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0. I n t r o d u c t i o n 

A lot has been made in the last few years of connections between knot 

theory, statistical mechanics, field theory and von Neumann algebras. Because 

of their more technical nature, the von Neumann algebras have tended to be 

neglected in surveys. This is not an accurate reflection of their fundamental 

role in the subject, bo th as a continuing inspiration and as the vehicle of the 

discovery of the original ties between statistical mechanics and knot theory. In 

this largely expository article, we a t tempt to redress this balance by talking 

almost entirely about von Neumann algebras and how they occur as algebras 

of transfer matrices in statistical mechanical models. We shall focus mostly 

on the Po t t s model and the model of Fateev and Zamolodchikov, with a brief 

exposition of how vertex models are related to type III factors. 

1. S p i n M o d e l s in S ta t i s t i ca l M e c h a n i c s 

A spin model may be defined on any graph G. One is given a set S, with 

Q elements, of spin states per site, and a state of the system is a function 

from the set of vertices V of G to S. For each edge e in G we suppose given 

an energy function Ee : S X S — • U such that Ee(cr,r) is the energy of 

the "bond" represented by e if the ends of e are in states a and T. (If the 

edges of G are directed, Ee does not have to be symmetric — see [A-YBP] 

— but we will not consider this more general case). We then define we : 

SxS —* U+ by we(a,r) = exp(-/3i?e(cr, r ) ) , /? being a constant. Given a state 

cr : V — • S, its energy is then EeEe(o{a),<T(/3)), a and /9 being the ends of 

e, and the corresponding Boltzmann weight is then w(a) = Jlewe(/y(a), cr(/?)). 
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The partition function of the system is then defined to be 

z= E UM°(<*)M0)) • 
•:V->S e 

If the graph G has a special form, one may make restrictions on we. The 

most commonly encountered situation in 2 dimensions is a graph which is part 

of a square lattice 

where the boundary conditions may require that identifications are made on 

the boundary (e.g., periodic boundary conditions when the graph is wrapped 

on a torus). The edges of the graph can now be divided horizontally and 

vertically, and the Boltzmann weights are only allowed to be of two kinds, one 

for each direction: W-R and t o y 

To calculate the part i t ion function in the above situation, it is very con­

venient to use a transfer matrix, which builds the lattice up row by row. 

Thus we consider a vector space V with basis 5* and define the linear map 

T : ®nV —y ®nV by 

T{a1 ®a2...®an)= ] P I J J wH(er,-,ai+1) J 
Tl,T2,... ,Tn \ i = l J 

x nwy(CT»' r « ) ) n ® f 2 • • • ® r " 

It is easy to see then tha t the (<Ji , . . . , an\ TX, ... r„) entry of Tm is then the 
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with m rows and n columns, where the spins at the top and bo t tom are fixed 

to be ( r i , r 2 , . . . , rn) and ( f f i , 02 , . . . >an), respectively. We see that the row-

to-row transfer matr ix T further splits up as a product 

T = R1R3 . . . R.2n.-lR2RiRe • • • Rln-2 1 

where 

R2i-i{vi ® • •• ® on) = 2^u>v(0- i , r )a i ® . . . ® r ® . . . ® o - „ 
T 

^ t l ^ i ® ••• ®ov0 = wn{ci,Vi+i)<?i ® . . . ® cr„ . 

The individual i V s can generate some very interesting algebras and this 

was the reason for the connection between von Neumann algebras, statisti­

cal mechanics and knot theory referred to in the introduction. The reason 

for the interesting algebra from the statistical mechanics point of view is the 

following: Suppose all Boltzmann weights depend on a parameter A. Sup­

pose further tha t for each pair A, A' in parameter space, there is a third A" 

such tha t Ri(X)Ri+1(X')Ri(X") = JR i + i (A") JR i(A') i^+ 1(A) (the so-called star 

triangle relation), then an elegant argument (on p. 93 of [B]) shows tha t the 

diagonal-to-diagonal transfer matrices for the system wrapped on a torus com­

mute for all parameters in the family. Note tha t the star triangle relation only 

needs to be checked for i = 1 and 2. 

We give two examples of the algebraic relations we have in mind. 

Example 1.1. The Potts model 

This is the model defined by WH(<J, T) = exp(ii'1i5<TiT) and wy(cr, T) = 

exp(if2^(T,T)- Then it is clear that if we define e2i- i by e2«-i(°'i ® • • • ® "Vi) = 

^ET(Ti ® . . . ® T ® ...<rn, then R2i-i = Qe2i-i + {eKi - 1)11, 11 being the 

identity matr ix , and if t2i{p\ ® . . . ® an) = 6<7iiCTi+1 (CTI ® . . . ® an) then 
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R2i = ( e *i - l ) e 2 i + 1 It is easy to verify the following relations 

e? = t{ 

(TL) e,ei± iei = — e< 

etej = eye; if \i — j \ > 2 . 

