1. THERMODYNAMIC STATES AND THE FIRST
LAW (1001-1030)

1001

Describe briefly the basic principle of the following instruments for
making temperature measurements and state in one sentence the special
usefulness of each instrument: constant-volume gas thermometer, thermo-
couple, thermistor.

(Wisconsin)

Solution:

Constant-volume gas thermometer: It is made according to the princi-
ple that the pressure of a gas changes with its temperature while its volume
is kept constant. It can approximately be used as an ideal gas thermometer.

Thermocouple thermometer: It is made according to the principle that
thermoelectric motive force changes with temperature. The relation be-
tween the thermoelectric motive force and the temperature is

€=a+ bt +ct? +dt®,

where € is the electric motive force, ¢ is the difference of temperatures of
the two junctions, a,b,c and d are constants. The range of measurement
of the thermocouple is very wide, from —200°C to 1600°C. It is used as a
practical standard thermometer in the range from 630.74°C to 1064.43°C.

Thermister thermometer: We measure temperature by measuring the
resistance of a metal. The precision of a thermister made of pure platinum
is very good, and its range of measurement is very wide, so it is usually
used as a standard thermometer in the range from 13.81K to 903.89K.

1002

Describe briefly three different instruments that can be used for the
accurate measurement of temperature and state roughly the temperature
range in which they are useful and one important advantage of each in-
strument. Include at least one instrument that is capable of measuring
temperatures down to 1K.

( Wisconsin)
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Solution:

1. Magnetic thermometer: Its principle is Curie’s law x = C /T, where
x 1s the susceptibility of the paramagnetic substance used, T is its absolute
temperature and C is a constant. Its advantage is that it can measure
temperatures below 1K.

2. Optical pyrometer: 1t is based on the principle that we can find the
temperature of a hot body by measuring the energy radiated from it, using
the formula of radiation. While taking measurements, it does not come
into direct contact with the measured body. Therefore, it is usually used
to measure the temperatures of celestial bodies.

3. Vapor pressure thermometer: It is a kind of thermometer used
to measure low temperatures. Its principle is as follows. There exists a
definite relation between the saturation vapor pressure of a chemically pure
material and its boiling point. If this relation is known, we can determine
temperature by measuring vapor pressure. It can measure temperatures
greater than 14K, and is the thermometer usually used to measure low
temperatures.

10038

A bimetallic strip of total thickness z is straight at temperature T.
What is the radius of curvature of the strip, R, when it is heated to tem-
perature T+ AT7 The coefficients of linear expansion of the two metals are
ap and ag, respectively, with a; > @;. You may assume that each metal
has thickness z/2, and you may assume that z < R.

{ Wisconsin)

Solution:

We assume that the initial length is ly. After heating, the lengths of
the mid-lines of the two metallic strips are respectively

L = (1 + &, AT) (1)
= lo(l + azAT) . (2)
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Fig. 1.1.

Assuming that the radius of curvature is R, the subtending angle of the
strip is §, and the change of thickness is negligible, we have

12=(R+£)6, 11:(3—3)0,

oz zlh+l =zl
12—11—29 2 2R —4R[2+(a1+a2)AT]. (3)
From (1) and (2) we obtain

12 bt ll = loAT(az - al) y (4)

(3) and (4) then give

[2 + (01 + Otz)AT] .

e
k= Z (a2 - al)AT

1004

An ideal gas is originally confined to a volume V; in an insulated con-
tainer of volume V; +V;. The remainder of the container is evacuated. The
partition is then removed and the gas expands to fill the entire container.
If the initial temperature of the gas was T, what is the final temperature?
Justify your answer.

( Wisconsin)
insulated container

4

/

" 2

Fig. 1.2.
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Solution:

This is a process of adiabatic free expansion of an ideal gas. The
internal energy does not change; thus the temperature does not change,
that is, the final temperature is still 7.

