, A x) = (n +m)F (LTI, (1.15a)

to which are associated the quasi-Goldstone parameters defined as :



R
<o 3, A n) =zt m2r , (1.15b)
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where T is the pion field and f" = 93,3 MeV controls the ® - pv decay.
Current algebra also tells us that the two-point correlator associated
with (1.15) is related to the axial-current one via a Ward identity®’

(up to equal-time commutators) :
“q" ﬂ:' = ¢5(q2) - I da* x e‘“xB(xg) q" (0 [[A°(x), A”(o)]} 0>
+1 I d'x &' 3(x ) . <? |[3“A“, (A°(x))’]| o> , (1.16a)
with
b () =i I d'x et (o |w 3, M (x) (a,av(o))+| o> :
Y (q) = i I a* x &% (o 72w ooy 0) . (L.16m)
At gq = O, the identity (1.16) reduces to :
4, (0) = ~i (m_+m,) <o

[md(o) £ 7, 4,00 g 0) . (1.17a)

where QB is the axial-charge generator. In the Nambu-Goldstone reali-
zation of chiral symmetry Q5 | 0> # 0. Then we get

$,(0) = ~(n +m ) <EBd 4, + 3, ¢“> . (1.17b)

Using (1.15b) in the definition of ¢5(q2) and equating this with
{1.17b), we have the pion PCAC relation at g = O,



2md £ = -(m +m ) <§u b+ ¢d> . (1.18)

We also know from experiments that the spectrum of the pseudo-
scalar bosons octet (m, K, v) does not show any degeneracy in the
masses. This suggests a large explicit breaking of the SU(3)Lx SU(3)R

chiral flavour group a la Gell-Mann, Oakes and Renner!2?’ :

Coor =~ & U (x) - e U (x) - e U (x) , (1.19a)

where the Hermitian scalar densities Ua(x) expressed in terms of

quark bilinears read :

U (x) = Tr P A . a=0,38
with (1.19b)
2 1 0 1 [0) 1 1 0
N no= ot A== 1 ,
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and where the symmetry-breaking parameters €, are combinations of the

quark masses :

1 1
£ = — , - (m‘I +m - 2 ms) . (1.19c¢)
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Therefore, it is essential to have good control of the quark mass
values and a deviation from the SU(3) symmetrical relation in (1.14).
In fact, there are estimates of the quark-mass ratios from current

13.14)
[

algebra which are reliable (with perhaps the exception of the

up quark) as the mass ratio is not renormalized. On the other hand, it



is much more difficult to estimate the absolute values of the quark
masses and similarly of the vacuum condensate which is correlated to
it via the PCAC relation in (1.18). This reliability needs a consis-
tent renormalization framework rendered possible only with the advent

of QCD as we shall see later on.

2. PRE-QCD CURRENT ALGEBRA WEINBERG SUM RULES

Spectral function sum rules were used long before the advent
of QCD. They are usually known as dispersion sum rules in current
algebra®’ and most of them are based on the assumed asymptotic beha-
viour of the absorptive amplitudes. Let us discuss in detail two types

of superconvergent sum rules :

a) Asymptotic realizations of SU(2)L X SU(Z)R chiral symmetry

Weinberg has proposed two sum rules!®’ (WSR) based on the
belief that the SU(Z)L X SU(2)R chiral symmetry is realized asymptoti-
cally in nature. In modern QCD language, his discussion is based on
the fact that the axial-vector current has two QCD realizations: the
first one is the short-distance realization in terms of the quark
fields :

«lET“ﬁu|0={Egp", (1.20)

where f" = 93.3 MeV is the pion decay constant and p* is its momentum.
The long~distance realization of the axial current is obtained from
the chiral Lagrangian of the non-linear ¢ model :
1
f=--f1r {? U ot u*) . (1.21)
T 4 n [N
- A . &l 3 .

where U = exp|i t.® 1f" is the pion rotation matrix, ® the pion field

and < the Pauli matrices. Now one can show how the WSR connect these

tvo realizations. It is appropriate to study the two-point correlator :



WY =g J' a* x etox <o , T3 x (J;(o))'l o>
= - (" @ - ") N (@) + ta” AfY () (1.22)

where J: and J; are left- and right-handed currents which read in

terms of the quark fields :

R e I oo T o
gz a (-t d gy = uw () d . (1.23)

't and N‘°’ are the transverse and longitudinal parts of the corre-
lator. 1In the asymptotic (q> — ®) or chiral limit (mu’d = 0) where
SU(Z)L X SU(Z)R chiral symmetry is realized, the asymptotic expression
of w:; is zero. This vanishing of Wf: can be expressed in terms of two
WSR of the absorptive parts simply using the well-known Hilbert
representation issued from the analyticity properties of Green's func-

tion :

1 fo dt 1

Re 1. _(q®) = — —————— —In 0 _(t) + "subtraction..." . (1.24)

LR T 2 , ® LR
0 t-q°- 1€

Then, the two famous WSR read :
®© 1) (0)
Lt I (nLR +ne ) ty =0 , (1.25)
rdt t Im A% (t) =0 , (1.26)
o) LR

where the first is the q"q’ component of W:: and the second its g"'
parts. Eqs (1.25) and (1.26) express a duality between the long-range
(spectral function) and high-energy (theory) parts of hadrons. The
spectral function appearing in the sum rules can be studied using the

long-distance behaviour of the axial and vector currents :
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Possible final-state interactions between pseudoscalar particles can
lead to the formation of resonances having the quantum numbers 177,
1**, 0°* and 0'* . Using a narrow-width approximation and assuming
that the w, A1 and p dominate the spectral functions, Weinberg has
derived from (1.25) and (1.26) the constraints :

2 M2
L Ay
—_— - -2 =0 ,
2v¢ 27

'3 A

1

e LN

? 1
_— - =0 , (1.28)
2'r§ 27r?A

where T, is the V-meson coupling to the corresponding current :

M2

e
<o Ve | p) {2 — (1.29a)
T

with the normalization :

2 M
f
r ¥ -f a2 — (1.29b)
evete” 3 27;

From the above crude assumptions, one can already deduce from (1.28) a

prediction of the A1 mass by giving Mp= 0.77 GeV, sz 2.55 and f" :



Moo= 1.1 Gev . (1.30)

However, 1if one adds to (1.28) a relation between f“, Yp and Mp dedu-
ced from the use of soft-pion techniques plus p-universality for the p

into mm decay (the approximate KSFR relation'®’)

MZ
[

f2 , (1.301)
i 2
167P

one arrives at the Weinberg mass formula for the A1 meson :
W, =2m (1.32)
1

which, within the crude approximation used, is very successful compa-
red to the data. Possible QCD improvements of the WSR will be discussed

later on.

b} Asymptotic Realizations of SU(3)F Symmetry

Weinberg-inspired sum rules have been also derived from the
asymptotic realization of flavour symmetry. These are the so-called
Das-Mathur-Okubo (DMO) sum rules'?’. The DMO sum rules can be studied

from the two-point correlator :
(g =i I d* x e9x <o , T v () (v;(o)]*l o>
- (" q - *d") 0 () (1.33a)

where Vf = $1 T+ ¢l (i =u,d,s ...) are the flavour components of the

electromagnetic current :

n 2 n ! " 2 m ! m
JEM(X)—;Vu'gvd“'gvc—gvs*'... . (1.34b)

1
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Within the asymptotic (g2 — w®) or massless (m1 = 0) limit, we can

derive the DMO sum rule!?’:
% 0
odt (Im ﬂa(t) = Im "e(t)) =z o dt Im (ﬂu + ﬂd -2 ﬂs) = 0, (1.35)

which corresponds to the difference between the isovector and isosca-
lar spectral functions associated with SU(B)F. Saturating (1.35) by
the lowest resonance masses, Wwe obtain the well-known successful
phenomenological relation among vector mesons :

MT -3 (MU r +u T x 0.  (1.36)

P p +e'e” we'e” ¢ ¢ e*e_]

An alternative way of writing the sum rules in (1.35) is in terms of

the e*e” — Hadrons total cross-section which follows from the optical

theorem :

an? o

1
o (t) = e — Im M(t) (1.37)
i n

and which is wuseful as we have complete data for the total cross-
section. Eqs (1.25),(1.26) and (1.3%5) have shown constraints for low-
energy data which follow from the asymptotic behaviour of the spectral
functions. These are the prototype sum rules which will be refined and
extended within QCD.

