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We give two proofs of Lemma 2.2.1.

PY: i2E Z (2)

11II ^^l+
^'l̂ ^ tilt I (2) i

Proof 1. Let E be an arbitrary positive number. We differentiate the product

T=1+E(A,)7ZF
with respect to x2. Using (2.1.19), we/^1get

4Rd^+47tdI (21+E))^x+E(I7T-1^)-4Q_^x^+E^)II (22)+

(2.2.7)

^f'x+E + '̂ z+E xx _ p pH x+E x
+ ti2td+ II (9) Z(t^ p x1 (($ id x1 (^7 IC22+E)^x (^e) IU ^2y+E 9l) + IV ^ta r}l) (,))

° +L^s^+E^, xt] TzEU Y"rO ( ) O (2.2.8)(^[1(2i+E), + 4zd

In order to get the final answer (2.2.3), we must calculate the commutators in the last two

terms on the right side of (2.2.8) and pass to the limit as E---0 . The commutator

(J)] obviously vanishes, since Y(22+E) commutes with all operators Y(2),Yf( for zE [z„z]

since 8>0 . To calculate the second commutator in (2.2.8), we use Lemma 1.5.1 and the fol-

lowing easily verifiable equation,

[: x(w,W):, i (2)] - : {X(w, T), W(x)1: ,

which is valid for any functional X(y,W) of the fields Y'(z), `1'(z) . As a result we get

Iy+E

1' ,1), +2,)]

Z4

(2.2.9)

(2.2.10)

Substituting (2.2.10) in (2.2.8) and letting E-0, we get the answer required. We note

that the result is independent of the sign of E. For E<0 the second commutator in (2.2.8)

vanishes, and the first gives the needed summand in (2.2.3). One proves (2.2.4) analogously.

The method of "extension " used in the proof given above we borrow from [30].* This

method allows us to avoid consideration of indeterminate expressions of the form

Ur+
Z (2^ (containing indeterminacies of the type of the product of a function and a discontinu-

ous one, as is easy to see, using , for example , the expansions (1.1.29-30)). However, here

one uses implicitly an unproved , generally speaking , proposition about the continuous de-

pendence of Zy^r+E(̂ ,yy'(Ja) on E. Hence we give a second proof of Lemma 2.2.1, more straight-

forward, although also more complicated.

Proof 2. We substitute into the product T:,(a)T (pd the integral equations for 72,(X)

and T 99)of the form (2.1.27). As a result , we get:

*The author thanks S. V. Manakov for indicating the possibility of using the method of "ex-

tension" in the quantum case.
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Ts,(^Ti, )_I +f d [(426,+ 4zN ^^6+)T,,()L)-6^T^(^)I(y]+

=L ^s

+f T,(})-ia T^,(}aY(Nj+

+f d f dn[( i%6,+^x`Y+()d+) T_,(A)-aa_T^y(^)'Y()] X

x L^4ROS +tix d_T2,pT(9]. (2.2.11)

Subsequently, complicated, but in terms of ideas entirely transparent, calculations pro-

duce as their ultimate goal the reduction, using the commutation relations (2.1.2), of equa-

tion (2.2.11) to a Volterra integral equation, equivalent with the differential equation

(2.2.3) with initial condition (2.2.5).

We transform the fourth summand in (2.2.11), opening the brackets in the integrand and

using the commutation relation ( 2.1.2), after which it assumes the form

1 d^1d1, [( i a d, +tixY( ) d+) (^)(4d,+ix1Y(8+)^1+

(4z d, +4z T ( U+)(4Q )^ ,(2")^=, (}t)`(^)-5 Q ^y,(^)Y() zR,, (^)T(t^)+

+ix^(l)6+)^Y()^i,(u\+ d+$ ( r() ,(^)^i,Qa]• (2.2.12)

We transform (2.2.12) in the following way. Firstly , we integrate the 8-function in

the fifth summand. Secondly , we divide the domain of integration in the remaining summands

into two parts : x,<^<n< xL and x, < rL<5<s,. Then , for <r , in the first and fourth sum-

mands we transfer T(
+
rl) to the left, using the fact that T;,,(1) commutes with '(n) for the in-

dicated relation of ^ and and for ^>rlanalogously we transfer Yq) to the right in the

third and fourth summands. Then using (2.1.19), we can rewrite ( 2.2.12 ) in the form

L zpp ^
6,+ixv(,)6+)( I^,O)`t ,(w)-ti( a5(A)) x T L)W(q) +

ti T,(a) ar
+x.fdx.Z +̂Ti(7aTz(fi) .