1005

An insulated chamber is divided into two halves of volumes. The left
half contains an ideal gas at temperature Tp and the right half is evacuated.
A small hole is opened between the two halves, allowing the gas to flow
through, and the system comes to equilibrium. No heat is exchanged with
the walls. Find the final temperature of the system.

(Columbia)

Solution:

After a hole has been opened, the gas flows continuously to the right
side and reaches equilibrium finally. During the process, internal energy of
the system E is unchanged. Since E depends on the temperature T only
for an ideal gas, the equilibrium temperature is still Tj.

1006

Define heat capacity C, and calculate from the first principle the nu-
merical value (in calories/°C) for a copper penny in your pocket, using your
best physical knowledge or estimate of the needed parameters.

(UC, Berkeley)

Solution:

Cy, = (dQ/dT)y. The atomic number of copper is 64 and a copper
penny is about 32 g, i.e., 0.5 mol. Thus C, = 0.5 x 3R =13 J/K.
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1007

Specific heat of granite may be: 0.02,0.2, 20,2000 cal/g-K.
(Columbia)

Solution:

The main component of granite is CaCOg; its molecular weight is 100.
The specific heat is C = 3R/100 = 0.25 cal/g- K. Thus the best answer is
0.2 cal/g-K.

1008

The figure below shows an apparatus for the determination of C,/C,
for a gas, according to the method of Clement and Desormes. A bottle
G, of reasonable capacity (say a few litres), is fitted with a tap H, and a
manometer M. The difference in pressure between the inside and the out-
side can thus be determined by observation of the difference h in heights of
the two columns in the manometer. The bottle is filled with the gas to be
investigated, at a very slight excess pressure over the outside atmospheric
pressure. The bottle is left in peace (with the tap closed) until the tem-
perature of the gas in the bottle is the same as the outside temperature
in the room. Let the reading of the manometer be h;. The tap H is then
opened for a very short time, just sufficient for the internal pressure to
become equal to the atmospheric pressure (in which case the manometer
reads h = 0). With the tap closed the bottle is left in peace for a while,
until the inside temperature has become equal to the outside temperature.
Let the final reading of the manometer be h. From the values of h; and h;
it is possible to find C,/C,. (a) Derive an expression for Cp/C, in terms of
hi and h; in the above experiment. (b) Suppose that the gas in question
is oxygen. What is your theoretical prediction for C,/C, at 20°C, within
the framework of statistical mechanics?

(UC, Berkeley)

X

Fig. 1.4.
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Solution:
{a) The equation of state of ideal gas is pV = nkT. Since the initial
and final T,V of the gas in the bottle are the same, we have p;/p; = ns/n,.
Meanwhile, ny/n; = V/V' where V' is the volume when the initial
gas in the bottle expands adiabatically to pressure py. Therefore
1

Py
pe(2)' 3 (2)
V! pi " opi pi '
. h;
In al In (1 + —)
Po ho

1= T hi N
In — vy rf
Yy ln(1+h0) 1n(1+h0)

Since h;/ho < 1 and hy/ho < 1, we have v = h;/(hi — hy).

(b) Oxygen consists of diatomic molecules. When ¢t = 20°C, only
the translational and rotational motions of the molecules contribute to the
specific heat. Therefore

5R 7R

7
CUZTy sz—) ng

1009

(a) Starting with the first law of thermodynamics and the definitions
of ¢, and ¢y, show that

w=e=lpr (57),] (57),

where ¢, and ¢, are the specific heat capacities per mole at constant pres-
sure and volume, respectively, and U and V are energy and volume of one
mole.

(b) Use the above results plus the expression
au ap
=) =7(=Z

r(5v), =7 (55),
to find ¢, — ¢, for a Van der Waals gas

(p+ 1) V= 8) = RT .

Use that result to show that as V' — oo at constant p, you obtain the ideal
gas result for ¢, — ¢,.