3. A SURVEY OF QCD SPECTRAL SUM RULES

Spectral sum rules are different versions and/or improvements
of the Hilbert representation in (1.24). For the purposes of more
general discussion, let us forget QCD for the moment, i.e. the theore-
tical side Re fI(qg®) , and we shall concentrate on the RHS spectral

integral.



a) Laplace Transform Sum Rule
This type of sum rule is derived from (1.24) by applying to
both sides the inverse Laplace operator'®’: (Q? = - ¢ > 0)

Cb N
lim (-1)¥
Q% N0

=
il

(1.38)
(N-1}! (an)N

N/Q% =t fixed

In this case, one gets the exponential form :

R 0 1 .
Ln=rx]dte'™ —Imift) . (1.39)
o] T

from which one can derive the ratio of moments!®’:

d 0 1
R{t) = - — log at e ' — Im 0(t) (1.40)
dt [¢] T

18y,

¢ 1
t dt e 'T — Im N{t)
0 T
R (1) = " . (1.41)

or the finite energy like

€

c 1
dt e"*T — Im N(t)
0 T

As can be seen in the derivation of the Laplace sum rule, one has to
assume that various derivatives exist. For an approximate truncated
series like in QCD?®’, this existence is satisfied. The advantages of
Eﬂ are two-fold. Firstly, the use of various derivatives helps to
eliminate the subtraction terms in (1.24) which are often polynomials
in ¢®. Secondly, the exponential factor increases the role of the
ground state into the spectral integral if the QSSR variable T is not
too small. This fact is welcome for low-energy physics. The advantage

of (1.40) and (1.41) can explicitly be seen if one uses the simple dua-

13
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lity ansatz "one resonance” plus “"continuum" for parametrizing the
spectral function. One can see in this parametrization that these two
sum rules give an expression of the mass squared of the ground state.
The accuracy of this simple duality ansatz will be tested later on.
One can illustrate the sum rule by taking the example of the three-
19)

dimensional harmonic oscillator in gquantum mechanics
the RHS of the sum rule in (1.39) reads

In this case,

N\ -E
F() = L ®RY e (1.42)
n=0,2,4...

where Rn is the radial wave function for zero angular momentum and En
the corresponding eigenvalue. T is the parameter which regulates the
energy resolution of the sum rule and plays the role of an "imaginary
time" variable. As one has an exact solution of the LHS for the harmo-

nic oscillator potential V(r) = E n »’r?, one can see that in the

i

d
limit t -+ ® the exact expression R{t ~ ®) = - E— Log F(t) tends to the
T

lowest eigenvalues E° = — w, At finite T and for a truncated series in

T, one can observe (see Fig. 1.1) that Rapprox(r) stays above the ei-
genvalue Eo as a consequence of the positivity of R. The agreement

between R and R increases if one adds more and more terms
approx exact

in the t-expansion. The minimum of Rapprox provides an upper bound to

the value of E while the distance between Rapprox
the strength of the continuum to the sum rule. However, by working

and E° controls

with a truncated series as in QCD, we do not often have a nice minimum

for This minimum is replaced in some cases by an inflexion

approx
point where the optimal information on the resonance properties is ob-
tained. We shall see later on that this previous example mimics the

case of QCD quite well.
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Fig. 1.1 : The ratio of moments normalized to the ground-state energy
versus the imaginary time variable for the case of the harmonic oscil-
lator potential. (2) and (4) : approximate series including the second
and fourth order terms; exact solution.

b) Finite Energy Sum Rule (FESR)
Another version of QSSR is the FESR :

: n 1 Qz n 1
G S, () x| de et STl (6 n= 0l (1.43)

which was known a long time before QCD?*!’. Eq.(1.43) can be derived in

many ways. A use of the Cauchy theorem (Fig. 1.2) on a finite radius
22)

contour in the complex q® plane is one way
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Reg?
Fig. 1.2 : Cauchy contour in the complex g plane.
1
— ¢ dz 2" {i{(z) =0 . (1.44)
2%

If one neglects the contribution of the little circle around the

origin which is safer if 11{0) = 0, one deduces the moments :

Qz 1 (QZ )n—l
AP o€g?y = | dt t® = Im A(t) = (-1)°*? .
(o] T 2T
+1 ¢ o
. Iﬂ do e!m*11% n(g? et%) , (1.45)

where the LHS 1is known from the data and the RHS from the theory.
However, as the FESR diverges for increasing n, the real axis is domi-
nated by the high Q® region. For the RHS to reproduce this correctly,
more information on the behaviour of the two-point correlator in the
region of the big circle near the cut is needed. This means that more
and more non-leading terms in the series expansion become important at
large n and can destroy the convergences of the series.



Another way of deriving the FESR which casts light upon the
meaning of local duality is the Gaussian sum rule?®’ which reads:

0 (t+€)2

1
9 "o, (1.46)
T

for a Gaussian centred at t with a finite width resolution J4ﬂa.
Eq.(1.46) can be derived by applying the inverse Laplace operator :

G AR
{ = lim ; , (1.47)
N %00 (N-1) ! (e W
N
— =0
T2

to the already Laplace-transformed quantity :

—E’l’ -1 b -t T 1
Flt) = e T odt e ~ Im fi(t) . (1.48)
T

One can already note from (1.46) that in the limit o = O, one has the
strict local duality :

6(t,0) = = In N(E) . (1.49)

Ajr

Also, (1.46) obeys the heat-evolution equation :

e n
— - 5; G(t, ) =0 , ' (1.50a)
J t?

with the initial condition in (1.49), vhere now t is the position, o

the time evolution and — Im N(t) the temperature distribution in the
]
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region O £t € o The two boundary conditions for o > 0 :

6t =0, o)=0 .

G .
—(t, ). =0, (1.50D)
at t=o

lead to two independent solutions U‘(%, o) and U’(%, o) where
G(t, o)y =—(U* +U) (t, o) . These solutions can be expressed in
terms of Hermite polynomials. The conservation of the total heat

implies the duality relation :
+o . ~ w 1 0 . ~
dt G6(t, o) = | dt — Im NI(t) = | dt U*(t, o) , (1.51)
-® [} L3 o]

where the last equality comes from the symmetry properties of U'(E, o).
A relation involving higher moments of the spectral function can also
be deduced using the generating function of Hermite polynomials and

leads to the sum rules :

~ ~ - 0 1
o | dt H t/ U*(t, oy = | at t%® — Im N(t) , (1.52a)
0 Za 2{3 0 n

~ ~ - 0 1
R I T t UT(t, o) = | dt t2**t — Im NI(t) , 1.52b
E “”(/ZF] (t.o) .[o ~In () (1.52b)

which only become useful once statements about the restriction to
finite intervals can be made. In this case, (1.52) leads to the FESR
in (1.43). Finally, the 1last (but not the least) way of deriving
(1.43) is simply to take the coefficient of the T variable in the two
sides of Laplace sum rule in (1.39) 2%’ . This latter method can be
formalized by using the zeta function prescription inspired from the
non-relativistic approach?®’ . In fact, if H is a Hamilton operator,

the associated zeta-function can be written as :
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1 ()
{(n) = F?_; fodt 7t tr e Ft (1.53a)
n

i.e. in field theory :

1 0 0 1
{{(n) = —— I dt ™! I dt e”'F — Im N(t) (1.53b)
[(n) }JO 0 n

where the last integral is the familiar Laplace transform of Im II(t).
If this Laplace-transform and its successive derivatives are a series
in T, then, one can easily derive (1.43) by comparing the exact expres-
sion of {(n = O) with its approximate form.

