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1. PERTURBATIVE QCD AND CHIRAL SYMMETRY 

Since the pioneering work of Gell-Mann, Fritzsch and Leutwyler1' 

and after the discovery of the asymptotic freedom properties of QCD2', 

there are various reasons for believing that QCD is the best candidate 

theory of strong interactions though the confinement problem is still 

unsolved owing to the peculiar infrared behaviour of the theory. The 

asymptotic freedom property of QCD at high momentum allows perturba-

tive calculations in a series-expansion of the strong interaction cou­

pling constant to give a nice description of various hard processes3' 

(deep inelastic scattering, Drell-Yan, jets, high P ...) 

a) The QCD Lagrangian and its Symmetry 

The QCD Lagragian density is : 

i 
d A11 jP A - d ? D" f , (1.1) 

2 a f a f C a a 
6 

where Ga = d A" - a A" + g f Ab Ac (a = 1 , 2 , . . . , 8 ) are Yang-Mills 
jiv H v v fi " a b c V v 

4> field strengths constructed from the gluon fields A" (x). 

(D ) = 8 . J - ig Zd - V= A" are covariant derivatives acting on 

a z 

the quark colour component a,& = red, blue and yellow. A*B are the 

eight 3x3 colour matri 

the SU(3) Lie algebra 

eight 3x3 colour matrices and f t the structure constants which close 
9 abc 

[T , T ] = i f T , (1.2) 
L a b abc c 

1 
where (Ta) „ = - V*„ in the fundamental colour 3 representation, 

whilst in the adjoint 8 representation of gluon basis(T°) = -i f"c. 

The last two terms in (1.1) are respectively the gauge-fixing term 
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necessary for a covariant quantization in the gluon sector [a = 0(1) 

in the Landau (Feynman) gauge] and the Fadeev-Popov" ghost term neces­

sary to eliminate unphysical particles from the theory ( fa(x) are 

eight anticommuting scalar fields in the 8 of SU(3) ). 

C (x) is locally invariant under the BRS6* transformations: 
- g CD ' 

A (x) —> A (x) + o) D f 
C M ¥ 

-* -> 

* t (x) —> exp( - igtu T . f ) 4^ , 

_ _ w 

f ~» f + — a A* 
a " 

G 

1 -> -» 
f —» f g w f x f , (1.3) 

2 
where co(x) i s an a r b i t r a r y parameter . 

f (x) i s i n v a r i a n t under the U(l) g lobal t r ans fo rmat ion : 

^ ( x ) -> exp(- i 6 1) ^ ( x ) , (1.4) 

to which corresponds the conserved baryonic current : 

J"(x) = 2* *t T" +, (1.5) 
i 

and the baryonic charge generator of the U(l) group : 

B = I d3x J0(x, t) . (1.6) 

For massless quarks £ is also invariant under the axial U Q ) trans-
SCD 'A 

formation : 

<l>t -> ( - i e i r ] ) + i , (1.7) 

acting on quark-flavour components. The corresponding current 
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J^(x) = Zu $. T^T'^. (1.8) 

has an anomalous divergence 

g n 
d J^lx) = t G^v Gp" , (1.9) 

4H2 8 

where the rate of the change of the associated axial charge 

Q5 = J d
3x 3o J° (x, t) , (1.10) 

is zero in the absence of instanton-type solutions". 

In the massless quark limit (m = 0), £ also possesses a 

SU(n) x SU(n) global chiral symmetry and is invariant under the 

global transformation : 

+, -> exp(-i 6AT A ] +j 

t|>, -* expf-i 6A TA r \ +j , (1.11) 

where TA A = l,...,n2-l are the infinitesimal generators of the SU(n) 

group acting on the quark-flavour components. The associated Noether 

currents are the vector and axial-vector currents : 

V*(X) = ?t T(i T ^ *} , 

AA(x) = J T T TA * , (1.12) 
V 1 P 3 1J J 

which are the currents of the algebra of the currents of Gell-Mann 1,8) 

The corresponding charges which are the generators of SU(n) x SU(n) 
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Q* = d3x fv* - A*l , 

Q* = [ d3x |V + A*l . (1.13) 

b) Chiral Symmetry Breaking and PCAC 

The charges in 1.13 are conserved in the massless quark limit. 

In the Nambu-Goldstone9' realization of chiral symmetry, the axial 

charge does not annihilate the vacuum. This is the basis of the succes­

ses of current algebra and pion PCAC 8' . In this scheme, the chiral 

flavour group G E SU(n) x SU(n) is broken spontaneously by the light 

(u,d,s) quark vacuum condensates down to a subgroup H 5 SU(n) 

where the vacuums are symmetrical : 

(*. +.) = {*< +*) - (*. +.) • iUU) 

This spontaneous breaking mechanism is accompanied by n2-l massless 

Goldstone P (pion-like) bosons which are associated with each unbroken 

generator of the coset space G/H. On the other hand, the vector charge 

is assumed to annihilate the vacuum and the corresponding symmetry is 

achieved a la Wigner-Weyl10'. In this case, the particles are classi­

fied in irreducible representations of SU(n) and form parity 

doublets. In addition to the electromagnetic mass which the Goldstone 

boson can aquire11', they get a mass mainly from an explicit breaking 

(mi ? 0) of the SU(n) x SU(n) global symmetry. In this case, the 

divergence of the axial-vector current reads : 

d A"(x); = (m, + m () J ( i T ) <fc , (1.15a) 

to which are associated the quasi-Goldstone parameters defined as : 
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(o ^ A*1 u\ = jl fn m* n (1.15b) 

where it is the pion field and f = 93.3 MeV controls the n -> \>.v decay. 

Current algebra also tells us that the two-point correlator associated 

with (1.15) is related to the axial-current one via a Ward identity8' 

(up to equal-time commutators) : 

q V K" = * (q; 
s s 

+ 1 

I d" x e"" ! 5(x o ) q" / o f[A° (x) , A"' (o) ]] (A 

| d4x el<»< S ( x o ) . (o I k A"- ( A M x ) ) * ] ! o \ , (1.16a) 

with : 

+ 5 (q 2 ) = i | d4x e1** (o If ^ A*(x) f 5 „ A v ( o ) H o \ , 

n ^ ( q 2 ) = i J d4 x e 1 , x (o If A"(x) ( A v ( o ) ) * | o \ . (1 . 16b) 

At q = 0, the i d e n t i t y (1.16) reduces t o 

* (0) = - i (m +m„) (o f l (o) i T <l> (o) Q* 1 o \ , (1.17 
u a \ I d 3 u I / 

where Q is the axial-charge generator. In the Nambu-Goldstone reali­

zation of chiral symmetry 0 | 0 ) / 0 . Then we get 

•„«» = -(W(i„ *a + *» +.) (1.17b) 

Using (1.15b) in the definition of +s(q
2) and equating this with 

(1.17b), we have the pion PCAC relation at q = 0, 
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2 m2 fz -(m +m_ ) (5 i|> + I <l> 
u d \ u « d d 

(1.18) 

We also know from experiments that the spectrum of the pseudo-

scalar bosons octet (it, K, r|) does not show any degeneracy in the 

masses. This suggests a large explicit breaking of the SU(3) x SU(3) 

chiral flavour group a la Gell-Mann, Oakes and Renner12' : 

e U (x) - e U (x) - e V (x) , 
0 0 8 B 3 3 

(1.19a) 

where the Hermitian scalar densities U (x) expressed in terms of 
a 

quark bilinears read : 

U (x) = Tr $ \ i|i 

with 

\ = 
1 0̂  
1 

0 1 
\ = 

a o\ 
- i 

0 0 

a = 0,3,8 

(1.19b) 

X = — 
1 0^ 

1 

0 -2 

and where the symmetry-breaking parameters e are combinations of the 
a 

quark masses : 

e = — (m +m + m ) , 
o i— ^ u d s ' 

1 
e„ = - (m - mj ) 

3 2 

1 1 
% = - • ~ ( \ + •„ " 2 ms ) . 

J3 2 
(1.19c) 

Therefore, it is essential to have good control of the quark mass 

values and a deviation from the SU(3) symmetrical relation in (1.14). 

In fact, there are estimates of the quark-mass ratios from current 

algebra l s l 4 \ which are reliable (with perhaps the exception of the 

up quark) as the mass ratio is not renormalized. On the other hand, it 
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is much more difficult to estimate the absolute values of the quark 

masses and similarly of the vacuum condensate which is correlated to 

it via the PCAC relation in (1.18). This reliability needs a consis­

tent renormalization framework rendered possible only with the advent 

of QCD as we shall see later on. 