The usefulness of these relations was first noticed by Temperley and Lieb 

([TL]), who used the easily proven fact that if we define p = eie3 . . . e^n-i, then 

p2 = p and pxp = <p(x)p for any x in the algebra generated by t\, e^,... z^n-i-

The proof shows that the linear functional <p is completely determined by the 

algebraic relations (TL). The linear functional <p is also essentially the sum of 

all the matr ix entries so that the part i t ion function for the Pot ts model is also 

determined by (TL). We will see that these relations occur again in our discus­

sion of von Neumann algebras. This remarkable coincidence was first pointed 

out by D. Evans in 1984. The above star-triangle equation is true for the Pot t s 

model but an analysis of the argument shows that the transfer matrices will 

commute only provided K\ and K? satisfy a relation. This relation is believed 

to be the same as criticality for the model. 

Example 1.2. The model of Fateev and Zamolodchikov 

The Pot t s model has an obvious symmetry group given by the full sym­

metric group SQ, since the Boltzmann weight W(<J,T) depends only on whether 

a = T. It is equally clear that the Pot t s model is the only model with this prop­

erty. If one reduces the size of the symmetry group one can expect to find other 

models. The most natura l start ing case would be Z / Q Z so tha t the Boltz­

mann weights would have to satisfy the property that w(a, b) depends only on 

a — b (mod Q). Write wn(a, b) = Z n ( a ~~ ^) a n d tcy(a, b) = xy(a — b). Such a 

model, with a parameter A, has been found by Fateev and Zamolodchikov in 

[FZ]. The functions XH and xy are: 

n - l 

«n(»,A)=n • - ^ + 3 ^ 
sin 

k = 0 s i n ( 7 r ( A ; + l ) / g - ^ ) 

The function xy(n,X) is the finite Fourier transform of the function xn(n, A). 

To take advantage of the Z /QZ symmetry, it is convenient to analyze the 

transfer matrices in terms of operators, 

UltU2,...Un, where U{Ui+1 = e2^QUi+1Ui, 

UiUj = UjUi if \i - j \ > 2 and U? = 1 . 
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These relations are represented on ® n V by 

U2i-i (<7i ® . . . ® cr„) = (7X ® . . . ® (cr,- + 1) ® . . . ® <r„ , 

J72i(cri® . . . ® c r „ ) = wff i_"'+1(cTi ® . . . ® c r „ ) . 

The horizontal transfer matrices for the above model are then 

5jk=oxH(k, A) l / ^ - i a n d t n e vertical ones are (at least up to a constant) 

££ro*H(M)£/£. 

2. v o n N e u m a n n A l g e b r a s 

If M is a complex Hilbert space with inner product ( , ) , a von Neumann 

algebra Mis an algebra of bounded linear operators on M such that 

a) id S M 

b) If a e M, then a* € M. 

c) If a n is a set of elements of M with (a„£, r?) —> (a£, r;) for some a, then 

a e M. 

The simplest example of such an M is the algebra of all bounded operators 

B(M). This example has "atoms", i.e., projections p on to one-dimensional 

subspaces, so tha t pMp = Cp. In finite dimensions any von Neumann algebra 

is abstractly (i.e. as a *-algebra) isomorphic to a direct sum of finitely many 

copies of B()j). Thus it is determined as an algebra by integers n\, n2,... n^ 

which can be conveniently represented as the row of integers ni, n2,... n^. For 

instance 

2 3 1 

stands for the algebra M 2 ( C ) 8 M 3 ( c ) © C- What we have just said com­

pletely describes finite-dimensional von Neumann algebras up to abstract iso­

morphism. To unders tand how they can act on Hilbert spaces, one need only 

consider the case of a simple direct summand M n ( C ) . Elementary arguments 

show tha t , since the identity operator on M must be in M = Mn( C ) , the di­

mension of M is a multiple mn of n and that there is a tensor product splitting 

U ~ Cn ® #2 with the action of a € M being as a ® idy^. The integer m is 

then called the multiplicity of the algebra M on U. 

Already, in the finite-dimensional case, we see the importance of the direct 

summands in the decomposition. They are characterized as algebras with 

trivial centre and this is taken as a definition in the general case: a factor is a 

von Neumann algebra whose centre is just the scalar multiples of the identity. 

Our only infinite-dimensional example 8(H) is certainly a factor. Any factor 
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M with "atoms" (i.e. elements p with p* = p 2 = p and pMp = Cp) is called 

type I and is abstractly isomorphic to B(X) for some )(, not necessarily the 

M on which it acts. As in finite dimensions, type I factors acting on Hilbert 

spaces induce tensor product factorizations. 

Not all factors are of type I. This was the great discovery of Murray and von 

Neumann in [MvN]. There are infinite-dimensional factors that in some ways 

are more like M „ ( C ) than B(M) (dim M = oo). These are the type Hi factors 

which admit a trace tr: M — • C which is a (unique) linear function such 

that tr(a6) = tr(6o), t r ( l ) = 1. We shall construct some below. One can show 

tha t if one restricts the trace to the projections of a Hi factor, the allowed 

values are precisely the unit interval [0, l ] , where one would have obtained 

{0, - , - , . . . , 1} for M „ ( C ) . This is continuous dimensionality. 