Now, let us return to the FESR in (1.43). Contrary to the
Laplace transform (1.39), where the role of the lowest ground state is
important, the FESR is governed by the effects of high-mass resonances,
i.e. it needs good control of the continuum contributions to the sum
rule. In some cases, where a stability in tc (continuum threshold)

does not occur, this is a great disadvantage.

¢) Analytical Continuation
Various versions of this method have been discussed in the

literature 267,

In most cases, the problem is formulated in terms of
norm problems for the input errors and is quite similar to the standard
x*- minimization used in numerical analysis. More explicitly let us

take a simple example. A polynomial in t is used for approximating the
1

term of (1.24) in the real axis®®®’. Then, applying the Cauchy
t-q*

theorem to the finite Q% contour in the complex Q* plane, one arrives
at the sum rule :

- }Ea th] I(t) +
n
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1

- :Eau t°] Im [H(t)] , (1.54)

2 n

t-q

where An is the "fit error" which should tend to zero, if the result
is optimal. An important difference with previous sum rules is that in
the RHS the data enters only in éh whilst the main part of N(q®) is
given by its theoretical side. However, it is difficult to appreciate
the reliability of the results coming from the method due to the ad
hoc uses of the polynomial parametrization (or in general of the ker-
nels in the integrals) and to the strong dependence of the results on
the values of the input errors. Moreover, the sum rule in its form
(1.54) might also depend on the arbitrary subtraction scale and would
be 1less appropriate for the study of the resonance parameters. Moreo-
ver, the way of extrapolating the QCD information up to small ¢q? is
doubtful. From these weak points all mathematical bagages used to for-
mulate the sum rules might loose their efficiency in the physical uses
of the sum rule. More refinements and phenomenological tests of this
approach are needed before a definite claim about its advantage can be

made.

d) Moment Sum Rules

Sum rules of the type :

-1 g o dt 1
Y s — n¢Q?) = — — In QI(t) (1.55)
N! (dg? ¥ 02=Q? (t+Qz)Nn T
o 0 o

for finite N are often used in the literature. To our knowledge, these

27) in connection with the

sum rules were first discussed by Yndurain
study of e*e” -- Hadrons data and used later for heavy-quark systems
26.29)  as in the case of the Laplace sum rule, one needs to assume

that various derivatives of M(Q?) exist. Also, one can see that for
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high moments, the role of the ground state is enhanced in the sum rule.
Therefore (1.55) is a good candidate for studying the low-energy pro-

perties of hadrons as we shall see later on.

We have given a brief general survey of spectral function sum-
rule methods which we believe can be applied for a general class of
QCD-1like theories. As one can see all the methods presented here have
their own advantages and disadvantages. For the particular case of QCD
where the theory is not yet solved exactly, some questions, though
important, such as the existence of high derivatives at high Q* as
well as a correct and convincing way of estimating the true theoreti-
cal systematic errors in the sum rules analysis remain academic. We
have checked in a QCD-like model*’such as the non-linear o model in
two dimensions that the high derivatives for a two-point correlator
exist unambiguously. Also, one can always test a posteriori whether
the assumptions used for the analysis make sense.

In this review, we shall mainly concentrate on the use of the
Laplace-transform (1.39-41) and moments (1.55) owing to their sensiti-
vity to the 1low-energy behaviour of the spectral functions. However,
in some cases, we shall also discuss for comparison constraints from
FESR (1.43) which complement in many cases the Laplace Sum Rule
(LSR) results.

Now, let us come to a study of the perturbative and non-
perturbative aspects of QCD, which are the basis of the sum rules

approach discussed in this book.

4. Ms SCHEME FOR PERTURBATIVE QCD**’

a) Renormalization Constants

As in QED, the evaluation of QCD Feynman diagrams leads (in
many cases) to divergent results. Finite physical answers need a renor-
malization of the QCD parameters (vertices, coupling, masses...).
However, the renormalization programme of QED®°’ cannot be extended
trivially to QCD. Here quarks are off-shell and the standard on-shell

*71 wish to thank G. Veneziano for this suggestion.

**)This discussion is mainly based on the Physics Report quoted in Ref. 34).



renormalization and a Pauli-Villars®!' regularization, which are suc-
cessful in QED, cannot often be used. In QCD, one uses instead the
method of dimensional regularization and renormalization (so-called

HS-scheme®? '° %%’ ) yhich is proven to preserve gauge invariance to
all orders of perturbation theory. Its most important feature is the
concept of analytical continuation of the dimension of space-time to
complex n (n=4 for low-energy space-time). 1In this approach, the
infrared and ultraviolet divergences are transformed into poles in € =

n-4. They are of the form :

7(p)
Z (1.56)
p=1 €°

and will appear as counterterms in the initial Lagrangian constrained

36) | For renormalizable theories the

by the Slavnov-Taylor identities
Z¢P’ are constants or polynomials in inverse of the square of some

momentum. In QCD, the counterterms of the Lagrangian are :

1 1 4
a ‘Ean =L 1 (G“AV - avkp) (Ma% - ¢a%) +

1 3, 2,
1) E (8PA' - aVAp) g A" x AY +
1 ) -+ -
a-gz(XxA)(A"xa')—
4 * v

8, i 2 $JW8“¢J+A‘ZmJ EFJ b,
J J

A -+
ERTE A DA

1 Y 4 ) ¢ A 1.57
AG}?("FA) +A3(apw]+1gap“ x$  (1.57)
G
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g -+
where A“ x A, = fabc A: Ai. It is possible to rescale the fields in
such a way that chn + 4 cho has the form in (1.1) but in terms of

"bare" quantities. This manipulation is correlated to the introduction

of renormalization constants.

Table 1.1
Dimensions of Couplings and fields
Name Notation|Dimension
. 1
gauge coupling g E (4-n)
quark mass m, 1
covariant gauge parameter « 0
1
fermion field ¢’(x) E (n-1)
) 1
gluon field A: (x) Py (n-2)
. 1
Fadeev-Popov field ¢ (x) Y (n-2)

Taking into account the dimension obtained in the 4-& world (see Table
1.1) via the mass scale v, one has relations between renormalized and

bare parameters :

R= gttt @Flamz e,
=m® zt

J =
aB
(]

«Q

77t

P

€/2 jiB -1/2

v e ) '

€/2 a -1/2
v (A“] 2,,.)