2. PRE-QCD CURRENT ALGEBRA WEINBERG SUM RULES 

Spectral function sum rules were used long before the advent 

of QCD. They are usually known as dispersion sum rules in current 

algebra8' and most of them are based on the assumed asymptotic beha­

viour of the absorptive amplitudes. Let us discuss in detail two types 

of superconvergent sum rules : 

a) Asymptotic realizations of SU(2) x SU(2) chiral symmetry 

Weinberg has proposed two sum rules1" (WSR) based on the 

belief that the SU(2)L x SU(2) chiral symmetry is realized asymptoti­

cally in nature. In modern QCD language, his discussion is based on 

the fact that the axial-vector current has two QCD realizations: the 

first one is the short-distance realization in terms of the quark 

fields : 

(o J d" T* T° uj lt\ = |2 fn p" , (1.20) 

where f =93.3 MeV is the pion decay constant and p11 is its momentum. 
IT 

The long-distance realization of the axial current is obtained from 

the chiral Lagrangian of the non-linear er model : 

Z = - - f2 Tr h U ^ U*\ , (1.21) 
4 " \ * / 

where U = expli T.H |f ] is the pion rotation matrix, n the pion field 

and T the Pauli matrices. Now one can show how the WSR connect these 

two realizations. It is appropriate to study the two-point correlator : 
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tf^v = i [ d4 x e1** (o I I JL̂ (x) fjR
v(°))*| o\ 

= " (g"v q2 - q V ) n<J> (q2 ) + q V n<°> (q2 ) , (1.22) 

where J11 and Jv are left- and right-handed currents which read in 
L R 

terms of the quark fields : 

Jĵ  E u V(l-T s) d , J£ = u ^(l+Tj) d . (1.23) 

n111 and nl0> are the transverse and longitudinal parts of the corre­

lator. In the asymptotic (q2 —» oo) or chiral limit (m = 0) where 

SU(2) x SU(2) chiral symmetry is realized, the asymptotic expression 

of W*1" is zero. This vanishing of V*"" can be expressed in terms of two 
LK LR 

WSR of the absorptive parts simply using the well-known Hilbert 

representation issued from the analyticity properties of Green's func­

tion : 

Re n (q2 ) = Im n (t) + "subtraction..." . (1.24) 
I foo dt 1 

II JO t-q2- ie * 

Then, the two famous WSR read 

|dt Im (n<l) + n"") (t) = 0 , (1.25) 
JO { LR L* ) 

dt t Im n ( 1 ) (t) = 0 , (1.26) 

where the first is the q^q* component of W ' and the second its g1*" 

parts. Eqs (1.25) and (1.26) express a duality between the long-range 

(spectral function) and high-energy (theory) parts of hadrons. The 

spectral function appearing in the sum rules can be studied using the 

long-distance behaviour of the axial and vector currents : 
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2\ -* -» 
- [it, « $* A"(x) = - JT f 5 u + 

V(x) = i « J < . (1.27) 

«J / f„ 

Possible final-state interactions between pseudoscalar particles can 

lead to the formation of resonances having the quantum numbers 1"", 

1**, 0"* and 0 t + . Using a narrow-width approximation and assuming 

that the n, A and p dominate the spectral functions, Weinberg has 

derived from (1.25) and (1.26) the constraints : 

M2 K 

2T2 2T2 
2 f2 

M4 M4 

(1.28) 

2r 2r 
P A 

where T is the V-meson coupling to the corresponding current : 

M: 

/o |V" | p\ = \f2 — e" , (1.29a) 

with the normalization : 

p 

2 P 

T ~ - it a2 . (1.29b) 

r2 
p 

p-»e e 3 9-v2 

From the above crude assumptions, one can already deduce from (1.28) a 

prediction of the A mass by giving M = 0.77 GeV, T a 2.55 and f^ : 
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1.1 GeV . (1.30) 

However, if one adds to (1.28) a relation between f , T and M dedu-
1T (J P 

ced from the use of soft-pion techniques plus p-universality for the p 

') : 

(1.31) 

16T2 

one arrives at the Weinberg mass formula for the A meson : 

M ~ \fi M , (1.32) 

which, within the crude approximation used, is very successful compa­

red to the data. Possible QCD improvements of the WSR will be discussed 

later on. 

b) Asymptotic Realizations of SU(3) Symmetry 

Weinberg-inspired sum rules have been also derived from the 

asymptotic realization of flavour symmetry. These are the so-called 

Das-Hathur-Okubo (DM0) sum rules1". The DM0 sum rules can be studied 

from the two-point correlator : 

n^y(q) = i f d4 x e1""1 (o I I V J W (v'(o)VI o\ 

= - <0*» q
2 - , V ) n^q2) , (1.33a) 

where Vj1 = $ ( T1* <l> ( i E u , d , s . . . ) are the f lavour components of the 

e lec t romagnet ic cu r ren t : 

2 1 2 1 
/ (x) = - f - - f t - f - - V + . . . . (1.34b) 

EM 3 u 3 d 3 c 3 . 
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Within the asymptotic (q2 —t co) or massless (m = 0 ) limit, we can 

derive the DM0 sum r u l e 1 7 1 : 

foo foo 
dt (Im n (t) - Im n (t)) s dt Im (n + n - 2 n ) = 0, (1.35) 

JO 3 8 Jo u d s 

which corresponds to the difference between the isovector and isosca-

lar spectral functions associated with SU(3) . Saturating (1.35) by 

the lowest resonance masses, we obtain the well-known successful 

phenoiaenological relation among vector mesons : 

M T - 3 [H r + M T ) ~ 0. (1.36) 

An alternative way of writing the sum rules in (1.35) is in terms of 

the e*e" —» Hadrons total cross-section which follows from the optical 

theorem : 

4it2a 1 
ff (t) = e2 - Im fl(t) (1.37) 
" t u 

and which is useful as we have complete data for the total cross-

section. Eqs (1.25),(1.26) and (1.35) have shown constraints for low-

energy data which follow from the asymptotic behaviour of the spectral 

functions. These are the prototype sum rules which will be refined and 

extended within QCD. 

3. A SURVEY OF QCD SPECTRAL SUM RULES 

Spectral sum rules are different versions and/or improvements 

of the Hilbert representation in (1.24). For the purposes of more 

general discussion, let us forget QCD for the moment, i.e. the theore­

tical side Re fl(q2 ) , and we shall concentrate on the RHS spectral 

integral. 
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a) Laplace Transform Sum Rule 

This type of sum rule is derived from (1.24) by applying to 

both sides the inverse Laplace operator181: (Q2 = - q2 > 0) 

L = lira <-DN •— • (1.38) 
( N - l ) ! ,-v-,2yi 

Q2,N-«» < 5 Q > 
N / Q 2 ; T fixed 

In this case, one gets the exponential form : 

f<» 1 
L n = T dt e"tT - Im (1(t) , (1.39) 

Jo it 

from which one can derive the ratio of moments19': 

d fto 1 
R(T) = log dt e"t1c - Im fl(t) (1.40) 

dx JO n 

or the finite energy like1BI: 

t dt e"tT -
JO It 

Im n(t) 

R (T) = . (1.41) 

I; i 
dt e"tT - Im n(t) 

it 

As can be seen in the derivation of the Laplace sum rule, one has to 

assume that various derivatives exist. For an approximate truncated 

series like in QCD20', this existence is satisfied. The advantages of 

Lf] are two-fold. Firstly, the use of various derivatives helps to 

eliminate the subtraction terms in (1.24) which are often polynomials 

in q2. Secondly, the exponential factor increases the role of the 

ground state into the spectral integral if the QSSR variable T is not 

too small. This fact is welcome for low-energy physics. The advantage 

of (1.40) and (1.41) can explicitly be seen if one uses the simple dua-
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lity ansatz "one resonance" plus "continuum" for parametrizing the 

spectral function. One can see in this parametrization that these two 

sum rules give an expression of the mass squared of the ground state. 

The accuracy of this simple duality ansatz will be tested later on. 