L
(2.2.13)

Carrying out integration of the total derivatives in (2.2.13) and substituting the re-

sult in (2.2.11), we get for zs(A)^ss( the following integral equation

1 (x)T Qi)=I +L(z,r)+x66+) x(ti)^z (2.2.14)

which, obviously, is equivalent with the Cauchy problem (2.2.5) for (2.2.3). The investi-

gation of the product T (u)T '(^.) is carried out analogously. Thus, Lemma 2.2.1 is proved.

The proved lemma allows the reduction of the proof of Theorem 3 to the verification of

the equation
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(2.2.15)

In fact, by virtue of (2.2.3-5) and (2.2.15), the quantities ^xOTl(A) and1 :1 R(A)^i i^(A)y^(•

V(z j) satisfy the same differential equation with the same initial condition. We note that

in establishing this fact it is extraordinarily important that R. is a numerical matrix,

whose matrix elements commute with the matrix elements of V,`.

Equation (2.2.15), to which the proof of Theorem 3 is reduced, is easily verified directly.

We discuss in the conclusion of this section the connection of the formula (2.2.1)

which we have obtained with the result (1.2.11) of Theorem 1. For this it is convenient to

introduce in the commutation relations (2.1.2) the Planck constant.:

i (x) (11)] = & (x -4{.) .

Then the R-matrix assumes the form

R(?-)=I-" .t P =I+;.tz(a) .

(2.2.16)

(2.2.17)

We shall show that in the quasiclassical limit }i--0 (2.2.1) goes into (1.2.7). In

fact, in view of (2.2.17), (1.2.1) can be written in the form

[T z(),': )J=-i. .lz(A- ^z,(J.,p-T , X;(4z^^'_ - (2.2.18)

Using the fact that as to , T(A) goes into the classical transition matrix Ts"('A) , and the

commutator goes into the Poisson bracket

[)1-'-tip{,}
and retaining in (2.2.18) terms of order t , we arrive at (1.2.11).

(2.2.19)

We note that this result is also valid for R -matrices of more general form, for which

(2.2.17) is false (see [29]). In the general case it is replaced by the relation

R(A) = 1+ 4Y(A)+ o(t5)
or

r(a)= i 8 R(a,t).

2.3. Passage to an Infinite Interval

(2.2.20)

(2.2.21)

This section is devoted to the derivation of the most important result of the present

paper, the commutation relations between the matrix elements of the quantum transition ma-

trix for an infinite interval.

Analogously to the way the quantum transition matrix T (^) was introduced in Sec. 2.1

for a finite interval, we define quantum transition matrices T_(z,a), T+(x,a) for the semi-in-

finite and '(a) for the infinite intervals by the formulas

T±(x,A) :T±(z,A) (2.3.1)

TO) = : TO)
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The properties of the matrices T±(x,A) and T O ) follow directly from (2.3.1), completely

analogously to the corresponding properties of the matrix T ;(a), established in Sec. 2.1.

The matrices T±.(z,A ) and T ( A) have the same symmetry as T 3:"(A) (for the notation for the ma-

trix elements T±(x,A) and T(a), see Points 6-8 in the Supplement ) T-(x,A) satisfies the dif-

ferential equation

- L(x,AA) T_(z,A)
(2.3.2)

and T, ( x, A) the equation

2x T+(x , A)= T,(x,A)L(x,A) (2.3.3)

For Tt( x,A) and T(A) the quantum analogs of the integral equations (1.1.23-28) are

valid, which we shall write down later insofar as they are needed.

We recall again that for now we are considering the matrix elements of T.(x,A) and T(A)

which are formal series of the form (2.1.32-35) (we shall not write these series down here,

since they are obtained from (2.1.32-35) by eliminating x, and/or xy).

Now we can formulate the basic result of the present paper, Theorem 4.

THEOREM 4. The commutation relations between the matrix elements of the quantum transi-

tion matrices T.Ix,A) and T ( A) can be written for real A and )(t in the following form:

R(A )V cx,a)^_(x,µ)(4 AµZ.o G 6+) =Q_lx, )^_cx,a)(1t F.io 8+r)R(2.3.4)

R-(A_^ )(1+A tp Z 6'+) T,(x,A)T_, (Z,p) =(1 A ,tio ^'r )T,lx,)u)T.lx,^)R(a "), (2.3.5)

ix
R(A- Ait }^ (o 6')f(a) (A.)(4-a zio°^^t)

=(1 A e*s)I'()^<A)(4+ A µ io ^,^^R<a µ) (2.3.6)p'+tio

Proof. First we prove (2.3.4). The proof will be based on the study of the asymptotic

behavior of the products Ti'(A)xy(Ww) and Ilx, OT (A) as z1^-ao. Here we shall devote bas-

ic attention to the formal-algebraic side, not going into the analytic justifications of

our calculations and making it our goal to give as simply and rapidly as possible a method of

calculating the desired commutation relations.