B

R

”3; {}‘ﬁgNEF;
bl -3



(,Pa)R S | (‘PB)B (%3)—1/2 , (1.58)

where Zi = 1—&1. Introducing renormalization constants for the quark-
gluon-quark vertex as

(g Ta ¢) = (gB 3, A ¢B) vt (1.59)

R

and analogously for the three gluon (ZlYM), ghost-gluon-ghost [21)

and four-gluon (25) vertices one can deduce :

g;M = Z1YM ;:;2 %
EB = ’Zu;l Z;\lr:tz 9 ¢
g; = Zu-‘ Z;:n/f Z;; I
[g;”)z =z 132 ¢ (1.60)

which are related to each over by BRS®’ invariance :

g° = ...... =g . (1.61a)

leading to the Slavnov-Taylor®®’ identities :

stnlzivn = 23/Z1 =2, /L (1.61b)
and
= 72
Z5 - ZIYM/Zavn . (1.62)

The mass renormalization constant is :
n = (z zz z-‘] o, (1.63)
™ R

and the gauge one is :



o = of 727tz . (1.64)
[ G G 3YM

More generally, for a Green's function with LI n and n external
gluons, ghost and fermion fields, one can associate the renormaliza-

tion constants :

Z, = (Z;;i)_nvn (z;/z)'“ (22;2]'“p . (1.65)

Expressions of these renormalization constants and the corresponding
anomalous dimensions are known from standard diagram techniques (see
Table 1.2).

dz

v i
Table 1.2 : Anomalous dimension T, = E__ in the t'Hooft scheme for
Z v
1

SU(N)c x SU(n)F

, -3 Nz -1 DLG s 2
Fermion field Y. = ]— — + 5 —
zF T 2N 2 T
. s 13 2 {1
Gluon field T = - J—]l ¢~ ]—-a }--|-]n
3vM T 4 {3 @ 3|2

. ~ s) N
Ghost field Y, =" [;_} ; (3 -a)

s 1101  5n 32
Mass T (71 52)[;—] + {725 E[_Z— - 3—]] [:—]

25

1 160 2216 140 AL
+ v = —11249 +]— E(3) - n - — n?|l{—1 for N=3
37128 3 27 81 b4



¥
Coupling constant ﬁ(as) = m — = - - —
[t 4

1 (2857 325 5033 2)°
+ {8 = - 4 2% - nlj|—] for N=3
3 32| 2 54 18 n

o T
& dv G 3YM

s 17 3
Three-gluon : T = - {— -l
1YM © P 9 &

- N
Ghost-gluon-ghost : 71 = |—| & -
" ¢4

' ’ 5) 1 N*-1
Fermion-gluon-fermion : 7 _ = |— 5 Z Gtoe)- o P
k4 N

|

Gauge

==
¢
win
o | =
e
5
S

i) Z,, and Zm come from the evaluation of the quark self-energy

diagram parametrized as :
T=m I+ @-:%)zzs P ‘., (1.66a)

where the full unrenormalized propagator reads :



1 1
5, = [ ) - . (1.66b)
12,) 5 - m (14 I /(1-5,))

Then

1
Z =—-————— 7 =1-~2Z . (1.66c)
2F _ Y 1
(1 Zz)pole pole

Expressions of Zf and ZZ derived from the rules and properties in
appendix A read :

w1 L e (R}
Z‘: = (gB.v“’z)z _— dx T = |—
2N (162 yit-e 4 2 v2
) 2
x {2(2-x) - e(l~x) + {l-w)(1-2x)] + (1-o ) 2x(1-x) .{(1.67a)
2 _ .2
n2-p¥x
with R = (1-x) m: -~ pzx) - ie',
Then, (see e.g. Ref. 33)
5 s} N¥-1 1 3 (2 3 (log 41-7) 5
= |— - § = J]-]+ - (log tn-v) + —
1 L 1 2N 2 2 |e 2 g 2
3 v A A m ( p
+ — log + 5} - [—] 4+ log |1 - —
m: - p? - p? 2y _ p? - p? mi
2
1oy My M m p?
+(1-a) |- Pl P + |- 1+ log|1-— , (1.67b)
- p? 21 p? - p? ms

27
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where here and in the following 71 = LA 0.5772... denotes the Euler

constant.
Also
NZ-1 1 mer2
= (g -V"/z)z — | ax qr |- i
2 2N (16m2yt-c 4 2 V2
o]
2
x [-2% + €x + (l_&b) 2(1-x)] + (l-ab) 2x(1-x) (1.67¢)
mz—pzx

and then

(]
~

. =) N*-1 (1 2 Mg TP
Zz = |— -1 (-1 + (1_ab)] ¢« —+log 4n - ¥+ 1 - log ——
T 2N |4 € 2

2 2 2
lllB p2 mB
+ log |1 - —] - >, (1.67d)
- p? nZ - p?

which shows that 22 vanishes, in the Landau gauge (ct.G = 0), at order
“h/n' For completeness, we give the asymptotic expressions of Zf and
B

z, -

For 21, one has

s} N2-1 {1y [3 3 5 3 -p?
b = |— -1 9— + — (log 41-7) + — - — log —
L R L 2N {2} e 2 2 2 2

v
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1 m2 _p2
A -e) -]+ 0 |— log — . (1.67e)

2y N1 1y [3003 3 vio3
58 I ~| 4- + ~ (log 4m-7) + — log — + —
Hp? ta® n 2N 2] je 2 2 w2 4

B

- . (1.67f)

+
ERe,
+
Y
-
[
n?
N
1
P
1

In the time-like region, one has :

. S} N2-1 (1Y (3 3
b PETIPE o Il o R (log 4m-7) + 2% , (1.67¢)

is gauge~independent and is related to the mass defi-

where Zf

2 2 2
ned at t%ezgoi; of the fermion propagator (see section 2). For 22 ane
gets
b = (fi] yi:i (E] [-1+ (1-e¢ )] E + log 4w - ¥ + 1 - log :Ei
2 pZn? n 2N |4 ¢ € V2
n? )2 _pz
+Q =] log — » . (1.67h)
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" .} N2-1 (1 (-1 + (10 3] 2 Loa 4 . ve
> = |— -l (- -0 -+ T -7+ —_
2 -p %@’ L4 28 |4 ¢ € o9 9

m2

1 2 _p2 _pz 2
=+ O |— . (1.67i)
2 3 n? n?
B B

Note that the pole in 1/¢ is constant according to the theorem given
in Ref.32) for a renormalizable theory.

ii) Z3YM comes from the gluon propagator :

12_ {rrn‘%-n—u + r@n}-wﬂ,:i\,ﬁn + i; '"'O'm (1.68)

iii) ZlYM comes from the three-gluon vertex :

m@i 1101
S - rrn'(/““““ . nz (1.69)
: ""t:?"'" = i1 i

11222

iv) %1 and 23 come respectively from the ghost self-energy and ghost-
—-gluon-ghost vertex
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7/ ’
€™ g '
N iy JEPR nTnﬁi\ + ! (1.70)

r is obtained from the fermion- gluon fermion vertex

D

Once we have these previous renormalization constants, we can for

instance deduce that of the coupling constant :

s) (11N 2n)1
z, =27 2% =1-|— - - —+ ... {1.72)
1YM 3YM T 3 2 32 3

b) Renormalization Group Equation (RGE) :

Now, we are ready to study the renormalization group equation
introduced by Stueckelberg and Peterman in the contex of QED*7’,
Let the renormalized Green's function be:

Fetvip,ooopyegee m ) = 20 T (p ...p g @ . m ) (1.73)

The fact that FB is independent of v implies the disappearance of the

ar
B
total derivative v E—— = 0 which is equivalent to :
v
3 do 3 v dmj F dm.s 3
V—+ ¥ — — 4 —_— vV — — -

31
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ig...) = 0. (1.74)

1
-—y — (v, p ...
Zr dv R

One can introduce the universal parameters $ function 61 and anomalous

dimension T, defined as :

cltx.ss dooG
OLSB(OLS) = v gB.melxed Bc(ms) =V lgB LN fixed
v dm® y 42,
T o= —— ; T, = o '
m mR dv gB.melxed 2F 7 dv
2F
v d ZSYM " v dzs
Yovw = 7 dv ! L dv '
3YM Z3
v dzr 1 ~ o~
Tr = 'Z"" d—y— = - E’ (YM":?YH nF“{” +n 73) . (1.75)