One can illustrate the sum rule by taking the example of the three-

dimensional harmonic oscillator in quantum mechanics19'. In this case, 

the RHS of the sum rule in (1.39) reads : 

F(t) = £* (Rn )
2 e " , (1.42) 

n=0,2,4... 

where R is the radial wave function for zero angular momentum and E 
n n 

the corresponding eigenvalue, T is the parameter which regulates the 
energy resolution of the sum rule and plays the role of an "imaginary 

time" variable. As one has an exact solution of the LHS for the harmo-
1 

nic oscillator potential V(r) = - m oj2r2, one can see that in the 
2 

d 
limit T -» oo the exact expression R ( T -» t») = - — Log F(T) tends to the 

d-r 
3 

lowest eigenvalues E = - w. At finite T and for a truncated series in 
0 2 

T, one can observe (see Fig. 1.1) that R (T) stays above the ei-
a p p r o x 

genvalue E as a consequence of the positivity of R. The agreement 
0 

between R and R increases if one adds more and more terms 
a p p r o x exact 

in the -r-expansion. The minimum of R provides an upper bound to 
* a p p r o x 

the value of E while the distance between R and E controls 
o a p p r o x o 

the strength of the continuum to the sum rule. However, by working 

with a truncated series as in QCD, we do not often have a nice minimum 

for R . This minimum is replaced in some cases by an inflexion 
a p p r o x 

point where the optimal information on the resonance properties is ob­

tained. We shall see later on that this previous example mimics the 

case of QCD quite well. 
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Tig. 1.1 : The ratio of moments normalized to the ground-state energy 
versus the imaginary time variable for the case of the harmonic oscil­
lator potential. (2) and (4) : approximate series including the second 
and fourth order terms; exact solution. 

b) Finite Energy Sum Rule (FESR) 

Another version of QSSR is the FESR 

dt t° - Im n (t) 
Jo it I h c o r ~-f: Q

2 1 
dt t° - Im n _ <t) n = 0,1, (1.43) 

which was known a long time before QCD 2 1 >. Eq.(1.43) can be derived in 

many ways. A use of the Cauchy theorem (Fig. 1.2) on a finite radius 

contour in the complex q2 plane is one way22' : 
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Imcf i 
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I 8?~""~-x 

1 

•- • 1 

Req2 

Fig. 1.2 : Cauchy contour in the complex q2 plane. 

2fli J 
dz z" n(z) = 0 (1.44) 

If one neglects the contribution of the little circle around the 

origin which is safer if 11(0) = 0, one deduces the moments : 

*"" (Q2) dt t" - Im 
JO 1t 

r+ic 

J-it 

(Q 2) n 

n(t) = (-D 
2ft 

l(n*l)« n ( Q2 glS) r (1.45) 

where the LHS is known from the data and the RHS from the theory. 

However, as the FESR diverges for increasing n, the real axis is domi­

nated by the high Q2 region. For the RHS to reproduce this correctly, 

more information on the behaviour of the two-point correlator in the 

region of the big circle near the cut is needed. This means that more 

and more non-leading terms in the series expansion become important at 

large n and can destroy the convergences of the series. 
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Another way of deriving the FESR which casts light upon the 

meaning of local duality is the Gaussian sum rule23' which reads: 

(t+t)2 

G(t,cr) 
v|4ncr J° 

dt e iff Im n(t) , (1.46) 

for a Gaussian centred at t with a finite width resolution \|4itcr. 

Eq.(1.46) can be derived by applying the inverse Laplace operator : 

lim 
(N-D! ( < 1 T 2 ) N 

(1.47) 

to the already Laplace-transformed quantity : 

F(T) = e" t T T 
foo 1 

1 d t e " " -
Jo « 

Im n(t) . (1.48) 

One can already note from (1.46) that in the limit a = 0, one has the 

strict local duality : 

G(t,0) = - Im n(t) 
it 

(1.49) 

Also, (1.46) obeys the heat-evolution equation 

d t2 ao-
G(t, cr) = 0 (1.50a) 

with the initial condition in (1.49), where now t is the position, cr 

the time evolution and - Im (l(t) the temperature distribution in the 
it 
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region 0 4 t < oo. The two boundary conditions for cr > 0 : 

G(t = 0, cr) = O 

dG „ , 
— (t, cr) L = 0 , (1.50b) 
c5t '*"> 

lead to two independent solutions lT(t, cr) and U+(t, cr) where 

G(t, cr) = - (U* + IT) (t, cr) . These solutions can be expressed in 
2 

terms of Hermite polynomials. The conservation of the total heat 

implies the duality relation : 

f+oo A fco 1 foe. „ „ 
dt G(t, cr) = dt - Im n(t) = dt U*(t, cr) , (1.51) 

J-oo Jo n JO 

where the last equality comes from the symmetry properties of U*(t, cr). 

A relation involving higher moments of the spectral function can also 

be deduced using the generating function of Hermite polynomials and 

leads to the sum rules : 

cr° fdt H ft/ ,-) U*(t, cr) = fdt t2° - Im Il(t) , (1.52a) 

Jo 2B { 2jffJ Jo n 

cr°tl/2 Tdt H ft/ r-) U"(t,cr) = fdt t2ntl - Im Il(t) , (1.52b) 

Jo 2 n t u 2 ^ ; Jo n 
which only become useful once statements about the restriction to 

finite intervals can be made. In this case, (1.52) leads to the FESR 

in (1.43). Finally, the last (but not the least) way of deriving 

(1.43) is simply to take the coefficient of the T variable in the two 

sides of Laplace sum rule in (1.39) 241 . This latter method can be 

formalized by using the zeta function prescription inspired from the 

non-relativistic approach29' . In fact, if H is a Hamilton operator, 

the associated zeta-function can be written as : 
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C(n) 
1 po 

T(n) Jo' 
dt x" t r e" (1.53a) 

i . e . in f i e l d theory : 

1 Too foo 1 
C(n) = dx T 0 " 1 d t e " t T - Im n ( t ) , (1.53b) 

T(n) Jo Jo n 

where the last integral is the familiar Laplace transform of Im tl(t). 

If this Laplace-transform and its successive derivatives are a series 

in T, then, one can easily derive (1.43) by comparing the exact expres­

sion of (, (n = 0) with its approximate form. 

Now, let us return to the FESR in (1.43). Contrary to the 

Laplace transform (1.39), where the role of the lowest ground state is 

important, the FESR is governed by the effects of high-mass resonances, 

i.e. it needs good control of the continuum contributions to the sum 

rule. In some cases, where a stability in t (continuum threshold) 
c 

does not occur, this is a great disadvantage. 

c) Analytical Continuation 

Various versions of this method have been discussed in the 

literature 26). In most cases, the problem is formulated in terms of 

norm problems for the input errors and is quite similar to the standard 

x2- minimization used in numerical analysis. More explicitly let us 

take a simple example. A polynomial in t is used for approximating the 
1 

term of (1.24) in the real axis261". Then, applying the Cauchy 

t-q2 

theorem to the finite Q2 contour in the complex Q2 plane, one arrives 

at the sum rule : 

n(q2) = — 
2i1t 

dt 
1 

t-q2 
Sa f n(t) + 
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dt 
t-q2 

• 

Za t" 
ii 

n 
Im n ( t ) (1.54) 

where A is the "fit error" which should tend to zero, if the result 
n 

is optimal. An important difference with previous sum rules is that in 

the RHS the data enters only in A whilst the main part of fl(q2 ) is 

given by its theoretical side. However, it is difficult to appreciate 

the reliability of the results coming from the method due to the ad 

hoc uses of the polynomial parametrization (or in general of the ker­

nels in the integrals) and to the strong dependence of the results on 

the values of the input errors. Moreover, the sum rule in its form 

(1.54) might also depend on the arbitrary subtraction scale and would 

be less appropriate for the study of the resonance parameters. Moreo­

ver, the way of extrapolating the QCD information up to small q2 is 

doubtful. From these weak points all mathematical bagages used to for­

mulate the sum rules might loose their efficiency in the physical uses 

of the sum rule. More refinements and phenomenological tests of this 

approach are needed before a definite claim about its advantage can be 

made. 

d) Moment Sum Rules 

Sum rules of the type : 

(-1)N dN 

N! 
n(Q2) 

(dQ2 ) N 

dt 1 
- Im n(t) 

0 ( t + e:) N t l * 
(1.55) 

for finite N are often used in the literature. To our knowledge, these 

sum rules were first discussed by Yndurain27' in connection with the 

study of e*e" —» Hadrons data and used later for heavy-quark systems 
28,29' .As in the case of the Laplace sum rule, one needs to assume 

that various derivatives of I1(Q2 ) exist. Also, one can see that for 



21 

high moments, the role of the ground state is enhanced in the sum rule. 

Therefore (1.55) is a good candidate for studying the low-energy pro­

perties of hadrons as we shall see later on. 