(SUNY, Buffalo)
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Solution:
(a) From H = U + pV, we obtain

(57),= (7). (=),

Let U = U[T,V (T, p)]- The above expression becomes
oHY _(3U\ L[ . (3U\ (3
at ), \aT/), T |P"\av ) J\oT ), "
b ().) ()
Cp—Cy = |P — — .
b v /)l \oT/,

(b) For the Van der Waals gas, we have
oy __R
3T ), ~ (V1)
v\ _p/[RT _2av—-y
aT), Vb Vs '
R

~1-2a(1-b/V)2/VRT’
When V — o0, ¢, — ¢y, — R, which is just the result for an ideal gas.

Hence

Hence,

Cp — Cy

1010
One mole of gas obeys Van der Waals equation of state. If its molar
internal energy is given by u = ¢T —a/V (in which V is the molar volume,
a is one of the constants in the equation of state, and ¢ is a constant),
calculate the molar heat capacities C, and Cp.
( Wisconsin)

Solution:



10 Problems & Solutions on Thermodynamics & Statsstical Mechanics

From the Van der Waals equation

(p+a/VE)(V —b) = RT,

we obtain
VY _g a  2ab
aT ), =~ P=yzTys) -
Therefore
o - R(p+vz) _ R
PTG R T T T e b
vz ove RTV?3
1011

A solid object has a density p, mass M, and coefficient of linear expan-
sion a. Show that at pressure p the heat capacities C, and C, are related
> Cp, —Cy, =3aMp/p.

( Wisconsin)
Solution:
From the first law of thermodynamics dQ = dU + pdV and (%)p &

(dU) (for solid), we obtain

4T
dQ dU dVv

qpmn_(ﬁop—(ﬁov—pﬁ; (*)
.. . . . 1 dV
From the definition of coefficient of linear expansion a = a,o14/3 = 3V aT"

we obtain v M

— =32V =3a— .
a7 « 3a p

Substituting this in (*), we find

Cp~0Cy =3a%p.
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1012

One mole of a monatomic perfect gas initially at temperature T, ex-
pands from volume V; to 2V;, (a) at constant temperature, (b) at constant
pressure.

Calculate the work of expansion and the heat absorbed by the gas in
each case.

( Wisconsin)

Solution:
(a) At constant temperature Tp, the work is

B 2Vo
W = / pdV = RTO/ dV/V = RTy a2 .
A Vo

As the change of the internal energy is zero, the heat absorbed by the gas
18
Q =W = RTO In2.

(b) At constant pressure p, the work is

2Vo
W:/ pdV = pVo = RT, .
Vo

The increase of the internal energy is
3 3
AU = C,AT = SRAT = 3pav = 3pvg = 3RT; .
2 2 2 2
Thus the heat absorbed by the gas is

Q=AU+W=§RTO.

1013

For a diatomic ideal gas near room temperature, what fraction of the
heat supplied is available for external work if the gas is expanded at constant
pressure? At constant temperature?

(Wisconsin)
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Solution:

In the process of expansion at constant pressure p, assuming that the
volume increases from Vi to V; and the temperature changes from 73 to
T,, we have

pV1 = nRT1
{sz = nRT2 .

In this process, the work done by the system on the outside world is W =
p(V2 — Vi) = nRAT and the increase of the internal energy of the system
is

AU = C,AT .

Therefore
%% w nR 2

Q AU+W C,+nR _T°

In the process of expansion at constant temperature, the internal energy
does not change. Hence

W/Q=1.

1014

A compressor designed to compress air is used instead to compress he-
lium. It is found that the compressor overheats. Explain this effect, assum-
ing the compression is approximately adiabatic and the starting pressure is
the same for both gases.

(Wisconsin)

Solution:

The state equation of ideal gas is

pV = nRT.