The expressions of the above universal parameters can be easily obtai-
ned from (1.75) and the values of Z1 in Table 1.2. However, noting

that B(aé) is independent of the fermion mass in the MS-scheme, one

can write :




(1.77)

The fact that 2z in (1.72) is v-independent allows one to write

Z

I
le)

az Blo ,€) + ¢ a: + [a:)z Blo ,€) . (1.78)

3 of
8
1
which inserted into the expression of Z, in terms of — poles (Eq. 1.56)

gives the differential equation :

a: B(a ,€) = - € of + (finite term = a: B(as)) (1.79)
and then :
az(l)
Blo ) = « ' (1.80)
s s au

i.e. B(ub) is just the coefficient of the z term of Z .
The same reasoning applies to the anomalous dimensions, i.e with the
sign convention used in (1.75), they are the opposite of the — coeffi-
cient of the corresponding renormalization constant. Gauge asd scheme
invariance of the 8 and 7 functions can also be proven 38’34,

Let us now solve the RGE in (1.76). If D is the dimension of I’
in units of mass and we scale the momenta P, .-:D, by a dimensionless

factor A, the Euler theorem on homogeneous function gives :

) = 0. (1.81a)

? 2 ’]
A 5; +¥m —+v—-0D FR (l\pi...}\pN P, omo

7! am_j av

Introducing for convenience the dimensionless variables

33
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t = log & X = m,/v , {1.81b)

we arrive at the desired form of the RGE :

d J 0 J
S tBle) e — B — - F (4T ) x — +D - Tp .
ot S8 Sa ¢ Ja 3 =) ax
- T, (e’pl,..., e'pB Pe e, X, v] =0 , (1.82)

with the solution :

re (etpl---, e'p ioo ., w. X, V) =A T (p,....pit =0,

5. &, %) exp {- ﬁdt' 7, (&S (t', ) } ; (1.83)

One should note that the Green's function has acquired an extra dimen-

sion induced by the exponential factor. This is why it is called ano-
malous dimension.

¢) Running Parameters
E;(t), ii(t) and Eg(t) of (1.83) are respectively the

running-coupling, mass and gauge solutions of the differential equa-
tions :

— = a[&s) : 50, a)=dF() (1.84)

—= - [1 + Tn(o_cs)] il (t) : 5('1(0, « )= xf(V) . (1.85)



35

docG
—- Bc(acs) 5(0, 0 )= o (V) . (1.86)
The solutions of the two first equations read to two loops®*’:
{1
o 8 2
_ (1) s 2
o= o 1- — log log —p , (1.87)
T 1 N2
- ‘_(1)
7 o= a1 ™ og 10g £ - ) (1.88)
m o=m + 1Y —log log — - — Y. -Y, —{| — B .
i 1 1 o2 A2 ﬁx z 1 51 J ®
1
(1)
with : 6; = E/-[B1 log —q2/A] the one loop solution of (1.84) ;
@ 2 2
_ 8 s _ s i \
Tm(ocs) :Tlﬂ—+72 [‘%—J and B(ocs) :Bl[;-]+62[:].!\15a

renormalization group invariant (RGI} but scheme-dependent defined

as :

. 8, 1+8,/8
— log v* + - — log
B (V) g o« (v)
T 1 8
1 Bz Bx
= —log A* - — log |- —] .
2 p2 2%

Analogously to A, one can also introduce the RGI

o (v)

{1.89)

mass ﬁa defined to
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one loop as?2®’

A L Y /-B
mo=m vy | ———* (1.90)
t -8, o (v)

which is related to the one-loop running mass as :

(1) ~

R Y /-8
m = mll(log -q /A] 1 t (1.91)
One can also introduce a RGI spontaneous mass #y associated with the

quark-vacuum condensate using the fact that the product m{J &) ente-

ring into the PCAC relation (1.19) does not get renormalized. Then :

Y /-8B
<$1 «b,) =W [1og —q*/z\) VT (1.92)

For completeness, we also give E;(t) and El(t) to three loops and for

SU(3)F where 73 and Ba have been calculated by Tarasov. This calcula-
tion is quoted in Ref. 38) :

6; 4 log L log? L log L
—=—241-0.79 0.62 - 0.6 f
T 9L L2 L2
- 4/9 — 2
_ ~ 9 as 0Ls ms
m =n - — 1+ 0.895 — + 2.707 |— P (1.93)
t t 12w n T

with L = log - q*/H%.
Within the previous generalities, we are now ready to study the speci-

fic example of the two-point correlator useful for the QSSR analysis.



d) The RGE for the Two-Point Correlator
Let 1 (qz,a%,m1,vJ be a generic notation for the two-point

correlator :

M(q?) = i J dix el <o | TJ, (x) (I 0N | o> , (1.94)

built from the hadronic current of quarks and/or gluon bilinear fields.

€

In n = 4-¢ dimension, [{(q%?) gets an extra v ¢ dimension. The renorma-

lized two-point correlator is?ZP-23:347:

2 S - 2 B B _ ~€ 2 B B
ﬂR(q ’ab’mx'v) = ﬂa(q ,ag,m‘,e) v C(q o0 ,mi,e) ' (1.95)
where in the HMS scheme, C are the e-pole terms :
Clq?,0® ,m%, €] = E— C (g%, ,m (1.96)
9,0 m, %kk L .
€

where as usual Ck are constants or polynomials in m?/q®. The fact that

ﬂB is independent of v, implies the relation :

Y LA 2 (g
v — [ o« — - m L0 ,m ¥
v s s aas m 1 am1 R(q s 1 )

37

d € ! C (1.97)
=- v — |¥ — . .
dv % ek k
Rewriting :
L1 oy g
vV o— v % —C =3v —+ vy — —-% m, — - € E c  (1.98)
dv €k k ov dv  oJw m ot am1 ¥

and using :
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do
s

Yz - +a Ble) |, (1.99)
dV 8 8 8

and the fact that the equation is finite for e - O, one gets :

€—+0

av K

€

} d e 1 d
lim v — |¥ % —_ Ck] = - 5;: (OLs Cl) ' (1.101a)

and the set of recursive equations for k > 1 :

2 ?
[or.s Ble) - T 7, m 5——] c, = —<(x C.,) . (1.101b)
1

o

8

B

The dimensionless condition of I reads :

where

t

correlator

J @ 2
—+A—+3Imn —p 10 (szz, a.s,m,v) =0 , (1.102)

log A. Therefore, one arrives at the RGE for the two-point

2 + B(e ) 4 T (147) 9 fict )
- a—— o ® —- X — , @ ,X =
at s 8 a [ ] 1 a s i

o
3 xl

=

¢y)y=D , (1.103)

with the solution :

N(t,e, x) =0 Jt=0, & (t), ¥, (t))—

rd:- D [t—t', & (t), :‘c(t')] . (1.104)
O 8 8



e} Renormalization of composite operators
We have seen from the example of WSR in paragraph 2) that we
are dealing with two-point correlators associated with the local cur-
rent colourless operators Jﬂ(x) built from quarks and/or gluon
fields. So, before any QSSR analysis, one should control the renorma-
lization of such operators. This problem can be conveniently studied
using background field techniques®®’'. Operators can be classified into
three classes : class I are gauge invariants which do not vanish after
use of the classical equation of motions. Class I are gauge-invariant
but vanish after use of the classical equation of motion. Class ][ are
gauge-dependent operators. Therefore any composite renormalized ope-
rators can be written as :
9=z of +Z, o‘;l + 2, 0‘1’“ . (1.105a)
The great advantage of the background field techniques is that for
graphs with external quark and background fields, one only needs gauge

invariant counterterms, i.e :
Z =0 , (1.105b)

which is a consequence of the background field gauge invariance under
quantization and renormalization. Let us illustrate the approach by