We have given a brief general survey of spectral function sum-

rule methods which we believe can be applied for a general class of 

QCD-like theories. As one can see all the methods presented here have 

their own advantages and disadvantages. For the particular case of QCD 

where the theory is not yet solved exactly, some questions, though 

important, such as the existence of high derivatives at high Q2 as 

well as a correct and convincing way of estimating the true theoreti­

cal systematic errors in the sum rules analysis remain academic. We 

have checked in a QCD-like model*'such as the non-linear a model in 

two dimensions that the high derivatives for a two-point correlator 

exist unambiguously. Also, one can always test a posteriori whether 

the assumptions used for the analysis make sense. 

In this review, we shall mainly concentrate on the use of the 

Laplace-transform (1.39-41) and moments (1.55) owing to their sensiti­

vity to the low-energy behaviour of the spectral functions. However, 

in some cases, we shall also discuss for comparison constraints from 

FESR (1.43) which complement in many cases the Laplace Sum Rule 

(LSR) results. 

Now, let us come to a study of the perturbative and non-

perturbative aspects of QCD, which are the basis of the sum rules 

approach discussed in this book. 

4. MS SCHEME FOR PERTURBATIVE QCD**' 

a) Renormalization Constants 

As in QED, the evaluation of QCD Feynman diagrams leads (in 

many cases) to divergent results. Finite physical answers need a renor­

malization of the QCD parameters (vertices, coupling, masses...). 

However, the renormalization programme of QED30' cannot be extended 

trivially to QCD. Here quarks are off-shell and the standard on-shell 

*) I wish to thank G. Veneziano for this suggestion. 

**)This discussion is mainly based on the Physics Report quoted in Ref. Ik). 
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renormalization and a Pauli-Villars31' regularization, which are suc­

cessful in QED, cannot often be used. In QCD, one uses instead the 

method of dimensional regularization and renormalization (so-called 

MS-scheme32 to 3S) ) which is proven to preserve gauge invariance to 

all orders of perturbation theory. Its most important feature is the 

concept of analytical continuation of the dimension of space-time to 

complex n (n=4 for low-energy space-time). In this approach, the 

infrared and ultraviolet divergences are transformed into poles in e = 

n-4. They are of the form : 

I ll (1.56) 
p=l e" 

and will appear as counterterms in the initial Lagrangian constrained 

by the Slavnov-Taylor identities361. For renormalizable theories the 

z<p> a r e constants or polynomials in inverse of the square of some 

momentum. In QCD, the counterterms of the Lagrangian are : 

A r =& - ca A - a A ) (a*v - a 'V) + 

1 -» -» 
a - c a A - a n ) J * * *' + 

1YM 2 f " ' f 

J J 

^ -» 
a g $ - 1* 4> A + 

1F 2 * 

a 5 z„ « 

1 / ~ lH\2 A, / _ \ 2 ^ "* „ 
— fa A 1 + a [a t) + a g a t A*1 X + d.57) 
2« l " J 3 ( * J ' * 
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where A x A = f Ab Ac. It is possible to rescale the fields in 
(i y abc l» r 

such a way that C + A f has the form in (1.1) but in terms of 
"* ~Q C D Q C D 

"bare" quantities. This manipulation is correlated to the introduction 

of renormalization constants. 

Table 1.1 

Dimensions of Couplings and fields 

Name 

gauge coupling 

quark mass 

covariant gauge parameter 

fermion field 

gluon field 

Fadeev-Popov field 

Notation 

9 

m 
I 

a 
s 

^(x) 

K <*> 

fa(x) 

Dimension 

1 
- (4-n) 
2 

1 

0 

1 
- (n-1) 
2 

1 
- (n-2) 
2 

1 
- (n-2) 
2 

Taking into account the dimension obtained in the 4-e world (see Table 

1.1) via the mass scale v, one has relations between renormalized and 

bare parameters : 

R = „ - e / 2 B z - i / 2 . 2 / 4 l ( _ a 
J <X * S 

mR = m" Z " 1 , 
J J m 

a* = a* Z"1 , 

K - *'" k) <Z3VM>-1/2 ' 
^ ' B 
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p.)-" (ip») = vc'2 (,?») Z J"1'2 , (1.58) 

where Z E 1-A . Introducing renormalization constants for the quark-

gluon-quark vertex as 

(g * A +) - JgB $ B AB +B) v
£ Z - , (1.59) 

and analogously for the three gluon (Z ), ghost-gluon-ghost fz | 

and four-gluon (Z ) vertices one can deduce : 

YM = z z -a /2 g , 
B 1 Y M 3 Y M ° R 

g = Z"1 Z " 1 / 2 g , 
B 1 3 Y M * R 

gF = Z Z " l / 2 Z"1 g , 
' B I F 3 Y M 2 F R 

( g ' 5 > ) 2 = Z Z"2 g2 , ( 1 . 6 0 ) 
\~B I 3 3 Y M " R 

6 > which are related to each over by BRS invariance 

leading to the Slavnov-Taylor36' identities : 

and 

The mass renormalization constant is 

(1.61a) 

Z /z = Z /z = Z A , (1.61b) 
3 Y M J 1YM 3/ 1 2 F ' IF 

Z = Z2 /Z . (1.62) 
3 1YM 3 Y M 

m = (z = Z Z"1) m , (1.63) 
B I m 4 2F I R 

and the gauge one is : 
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a" = a" Z"1 Z 
S 6 S 3YM 

(1.64) 

More generally, for a Green's function with n , n and n external 

gluons, ghost and fermion fields, one can associate the renormaliza-

tion constants : 

( z ^ ) - ° - [K'2)~* (z»')~ (1.65) 

Expressions of these renormalization constants and the corresponding 

anomalous dimensions are known from standard diagram techniques (see 

Table 1.2). 

dZ 
V i 

Table 1.2 : Anomalous dimension T = in the t'Hooft scheme for 
1 Zl dv 

SU(N) x SU(n)„ 

Fermion field 
N 2 - l % f M 2 

T__ = ) —I + 0 
u 2N 2 

Gluon f i e l d (^(r-WIB 
Ghost f i e l d 

Mass 

T = 

T = (T ,f) 
(3 - a, ) 

1/101 5 n \ \ r , 
+ T = 

6 2 3 it 

+ T = 
128 

160 2216\ 140 
1249 + | f,(3) n n2 

3 27 81 
for N=3 
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V a 
Coupling cons tant &(<* ) = = -

5 a dv Z dv 

Gauge 

Three-gluon 

1 1 
a = - -b = -
1 2 l 2 

1 I 19 

4 51 ' r n 

6 = - - b = 

1 /2857 325 5033 
— + n2 n 
32 I 2 54 18 

/ * • \ 3 

for N=3 

da 
fl = v = - a T 

Ghost-gluon-ghost : r 

Fermion-gluon-fermion : r 

• • . p . ) . • 
1 \* J s 4 

( M 1 /N N2-U 

i) Z„ and Z come from the evaluation of the quark self-energy 
2F IS 

diagram parametrized as : 

X = m X + fp - m 1 2 = P 
B 1 y B I 2 (1.66a) 

where the full unrenormalized propagator reads : 
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1-2 2) p - 1(1 + Z/(l-S )) 
1 N 2 ' 

Then 

(1-Z )pole " " ' 

(1.66b) 

(1.66c) 

pole 

Expressions of T* and £B derived from the rules and properties in 

appendix A read : 

I8 ° = (v'-£'2)s W-l 1 

2N 
dx Jr 

(16tt2 ) 2 sl-« / 4 

J? 

V 

\ / 

x [2(2-x) - e(l-x) + (1-a )(l-2x) 1 + (1-a ) 2x(l-x) .(1.67a) 

with IR2 = (1-x) (m2 - p2x] - W 

Then, (see e.g. Ref. 33) : 

A\ N2-I i ( 3 m 
\v j 2N 2 I 2 1 e J 

N2-l 1 I 3 (2\ 3 5 
I» = I — I j - - + - (log 4H-T) + -
1 « 2N 2 2 U 2 2 

2 .! - P2 (2J - P2 l2i - P 
4 + log 1 -

+ (l-« ) -(BiB i a 
2 

2 / m2 \ / ,\ 
P 

1 + log 1 — 
m: 

(1.67b) 
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where here and in the following r E T = 0.5772... denotes the Euler 

constant. 