Beyond IIj factors, one may construct type IIoo ones as tensor products 

Hi ® 5 (X) . There are still other factors, called type III, which admit no 

projections p such tha t the algebra pMp has a trace as above. The type III 

factors do admit a complicated splitting as "crossed products" of type II objects 

by groups. For an excellent survey of the global structure of factors, see [Co]. 

We now want to take up the construction of a type II factor. The method we 

shall give is quite limited and somewhat complicated but it will introduce ideas 

tha t will be crucial later. We will s tar t with finite-dimensional von Neumann 

algebras and build them up to Hi factors. For this, it behooves us to study 

inclusions of finite-dimensional von Neumann algebras. These are described 

by "Bratteli diagrams" as amply illustrated in the following example: 

4 5 1 

\ / / \ / 
2 1 

This diagram means two algebras N C M , where N = M2(C) © C, M = 

Mi(C) © M5(C) © C and an element A © x of N is the element 

x of M . 

One can stack such diagrams on top of each other to obtain infinite-
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dimensional abstract algebras as limits of finite-dimensional ones. Thus 

1 

2 

4 

etc. 

is the Bratteli diagram for an algebra A which may alternatively be described 

as the infinite tensor product ®fL1M2{C). A more interesting case is the 

following 
1 

/ \ 
1 1 

/ \ / \ 
1 2 1 

/ \ / \ / \ 
1 3 3 1 

etc. 

This is Pascal 's triangle and this algebra may be obtained from the previous 
one by looking at the fixed points for the action of the circle group T, an 
element ete of which acts by 

Li=i 

0 
-id 

Lt=l 

-i$ 0 

The algebras A obtained by this process do not act naturally on a Hilbert 

space. To make them into von Neumann algebras, one uses the so-called GNS 

construction ([Ar]). (Note tha t for this construction, A need not be of the 

form described above). One begins with a linear functional (p : A • C with 

the properties <p(a*a) > 0 and <p(l) = 1 (a "s tate") . The set of all a such 

tha t <p(a*a) = 0 is then a subspace I and A/1 inherits a pre-Hilbert structure: 

(a, b) = <p(b*a). The algebra A acts on A/1, by left multiplication, as bounded 

operators which therefore extend to the Hilbert space completion )(v of A/1. 

The relevant von Neumann algebra Mv is the closure of A in the topology 
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implicit in the definition of a von Neumann algebra. Mr is to be thought of 

as the von Neumann completion of A. 

The simplest situation is when <p is a trace, i.e., <p(ab) = <p(ba). Then (p 

extends to a trace on Mv which thus, if a factor, will be a IIj factor. Now 

traces are easy to keep track of on finite-dimensional von Neumann algebras. 

Moreover, it is easy to show that if the algebra A admits precisely one trace 

tr, then the von Neumann algebra M t r is a \\i factor. It is very easy to give 

criteria on a Bratteli diagram of A for this to happen. Basically, if the width 

of the diagram is finite and it is not too lopsided, there is a unique trace. For 

instance, the algebra 

I I v 
x / N 

2 1 
/ N / 

2 3 
\ / x 

5 8 
/ \ / N 

etc. 

admits a unique trace, whereas the algebra 

I I 

\A 
etc. 

does not. (Note tha t a given trace on a Brattel i diagram may define a IIj factor 

without the diagram satisfying these conditions — there is a one-parameter 

family of such traces on our Pascal's triangle example.) 

Thus we have a whole host of IIx factors. Just choose any Bratteli diagram 

satisfying the criteria and it has a unique trace, which gives a Hi factor as the 

von Neumann algebra completion of A. It is a remarkable result of Murray 

and von Neumann tha t all such Hi factors are isomorphic, and the resulting 

factor is called the hyperfinite Hi factor, R. By a deep result of Connes [Co2], 

R is a "minimal" Hi factor. Any Hi subfactor is again isomorphic to R, and 

R is contained in any Hi factor. It can also be constructed by many other 

means. It is naturally the Clifford algebra of an infinite-dimensional Hilbert 

space. 
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Before passing to subfactors, we must say a few words about the "multiplic­

ity" of a Hi factor on a Hilbert space. This is the analogue of the multiplicity 

defined by the tensor product splitting that comes with the action of a type I 

factor on a Hilbert space. It is most conveniently thought of by considering the 

Hi factor M as an abstract object capable of acting on many Hilbert spaces 

X which become "Hilbert spaces over M " . In this analogy, M behaves like a 

field and the Hilbert space as a vector space over that field. The multiplicity 

then plays the role of the dimension of the vector space and we shall write it 

dimM(-V)- The striking fact is tha t for Hi factors, all positive real values of 

d imM(^) (and oo) are allowed, where we would have found only integers for 

a type I factor (and no obvious coherent way of measuring dimension for a 

type III factor). If M were constructed from A by the GNS construction with 

respect to a trace tr (with tr(a*a) > 0 for a ^ 0) the space Xtr would be a 

"free module of rank 1", thus d i m ^ ^ t r ) = 1- (This Hilbert space is often 

denoted L2(M, tr) as it is also obtained by applying the GNS construction to 

the algebra M itself, and if M were L°° (X, fx) with trace / fdfj,, one would 

obtain L2(X, //).) 