49> in the

studying the renormalization of the G“y G*" gluon operator
presence of massive quarks. We have three types of dimension-four
operators :
l . '~ .
0, =-2i6 ; o =- Eb'(nﬂm)az ; 0, =din & . (1.106)
The renormalized o1 operator is in general a combination of these

three "bare" operators :

39
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= B B B
0, =2,0/ +Z 0 +2Z 0O (1.107)

The renormalization constants 211 are mass-independent in the

NS scheme. In particular, one can already get le and le in the mass-
less 1limit. In any case, Wwe insert at zero momentum the O1 operator
into the gluon and quark propagators :

(o, my=zz, (o), (o w)
- B
<q; 0, ¢> =z, (q; ol: ¢> +2, 2, <$ o ¢> +2,.2., (a; o'; ¢>. (1.108)

The insertion of Of into the gluon propagator corresponds to the Feyn-

- 2 - .
man rule -i BEb(p 9y p“py) and one has to evaluate :

(1.109)

The zero momentum insertion of O: into the gluon propagator corresponds

to the rule iS and we have to calculate :

{1.110)
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The insertion into the quark propagator corresponds respectively to

a A~
oML _ .
ig 3 ™, 1(p ma)and im, for the Ol,.O2 and 03 operators.

Evaluations of the above diagrams give in the Landau gauge®®’ :

Tl 0"S
(2) - 2) . (2)y o . t2) o o e
202 = gl® ; ozlP =0 ; oz!? —— (1.112)
as Z;:) = 1 in the Landau gauge. The index (2) means second order in
(as/ﬂ ) . Therefore one has :
q's Bl 71 OLS
66 = J1 + — —] (66) + 4 — — n_ [T . (1.113)
T € 8 e 1t B .

i.e., GG is not multiplicatively renormalizable. In fact, one can de-

duce from (1.113) the renormalization group invariant combination:

[

Blo) 66 + 7 m &b, (1.114a)
which appears in the trace of the energy-momentum tensor :
1
B = - gle ) 66 + (1+7 ) b, (1.114b)
[ 4 s m

where 6(&5) and Tm(as) are the B function and the mass anomalous

dimension respectively. Proofs of the RGI of quantities like the vec-



42

tor current or the (pseudo) scalar currents are straightforward. Much
more involved operators can be found in Refs 41), 42) and 48).

f) Pseudoscalar Correlator and Current Algebra Ward Identity

In order to illustrate our discussion of this section, let us
show explicitly the evaluation within dimensional regularization of the
two-point correlator built from the pseudoscalar current defined in
(1.25).

i) To lowest order of QCD, we shall compute the following diagram :

P-q

E! ';.. ..')._

p

Using usual Feynman rules, it reads :

£ 2 2 3 dnp
veod(d®) = (ot ) (-i) N
(2m)"
1 1
Tr (iYﬂ) (iTs) . (1.115)
B-m+ie' ;—a-m1+ie’

Parametrizing the quark propagators and using the properties of Dirac

34)

matrices in n dimensions {see Appendix B), we obtain :

1

48 (q%) = (m +m )? X dx z + log 4m-7 il

5 t 1 J "
|, €



€
.13+ £ ?x(1-x) - 2]1 + =] {m®x + m®(1-x) + m.m ,{1.116)
2 4 i 3 13

where [ = -q%x (l1-x) + mfx + m? (1-x) and T = 0.5772... the Euler
constant.

Two limits of (1.116) are particularly interesting :

3 2 q?
¢§(~q2 » mf ,] o — (m1+m‘)2 q? 3|- + log 4n - ¥ - log - —
‘ gn? € V2

€ q
1+ + 2+ - log® |- -
- q2 V2
€ q
— (log 4% - ¥ + 2) log - — . (1.117)
2 V2
2 2
3 m my
$P(q® 20y > — (m +m ) {|m® log — + m® log —
3 1 3 1 J
4n? V2 %
2
-5+ 10gan -1 -1 (m;’ + m‘;) . (1.118)
[

For q -+ O, we know from the current algebra Ward identity in (1.16)
that ¢5(q2) is related to ﬂ:"(qz). A perturbative evaluation of the
axial two-point correlator gives :



2 2 - p

. N nx + mj(l x) + mtmj R-ie')-c72

.9, "= —1dx (e/2). (1.119)
811:2 o qZ 2

v

Using log R? = log|R*} - in B (-R®), one gets from (1.116) and (1.117)

the well-known result :

Im &, (t) = Im (qﬂq, kY (t)] =

3 (m, - m’)2 mf m?
= — (m+ m1)2 1 - ——F—f A2, — —
gn? t ot
. e(c - (n, +m, )2) (1.120)
2 2
3 m my
By _ 2 - 3 - 3 _
.4, ﬂ5 = ¢5(q ) (m‘+m’) m; log + oo log . (1.121)
4n? v2 v2

(1.121) suggests that at zero momentum ¢5(0) possesses a small pertur-

bative contribution or alternatively the "true" quark condensate <$ ¢>
can be a combination of the one in (1.17b) and the perturbative piece

in (1.121). We shall come back to this point later.

ii) ¢5(q2)to two loops in the HMS§ scheme
In order to simplify life for the reader, we shall ignore the

quark mass in the internal loops and quote the bare result of Becchi

et al to two loops*?®’:

2 - 2

4B (q®) = v < (mP + m®)? ES— E + log 4n - T + 2 - lo g
s = 1 3 : o d
gn | |© ve




2 2

€ -q € -q
- —(log 4m - 7 + 2) log — + — log? — +
2 2 4 w2
g®v 21?2 4 4 29 - g% ¢
—_— — 4+ — (log 4m - 1) + — + (1) . (1.122)
4n? €2 € 3e V2
We introduce the renormalized parameter :
B s
gB v et o= g 1+ O— ’
n
2%
w®=m J1--— . (1.123)
i i P 1

and we obtain :

B .2 3 : |2 - & s
WP (g?) = —(m, +m ) q® 4—+ log 4m - v + 2 - log + |—
5 sn? 1 1 € V2 T

4 5 q 17 -q?
- — + — + log? — - 5— + 2 {log 4n - 7)| log —{3 . (1.124)
VZ

First we learn that the 1lowest order terms which vanish for € = O

induce terms in the two-loop results via the mass renormalization. We
2

1
also see that the non-local — log
€ 2
1%

sists of a double check of our results. A last check can be done with
the RGE®*’ . ¢ (q®) obeys the RGE of the type in (1.103) where D is

pole has disappeared. This con-
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1
the coefficient of the — term :

€
s .
R Do + D1 15— R (1.125a)

o
"

with :

3
= - 2 -2t
Do = (x1 + x’) 2 e .
gn?

3 . 10 .
D - — (x +x) T e 2t | (1.125b)
gn?

Let us now write dg(qz) in terms of dimensionless variables :

4

q
$ (t, o, x )= - — (x1+xj)2 et 4 -2t + log 4% - T + 2 +
8n?
1 .
+ [f—] (4at? + 2bt + c)p , (1.126)
n

vhere a,b,c have to be determined. Using the RGE, one obtains the

constraint :

3

D=—_(x +x)2e‘“,2 ,

[1] i 3
8n?