Also 

N2-l 

S - ( v - - ) ' ^ -
2 \ l - t ' 4 ie%zy-" 

dx 4r 
^\-«,, 

x [-2x + ex + (1-a ) 2(l-x)] + (1-a ) 2x(l-x) • (1.67c) 

and then 

s-lrl^GI1-1^1-." + log 4u - T + 1 - log 

P \ / 

log (1.67d) 

which shows that Z vanishes, in the Landau gauge (&Q = 0 ) , at order 

a /n. For completeness, we give the asymptotic expressions of £B and 
s 1 

For 2, > o n e n a s 

N 2 - l (1\ (3 3 5 3 -p 2 

• . h I " + ~ < l o9 4 l t _T> + l o 9 
-2»»,2 1t 2N 2 U 2 2 2 „2 



29 

+ ( ! - < * ) + 0 log (1.67e) 

•«m' It 

N2-I a 
2N 2 

3 3 3 v2 3 
{- + - (log 4K-T) + - log — + -

6 2 2 m2 4 

+ d-« ) 
1 

12 
(1.67f) 

In the time-like region, one has 

m N2-l A ^ /3 3 \ 
+ - (log 41C-T) + 2 

In I 2N 121 U 2 
(1.67g) 

where £BI is gauge-independent and is related to the mass defi-
1 |p2 = m2= v2 

ned at the pole of the fermion propagator (see section 2). For £ one 

gets 

...... ... /. _p2 
2»n 2 lit J 2N U J s U 

4H - T + 1 - log 

+ 0 
m2 ' 

log (1.67h) 

P* 
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y« 
(as\ N2-l (1\ (2 

4it - T + log — 

m2 

1 2 

2 3 

I 2^ 
- P 2 

m2 

+ 0 
m2 

2 

(1.67i) 

Note that the pole in 1/e is constant according to the theorem given 

in Ref.32) for a renormalizable theory. 

ii) Z comes from the gluon propagator 

' "' i = 1 
68) 

iii) Z comes from the three-gluon vertex 

""O"""" 
n / T " /V 69) 

iv) Z and Z come respectively from the ghost self-energy and ghost-

-gluon-ghost vertex 
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_£$___ + mrmrtC 

v) Z is obtained from the fermion-gluon-fermion vertex 

\ 

(1.70) 

(1.71) 

Once we have these previous renormalization constants, we can for 

instance deduce that of the coupling constant : 

Z = zz Z'3 = 1 - — 
« JYM 3YM l_ 

11 N 2 D ) 1 

3 2 3 2 e 
(1.72) 

b) Renormalization Group Equation (RGE) : 

How, we are ready to study the renormalization group equation 

introduced by Stueckelberg and Peterman in the contex of QED37>. 

Let the renormalized Green's function be: 

f (v,p ...p ,g,a ,a ) = Zr T (p ...p ,g,« ,m ) . (1.73) 

The fact that r is independent of v implies the disappearance of the 

total derivative v 0 which is equivalent to 
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1 dzr 
r (v, p ...p ;g...) = 0. (1.74) 

1 N 

One can introduce the universal parameters |3 function & and anomalous 

dimension r defined as : 
I 

da 
s 

a &(a ) = v 
s s d y |s„.»„fm( 

v dm" 

™ R d v l g - • ">.>' l x e d 

„ d z 

V 3YM 

Z dv 
3YM 

da 
S (a ) = v — | 

G , d y ' g ^ , ^ f i x e d 

V 2F " Z dv 
2F 

Ta = z d' 

dZr « 
- = - - In T + n r + n T I 

r dv 2 ( ¥M 3YM F 2F 3J 
(1.75) 

which transforms (1.74) into the renormalization group equation (RGE) 

{ a 5 d $ \ 
iv — + &(a ) a Z T (a ) m, + 3„ T r }• 
\ 3v ' " }« ] " " ' JUj a da. rJ 

- Tr} f
B = 0 . (1.76) 

The expressions of the above universal parameters can be easily obtai­

ned from (1.75) and the values of Z in Table 1.2. However, noting 

that 0(« ) is independent of the fermion mass in the MS-scheme, one 
s 

can write : 

d «K 
s 

a U(a ,e) = v 
dv 

d / \ 
v — |aB v-E Z-M 
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1 d ZQ< 
e a - a" — v . (1.77) 

s s Z dv 

The fact that ZK in (1.72) is v-independent allows one to write 

1<xR Ufa ,e) + £ <xR + (a?)2 6(<x ,e) \ Z = 0 
3 s s I s | s „ I a 

(1.78) 

1 
which inserted into the expression of Za in terms of - poles (Eq. 1.56) 
gives the differential equation : 

or &(oc , e ) = - e s N s ' aR + ( f i n i t e term s <xR 0(a )) (1.79) 
s i s s I 

and then : 

a z < " 
0(a ) = a , (1.80) 

3 d a. 
S 

1 
i.e. |3(a ) is just the coefficient of the - term of Z . 

E 

The same reasoning applies to the anomalous dimensions, i.e with the 

sign convention used in (1.75), they are the opposite of the - coeffi-

cient of the corresponding renormalization constant. Gauge and scheme 

invariance of the & and T functions can also be proven 33>3'". 

Let us now solve the RGE in (1.76). If D is the dimension of r 

in units of mass and we scale the momenta p p by a dimensionless 
factor X, the Euler theorem on homogeneous function gives : 

( d d d \ 
U — t T u + v T)\ r (Xp ...\p ; a ,a , m, ) = 0. (1.81a) 

Introducing for convenience the dimensionless variables 
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t = log X x E m /v a 1 ) (1.81b) 

we arrive at the desired form of the RGE : 

( <> 
[ $t s 3 + & I (1+T ) X, + D - Tr ̂  . 

. r 
R 

with the solution : 

rR 

Xj, „) = o (1.82) 

(.*V x(, v) *D • r (P| p.-t = o, 

a , a , x ) exp 
s 6 ) 

j - J V rr (5 <f. .))J (1.83) 

One should note that the Green's function has acquired an extra dimen­

sion induced by the exponential factor. This is why it is called ano­

malous dimension. 

c) Running Parameters 

a. (t) , x (t) and « (t) of (1.83) are respectively the 

running-coupling, mass and gauge solutions of the differential equa­

tions : 

da 

dt 
a &fa | : a (0, a ) = aR (v) (1.84) 

dx. 

dt 
1 + T •N x, (t) : xfO, a ) = x"(v) 

1 i s i 

(1.85) 
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da 
G 

dt 
6 lot I : a (0 , a ) = a (v) . 

G i s t G V 3 ' G 

The s o l u t i o n s of the two f i r s t equat ions read to two l o o p s 3 4 ' : 

(1.86) 

_ _ < i > 
a = a 

s s 

/ _ ( 1 1 

a 0 „2 
s 2 -q 

1 log log 
* fl A2 

(1.87) 

% = • » ; " 1 + T — l o g l o g — 
62 A2 e i 

(1.88) 

with : a = i t / - | 0 log \|-q2/AJ the one loop s o l u t i o n of (1.84) 

[—1 and 0 ( a ) = 0 f—I + 0 I—1 . A i s a T (a ) E T — + T 
m s i K : 

renormalization group invariant (RGI) but scheme-dependent defined 

as : 

1 n e2 
- log v2 + 
2 0ia<r(v) &2 

log 

a (v) 

1 + &2/&l 

a (v) 

= - log A2 log 
2 &2 | 2H 

(1.89) 

Analogously to A, one can also introduce the RGI mass m defined to 
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one loop as 

m( = mt (v) 
& a (v) 

\ 1 s 

(1.90) 

which is related to the one-loop running mass as : 

-<J> * 1/ I 7 \Y. '-v. 
ml = m H l o g J-q2/A » ' . (1.91) 

One can also introduce a RGI spontaneous mass u associated with the 

quark-vacuum condensate using the fact that the product ente­

ring into the PCAC relation (1.19) does not get renormalized. Then : 

(*. +i )" - ft (log J"<ivA)V~Sl • (1.92) 

For completeness, we also give « (t) and m (t) to three loops and for 
s 1 

SU(3) where T and 6 have been calculated by Tarasov. This calcula-
F 3 3 

tion is quoted in Ref. 38) : 

J L - l ' 
n 9L 

log L log2 L log L| 
1 - 0.79 + 0.62 0.62 

1 J. 
2 it 

• 1 + 0.895 — + 2.707 

\ / 

(1.93) 

with h s log - q2/A2. 

Within the previous generalities, we are now ready to study the speci­

fic example of the two-point correlator useful for the QSSR analysis. 
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d) The RGB for the Two-Point Correlator 

Let n [q2,a ,m ,v| be a generic notation for the two-point 

correlator : 

n<q2) = i J d4x e""1 (o | I JH (x) (J, (0) )' | o\ , (1.94) 

built from the hadronic current of quarks and/or gluon bilinear fields. 