To see Hilbert spaces of all real dimensions over M, first take I 2 ( M , t r ) 

and look at the space M = L2(M, tr)p where p is a projection in M. (Since tr 

is a t race, M also acts on the right on the GNS Hilbert space). Not surpris­

ingly, dimjvf (M) = tr(p) and by continuous dimensionality, this can be any real 

between 0 and 1. Values larger than 1 can be obtained simply by taking direct 

sums of the Hilbert spaces constructed above. 

3. Subfactors 

Pursuing the analogy which would have it tha t a Hi factor is a field, the 

study of subfactors is an extension of Galois theory and we can expect to see 

finite groups come into play. Thus the situation we want to consider is two 

Hi factors TV C M, with the same identity. If N and M were fields, the 

most immediate entity to a t tach would be the integer giving the degree of the 

extension, the dimension of M over N. But following our previous discussion, 

we can define this number using our "dimjv" ideas by the simple expedient of 

applying the GNS construction to complete M to the Hilbert space L2(M). 

Thus we define 

[M : N]= dimN{L2(M)), called the index of N in M. 

We shall restrict our attention in this article to the case \M : N] < oo. 



10 

The simplest example of all for a finite index subfactor is obtained by ten-

soring by a matr ix algebra, thus M = N®Mn(C), N considered as a subfactor 

of M via the obvious diagonal embedding. A moment 's thought shows tha t the 

index in this example must be n 2 . Despite its triviality, many constructions 

to follow are easily worked out for this example and it is instructive to do so. 

The next most interesting example is to take a finite group G and suppose 

that it acts by automorphisms on M. If all the automorphisms are outer (i.e., 

not of the form x — • uxu-1) except the identity, it is well known tha t MG 

is again a Hi factor. It is no surprise tha t [M : MG\ = \G\. This example 

is very impor tant in the theory, especially as it is known ([JI]) tha t any finite 

group can act on R in one and only one way by outer automorphisms. It is 

also important tha t this example is irreducible in the sense that no element of 

M commutes with all of MG except the identity. This makes it quite different 

from the previous N ® M „ ( C ) example. 

Note tha t we have only seen integers so far as the indices of subfactors, 

whereas according to the continuous dimension idea, the index is just a real 

number > 1. The now obvious question of deciding what real numbers occur 

as index values is completely answered by the following: 

Theorem (J2) 

a) If N C M are Hi factors and [M : N] < 4, there is an integer n > 3 with 

[M :iV] = 4cos 2 7r /n . 

b) For each number r = 4cos 2 ir/n as in a), and for each real number r > 4, 

there is a subfactor Rr C R with \R : Rr] = r. 

The original proof of this theorem involved a basic construction which has 

since proved to be quite powerful and useful in many situations (see [Wei]). 

The key ingredient is the conditional expectation EN : M — • N (see [U]), 

which is the restriction to M of the orthogonal projection ejv from L2(M, tr) 

to L2(7V, t r ) . Identifying M with its image under the GNS construction on 

L2(M, t r ) , it is easy to show that e^ satisfies the following properties: 

(3.1) ez
N = e*N = eN 

(3.2) If x e M, then xeN = eNx iff x e N. 

(3.3) For x £ M, e^xe^ = E^(x)ei^ so eNMe^ = Ne^. 

The situation presented by these equations is quite interesting and one may 

enquire as to the algebra generated by M and ejv in the cases a) where M and 

TV are as constructed above b) where M, N and e^ are all in some larger 

algebra, and EN in some map. 

In case a), we write the algebra as (M, e^) and call this the basic construe-
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tion. In case b), the algebra is not as easy to pin down but can, in general, 
be determined by an analysis of traces. It invariably contains (M,eN) as a 
two-sided ideal. For a precise s tatement , see theorem 1.1 of [We2]. 

The basic construction is even useful, and quite enjoyable, in finite di­

mensions. The result is tha t if N C M is given by a Bratteli diagram, then 

M Q {A^>ejv) is given by the mirror image of tha t diagram (independent of 

the trace used, provided tr(a*a) > 0 for a / 0). For instance, if N C M is 

2 2 

then M C (M, ejv) is 

2 2 

/ \ // 
2 6 

We have digressed a little, so let us re turn to the Hi factor case. The crucial 

result is: 

Lemma S.l. If [M : N\ < oo, then (M, ejv) is a Hi factor and 

(i) [{M,eN):M] = [M:N\ 

(ii) tr(zejv) = [M : N}'1 t r(x) if x e M. 

(Note tha t we do not need to specify which trace we mean since 11^ factors 

admit only one normalized trace.) 