It was proved in Sec. 2.2 that the products T(A)^`(p) and Tx;(,µ)T,^1(A) satisfy, re-

spectively, the differential equations (2.2.3) and (2.2.4). The operators I and X' (2.2.6-

7) figuring in (2.2.3) and (2.2.4) do not coincide with the sum of the operators A,(x,A) and

as would be so in the classical case, but differ from it by the summands z 6 88', and

aea, respectively, arising from the noncommutativity of the quantum operators. In connec-

tion with this, in the quantum case in describing the asymptotic behavior of the products

xz xL si
Tx (A) x, (^+) and x (^w)T=^ (a) as zi-.--oo or xz^+ oo the role of the classical matrix E(a;

A, p) (see Sec. 1.3) will be played, respectively, by the matrices fb(x;A,,u) and &ix;A,,*)
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l,(Z; i>µ) = exp X,(A,f+) x =
0 e'x , 0

pix z i A-&,. 0 , (2.3.7)

A-^ 0 e°A.J)0 , 0 ,

0 , 2z e ,

`x, 0 , 0 , 0

0 ,e°x, 2z einzA-,U 0

^(x;^,(+)= exPxo (a,^u)x = 0 0 iArx 0 (2.3.8)

0 ,
0 ei-

where and are the "asymptotic" (as lxl-+ m ) values of the operators X(x;

A, and respectively,

+ , (2.3.9)

e, - i 63+ xs+ea (2.3.10)

We note that by virtue of (2.2.15) one has

R(A-,µ) x,(a,,µ) = X. (A,)&) (2.3.11)

From (2.3.11) in combination with (2.3.7-8) follows the analogous equation for the matrices

t(x; ),J) and L'(z,; A,,A) :

R(A-^u)^(x;A A,,µ)R(A-,u). (2.3.12)

Now we concern ourselves with the investigation of the asymptotic behavior of the prod-

uct ^i, (1)`Il'i (,µ) as z,-.- - - . We note, first of all, that the differential equation (2.2.3),

which, one can rewrite using the notation (2.3.9-10) and (2.1.31) in the form

39
('x' ( A)fzxf.,

"( y) _ : X,( A,^)+ d( )+d(xs))(T A) ^y, (f3)) , (2.3.13)

1

is equivalent under the initial condition (2.2.5) with the Volterra integral equation

(7,'(A) T, (N)) +Jdx ( T, (a) '(1"))(^(x>*d(x)): ^(x-x,;A,,,u). (2.3.14)

We introduce into consideration the limit

{irn ^^x,(A)i^(a))^(^y>A,µ) (2.3.15)
x, w

Substituting (2.3.14) in (2.3.15), we get for °.T(x;A,Ju) the following integral repre-

sentation

6-(x; A,µ) = ^(x; A,,µ) t 1 d'1 : (T c^>H (µ))(d('1) +9'(17)) ;
- O,

(2.3.16)
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We note that `,J'(x;A,,µ) as before satisfies the differential equation (2.2.3):

(xia,,u)=: Y(x;A,,A)`l(Z;A,,µ); (2.3.17)

On the other hand, arguing exactly as in the proof of Lemma 2.2.1 in Sec. 2.2, one can

see that the product which we denote by satisfies the same dif-

ferential equation

dx ^(x ; A,74)= ;.Y(z;A,,µ)^( z;A,,µ): , (2.3.18)

Consequently, the quantities and T(x;A,µ) can differ only by some matrix fac-

tor 0(A,1"):

3- (x; A,µ) = J(x;1,ru) t(A,,U) . (2.3.19)

We note the obvious similarity of our arguments with the arguments made in proving

Theorem 2 (Sec. 1.3). As also in Sec. 1.3, we find the matrix ¢(A,,(L) , comparing the asymp-

totics of 5-(z;A,,4) and E (x;1„u) as x -- -- m . The asymptotics of as x-+-ao are

easily determined from the integral representation (2.3.16):

F(x;A, u) fa (z; A,)4) . (2.3.20)

It remains to investigate the asymptotics of Z(X;A,,µ). For this we use the quantum

analog of the integral representation (1.1.24):

A)=e(x,A) + f d, : T'(A)D
_
-(n): e(+j,A) (2.3.21)

or

0 ^x
(x"w)= e(x,,µ) + dI (,)u)d(+1) (2.3.22)

z
Substituting (2.3.21) and (2.3.22) in the product we get

x

E(x;a,M) + f e(x,.µ) +

x my (x + x x
+ dj ())d(q) : e(x,1)e(+(, µ> +1 d'lf J d7%[Lz ( q^) Q7^<A ) 6+ i'Il) (A)s Y`(n,)^ a

r a a
xLix +(+(y) =(u)6+ v^'1c (uJ6 ^Y(gL)^e('i^,l)e(^Z,)u).