The equation of adiabatic process is

P(%)7=Po,

where v = ¢, /¢y, po and p are starting and final pressures, respectively, and
Vo and V are volumes. Because Vo > V and yge > 7air (YHe = 7/5;7Air =
5/3), we get

pre > pair and  Tye > Ty
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1015

Calculate the temperature after adiabatic compression of a gas to 10.0
atmospheres pressure from initial conditions of 1 atmosphere and 300K (a)

for air, (b) for helium (assume the gases are ideal).
(Wisconsin)

Solution:
The adiabatic process of an ideal gas follows the law

Tg = (pp/pa) V7 Ty = 100-D/7 x 300 K .

(a) For air, v = Cp/C, = 1.4, thus Tp =5.8 x 102K .
(b) For helium, v = C,/C, = 5/3, thus Tg = 7.5 x 10°K .

1016
(a) For a mole of ideal gas at t = 0°C, calculate the work W done (in
Joules) in an isothermal expansion from V; to 10Vp in volume.

(b) For an ideal gas initially at t; = 0°C, find the final temperature #;
(in °C) when the volume is expanded to 10V, reversibly and adiabatically.
(UC, Berkeley)

Solution:

10V, 10V, RT
(a) W = pdV = / —dV =RTIn10 = 5.2 x 10°J .
V() Vi V

0

(b) Combining the equation of adiabatic process p¥” = const and the
equation of state pV = RT, we get TV~ ! = const. Thus

vi\"!
=T = )
f (v,)

If the ideal gas molecule is monatomic, v = 5/3, we get t; = 59K or —214°C.

1017

(a) How much heat is required to raise the temperature of 1000 grams
of nitrogen from —20°C to 100°C at constant pressure?

(b) How much has the internal energy of the nitrogen increased?

(c) How much external work was done?
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(d) How much heat is required if the volume is kept constant?
Take the specific heat at constant volume ¢, = 5 cal/mole °C and
R = 2 cal/mole-°C.

( Wisconsin)

Solution:
(a) We consider nitrogen to be an ideal gas. The heat required is

1000
Q= nley + R)AT = —==(5+2) x 120 = 30 X 10%cal .

(b) The increase of the internal energy is

100
AU=nc,,AT= "2—'8—' X 5 x 120

= 21 x 10%cal .
(c) The external work done is
W=Q—AU =8.6x 10%cal .
(d) If it is a process of constant volume, the required heat is

= nc, AT = 21 x 10%cal .
Q

1018

10 litres of gas at atmospheric pressure is compressed isothermally to
a volume of 1 litre and then allowed to expand adiabatically to 10 litres.
(a) Sketch the processes on a pV diagram for a monatomic gas.
(b) Make a similar sketch for a diatomic gas.
(c) Is a net work done on or by the system?
(d) Is it greater or less for the diatomic gas?
( Wisconsin)

Solution:
We are given that V4 = 10,V = 1,V; = 10l and p4 = 1 atm.
A — B is an isothermal process, thus

pV = const. or paV4 = pgVp ,
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hence

pgzv’;—p,l:lOatm.

(The curve AB of the two kinds of gas are the same).

B — C 1s an adiabatic process, thus

pV7 = const, or ppVg =pcV], hence

VE K 1-
pc=|——) pp=10"""atm.
Ve

(a) For the monatomic gas, we have

v=5/3,pc = 107%/° = 0.215 atm .
(b) For the diatomic gas, we have

v =17/5pc = 107%/° = 0.398 atm.

The two processes are shown in the figures 1.5. (The curve BC of the
monatomic gas (a) is lower than that of the diatomic gas (b)).

(c) In each case, as the curve AB for compression is higher than the
curve BC for expansion, net work is done on the system. As pc (monatomic
gas) < pc (diatomic gas) the work on the monatomic gas is greater than
that on the diatomic gas.

platm) p (atm)
1o & wof 8
8t 8t
6 6F
4} L
2 2t
A A

i e A A c A - L el IC .

e 2 4 € 8 10, 0 2 4 6 8 ‘OV(L)

{a) (b)
Fig. 1.5.
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1019

An ideal gas is contained in a large jar of volume Vj. Fitted to the
jar is a glass tube of cross-sectional area A in which a metal ball of mass
M fits snugly. The equilibrium pressure in the jar is slightly higher than
atmospheric pressure pg because of the weight of the ball. If the ball is
displaced slightly from equilibrium it will execute simple harmonic motion
(neglecting friction). If the states of the gas represent a quasistatic adiabatic
process and v is the ratio of specific heats, find a relation between the
oscillation frequency f and the variables of the problem.