Proper ty (i) of the lemma meakes it tempting to iterate the basic construc­

tion. One obtains a tower Mi C Af<+i of IIj factors defined by Mi = N, M 2 = 

M,Mi+1 = (Mi .eMi- i ) -

Writing e^i = e<, properties (3.1), (3.2) and (3.3) make it easy to show: 

e? - e i 

(TL) eiei±iei = rti (T = \M: N}'1) 
titj = tjti \i — j \ > 2 . 

Note tha t these are precisely the relations used by Temperley and Lieb for the 
Pot t s model! Pa r t a) of the theorem is now proved by using positivity of the 
restriction of t r (aa*) to the algebra generated by ei, e<2, ... , and (ii) of lemma 
3.1. 

Pa r t b) of the theorem is proved for \M : N] < 4 by iterating the basic 

construction for a pair of finite-dimensional von Neumann algebras and then 
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using the resulting von Neumann algebra generated by {ei, e2 , • • • } as R and 

Rr the von Neumann algebra generated by {e2i e3> • • • }• 

4 . T h e Tower of R e l a t i v e C o m m u t a n t s 

Although only the e,'s were used in the proof of the theorem of Sec. 3, there 

is a much richer s tructure available and attention was turned to it immediately 

after the proof of the theorem. Its existence follows from the next almost trivial 

result. 

Lemma \.l. If N C M has finite index then N' fl M = {x 6 M\xy = yx for 

all y in N} is a finite-dimensional von Neumann algebra. 

Thus if we consider the tower 

J V C M C M 3 C M 4 C M 4 C . . . 

previously constructed, then all the algebras N' PI Mi and M' n Mi are finite-

dimensional. They also contain the e^'s which is precious information. We thus 

have two Brattel i diagrams, for N'flMi and M'flM,- which are also connected 

by "horizontal' ' inclusions. The simplest nontrivial example to analyze is tha t 

in which M carries an outer action of a finite abelian group G and N = MG, 

the fixed point algebra. Standard duality arguments then give the following 

Bratteli diagram for both towers TV' n Mi, M' n Mj 

1 l 1 

\G\ 

/ \ " \ 
\G\ 1 6 1 ' " IGI 

IGI2 

/ | \ 
etc. 

The inclusion diagram between the towers is the obvious one. If we had chosen 

a non-abelian group, the two towers would be different — the M' D Mi tower 

would be as above but the second level of the N' n Mi tower would be given 

by the group algebra. 
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The most penetrat ing analysis of the two towers has been made by Ocneanu 

([01]) who has announced a characterization of the possible combinatorial 

s tructures. The presence of the e^'s in the towers means they always have the 

property tha t the mirror image of the previous inclusion is always part of the 

next inclusion. Thus we may throw away all the reflected stuff and look only 

at what Ocneanu calls the principal graph. 

For instance, the following is an example of a tower 

/v'n/v 
N'nM 
N'nM3 

N'nMi 

N'nMs 

N'nMs 

N'nM7 

e t c . 
Throwing away the reflections, we just see 

One may recognize the graph A5 of the Coxeter-Dynkin theory. It was known 

to the author in 1982 tha t if [M : N] < 4, the principal graph must be an 

A, D, E Coxeter graph (for a full account, see [GHJ]). For instance the diagram 

£>4 can be realized by choosing G = Z/3Z in the previous example. According 

to Ocneanu's announcements, the graphs £>2n+i and En cannot be obtained. 

The principal graph may be either finite or infinite and the subfactor is 
said to be of finite or infinite depth, accordingly. (The subfactors RT for r > 4 
are of infinite depth.) 

The most impressive result about the towers from a von Neumann alge­
bra point of view is the following, proved by Popa in [Po] and announced by 
Ocneanu in [02]. 

If RQ C R is a finite depth subfactor, then the inclusion Ro C. R is iso­
morphic to the inclusion coming from the appropriately completed towers of 
relative commutants . 
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This result reduces the classification of finite depth subfactors to the com­

binatorial elucidation of all possible towers. Ocneanu has developed another 

approach to this problem using bimodules rather than algebras, the equiva­

lence of the two approaches hinging on the fact that (M, ejv) is M ® ^ M as 

an M - M bimodule. (See [02].) 

From the statistical mechanics point of view, the interest of the towers lies 

more in the possibility of defining solvable models using their combinatorial 

s t ructure. This led Pasquier to define his A-D-E models ([Pa]) generalizing 

the Andrews-Baxter-Forrester models [(ABF)]. These are IRF models, not spin 

models, so we just refer the interested reader to [Pa] and references therein. 

This thoroughly motivates the search for examples of subfactors. Although 

Ocneanu's announced machinery is in principle computable, most of the beau­

tiful examples of subfactors have been found by other means. In [We2], Wenzl 

constructed many examples using Hecke algebras. The combinatorial ingredi­

ents are the Young diagrams, and corresponding statistical mechanical models 

occur in the work of Date, Miwa and Jimbo (see Jimbo's article in this vol­

ume) . Wenzl has also found many examples using the Birman-Wenzl algebra 

([BW]) which was discovered through the knot theory connection. There are 

also many sporadic examples (see [GHJ]) and some new ones of small index 

(< 5) have been announced recently by Ocneanu, and Haagerup. Presumably, 

they all have solvable models associated with them. 