Here we again use the notation introduced in Sec. 1.3 E(z; A,^u)= C( x, 1)e(x,ft).

(2.3.23)

The fourth summand in (2.3.23) can be transformed completely analogously to the way the

corresponding summand in (2.2.11) was transformed. Omitting the corresponding calculations,

which coincide almost identically with the chain of calculations (2.2.11-14), we give only

the final result:

`Z(x;A,µ) = E<z; A,,u) +1 :(71(A)'II (^))(D'(^) +4'(q)+xs s+): E('1;(2.3.24)

In order to find the asymptotics of 5(x ;A,,µ) as x-w, we note that the product

71(A)T1x (,µ) has the following asymptotics:
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(2.3.25)

as °O. Formula (2.3.25) follows from (2.3.14). Substituting (2.3.25) in (2.3.24)

and discarding terms which decrease as x - - oo , we get

a,.µ) E(x;A,^')+^ d7b(x '1iA^u)xca;E(+^;A,^w) (2.3.26)

Calculating the integral in (2.3.26), we arrive at the following result:

izT(x;^,^u) E(x;A, _ ^(x; A, u) C(A,u)+ e` xs c u), (2.3.27)^r f+.-74^-0o A-,WtLU

where

ix
(2.3.28)

Rewriting (2.3.19) in the form

I(x; A,ju) = E(x;A,Ja) C 1(A,^u) (2.3.29)

and using the fact that

(2.3.30)

(since 5"'= r+ = 0 ), and recalling the definition of `J(x;A,? ) and L(x; ),ru) , we get finally

m (f:() ^ (^t)) (xi A,)u)= q _(7t,a)^_(z u)µ4 Afi.iO ° ^' )•
(2.3.31)

z,-.-ao
x2 x

The analogous formula for (,a )`Q(A) is obtained by interchanging in (2.3.31) A ^w and

Cim(fix(n)An(a))Eix;A,µ)= Lor,Z).

Now everything is ready for getting the commutation relation (2.3.4).

multiply (2.2.1) on the right by 6(a.,;A,;u) and use (2.3.12), and we get

Passing in (2.3.33)

(2.3.4).

(2.3.32)

For this, we

R(1 µ)^, (i)flx(f^)F^(z^;^>µ)= s(^+)^^<A)b(z,;^^)RC µ). (2.3.33)

to the limit as X, oo , according to (2.3.31) and (2.3.32) we get

Equation (2.3.5) is proved completely analogously. Combining (2.3.4) and (2.3.5) and

using the obvious equation

TO) (2.3.34)

we get (2.3.6), thus completing the proof of Theorem 4.

We proceed to discuss the results obtained. We note first of all that a calculation,

completely analogous to that given at the end of Sec. 2.2, allows us to get in the classi-

cal limit of (2.3.4) the formula (1.3.1) and analogous formulas for T+ and T . Thus, the
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results of Theorem 4 generalize the results of Theorem 2 to the quantum case.

A summary of the commut tion relations between the matrix elements of the matrices

Ilt(x,A) and ?(A) is given in he Supplement (formulas (S31-48)). In order to show how one

gets these formulas, we calc late, for example, the commutation relation between the opera-

tors Aix,,,u) and B*(z,A) (form Is (S34)). For this we write in (2.3.4) the matrix element

found at the intersection of the first row and third column:

(4-a' )B'

Regrouping terms, we get

A-(=,µ)B+_(x,A)= B'_(^a )IL(x,,s)-a

B'(zµ)A-(x,A) + i
z

B±(z, A_(x,A)+A_(a,7u)Bi(2.3.35)

izLO
R+(s^)/Lla,a^ +

Aiz C B*(x,,^)A_(x,A) -B+ (x,A) A_ (z µ)]. (2.3.36)

We note that in the denomina or of the third term on the right side of (2.3.36) it is un-

necessary to regularize for A-,& , since the numerator here vanishes. This means that we

can choose the regularizatio of the denominator arbitrarily, in particular, replace (A-,µ)-'

by (aft-ipf' (see the analogo s argument in Sec. 1.3 in connection with (1.3.11)). Then

terms containing the product B+(u,t)A _(x,A), are preserved, and we get (S34).

Analogously one also gets the remaining formulas (S31-48). The calculations here, how-

ever, turn out to be rather c mplicated. It turns out that if one is interested in commu-

tation relations only for A * then (2.3.4-6) can be essentially simplified.