(UC, Berkeley)

Fig. 1.6.

Solution:
Assume the pressure in the jar is p. As the process is adiabatic, we
have

pV7 = const ,
giving
dp oV
—_ —_— = 0
+ 9 v

This can be written as F' = Adp = —kz, where F is the force on the ball,
z=dV/A and k = yA%p/V. Noting that p = po + mg/A, we obtain

fw 1 fE 1 (e )

ZWZE m=§ Vm

1020

The speed of longitudinal waves of small amplitude in an ideal.gas is

dp
C=y/>
dp
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where p is the ambient gas pressure and p is the corresponding gas density.
Obtain expressions for
(a) The speed of sound in a gas for which the compressions and rar-
efactions are isothermal.
(b) The speed of sound in a gas for which the compressions and rar-
efactions are adiabatic.
(Wisconsin)

Solution:

The isothermal process of an ideal gas follows pV = const; the adiabatic
process of an ideal gas follows pV7 = const. We shall use pV'* = const for
a general process, its differential equation being

Thus
With p = M/V, we have

dp _ dp (dV 2(_t£) _M\ _ET
dp dV \ dp 1% P2 M’

_ o _ [tET
c= dp__ 7

(a) The isothermal process: t = 1, thus ¢ = \/RT /M.
(b) The adiabatic process: t = v, thus ¢ = \/ART/M.

Therefore

1021

Two systems with heat capacities C; and (s, respectively, interact
thermally and come to a common temperature T;. If the initial temperature
of system 1 was T}, what was the initial temperature of system 2?7 You may
assume that the total energy of the combined systems remains constant.

( Wisconsin)
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Solution:

We assume that the initial temperature of system 2 is T5. According
to the conservation of energy, we know the heat released from system 1 is
equal to that absorbed by the other system, i.e.,

Ci{(Ty —Ty) =Co(T2 - T) .

The solution is

T2=—‘(Tf—T1)+Tf.

1022

A large solenoid coil for a physics experiment is made of a single layer
of conductor of cross section 4cm X 2cm with a cooling water hole 2 cm
X lem in the conductor. The coil, which consists of 100 turns, has a
diameter of 3 meters, and a length of 4 meters (the insulation thickness is
negligible). At the two ends of the coil are circular steel plates to make the
field uniform and to return the magnetic flux through a steel cylindrical
structure external to the coil, as shown in the diagram. A magnetic field
of 0.25 Tesla is desired. The conductor is made of aluminium.

(a) What power (in kilowatts) must be supplied to provide the desired
field, and what must be the voltage of the power supply?

(b) What rate of water flow (litres/second) must be supplied to keep
the temperature rige of the water at 40°C? Neglect all heat losses from the
coil except through the water.

() What is the outward pressure exerted on the coil by the magnetic
forces?

(d) If the coil is energized by connecting it to the design voltage calcu-
lated in {a), how much time is required to go from zero current to 99% of
the design current? Neglect power supply inductance and resistance. The
resistivity of aluminium is 3 X 1078 ohm-meters. Assume that the steel is
far below saturation.

(CUSPEA)
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Fig. 1.7.
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Solution:

(a) The magnetic field is B = uoNI/L,
where N is the number of turns, L is the length of the solenoid coil. The
current is therefore

BL 0.25 x 4

poN — 4r x 10-7 x 100

The total resistance of the coil is R = pL/A. Therefore, the resistance, the

voltage and the power are respectively

R (3 x 1078)(100 x 27 x 1.5)

T (4x2-2x1)x10"4

V = RI =375V
P=VI=299x10° kW .