5. S o m e E x a m p l e s of B r a t t e l i D i a g r a m s 

We have seen many examples of algebras obtained as limits of finite-dimen­

sional von Neumann algebras, both in statistical mechanics and subfactors. In 

this section, we given the Bratteli diagrams for some of them. In all cases 

except the Hecke algebra, the structure can be calculated by an elaboration of 

the basic construction technique in finite dimensions. 

1) The Q-state Potts model 

The Temperley-Lieb algebra generated by the elementary transfer matrices 

Ri has the following Brattel i diagram. 
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Q = 1 

Q^U 

1 

A 
i i 

i 

/ \ 
Q = 3 : i i 

{*,} 
\ / , , 

2 2 {^.Ri.R*} 

,<- {R\ .RI.RI.RL] 

etc . 

\ / \ 
2 1 

2 3 i (R; s as above 
\ / \ / 

5 U 
/ \ / \ 

5 9 4 
\ / \ / 

etc. 

1 

/ \ 
1 1 

2 | (Rj's a s above) 

/ \ / \ 
2 3 1 

\ / \ / \ 
5 U 1 

/ \ / \ / \ 
5 9 5 1 

\ / \ / \ / \ 
etc. 
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2) The Fateev-Zamolodchikov model 

a) The algebra generated by the Ui's of Sec. 1 (common to any J./QJ. sym­

metric model). 

1 1 

i 1 i { I / , } (Q 1 s ) 

Q {U]tU2} 

Q ^ {Ui.Ui.U^Ut,} 

etc. 

(Note - this is the same as the tower diagram for G = 2 / Q Z in Sec. 4. 

b) The algebra generated by the Ri's (Ri = ExH(fc, X))(U2i-i) 

Q Odd I 

' ' 1 • • • 1 { /?,} ( ^ Is) 

Q+1 • / \ ^ ' Q - l r i , Q-1 , , 
~ r Q Q Q - 7 - i / ? i , / ? 2 ^ 3 / [ y Q s ) 

~T~ " I - 1^1 >RIJR$>RU} 
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Q even 

I i I . . . i 

\/AX\ 
c?,} i f * ' ) i' 

! • • 
Q -1 {^1^2} 

2 + , £ • , Q Q...Q ?-1 | - 1 ({^,J /?2,/?3}) 
2 2 

{/?, jRi'^'^u 

etc. 

A few comments are perhaps in order since this diagram does not seem to 

be in the l i terature (a full proof is available on request) . 

The key to the analysis is to note that Xy(A) = x^(X) iff m = —n. A 

spectral analysis of i?; then reveals tha t the algebra generated by Ri and R2 

is the fixed point algebra for the period 2 automorphism of the Q x Q matr ix 

algebra defined by U\ — • U^X,U2 — • U2
l. Use of the basic construction 

technique then gives the whole diagram. 

Note tha t if Q is a prime, one may take the limit A — • zoo, calling Oi the 

limit of Ri. Since m 2 = n 2 -*=>• m = ±n in this case, the algebra generated 

by the cr<'s is the same as tha t generated by the J2,-'s. The cr^'s define the 

metaplectic representation which may be analyzed by the usual techniques of 

character theory to give the Bratteli diagram (see [(GJ]). The method fails 
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when Q is not prime for two reasons. The first is tha t the metaplectic repre­

sentation is more difficult to analyze if Q is not prime, and the second, more 

significant, reason is tha t if Q is not prime, the i?i(A)'s do not belong to the 

algebra generated by the braid group. 

One could define a subfactor of the hyperfinite Hi factor in the following 

way: the large factor is the von Neumann algebra generated by iZi(A), #2(^)1 

. . . , and the subfactor is the von Neumann algebra generated by R^X), -^3(^)1 

. . . . It is clear from our analysis that the resulting subfactor is of the form 

MDn C M Z ' 2 Z where Dn is the dihedral group of order 2n acting in some 

outer fashion on M. This generalizes [J3]. 

The Bratteli diagram for the Temperley-Lieb algebra in the subfactor context 

-•For each value 4cos 2 7r /n of the index [M : N] of a subfactor of a Hi 

factor, the algebra generated by the e,'s in the tower of Hi factors, is different. 

To obtain its s tructure, it is convenient to begin with the "generic" Bratteli 

diagram: 

/\ J$ 
1 1 

2 3 ' fR 

5 U \ " 

5 9 5 ) 
\ / \ / \ / \ 

\U \U 6 1 

/ N/ \ / \ / \ 
\U 28 20 7 I 

etc. 

We have at tached integers to the l ' s down the diagonal. To obtain the 

s tructure of alg{l, t\, e^, • • • } when [M : N] = 4 cos2 w/'n, one eliminates the 

diagonal " 1 " with label n and everything below and to the right of it, and 

adjusts the remaining numbers so that the addition rule holds. Thus for n = 5, 

one obtains the diagram: 

^® 

JZ 
J> 

J> 
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1 
1 1 •••{l,e,} 
\ / \ 

2 1 •••{!.e|,«2} 

5 3 
/ \ / 

5 8 
\ / \ 

etc. 