In fact, for A *.,U, the r gularization of i tO in the denominator (.A-,AL) is inessential,

and we can divide, for exampl , (2.3.4) on the right by(I- A-(0 6'_ 1:), obtaining here the

following equation:

where

0 , 0

_Ct
0 0 0

0 , 0 , 0 , i-

(2.3.37)

(2.3.38)

We note that without mak ng any preliminary statement about A#" , we would get in

(2.3.38) a meaningless produc of generalized functions of the form (A-j -iOf'(A.At.iO)^

Analogously from (2.3.5) and 2.3. 6) one gets

( ft)T,(:,A)T+(x,^tt) =T+<x,^tt) T+(z,A)R(A µ), (2.3.39)

Ro(A'u)T(1)T(,11) 1(,,4)T(A);(A-d4) • (2.3.40)

Equation (2.3.40) reprodmces a result obtained by Faddeev in [16].

R(1^L)T_(xA)` _(xJ4J T_(x,p)LCx:A)R,(A-,µ)
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We note one interesting thing. Although the commutation relations for the matrix ele-

ments of T+(x,i) , obtained from (2.3.37) and (2.3.39), are only defined for A # µ, we can,

using the analytic properties of the matrix elements of the matrices 7+(x, ) , extend the

corresponding commutation relations to the real axis and find thus their proper regulariza-

tions for A = ,µ•. We clarify what has been said with an example.

We write the matrix element lying at the intersection of the first row and second col-

umn in (2.3.37):

^1 tix ) B+(x, A) A (s, )=A (z,^t()B*(x,A) • (2.3.41)

By virtue of (2.3.1) the operator functions A_(xfa) and BI(x,A) have the same analytic prop-

erties as the corresponding classical quantities 0.(xrU ) and $_(x A). Thus, (2.3.41) is

initially defined for 1K.,a,0 and In0<0 . When A and 7w leave the real axis we must reg-

ularize the denominator (A-)) in (2.3.41) in the following way:

A_(x,f`)^(x,1)=(1- tit (o)B_(x,A )A_(x,µ>,
A-,µ-

thus getting the proper commutation relation

(2.3.42)

In the same way from (2.3.37) and (2.3.39) one can reproduce all the commutation rela-

tions (S31-42). For the quantum transition matrix T(A) on the infinite interval, analo-

gously from (2.3.40) one can reproduce the commutation relations (S43-46), i.e., those com-

mutation relations, in which at least one factor admits analytic continuation to the real

axis. Exceptions are the commutation relations (S47-48), since the functions B(A) and B+(A)

are defined only for real A. These commutation relations can be obtained only from (2.3.6).

The commutation relation (S48) between B(A) and B+(je) deserves special commentary. We

write it separately:

B(1)B'(µ)=(1 - --X1-A- tio) B(µ)B(A ) + z^ts( Aµ)A^A)A(A). (2.3.43)

On the right side of (2.3.43) we see , generally speaking , the undefined product of gen-

eralized functions This indicates the highly singular operator character

of B(A ) and B (u.). It turns out, however , that one can be saved from the singularities in

the ratio ( 2.3.46 ) by regularizing the operators B(A) and Et(,") in a definite way.

Namely, we define operators r(A) and +(1) by

(^(1)=(z-xe(1)A(V1/%B(A) ,
(2.3.44)

and we formulate the following proposition.

Proposition 2.3.1. The operators q)(X) and +(A) introduced by (2.3.44) satisfy the

canonical commutation relations:

[ Q(A),CP(fi)J= [ +(A),(Pi(o ] = 0, [ ^P(A), +(,") ] = d(A-w). (2. 3.45)
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Proof. We note first of all that from (S46)

A(A)B'(lu)= ( 1* A_tix4o )Bt( )A(A)
Ju

(2.3.46)

and from ( S43) follows the analogous relation

f(A(A))B5(Ju)_ B+(J(()f^(^+A_ri0 /A(A)] (2.3.47)

for any analytic function f(A). In fact , from ( 2.1.46) the validity of (2.3.47) follows

directly for polynomial functions ,f('A), and consequently also for analytic functions .f(A),

considered as infinite power series in A (we recal l that all our arguments carry formal al-

gebraic character ). We can also extend (2.3.47) to functions f(A) of the form 4(A)= A-17L,

by decomposing them into power series near any point

Analogous arguments allow us to get from (S45) the following relation

B(A)f(Ac,µ,)= s[(1 o)A(^)]fl A). (2.3.48)

Now one can enter upon the proof of Proposition 2.3.1. We derive , e.g., the commuta-

tion relation between 4(A) and +(je). For this we substitute in the product q(A)v(J1)

the expression (2.3.44). We get

¢(A) (JU)=(27C)'(AiA)A(a)) 'isB(A)B(µ)(Qtu)A(µ))A (2.3.49)

Now using (2.3.43),

^(A)^i^r(za) YAiA)A(A)j`B(^()BcA)(Aipu1 (µ^ `(1^A µ ;oX1 kz)

+tzni'(A ^A)A(A)j 3(z^ ) QiA)A(A) ('(A p )(A(7* A(u)) 'it (2.3.50)

In order to get the answer needed, it remains to transform (2.3.50), using (2.3.47-48) and

the commutativity of A(A) and A'(e) (Eqs. (S43-44)):

(a)^^JU)=(2z)'B^^u)(A`(µ)A(^()A^a)A(a)j(r:B(71)td(A µ) - V(,µ) P(A)+ AA-,u).