(b) The rate of flow of the cooling water is W. Then pWCAT = P,

where p is the density, C is the specific heat and AT is the temperature
rise of the water. Hence

P 2.99x10%x 103

= 0.04710)

pCAT ~ 1 x 4190 x 40 /s
¢) The magnetic pressure is
P
B? 0.25)2
p=— = __O25° 5 49x 104 N/m?.

2uo  2(47 x 1077)
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(d) The time constant of the circuit is
r=L/R, with L=NQ®/I,

where L is the inductance, R is the resistance, N is the number of turns, I
is the current and ® is the magnetic flux. Thus we have

L =100 x 0.257 x (1.5)%/7960 = 0.0222 H

and
7 =0.0222/0.0471 = 0471 s .

The variation of the current before steady state is reached is given by
I(t) = Inax|1 — exp(—t/7)] .

When I(t)/Imax = 99%,
t=rIn100=4.67r ~ 2.17 s .

1023

Consider a black sphere of radius R at temperature T which radiates
to distant black surroundings at T = 0K.

(a) Surround the sphere with a nearby heat shield in the form of a black
shell whose temperature is determined by radiative equilibrium. What is
the temperature of the shell and what is the effect of the shell on the total
power radiated to the surroundings?

(b) How is the total power radiated affected by additional heat shields?
(Note that this is a crude model of a star surrounded by a dust cloud.)
(UC, Berkeley)

Solution:
(a) At radiative equilibrium, J — J; = J; or J; = J/2. Therefore

4
/T* T
4 _ 74 Y
Tt =T4/2,0r Ty 7 7

black J surroundings
sphere
shield Al

Fig. 1.8.
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(b) The heat shield reduces the total power radiated to half of the
initial value. This is because the shield radiates a part of the energy it
absorbs back to the black sphere.

1024

In vacuum insulated cryogenic vessels {Dewars), the major source of
heat transferred to the inner container is by radiation through the vac-
uum jacket. A technique for reducing this is to place “heat shields” in the
vacuum space between the inner and outer containers. Idealize this situa-
tion by considering two infinite sheets with emissivity = 1 separated by a
vacuum space. The temperatures of the sheets are T1 and T3 (T2 > Ti).
Calculate the energy flux (at equilibrium) between them. Consider a third
sheet (the heat shield) placed between the two which has a reflectivity of
R. Find the equilibrium temperature of this sheet. Calculate the energy
flux from sheet 2 to sheet 1 when this heat shield is in place.

For T, = room temperature, T} = liquid He temperature (4.2 K) find
the temperature of a heat shield that has a reflectivity of 95%. Compare
the energy flux with and without this heat shield.

(0 = 0.55 x 1077 watts/m2K)
(UC, Berkeley)

1 T3 T
£ £

RE, | RE,

(1-RIE3|(1-RIE;

——

Fig. 1.9.

Solution:
When there is no “heat shield”, the energy flux is

J=E; —E; =0(T; - T}) .
When “heat shield” is added, we have

J*=E2—RE2—(1—-R)E3,
J*=(1-R)Es+ RE, - E; .
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These equations imply Es = (E) + E2)/2, or Ts = (T + T#)/2]}/%. Hence
J*=(1-R)(E:-E1)/2=(1-R)J/2.

With T} = 4.2 K, T, = 300K and R = 0.95, we have

Ts =252 K and J*/J = 0.025 .

1025

Two parallel plates in vacuum, separated by a distance which is small
compared with their linear dimensions, are at temperatures 77 and T5 re-
spectively (17 > T3).

(a) If the plates are non-transparent to radiation and have emission
powers e; and e; respectively, show that the net energy W transferred per
unit area per second is

__E-E

~E E )
By B2
€1 €2

W

where E; and E; are the emission powers of black bodies at temperatures
T, and T respectively.

{(b) Hence, what is W if Ty is 300 K and T is 4.2 K, and the plates
are black bodies?