For n = 4 and 6, one obtains the same diagram as for the 2 and 3 state 

Pot t s models, respectively. 

One feature of these Bratteli diagrams is tha t there is a simple way to 

represent the corresponding algebras on the vector space whose basis is the 

descending paths from the initial " 1 " to a given level. Thus one defines an 

algebra whose basis elements are pairs (71, 72) of such paths, which end at the 

same point on the diagram. The algebra structure is given by (71, 72K73, 74) = 

5 7 3 i 7 , (71,74). It is a trivial exercise to see tha t this algebra has the right 

s t ructure . Although this may seem to be a banal observation, it is suggestive in 

tha t one might look for simple representations of the appropriate commutation 

relations (e.g. Temperly-Lieb, Fateev-Zamolodchikov) on the space of paths . 

The existence of some representation is of course guaranteed by the knowledge 

tha t one has the correct Bratteli diagram. It is this line of reasoning tha t 

led Pasquier to his A-D-E models and Ocneanu to his first combinatorial 

descriptions of subfactors. Wenzl also used this idea to construct appropriate 

Hecke algebra representations in {W2]. 

6. T y p e I I I F a c t o r s 

We return now to the GNS construction of Sec. 2, this t ime with a view to 

constructing type III factors, i.e. factors which possess no trace of any sort. So 

let us begin with an appropriate algebra A which we are trying to "complete" 

to form a type III factor. It is obviously no use beginning with a trace for 

the state(positive linear functional) <p, but let us simplify our discussion by 

assuming tha t <p(x*x) ^ 0 for x / 0. A fundamental difference arises in the 

GNS construction if <p is not a trace: it is tha t , while left multiplication by 
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elements of A is bounded, the same need not be, and often is not, true of right 

multiplication. Let us immediately give an example. 

Example 6.1. The Powers factors 

For A we take the infinite tensor product ® ° l i M2(C) just as in Sec. 2, 

but we define the (Powers) state <p\ by 

" / / 1 0 
ipx{x1 ® x2 ® . . . ® xn ® 1) = J J trace I xt ( 1+x ^ _ 

,= i V \ u i+A 

where "trace" means the sum of the diagonal elements, and 0 < A < 1. Powers, 

in [P], showed tha t , if R\ is defined to be the von Neumann algebra resulting 

from the GNS construction, then the R\ are all of type III and mutually non-

isomorphic. Thus type III factors exist. 

In this example, only left multiplication operators are automatically 

bounded and extend to the whole Hilbert space. Treatment of this left-right 

asymmetry is the Tomita-Takesaki theory which we briefly outline. If )(<? is the 

GNS Hilbert space, it contains the dense subspace A. We define the (conjugate 

linear) operator S to be the (unbounded) operator with domain A, S(x) = x*. 

Under suitable conditions, satisfied in the case of the Powers factor, the closure 

of the graph of S is again the graph of an operator also denoted 5 . By the 

von Neumann theory, S then has a polar decomposition S = J A, where J is 

a conjugate linear isometry and A is positive and self-adjoint. If M is the von 

Neumann algebra generated by left multiplication operators from A on MVt the 

main result of Tomita-Takesaki theory (see [Ta]) is tha t 

a) JMJ = M' (the commutant of M ) 

b) A*'*ATA"*'* = M. 

This is a remarkable result since it shows tha t to any appropriately continuous 

s tate (p on a von Neumann algebra, there is a canonical 1-parameter automor­

phism group erf of M defined by applying the above procedure with A = M 

and letting 

<rf(x) = AitxA-it . 

Connes ([Co3]) has shown tha t if the state <p is changed, erf changes only by an 

inner per turbat ion so tha t one has the following invariant of a von Neumann 

algebra: 

T{M) = {t € R\erf is an inner automorphism} . 
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This invariant is particularly easy to calculate for Powers factors, since the 

group af is easily seen to be conjugation by 

.t = l ^ l + A / . 

This is inner iff A** = 1, i.e. t e (2?r/ logA)Z. 

In general, the fixed point algebra AT7*0 is called the centralizer of <p and it 

is part of the theory tha t <p is a trace when restricted to the centralizer (indeed, 

<p(xy) = ip(yx) for x S Af7*, y € M). In the case of the Powers factor, this 

centralizer is the closure of the algebra of Sec. 2, whose Bratteli diagram was 

Pascal's triangle (page 7); 

7. V e r t e x M o d e l s in S t a t i s t i c a l M e c h a n i c s 

The difference between vertex models and the spin models of Sec. 1 is tha t 

the states of a vertex model are functions from the edges of the graph to the 

<5-element set S and the energy contribution is associated with a vertex. Thus 

if the graph is the two-dimensional lattice, a vertex model will be defined by 

Boltzmann weights w(a, b\x, y) associated with a vertex in the following state 

configuration: 

y 

a 

X 

b 

where, as before, a distinction can be drawn between the horizontal and vertical 
directions. 