The remaining relations from (2.3.45 ) are obtained analogously.

We note to conclude this section that the quantum operators 00) and +(A) correspond

to the classical variables of action-angle type (p(A) and (p(A) (Eqs. (1.4.8)).

2.4. Spectral Decomposition

In the present section we shall show how, using the commutation relations between the

matrix elements of the transition matrix T(A), one can study the spectra of the integrals

of motion of the quantum n.S.e.

First , however, we consider the connection of the quantum method of the inverse problem

and the Bethe substitution method. This connection is given by the following proposition.

Proposition 2.4.1. The wave function of an .N -particle state

1k4,...,k,. >a= B'(k,)...B'(k,r)10>
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coincides with the wave function defined by (2.1.11) for the following choice of coeffi-

cients C; . ..t, .

Vic,... (^.
- (zac)

rn k k
(2.4.1)

gr f,

The assertion just formulated was first announced in the author's paper [14]. The

proof of this fact available to the author is quite complicated and reduces, essentially,

to the direct calculation of the result of the action of a segment of the series (2.1.34)

on a wave function of the form (2.1.11). An analogous proof was recently published in [27].

Almost simultaneously with [27] there appeared [23], containing an elegant and short proof

of an assertion, equivalent with Proposition 2.4.1. Hence we shall not give here the proof

of Proposition 2.4.1, but proceed directly to the discussion of the consequences following

from it.

Comparing (2.4.1) with (2.1.13), we see that one has

k k (2,r F1 I k'
tix I l k k (2.4.2)

l- Yee r k, n..., N korrw

where is the A -particle state which is associated by (2.1.4 ) with the wave func-

tion t(MO"^)Ik...... k 1 ) (Eq. (2.1.11)). Equation (2.4.2) shows that the wave functions

generated by operators B*(k}) are not normalized on the 6"-function . Moreover, the denomina-

tors ( kr-ks ) ' make the normalizations of these wave functions so singular that B +(A) cannot

be defined even as a generalized operator -valued function .* This fact allows us to clarify

the singular commutation relations (2.4.43).

Now we consider the JY -particle state generated by the normalized operators (Pr(k))

(Eqs. (2.3.44)):

Ik...... ka,>- ^(k,)... ^iky)lo> (2.4.3)

Substituting (2.3.44) in (2.4. 3), we get

I k,,..., kr > = B( k,)( 2xA^k, )A( k,)) ... B'(k. ,)(2zA (kn )A(kH))' 10 > . (2.4.4)

With the help of (2.3.47-48) moving the factor (2aA+( kb)A(k}))-" to the right in (2.4.4) and

using the equation

A(ki)l o> = A+( ki ) I o> = 10> ,

which follows directly from (2.1.32-33), we arrive at

1k,_ kr> _ -.-1 n I I I k,,.... k, >$ ,
(ztr)' r<6 -kt rox

or by virtue of (2.4.2),

> _ I k,,-, kn > sores

*A. K. Pogrebkov pointed this out to the author.

(2.4.5)

(2.4.6)
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Thus, the operators c+(ky)give birth to the normalized eigenfunctions of the Hamilton-

ian (2.1.5).

We proceed now to the consideration of a circle of questions connected with the quantum

integrals of motion for (2.1.6).

We shall show that, analogously to the olassical case, the role of the generating func-

tion of the quantum integrals of motion is played by to A(A). In fact, from (S43) follows

the commutation relation

[fis A(A ).InA(p) ]= 0 .

Moreover, substituting in (2.3.47) f(\)= toA, we get

AMIIy,...,kX> tE c,,,(k^)Ik,,...,kN >

( (nA(a))Bt ^)=Bip ) [^nA(a) +C)t(1+^ tiA (2.4.8)
or

[tnA(A), +( u)1= ^()u) $n (1t
a_,u,ti0^ ' (2.4.9)

We let the operator inA(A) act on the .N-particle state lkr,k/X

1%A(A)Vd,...(P+(kX)10> . (2.4.10)

Using ( 2.4.9), we can move do A(A) in (2.4.10 ) to the right. Noting , in addition , that by

virtue of (2.4.5) one has

CnA(A)Io>= 0 ,

ro

$n(4+A'k)=4zx^'^ cM(k)A'"`

we arrive at the following result. The state I.,...,kn.> is an eigenfunction of the operator

t%A(A)

friAd)IIy,...,kX>=F:4n(i* ux4p )Ik,,...,k,y> (2.4.12)

where the corresponding eigenvalue is additive with respect to the momenta kf ;