(c) What will W be if n identical black body plates are interspersed
between the two plates in (b)?
(0 =5.67 x 10~8W /m?K*).
(SUNY, Buffalo)

Solution:

(a) Let f; and f, be the total emission powers (thermal radiation plus
reflection) of the two plates respectively. We have

f1=e1+(1~;—11)f2, fz=ez+<1—;—22)f1-
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The solution is

E\E,

(€1 +e2) — E2
fl‘— 0132E E. )
_1+_2._1
€1 €g
E\E
! (61+62)—E1
fZZ ele2E, E
_l_+__g._1
€1 €2
Hence B E
W=f1—f2=E—11—E22——-
— 4+ -1
el €2

(b) For black bodies, W = E; — E; = o(T¢ — T3) = 460 W/m?2.

(c) Assume that the n interspersed plates are black bodies at temper-
atures t,ts,...,t,. When equilibrium is reached, we have

T—ti=t1~T5, forn=1,

with solution

with solution

4 (TE TS o
4 _ % (1 2 =Tt 4
t1—3<——2 +—4) , W 3(T1 T;) -

Then in the general we have
4 _ 4 __ 4 4 _  _ .4 4
Ti—ti=ti-th=... =t -T2,

with solution

t —
417t n+1%’

g
W = o(Tf - Tf) = S (T - TF) .
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1026

A spherical black body of radius r at absolute temperature T' is sur-
rounded by a thin spherical and concentric shell of radius R, black on
both sides. Show that the factor by which this radiation shield reduces
the rate of cooling of the body (consider space between spheres evacuated,
with no thermal conduction losses) is given by the following expression:
aR?/(R? + br?), and find the numerical coefficients a and b.

(SUNY, Buffalo)

Solution:
Let the surrounding temperature be 7p. The rate of energy loss of the
black body before being surrounded by the spherical shell is

Q =dnr’o(T* - T¢) .

The energy loss per unit time by the black body after being surrounded by
the shell is

Q' = 4nr?o(T* — T{), where T} is temperature of the shell .
The energy loss per unit time by the shell is
Q" = 4nR%c(T} - Ty) .
Since Q" = @', we obtain
T{ = (r*T* + R°T3)/(R* + r7) .

Hence Q'/Q = R%2/(R? +r?),ie,a=1and b= 1.

1027

The solar constant (radiant flux at the surface of the earth) is about
0.1 W/cm?. Find the temperature of the sun assuming that it is a black

body.
(MIT)
Solution:
The radiant flux density of the sun is

J=0T*, whereo=57x10"8 W/m2K4‘ Hence orT‘*(rs,/rSE)2 =0.1,
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where the radius of the sun rg = 7.0 X 10%km, the distance between the
earth and the sun rgg = 1.5 x 108km. Thus

1
21 4
0.1
T=[—<fﬂ>} ~5%x10° K .
bed rg

1028

(a) Estimate the temperature of the sun’s surface given that the sun
subtends an angle # as seen from the earth and the earth’s surface temper-
ature is Ty. (Assume the earth’s surface temperature is uniform, and that
the earth reflects a fraction, ¢, of the solar radiation incident upon it). Use
your result to obtain a rough estimate of the sun’s surface temperature by
putting in “reasonable” values for all parameters.

(b) Within an unheated glass house on the earth’s surface the tem-
perature is generally greater than Tp. Why? What can you say about the
maximum possible interior temperature in principle?

(Columbia)

Solution:

(a) The earth radiates heat while it is absorbing heat from the solar
radiation. Assume that the sun can be taken as a black body. Because of
reflection, the earth is a grey body of emissivity 1 — €. The equilibrium
condition is

(1—€)Js4nRE - wRE [amri_g = Jg - 47RE |

where Js and Jg are the radiated energy flux densities on the surfaces of
the sun and the earth respectively, Rs, Rg and rg_g are the radius of the
sun, the radius of the earth and the distance between the earth and the sun
respectively. Obviously Rs/rs—g = tan(6/2). From the Stefan-Boltzman
law, we have

for the sun, Js=oT¢ ;
for the earth Jg = (1 — ¢)oT§.