3
D = -[——-}(x1+x’ Y¥e~2ti-8at - 2b - 27, (log 4nm-7+2) + 27 .2t¢ , (1.127)

1
8n?

where LA 2 1is the mass anomalous dimension. The fact that D1 cannot

depend on t implies :



- 4a + 2 Tl =0 = a=1 . (1.128)
The relation between C1 and D in (1.103) implies :
c;°’ =D . (1.129)

°

C;" is not fixed by the RGE but we know it from the calculation in
(1.124). It is :

5 3
it = =] |- —| (x, + x )P e72t , (1.130)
1 3 2 i ]
8m

We can now deduce from (1.103)
2¢tY =p (1.131a)
1 1

and the recursive relation implies :

3
C;l) - - (X1 + x1)2 g2t 271 (1.131b)
gn?
Eq. (1.131) inserted into (1.127) implies :
10
-2b - 2 Tl(log T - v + 2) = 5— . (1.132)

1
As one can see, the RGE and the explicit calculation of the — coeffi-
€

cient at [fi] allows one to fix the coefficients of E—, log? - q®/v*
. n 2
and log - q®/v?at that order. This is a really impressive result !
A complete two-loop expression of ¢5(q2) including quark mas-
ses has been obtained by Broadhurst®?’. The use of his result at ¢ = 0

implies :
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3
= e— 3
¢ (0) = — (m +n) (mj z, + zj) , {1.133a)

4m?
with
mf 20 n? Ly
Z =1-1log —+ |— 5 -5 log — + 3 log? — R {1.133b)
' W2 [3ﬁ ] V2 V2

and improves the Ward identity in (1.121).
Three-loop expressions of ¢5(q2) also exist in the chiral limit n =0.

In the M5 scheme and for Su(n), , it reads?*®’

3 g 17 % 2
¢ (q*) = — (u, +n ¥ §-¢° log ~ — 1+~~S+~SJ
5 i J T

11089 611 2 65
f‘—*—‘ =~ &(3) +n [— E(3) - —-]}
3 24

2 2 19 n
- = @® 10¢® - - . (1.134)
. 2 \12 18

where £(3) = 1.202 is the Riemann's zeta function.

The complete two-loop result for the spectral function is*®!:
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2
1 3o 4wy 4oy 1
— In ¢ (t) = q vl + — - (7-v)
T 8% o2 T 8
-1 . s _
+ % (vev™ 1) (le(alué) Li, { ai) log o log Bl)
p 2
+A loga +B log By . Lj((xs) , (1.135a)
where Liz(x) = - dex/x log(1-x) and :
[¢]
3 3 ) 19 4 292 4 3yt MR 2v
A = - - - 1 +v+ H
t 4 Im +m 32v _2 1+a
i 3 q v(l+y) i
_2
B, =2+2 [m - mf)/q v o

In this case where m

1
- Im ¢ (t)
n 5

+

+

(1.135b)

= 0 this expression simplifies as :

3 4
— xt?(1-x)% 41 + —

14

s [9

— |-+ 2 Li_(x)
81';2 in 4 2

3 1
log x log{l-x) - E log [— —1] - log (1-x)
X

1
X log [— - 1] - (x/(1-x)) log x} ,
x



vhere X = mzlt. (1.135¢)

The expression of the two-point correlator of the scalar current
8“ $‘ T“ ¢J can be obtained from (1.135) by changing m, into - m, in

all terms.

g) Vector Correlator to Two Loops

We shall be concerned with :

mY o= - (¢"" @ - g*q") IV (e®) + qtq” 1 (q*)

iIdme”*Gllvnu)ﬁLwQ*|», (1.136)

with V:j = $1 ™ ¢J. The longitudinal part is related to ¢(g?) from
the Ward identity of the type of (1.121) which reads to two loops (see
(1.133)) :

3
(@*)? 0= ¢(¢?) - — (m,-m) (mj z, - n® zj) . (1.137)
qn?

where, as we have already said, ¥{(q®) can be deduced from ¢5(q2) by

interchanging m, into o in (1.134) and (1.135). The lowest order

contribution to M{*’ (¢*) reads®*’:

3 mfx + mf(l-x) - mm
At = |—/ v I'(e/2) | dx .[2x(1-x) + - .
an? 0 - q

—_— . (1.138)



The complete two-loop expression in the MS scheme is?7?’:

.12 % 1 % 15
n(l)(q2)=y— e A 1+____ - - 1+_.__
€ T 3 T 4

+ (1-a=p - 2{a-B)2)K + af . + Btj + 2(a-B) (OLZ1 - ﬁZJ)

Zug 1
+ |—] 4= (1-o-B ~ 2(a=B)2) L + of, (1+22 )
3 2 ! !
1 (m‘_m,)z
+ ﬁtj(1+2£j) - Z (1+2NA + ZNB) 1+6 5
q

1
2 2 - _ 2
+x £ b £ ; (N - N)

(a=B) (6(x )} - 6(x,)) - {3-2 (etp)) K?

1
Tt Q+e)+p2+e)xy {1.139a)

with Z defined (1.133b) and :

m
1
® = -m /q2 ; B = - m’/q2 i £, = - log —
3 L2
el 1
K=1+ 5_ + E (1+x1) f1 ; f1 = log X1/(1_x1) :

x = mf/E {1 + ll - (mlmj/E)zl :
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(]
m
|
—
=
~
+
=
n
1
=
~N
A

N, =a(l+ £)(1+x£) ; N =0(I1+f ) (L +x£);

L = 3KZ + 2K + 6 - 6{1+e4B8) I - 10 xlff +

K 91
m {(3K-2) — - (1+a#+3B) — + (i «— 3) ;
! am an
i 1
0
log v x"
G(x) = dy [ ]2 = 2: — (1 + (1-n log x)%) ;
0 1-y n=1 n?
00
og v)2 X x"
F(x) = | dy log[~ = 25 — [2 + (2 - n log x)z) H
0 1-y Y x=1 n®
I =F(1) + F(xix’) - F(xl) - F(XJ) . (1.139b)

We have not checked these horrible expressions ! It appears that in
the 1limit m = 0 the result becomes less horrible. In this case, one

can deduce from (1.139) the spectral function :
In & (t)

Im l'l‘(’“(mJ =0) = (2+8) —— ~
3 m%t

0('s X
—] $(3+x) (1-x)? log — + 2 x log x + (3-x2)(1-x)} , (1.140)
gn? 1-x

with x = m®/t.

d
For the equal mass case, the QCD expression of Q2 —— [(Q?) which is
aQ?
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related to the e'e” - Hadrons total cross-section is also known to

m2

four loops for m = 0 and to three loops up to — terms. After renor-
Q2

malization group improvement in the MS scheme®®’it reads:

— n _2 2
Q* * ny
— (%) = - 1+ = +](1.986 - 0.115n) + Z - 1.05
g2 1212 T j=1 @2
_2 B3 (o

m
-2 l6 + 28 = + (269.15 - 12.25n) |—] |+ | 70.985 - 1.200n - 0.005 n?
Qz i ™

3
- 1.679(2 Q1]2 F-} , (1.141)
h T

where here E; and m are the three-loop running parameters defined in

(1.93). The m* terms of ﬂ;" have also been obtained to two loops. In

the MS scheme'”’it reads :

4
3y @ 2 « 9 Q*

e =[_]_1+10g-+2;s‘ 5+ 5 log — + 3 log? —
2 4 _2 T _2 2

2nt) Q a n m

s m
1+ s+l - 2 [1 +o(&s) . (1.142a)
in kit gt



where one should note that the terms appearing in the first { } of
(1.142a) are involved in the current algebra Ward identity obeyed by
the quark (& ¢> condensate in (1.133b). After a resummation of the
mass-singular logarithms in this { } , one can rewrite the improved