Decomposing both sides of (2.4 . 12) in powers of V, we get that the state lkw..,k,.> is

proper also for the operators A M , defined as coefficients of the expansion

I%, Ad) = izE I A. (2.4.13)

The corresponding eigenvalues CM(k)

are defined from the expansion

and have the form

(2.4.7)

(2.4.11)

(2.4.14)

(2.4.15)

Cm(k)= k"-`(k
- ix)M=Zi (rn-()! (_ix)s-fkrn-s+i

im.ac
(2.4.16)
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Unfortunately, for the quantum case a method of calculating the operators A^ , analo-

gous to the method of the Riccati equation (1.4.2-4) in the classical case, is still un-

known. Hence, in order to connect the operators A, with the local integrals of motion for

(2.1.6), we have to use a result of Tsvetkov [38]. As shown in [38], the classical inte-

grals of motion 7m,(1.4.2) for (1.1.1) after Wick quantization become quantum self-adjoint

operators Ih,,in the space F:

3M- : J, : (2.4.17)

commuting with the Hamiltonian H. In particular,

14= : N: -N , (2.4.18)

ya P: = P (2.4.19)

H: =N (2.4.20)

(For the definition of N,P , and d{, see Eqs . (2.1.5, 7, 8).)

The eigenvalues of the operators 1, on the states Ik,,_.,ky> have the form

}s1

Comparing (2.4.21) and (2.4.14), we get the relation

In particular,

A = (nr1)! rx)s t1n^ 6ei

A4 1
tiz

A;=

Formulas (2.4.23-25) allow one to express N,P, and N in terms of A,,A%, and Ay:

N=A, ,

P= A,+ cz A,
i

(2.4.21)

(2.4.22)

(2.4.23)

(2.4.24)

(2.4.25)

(2.4.26)

(2.4.27)

(2.4.28)

For positive values of the connection constant x (the case of repulsion ), the states

I k,,...,k,r . (X=0,1,1 ...), as indicated in Sec . 2.1, form a complete system of eigenfunctions of

H in the space {?. This fact , and also the additivity of the eigenvalues of Cn A(A) in

(2.4.12), allow us to write for the generating function of the quantum integrals of motion

3 M the following spectral decomposition:

$wA(a^^d{n(1, )^'(µ)^<^u). Ima> 0.

The analogous decompositions for N, P, and N have the form

(2.4.29)
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(VI =1 dw 'P+(") 'P (14) ,
ao

uo

(2.4.30)

(2.4.31)

(2.4.32)

- 00

Equations (2.4.30-32) show that (P+( ) and ^Nµ.) are operators of birth and annihilation of

elementary particles with momentum p and energy ,tt2 . The operator (jr?OtAi) can here be in-

terpreted as the operator of the density of the number of particles with momentum jt. We

note the obvious similarity of (2.4.29-32) with (1.4.10, 12-14) for the classical n.S.e.

To conclude this section, we discuss the case of attraction (z<O). Here, as noted in

Sec. 2.1, in the spectrum there appear connected states, which can be obtained from the

scattering states 1k,,....ks,> by analytic continuation with respect to the momenta (2.1.15).

We calculate the eigenvalues of the integrals of motion for the connected states. This,

of course, can be done by simply substituting (2.1.15) in (2.4.21), but we choose another

method of calculation, which allows us at the same time to get interesting deductions of

general character.

First, we find the eigenvalue of the operator A(n)on the state ki,..•,ky>. This is easy

to do, letting the operator A(lu act on the expression V(k,)•.•V(k,Y)lo and moving A(d) to the

right with the help of ( S46). As a result we have

-k'ax I ,k > ImA o .A(A)I ,...,k (2.4.33).t}^( A_k' ^... N 2.4.33)

We note two things in connection with (2.4.33). Firstly, the eigenvalues of A(A) are mul-

tiplicative (hence additive as eigenvalues offss A(a)) in the momenta kf. Secondly, the eigen-

value A-lot has in the upper half-plane with respect to a exactly .N zeros k; ix=

kf+tilxl (we recall that we are considering the case x<U).

An eigenvalue of the operator A(a) on a connected state of JV particles is obtained from

(2.4.33) by analytic continuation of (2.1.15) with respect to the momenta kj. Here in the

product

f a- . -cl^l = A-- "lx_ Nz9
j=^ A ly A- ,+Jxl

+ z __ - A-T -olxl Xzf
+4 z ^ ^ (2.4.34)

A- ^ I l ^ .. A ^ °I$I^

there occurs consecutive cancellation of numerators and denominators, and as a result there

remains the factor

A- N -tilxl^
a-it +tilxl 12

\L. 4. J3)

having a unique zero in the upper half-plane with respect to A at the point ,(= Jr t lxl A. f .