In n = 4-e dimension, tl(q2) gets an extra v"c dimension. The renorma-

lized two-point correlator is22"'33'3"' : 

n fq2,as,mi,v] = II B [q
2 ,a* ,m* , A - v"£ c(q2 ,of ,m°,e] , (1.95) 

where in the MS scheme, C are the e-pole terms : 

i 

c f q 2 , a B , m ° , e ) = Z — C u f q 2 , a ,m () , (1.96) 

where as usual C are constants or polynomials in m2/q2. The fact that 

fl is independent of v, implies the relation : 

( d d d \ / , \ iv — + B(ct ) a J T m > fl (q ,« ,m ,v| 

\ $v s s 3as • ' a»J H s * J 

Rewriting 

e" 

1 I 3 ias 3 3 1 , 1 
— v"£ T — C = {v — + v l r m \ . v"£ T — C (1.98) 
dv k £k 3v iv 3a_ • 3m k en 

and using : 



38 

da 
e a + a S(a ) , (1.99) 

dv s a a 

and the fact that the equation is finite for e -» 0, one gets 

d I t 1 \ $ 
lim v — \v~ J — C 
.HO ^ l S ." 

(a C ) , (1.101a) 

a« ° ' 

and the set of recursive equations for k > 1 : 

a \ a 
a 0(a ) - I T m, C, = (a C, ) . (1.101b) 

l • ' dm\ k $*a
 s ktl 

The dimensionless condition of n reads : 

f 3 a a ^ , , , v 
^v — + \ — + T m } n \\2v2, a ,m,v| = 0 

\ dv d\ i * am J I. s J 

(1.102) 

where t = log \. Therefore, one arrives at the RGE for the two-point 

correlator : 

{ a a a \ 
J + &(<*)« I (1+T ) x, } ll(t, a ,x, ) = 
| at s 8 a<*s i • ' dxj s ' 

a 
(a C ) = D , (1.103) 

a« 9 * 
s 

with the solution : 

n(t,aB, x j = n t=o, «a(t), xt(t)V 

pdt' Daft-f, S s ( f ) , x(t')| . (1.104) 
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e) Renormalization of composite operators 

We have seen from the example of WSR in paragraph 2) that we 

are dealing with two-point correlators associated with the local cur­

rent colourless operators J (x) built from quarks and/or gluon 

fields. So, before any QSSR analysis, one should control the renorma­

lization of such operators. This problem can be conveniently studied 

using background field techniques391. Operators can be classified into 

three classes : class I are gauge invariants which do not vanish after 

use of the classical equation of motions. Class E are gauge-invariant 

but vanish after use of the classical equation of motion. Class I are 

gauge-dependent operators. Therefore any composite renormalized ope­

rators can be written as : 

0 = Z 0B + Z 0B + Z 0" . (1.105a) -1
 I I 11 11 111 111 

The great advantage of the background field techniques is that for 

graphs with external quark and background fields, one only needs gauge 

invariant counterterms, i.e : 

Z = 0 , (1.105b) 

which is a consequence of the background field gauge invariance under 

quantization and renormalization. Let us illustrate the approach by 

studying the renormalization of the G G11" gluon operator40' in the 

presence of massive quarks. We have three types of dimension-four 

operators : 

1 ,„ > 
0 = - - i GG ; 0 = - $|D+im|<|> ; 0 = i i $+ . (1.106) 
i 4 2 y j 3 

The renormalized 0 operator is in general a combination of these 

three "bare" operators : 
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0 = Z 0" + Z 0B + Z 0" 
1 111 1 2 2 1 3 3 

(1.107) 

The renormalization constants Z are mass-independent in the 

MS scheme. In particular, one can already get Z and Z in the mass-

less limit. In any case, we insert at zero momentum the 0 operator 

into the gluon and quark propagators : 

A " 0 A"\ = Z"1 Z /A" 0 B Av\ + Z (h» 0B A"\ , 
\ a 1 b / <x 11 \ a 1 b/ 12 \ a 2 b / 

(? 0l +) = Zlt (* 0J +) + Z2f Zi2 (? 0° +) + Z2fZi3 (? 0
B +). (1.108) 

The insertion of 0B into the gluon propagator corresponds to the Feyn-

man rule -i 8 t |p
2g - p p | and one has to evaluate : 

(1.109) 

The zero momentum insertion of 0B into the gluon propagator corresponds 

to the rule ip and we have to calculate : 
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The insertion into the quark propagator corresponds respectively to 

|and imo for the 0 , 0 and 0o operators. 
Xa ,* i 

ig r T " ' H p " ' • ) ' 

(1.111) 

Evaluations of the above diagrams give in the Landau gauge4 

Z(2) = z<2) 
11 a 

= 0 ; Z1 
T a 
1 s (1.112) 

1 in the Landau gauge. The index (2) means second order in as Zl 

( a / n ) . Therefore one has : 

a B , T a 
s l 1 I s 

GG = | 1 + 1 (GG) + 4 
1t 6 

(1.113) 

i.e., GG is not multiplicatively renormalizable. In fact, one can de­

duce from (1.113) the renormalization group invariant combination: 

1 
S(« ) GG + r m $t|> (1.114a) 

which appears in the trace of the energy-momentum tensor 

i;!'1 = - 3(<x ) GG + (1+T ) $t|> , 
l1 4 s m 

(1.114b) 

where Ufa ) and T (a ) are the 3 function and the mass anomalous 
S IB S 

dimension respectively. Proofs of the RGI of quantities like the vec-
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tor current or the (pseudo) scalar currents are straightforward. Much 

more involved operators can be found in Refs 41), 42) and 48). 

f) Pseudoscalar Correlator and Current Algebra Ward Identity 

In order to illustrate our discussion of this section, let us 

show explicitly the evaluation within dimensional regularization of the 

two-point correlator built from the pseudoscalar current defined in 

(1.25). 

i) To lowest order of QCD, we shall compute the following diagram ,:o - • -

Using usual Feynman r u l e s , i t reads : 

ve * (q2) = (m +n>)2 ( - i ) N 
3 I } 

d°p 

(2«)n 

Tr i (iT ) (iT ) 

p-m+ie' p-q-m + i e ' 

(1.115) 

Parametrizing the quark propagators and using the properties of Dirac 

matrices in n dimensions34' (see Appendix A), we obtain : 

^(q2) = ( m ^ ) 2 N 

4UZ 
dx - + log 4n-T 

V-if'1-"1 
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3 + - q2x(l-x) - 2 
2 

ll + -I (m2x + m2(1-x) + i ^ m U ,(1.116) 

where Fi2 = -q2x (1-x) + m2x + m2 (1-x) and T = 0.5772... the Euler 

constant. 

Two limits of (1.116) are particularly interesting : 

:(-«2 » • ; . , ) 
8it2 

(mi+mj )' q
2 

2 q2 
- + log 4lt - T - log 

2L 2 + m2 - r^m V 

1 + + 2 + - log2 
4 

q 

V 
\ I 

q 
(log 4u - T + 2) log (1.117) 

^ ( q 2 - 0) ~ (m +m ) • 

4H2 
ma log — + nrj log — 

+ log 4n - T - 1 ( • : + <) (1.118) 

For q -» 0, we know from the current algebra Ward identity in (1.16) 

3 

axial two-point correlator gives 

that + (q ) is related to n£ (q2). A perturbative evaluation of the 
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q q W 
8lt2 

dx 
nrx + nr (1-x) + m m -ie' 

r(e/2). (1.119) 

Using log R2 = log|R2| - in 8 (-R2 ), one gets from (1.116) and (1.117) 

the well-known result : 

..... .... ( V v n - (t)) Im * (t) = Im (a a n»" (t) 

8n2 
(m + m f 
v i I ' 

1 1, —, — 
t t 

eft - (m, + msf\ 

% 1 r n^K = +s(q
2) ("W 

4it2 
nr log + nr log — 

(1.120) 

(1.121) 

(1.121) suggests that at zero momentum <l> (0) possesses a small pertur­

bative contribution or alternatively the "true" quark condensate fa <l>\ 

can be a combination of the one in (1.17b) and the perturbative piece 

in (1.121). We shall come back to this point later. 

ii) <|) (q2)to two loops in the MS scheme 
3 

In order to simplify life for the reader, we shall ignore the 

quark mass in the internal loops and quote the bare result of Becchi 

et al to two loops43': 

<f>°(q2) = v £(< + I»°) 2 
3q2 

8112 

+ log 4it - T + 2 - log 
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t -q* e - q ' 
- (log 4u - T + 2) log + - log2 + 
2 ,..2 4 „2 

g v 

4it2 

4 4 29 
— + - (log 4H - T) + — + 0(1) 
c2 e 3e 

'- , 0 -
(1.122) 