Therefore

2rs_E

TS = TE RS

1.5 % 108 km)1/2

~ 300 Kx (2x
( 7 X 10% km

~ 6000 K .
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{b) Let T be temperature of the glass house and ¢ be the transmission
coeflicient of glass. Then

(1—8)T* +tT¢ =tT*,

giving

- [l

Since t < 1, we have t > 2t — 1, so that

T>T.

1029

Consider an idealized sun and earth, both black bodies, in otherwise
empty flat space. The sun is at a temperature of Ts = 6000 K and heat
transfer by oceans and atmosphere on the earth is so effective as to keep
the earth’s surface temperature uniform. The radius of the earth is Rg =
6 X 10® cm, the radius of the sun is Rs = 7 x 10'° c¢m, and the earth-sun
distance is d = 1.5 x 10'® cm.

(a) Find the temperature of the earth.
(b) Find the radiation force on the earth.

(c) Compare these results with those for an interplanetary “chondrule”
in the form of a spherical, perfectly conducting black-body with a radius of
R = 0.1cm, moving in a circular orbit around the sun with a radius equal
to the earth-sun distance d.

(Princeton)

Solution:
(a) The radiation received per second by the earth from the sun is
approximately
nR%
4rd? ’

The radiation per second from the earth itself is

gse = 4w RZ(0TE)

qE = 47rR12,3 . (o’Té) .
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Neglecting the earth’s own heat sources, energy conservation leads to the
relation gg = ¢sg, so that

RZ
4
TE 4d2 TS )

le.,

=/Rs/2d - Ts = 290 K = 17°C .

(b) The angles subtended by the earth in respect of the sun and by
the sun in respect of the earth are very small, so the radiation force is

ge _ 1 RZ
Fgp="-=-—3" TRE - (0T¢) =6x 108 N.

(c) As Rg — R, T = Tg = 17°C

F=(R/Rg)*Fg =17x 1071 N.

1030

Making reasonable assumptions, estimate the surface temperature of
Neptune. Neglect any possible internal sources of heat. What assumptions
have you made about the planet’s surface and/or atmosphere?

Astronomical data which may be helpful: radius of sun=7 x 10° km;
radius of Neptune = 2.2x10% km; mean sun-earth distance = 1.5x10% km;
mean sun-Neptune distance = 4.5x 10° km; T = 6000 K; rate at which
sun’s radiation reaches earth = 1.4 kW/m?; Stefan-Boltzman constant =
5.7 x 1078 W/m?K*.

( Wisconsin)
Solution:

We assume that the surface of Neptune and the thermodynamics of
its atmosphere are similar to those of the earth. The radiation flux on the
earth’s surface is

Je = 47 RZ0T§ /47 R2y

The equilibrium condition on Neptune’s surface gives

4nR2oTS - nRY J4nRZy = 0Ty - 47RE .
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Hence
R Jg /R = 40Ty ,

and we have

Ty = (R2gJe/40REy)"/*

(15x 1092  1.4x10% %
(5.7x 1092 4 x 5.7 x 10~
—52K.

2. THE SECOND LAW AND ENTROPY (1031-1072)

1031

A steam turbine is operated with an intake temperature of 400°C, and
an exhaust temperature of 150°C. What is the maximum amount of work
the turbine can do for a given heat input Q? Under what conditions is the
maximum achieved?

( Wisconsin)

Solution:
From the Clausius formula
T
T T, —

we find the external work to be
T
W=0Q:—-Q:<Z (1—71—,%>Q1-
1

Substituting @; = Q, 7y = 673 K and 7> = 423 K in the above we have

Winax = (1 - TE) Q@ =0.37Q.
Ty

As the equal sign in the Clausius formula is valid if and only if the cycle
is reversible, when and only when the steam turbine is a reversible engine
can it achieve maximum work.