A simple transfer mat r ix approach is to use diagonal-to-diagonal transfer 
matrices. Consider the diagram below: 

Clearly, if we impose periodic horizontal boundary conditions and define a vec­

tor space <S>nV (n = 8 above, n always even) with basis vectors ®"= 19i, qi 6 S, 



22 

then the transfer matrix associated with the above diagram is (i?23^45 • • • Rn,\) 
{R12R34 • • • Rn-i,n), where 

( n \ Q n 

J = l J r,,r, + i = l j = l 

with </• = gy,j 7̂  i , i + l,g'- = ry,g'-+1 = ry+i- The simplest such model 
that has been extensively studied is the "ice-type" model with Q = 2, solved 
by Lieb (see [L]). In this case, the R matrices can be expressed in the form 
Ri,i+i — const(l + xe<), where ej (index modulo m) is given by 

\« = 1 / r,,ri + 1 3 = 1 

with notation as before, and x is the 4 x 4 matrix below: 

(
0 0 0 (T 

0 1 y/i 0 
0 y/i t 0 
0 0 0 0, 

It follows immediately that for 1 < i,j < n — 1, 
t 

e; = eit eiei±iei = +t\2
ei> e<ei = e>e* if |* - j | > 2 . 

These are the same relations as we met in the Potts model and this was the 
key to the equivalence, established first by Temperley and Lieb in [TL], of the 
Potts and ice-type models, (see also [Ba] Chap. 12). 

In fact, we saw in the Potts model that the partition function for the 
system with periodic boundary conditions in the vertical direction is given by 
the trace of some power of the row-to-row transfer matrix and that this trace, 
when normalized so that tr(l) = 1, has the following useful property, called 
the Markov property, 

tr(toen+1) = — tr(tu) if w € alg{l, elt... ,en} . 

This property completely defines tr on the algebra generated by the e '̂s and 
it was this fact that was crucial in [J2] for the proof of the restrictions on the 
index values for subfactors. 
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It is remarkable tha t this trace is not given in the ice type model by the usual 

trace but ra ther by the restriction of the Powers state <p\ when 2 + A + A - 1 = Q 

(or A = t)\ The e^'s are easily seen to be in the centralizer of the Powers state. 

One of the most striking simple facts in the theory of subfactors is tha t the von 

Neumann algebra generated by the e<'s is precisely the centralizer of <p\. This 

was proved by Pimsner and Popa in [PP] using entropy considerations. A direct 

proof is not yet available. It suffices to prove tha t the element I * ^ ) ® 1 ® 1® 

is in the von Neumann algebra generated by the ev's. 

As far as subfactors are concerned, this example gives an interesting and 

useful procedure. The obvious subfactor around is the subfactor given by 

sums of elements of the form {1 ® xi <S> X2 ® . . . } in the Powers factor R\. 

This is a trivial subfactor of the form TV C N <S> M 2 ( C ) . But restricting to the 

centralizer of the Powers state, one gets the interesting subfactor generated 

by the {e<'s}. This procedure can obviously be generalized to arbitrary finite-

dimensional unitary representations of groups. In the case of compact groups, 

and using the trace for the GNS construction, much analysis has been done 

by A. Wassermann (see [Wa]). The subfactor has trivial relative commutant 

precisely when the representation is irreducible. 

8. Q u a n t u m G r o u p s 

Quan tum groups in the spirit of Drinfeld ([Dr]) and Jimbo provided vast 

generalizations of the ice-type model, and in a sense this is what they were 

invented to do. To be precise, to every simple finite-dimensional Lie algebra, G, 

and every finite-dimensional representation of G, on V say, one can construct a 

family -R(A) S E n d ( V ® V ) satisfying the Yang-Baxter equation i2i2(A)i2i3(A + 

M ) # 2 3 ( M ) = - R 2 3 ( M ) - R I 3 ( ^ + M ) - R I 2 ( A ) in E n d ( V ® V ® V ) , with obvious notat ion. 

I do not want to go into the construction of R which is beautifully detailed 

in [Dr]. The six-vertex model is precisely the case G = sl2,V = R 2 . It is 

clear tha t one is also able to-use this machine to construct subfactors which 

generalize the {e^} subfactors. For G = sln,V = C , these subfactors were 

considered by Wenzl in [We2]. It is not clear a priori what the Powers state 

should be in this general si tuation. At this point, we would have to appeal 

to the knot theory to justify tha t the Powers state on ® ^ l 1 E n d ( ^ ) should 

be (Pq^^l^i) = U?l1 trace ( ? ) x,) , where H is the element of the Car tan 

subalgebra of G corresponding via the Killing form to the half sum of the 

positive roots. This state, which is positive definite for q E R+, does have the 

Markov property with respect to the Re's as shown by Rosso and Reshetikhin 
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([Ro], [Re]). 

The subfactors created by this process do not seem to have been completely, 

systematically investigated. They are to be thought of as quantized versions 

of the subfactors considered by Wassermann. 
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