We introduce the renormalized parameter 

g" v" gU + 0 

mB = m, 1 - (1.123) 

and we obtain : 

4>l (q2) 
81I2 

-<«, ) 2 q2 <- + log 411 - T + 2 - log v2 + [* J 

4 5 
— + — + log2 

,! 3e 

17 » -q 
+ 2 (log 4it - T) | log (1.124) 

First we learn that the lowest order terms which vanish for e -» 0 

induce terms in the two-loop results via the mass renormalization. We 

1 " q2 
also see that the non-local - log pole has disappeared. This con-

sists of a double check of our results. A last check can be done with 

the RGE34> . 4> (q2) obeys the RGE of the type in (1.103) where D is 
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1 
the c o e f f i c i e n t of the - term 

e 

D + D I—I , 0 lH " . = » „ + D. — . (1.125a) 

with : 

3 
\2 o . - « D0 = ( x 4 + x ( )< 2 e" 

8it2 

3 10 
Dl (x ( + x} )2 — e" 2 t . (1.125b) 

8TC2 3 

Let us now wr i t e 4> (q2) in terms of dimensionless v a r i a b l e s : 
9 

v f 
* ( t , a , x, ) = (x +x, )2 e _ 2 t \ - 2 t + log 4H - T + 2 + 

8H2 J 

+ — (4a t 2 + 2bt + c)} , (1.126) f) 
where a , b , c have t o be determined. Using the RGE, one ob ta ins the 

c o n s t r a i n t : 

• • • - f t <• . * • ." • ' • ' • 

Dt= - I | ( x i + x ) ) 2 e - 2 t | - 8 a t - 2b - 2 ^ (log 4U-T+2) + 2 ^ . 2 0 , (1.127) 

where T = 2 is the mass anomalous dimension. The fact that D cannot 

depend on t implies 
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- 4a + 2 T = 0 => a = 1 . (1.128) 

The relation between C and D in (1.103) implies : 

C'°' = D . (1.129) 
1 o 

C(il is not fixed by the RGE but we know it from the calculation in 

(1.124) . It is : 

c!" = (-) f- —•) <x, + x , ) 2 e~2t ' ( 1 - 1 3 0 » 
3 8lt2 ' ' 

We can now deduce from (1.103) 

2 C j " = Di (1.131a) 

and the recursive relation implies : 

3 
(xt + x f e"2t 2Tt . (1.131b) 

8lt2 

Eq. (1.131) inserted into (1.127) implies : 

10 
- 2b - 2 r (log 4lt - T + 2) = — . (1.132) 

1 3 

1 
As one can see, the RGE and the explicit calculation of the - coeffi­

cient at — 
u 

allows one to fix the coefficients of — , log2 - q2/v2 

and log - q2/v2at that order. This is a really impressive result ! 

A complete two-loop expression of 4> (q2 ) including quark mas-
9 

ses has been obtained by Broadlm^^4' . The use of his result at q = 0 

implies : 
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^ (0) = (n^ + m; ) [m3 Zl + m3 Zj | 

4«2 ^ ' 

with : 

m2 /2 a 
i 1 s 

Z = 1 - l o g — + — 
„2 |3H 

5 - 5 log — + 3 log2 — 

(1.133a) 

(1.133b) 

and improves the Ward identity in (1.121). 

Three-loop expressions of 4> (q2) also exist in the chiral limit m =0. 

In the MS scheme and for SU(n)„, it reads2"01 : 

+Jq2) = — Cm, + »,)! \-<? log 
8tt2 

n *s AN 2 

i + + -
3 It it 

11089 611 (2 6^ 
U3) + n - f,(3) 

144 24 |3 24 

+ — g2 log2 
53 11 
— + — n 
3 18 

ft 1 Z log3 

12 18 
(1.134) 

where £(3) = 1.202 is the Riemann's zeta function. 

The complete two-loop result for the spectral function is461: 
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1 3 < B , + B j f _ « 
- Im <\> ( t) = q v 
K " 8n2 q2 

( l + — (~ I 3n (8 
(7-v2 ) 

+ £ (v+V 1 ) (Li ( a a ) - Li2 ( -a ) - log ô  log |3[ ) 

+ A( log a + B( log 6 I . ofe) (1.135a) 

(X> " " Jo where Li (x) = - I dx/x log(l-x) and : 

l'3mi+mi) 19 + 2v2 + 3v4 m i < m r V 

1 4 m +m 
i ) 

32v 
q v(l+v) 

1 + v + 
2v 

1+a 

B = 2 + 2 (•: - • ; ) / q v 

« = — ; S, = (1 + a ) w 2 (1+v)2 /4v 
1 m ^1+vJ ' ' 

q = q2 - (in, - m, ) 2 ; v = 1-4 

q } 

(1.135b) 

In this case where m = 0 this expression simplifies as : 

1 3 
- Im <l> <t) = x t 2 (1-x) 2 \l + 
K 8it2 3 it 

+ 2 Li (x) 

3 (1 
+ log x log(1-x) - - log ll - log (1-x) 

2 x 

+ x log - - 1| - (x/(l-x)) log x} , 
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where x £ m
2/t (1.135c) 

The expression of the two-point correlator of the scalar current 

d 

all" terms. 

[if T 4> I can be obtained from (1.135) by changing m into - m in 

g) Vector Correlator to Two Loops 

We shall be concerned with : 

n;" = - (g"' q2 - q V ) n<1((q2) + q V n<0Mq2) 

j d"x e l q x (o I T V ^ ( x ) fv^lO)]' I (A, (1.136) 

with V*1 = <F T*1 + . The longitudinal part is related to <Mq2) from 

the Ward identity of the type of (1.121) which reads to two loops (see 

(1.133)) : 

(q2)2 n«<>>= 4><q2> < B r m j ) fmj z, " mj O < d-137) 

where, as we have already said, <l»{q ) can be deduced from <l> (q ) by 

interchanging m into -m in (1.134) and (1.135). The lowest order 

contribution to n(1>(q2) reads3'": 

n(1> = v"E T(e/2) dx 2x(l-x) + 
nrx + m (1-x) - m m 

R 
(1.138) 



The complete two-loop express ion in the MS scheme i s 4 

< ! > ( / , * > = >,-£ 
n ( 1 , ( q 

1 2 

4uz 
1 + 

2 e H 3 H 4 
1 + — 

15 

+ (l-tt-fi - 2(a-&)2)K + a€ ( + S ^ + 2(a-(5) (aZ( - 6Zj ) 

/2 a 
— I I- ( l - a -& - 2 (a -&) 2 ) L + a«, (1+2,0, ) 
3H 2 ' ' 

+ S€ J ( l+2^ j ) - - (1+2NA + 2NB) 1+6 

+ x f2 + x f2 + - (N - N )2 

1 1 i j 2 B 

- (a-S) (G(x t) - G ( X j ) ) - (3-2 (a+6)) K2 

- + «. (2 + ^ ) + S (2 + tt ) K (1.139a) 

with Zt defined (1.133b) and 

m2/q2 ; B = - m2/q2 ; ty log 

[ t 1 
K E 1 + — + - (1+x, ) f, ; f = log x , / ( l - x ) ; 

2 2 
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N A = «(1 + f; ) (1 + X )£ j ) ; NB = 6<l+t)) (1 + Xift ) ; 

L s 3K2 + 2K + 6 - 6(l+a+fl) I - 10 X( f
2 + 

3K 51 
(3K-2) (1+OC+3&) 

5m, 5m, 
+ (i <-> j) 

G(x) 

F(x) = 

"x oo 

/log y\2 V x" 
dy = ̂  — (1 + (1-n log x)2) ; 

0 1 1~»- J n=l n2 

dy f- 1" log - =2u — (2 + (2 - n log x)2) 
1 _ y j lyJ x=l n3 I i 

I = F(l) + F(Xlx() - F(xt ) - F(x( ) . (1.139b) 

We have not checked these horrible expressions ! It appears that in 

the limit m = 0 the result becomes less horri 

can deduce from (1.139) the spectral function : 

Im <\>s (t) 
Im n(ll(m = 0) = (2+x) 

the limit m = 0 the result becomes less horrible. In this case, one 

6 it' 
\ / 

3 m2t 

(3+x)(l-x)3 log + 2 x log x + (3-x2)a 
1-x - ) 

(1.140) 

with x E m2/t. 