_4
expression of the m terms for SU(n)F as :

4

3 [ﬁ 1 721 357-23n gn2

v}, ~ —. - — 4 +——-m<$¢> 1+— (1.142b)
VR e qu (15+2n) e

h) Weinberg Sum Rules to Two Loops

We are now in a good position to check the validity of the
Weinberg superconvergent assumptions done in (1.25) and (1.26). Let us,
for instance, analyze the spectral functions to the lowest order. They
can be deduced from (1.135) and (1.138) using the usual change m into
-mlin order to deduce the expressions of the scalar and axial spectral
functions. It is easy to see that for the combination involved in the
WSR  (1.25) and (1.26), the first one is still zero while the second

one reads :

Im N = - 1 N€°) = — —, —] . (1.143)
LR LR n t t t

One can compute the next corrections for the first sum rule, which

reads?z®’:

1 nm,
n{;* + ﬂ{;’ (-¢¢ »m?) « E?J — + ... . (1.144)

For the second to be convergent, one has to look for some other

combinations likeZZ®’ :



(1.145)

or to improve the sum rule with, for example, the Laplace transform,

as we shall see later on.

i) Tensor Current Correlator to Two Loops

We shall be concerned with the current :

A
J
By

- -+ -
where D =D -D
[ “ w

» -
Juy(x) =id (rp D, + 7, Dp]¢

- . - =
(x) = : GHqu+

1
- afB .
2 gva Guﬁ.

is the covariant derivative.

(1.146a)

(1.146b)

Ve now study the renormalization of the two currents according to

Ref. 48) :

v AB

g# =z J® +z q
11 By 12 94

ARV ~B

J =12, I + J

Z
21wV 22 mv

where in the MS schenme :

1t

(o]
I
un
+
a 'm§
N —
W]
(g}
N
o~
=
=
m |

(1.147a)
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1 Sl
sz__gcz(R) ﬂ:_ ; '
n sY 1
2 =14+-|—|Z
22 3 |t | e

The associated two-point correlator can be written as :

1 2

= - —_— 2
nP“‘v?’ 2 {nup Tlvo‘ + Tlpa Tlvp + 1-d "PV Tlpq} “(CI ) ]

(1.147b)

(1.148a)

where d = 4-¢ is the space-time dimension and M, = (gpv—qpqv/qz).

(q%) can be extracted using the projector.

2
R = — {(n-2)q q¢.q.q_ /9"
BYET  (d+1) (d-1) (d-2) { wIvdp .78

+(q9,9,_+g g

H¥Ip o (4 B

2
qpq,)/q g oo

- 2 _
(d-1) (2 q“qu,,/q 9o g”) '

which gives
2 _ Hy¥pe
f(q®) = R“qu n .

To the lowest order, the spectral function reads®®®’

2

t
In N{t) = — (5-2v%) v* O(t-4n?)
10m

mz 172
where v = [1 -4 —
t

(1.148b)

(1.148c)

{1.1484)
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The evaluation of the two-loop quark diagram gives for m =0 48b) .
3q* 2 12 -q2 s 32 1 {1049
l(q?) =~ —— - ~+71- —+log —+ |—| |—+ - |—
B 10 2 € 5 ¥2 9 €2 € 15

q? 1049 q*
- 327 - 32 log ~ + }32v - —} log - +
4my? 15 4my?

q
+ 16 log? - , (1.149a)
4my?
1 2
where one should notice the non-local pole - log - — . The renorma-
€ V2
lized correlator is
nt =22 0 {1.149b)
Then one gets in the HS scheme®®®’:
3 g 2)] 473 8 ¢
n® = - q*log - L +l—]]- — + —|27+log - . (1.149¢)
1012 4mv? L 135 9 am?
1 2
This result is free of the — log - — non-local pole. This serves as a
3 2
v

check of the partial validity of the expression. The o coefficient
differs from that given in Ref. 29) both in the log? and in the log
terms. In fact, renormalization of the current has not been done care-



fully there. The above examples have really shown how much care should
be taken in dealing with two-loop corrections and renormalizations.
Let us now come to one example of renormalization and regularization

scheme dependences of the QCD parameters.

j) WS and on-shell schemes : Scheme Invariance of the Quark Pole
Mass
Let us call the on-shell scheme the QED-like scheme where
Green's functions are Pauli-Villars regularized and the renormaliza-
tion is done on shell :

B = B 2 - B 2
me o= 0% (qf) - OB (¢ =0) . (1.150)

The relevance of this question for the sum rules is that one uses
(mainly in the heavy-quark case!®'19:2%)) the expression obtained in
QED for the spectral function but there is often confusion regarding
definition of the quark mass to be used in the analysis. For definite-
ness, let us concentrate on the vector spectral function.

In a QED-like on-shell scheme, the vector spectral function is

49)

known from the calculation of Kdllen and Sabry which is accurately

30)

approximated by the Schwinger expression :

H 3 2 3-v2 4
Im ﬂv (t) (m1 = mJ) = IEE B¢t - 4m*) . v P 1+ ; as(t) f{v)p .,

mZyt/2 . 3tv (0 3
where : v=|1-4 — and f(v) = — - — |- - —| . (1.151)
t 2 2 4m

In QED, the mass appearing in (1.151) is well defined as the electron
is observed, i.e it is the mass at p?= M2= n?, the pole of the elec-
tron propagator SF(p). Radiative corrections do not affect this mass

and this is achieved via the mass renormalization constant®!’:



I
s v 1
2°ED = 1 - |—] |Jlog — + —| . (1.152)
" T M2 2
This pole mass can be related to the Euclidian mass n(p? = - MZ).

Using the expression of 21 in {(1.67), one gets :

o Mz 2 1
s
m{p?) = M(p?=M%) 1-—J1-—]4log |1 - —|--a .
n p? M2 3
n? P2
1+ —log {1 - — . (1.153)
PZ MZ

Now the gquestion 1is to know how to connect these QED-like
masses to the masses used in the MS off-shell schemes. This question
has been studied in Ref. 47) by calculating the vector correlator in
two ways. Firstly, they calculate Re N(q?®) from the dispersive inte-
gral wusing the spectral function in (1.151) where the QED-like pole
mass should be used. Secondly, they calculate directly Re N{q®) in the
Euclidian region by using the "light"-quark expansion m?/q?. In this
case, one should use the quark mass in (1.91) after a leading-log
resummation. Using the RGI of N{q%?) which is related to the physical
observable e'e” into hadrons total cross-section, one obtains after

requiring the same radiative corrections :

4%
Mo (02 = M) = EMS (M) {1 ty e + O(oc:)} . {1.154)
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The same procedure has also been applied to other channels’®’ and leads
to (1.154). Let wus now compare Eg. (1.154) with the relation between

the pole and running mass in the MS scheme. This relation is®*'%%':

Mo (p*=MP) =@ (M) {1 A GRS )} : (1.1552)
s s

where Zi’ is the finite part of the quark self-energy decomposed as in

(1.66). In the MS scheme, one can easily deduce from (1.67)

4
SEP (M2 = 12) = - Fi] , (1.155b)
1 3 In

which states that the pole mass in QED and MS schemes are equal.
Then, we have the important conclusion®?’':
"The pole mass is regularization and renormalization schemes
invariant”

These relations in (1.153) to (1.155) are sufficient for a
consistent use of the mass definitions appearing in the sum rules ana-
lysis as we shall see later. Let us now consider the non-perturbative

QCD effects on the correlators which we have discussed previously.