For the equal mass case, the QCD expression of Q2 I1(Q2 ) which is 
dQ2 
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related to the e*e -• Hadrons total cross-section is also known to 

m2 

four loops for m = 0 and to three loops up to — terms. After renor-

malization group improvement in the MS scheme it reads: 

Q2 3 

— nytQ2) = 
dQ2 12u2 

1 + — + (1.986 -- 0.115n) 
v m> 

+ /it — 1.05 

j= l Q2 

(5. \ 
s 

1t 

6 + 28 — + (269.15 - 12.25n) 
tl it 

\ / 

70.985 - 1.200n - 0.005 n' 

1.679 
( $ « • ) • 

(1.141) 

where here a and m are the three-loop running parameters defined in 

(1.93). The m4 terms of n ( 1 > have also been obtained to two loops. In 

the MS scheme'17'it reads : 

2it2; Q 

1 + log — + 2 
_2 
m 

(a } 
S 

3u 
, . 

/ 
5 + 5 log — +3 log2 

_2 
m 

1 + — + 0 
3U 

\ / 
4lt2 Q" 

1 • 0(5 )j (1.142a) 
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where one should note that the terms appearing in the first { } of 

(1.142a) are involved in the current algebra Ward identity obeyed by 

the quark fa <A condensate in (1.133b). After a resummation of the 

mass-singular logarithms in this { } , one can rewrite the improved 
_4 

expression of the m terms for SU(n) as : 

3 

12H2 

_4 

m 

Q4 (15+2n) 

72« 357-23n 8n2 
m/;ptiA 1 + 

3it 
• (1.142b) 

h) Weinberg Sum Rules to Two Loops 

We are now in a good position to check the validity of the 

Weinberg superconvergent assumptions done in (1.25) and (1.26). Let us, 

for instance, analyze the spectral functions to the lowest order. They 

can be deduced from (1.135) and (1.138) using the usual change m into 

-m in order to deduce the expressions of the scalar and axial spectral 

functions. It is easy to see that for the combination involved in the 

WSR (1.25) and (1.26), the first one is still zero while the second 

one reads : 
" m2-

Im n<»> = — — - x^s* i.n(" = 
LR 

3 

2n 

I 
1, — 

t 
(1.143) 

One can compute the next corrections for the first sum rule, which 

reads22"': 

n<i) 
LR n"" 

LR 

(-q2 » m 2) (1.144) 

For the second to be convergent, one has to look for some other 

combinations like22bl : 
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R = n < 1 ' 
1 J k LR 

n(l) 
LR 

1] 

(1.145) 

ik 

or to improve the sum rule with, for example, the Laplace transform, 

as we shall see later on. 

i) Tensor Current Correlator to Two Loops 

We shall be concerned with the current 

J (x) = i $ (r D + T D W 
p> I c y * MI 

J (x) = : - G G"+ - g G°BG „: 

• • - > * -

where D = D - D is the covariant derivative. 
H c v-

We now study the renormalization of the two currents according to 

Ref. 48) : 

(1.146a) 

(1.146b) 

J*" = Z JB + Z J 
11 pv 12 HV 

Z JB + Z J 
21 MV 22 HP 

(1.147a) 

where in the MS scheme 

Z = 1 + ft 
4 1 
- C, (R) -
3 2 e 

Z = - - T(R) 
12 3 in I <= 
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- C (R) 
3 2 lit 

n 1 a' 
Z = 1 + - — 

3 1t 
(1.147b) 

The associated two-point correlator can be written as 

\ {*» "• + ii TI + ri TI > n (q2 (1.148a) 

where d = 4-e is the space-time dimension and T| = [g -q q /q2|. 

n(q2) can be extracted using the projector. 

2 
= {(n-2)q q„q„q /q4 

(d+1)(d-1)(d-2) \ " " * " 

+ (q^.V + v ipO/*' - v V 

- (d-i) (2 %%*„\f - g,P » „ 
I) 

(1.148b) 

which gives 

n(q2) = R n11"1" 

To the lowest order, the spectral function reads4a b ) : 

(1.148c) 

Im n(t) = (5-2v2) v3 9(t-4m2) 
10lt 

(1.148d) 

where v = 1 - 4 
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The eva lua t ion of the two-loop quark diagram gives for m = 0 4 8 b >
; 

3q4 ( 2 12 -q2 /0Cs\ 
n (q2) = \- - + r - — + log — + — 

10 u2 e 5 v2 H 

32 1 (1049 

.2 + e 15 

- 32T - 32 log -

4ltvz 

1049^ 
+ I32T J log 

4itv2 

+ 16 log2 

4Uv2 
(1.149a) 

1 q2 

where one should n o t i c e the non- loca l pole - log - — . The renorma-
£ v2 

lized correlator is 

nR = z2 nB (1.149b) 

Then one gets in the HS scheme4 

n* 
3 

10H2 
q"log 

4itv2 

1 * r1 473 8 

135 9 
2T+log -

4itv 

. (1.149c) 

1 q2 
This result is free of the - log - — non-local pole. This serves as a 

check of the partial validity of the expression. The a coefficient 
s 

differs from that given in Ref. 29) both in the log2 and in the log 

terms. In fact, renormalization of the current has not been done care-
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fully there. The above examples have really shown how much care should 

be taken in dealing with two-loop corrections and renormalizations. 

Let us now come to one example of renormalization and regularization 

scheme dependences of the QCD parameters. 

j) ffS and on-shell schemes : Scheme Invariance of the Quark Pole 

Mass 

Let us call the on-shell scheme the QED-like scheme where 

Green's functions are Pauli-Villars regularized and the renormaliza­

tion is done on shell : 

Ks " "PV'"2' " "PV «" = °> " (1-150) 

The relevance of this question for the sum rules is that one uses 

(mainly in the heavy-quark case18'19,29') the expression obtained in 

QED for the spectral function but there is often confusion regarding 

definition of the quark mass to be used in the analysis. For definite-

ness, let us concentrate on the vector spectral function. 

In a QED-like on-shell scheme, the vector spectral function is 

known from the calculation of Kallen and Sabry491 which is accurately 

approximated by the Schwinger50' expression : 

3 
Im n'L) (t) (m = m,) = 9(t - 4m2) . v 

v ' ' 12-n; 
(——I il + - « (t) f(v)l (2 Jl 3 S J 

2 it 3+v (% 3 
where : v = |l - 4 — I and f (v) = 1 . (1.151) 

t 2v 4 2 4n 

In QED, the mass appearing in (1.151) is well defined as the electron 

is observed, i.e it is the mass at p2= M2= m2, the pole of the elec­

tron propagator S (p). Radiative corrections do not affect this mass 

and this is achieved via the mass renormalization constant51': 
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log 
1 

+ -
2 

(1.152) 

This pole mass can be related to the Euclidian mass m(p2 = - M 2 ) . 

Using the expression of S in (1.67), one gets : 

m(p2) = M(p2=M2) 1 - log 1 

M2 

1 
— a. 
3 G 

1 + — log 
P2 

/ p2\ 
1 - - (1.153) 

Now the question is to know how to connect these QED-like 

masses to the masses used in the MS off-shell schemes. This question 

has been studied in Ref. 47) by calculating the vector correlator in 

two ways. Firstly, they calculate Re fl(q2) from the dispersive inte­

gral using the spectral function in (1.151) where the QED-like pole 

mass should be used. Secondly, they calculate directly Re n(q2) in the 

Euclidian region by using the "lighf'-quark expansion m2/q2. In this 

case, one should use the quark mass in (1.91) after a leading-log 

resummation. Using the RGI of n(q2) which is related to the physical 

observable e*e" into hadrons total cross-section, one obtains after 

requiring the same radiative corrections : 

M (p2 M 2) = (M) 
MS 

I1 + 7 r + Q(<)} (1.154) 



60 

The same procedure has also been applied to other channels"6' and leads 

to (1.154). Let us now compare Eq. (1.154) with the relation between 

the pole and running mass in the MS scheme. This relation i s 3 4 , 5 2 1 : 

K (p2=M2) = m (M) h + l\e (M2 = v2 ) | , (1.155a) 
MS MS ^ ' 

where £ " is the finite part of the quark self-energy decomposed as in 

(1.66). In the MS scheme, one can easily deduce from (1.67) : 

0 (M2 = v2 ) = - | — | , (1.155b) 

which states that the pole mass in QED and MS schemes are equal. 

Then, we have the important conclusion521: 

"The pole mass is regularization and renormalization schemes 

invariant" 

These relations in (1.153) to (1.155) are sufficient for a 

consistent use of the mass definitions appearing in the sum rules ana­

lysis as we shall see later. Let us now consider the non-perturbative 

QCD effects on the correlators which we have discussed previously. 