It is interesting to note that on the other hand (2.1.15) can be obtained, by requiring that
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the eigenvalue A()) have a unique zero in the half-plane I>wa > 0 and that the momenta kj be

distributed symmetrically with respect to the real axis. In fact , the condition of cancel-

lation of numerators and denominators in (2.4.34) leads to the requirement of equidistance

of momenta k:kj,,-kj = i lxl, which in combination with the requirement of symmetry k, = k,

gives (2.1.15).

This result has interesting analogs in the theory of the classical nonlinear Schr8dinger

equation . It is known [11, 41], that connected states of quantum particles correspond in

the classical limit to solutions for (1.1.1 ). The classical coefficient of passage 0.(a) to

a one-soliton solution , characterized by the momentum P and the number of particles if, has

the form

P -tiI t 0

a.(a)= a- IF l2

a-S. ilxl f

(2.4.36)

Comparing ( 2.4.36 ) and (2.4 . 35), we see that they coincide up to the translation

' , which in the quasiclassical limit is inessential.

The eigenvalues C' kp ) of the integrals of motion Am, on anJY-particle connected state

are obtained , as earlier , by the expansion of the generating function

-i z o0A-YPC;41 I I =- tilxl^' c`„>(p)a
+ilxJ -l m-1

(2.4.37)

J) _ a P _. 1-i P JY+1 m
C (p) ntIZI LL`

k tilz^ 1 -^^ +itzI 2 (2.4.38)

C;,°, (P)

Using (2.4.26-28) it is easy to get the eigenvalues of the integrals of motion N, P

and H on an JY-particle connected state Ip„N >:

p,N>=Ik,,.,k,>, kj- +;Ixi(} 1z1) ,

These eigenvalues have the form

4(2 39). .
= 1,..., J{

NIp,1>= fIp.iV> , (2.4.40)

PIp,aV>= PIP,.N>, (2.4.41)

P, jy (2 - xti (JY9 JY)) I P, I> .
(2.4.42)IM I Al 12

Unfortunately, we still do not have available a method based on the quantum method of

g q); (p) and (Py (p) of birth andthe inverse problem for constructing the canonical operators ^+

annihilation of normalized connected stares of I particles with total momentum p. If, how-

ever, one admits that such operators are constructed, then the proper generalization of the

spectral decompositions (2.4,29-32) to the, case x< O must assume the form:

A p t , __ )F _{wA(a>=E 1
a

te' 0. (P)r (Jrp ),
91

(2.4.29')
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Co
N=E J dp (P; (p)(„,(p)

X=4 -00

I 00

P E j dp (p)^v(p),

00

2.5. Quantum M -Operator

All arguments of the preceding sections were parried out for a fixed moment of time t.

The introduction of temporal evolution does not present any difficulty in quantum mechanics.

In fact, the solution of the Heisenberg equation of motion

Xt= iEx'"]
for any observable quantity X is given by the formula

X(t)= etHtX(0)e `fit

In particular, for matrix elements of the quantum transition matrix

the commutation relations

[ A(A), 1-I ] = 0 ,
[ B+(1),fJ] = a'B+(11)

the following result

A(t,a) =A(o,A),

13+d, A) e'"" B+( o, A)

T(A),

(2.5.1)

(2.5.2)

we get, using

(2.5.3)

(2.5.4)

(2.5.5)

(2.5.6)

Nevertheless , there is definite methodological interest in the following question:

Does there exist in the quantum case an operator M (9t,A ), allowing one to describe the tem-

poral evolution of the transition matrix Tyi'(A), analogous to the operator M in the class-

ical case ( Sec. 1.5)?

A positive answer to this question is given by the following proposition.

Proposition 2.5.1. The Heisenberg equation of motion for the quantum transition matrix

on a finite interval

t TXA(A)=6[U,`0''(AJ]

can be represented in the form analogous to (1.5.24):

dt Tx2'(A)=; M ( x,,,A) 9y'<A)-T" (A)M(x„A); (2.5.7)

where the operator MOO) has the form

M(x,A)= : M(x.A>: (iz +ix4'+(x)^Y(x)^6a+x(Y^x(x) AY(x))(++ e('Y`u(x)+ia'Y^(x))s.

x
Proof. We denote the commutator i.[ II,T5 (A)by the symbol ANA) and we find the dif-

ferential equation with respect to the variable x,,, to which this quantity is subordinate.
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For this we differentiate NZ (A) with respect to xy, using (2.1.24). We get

Qxy + +

L(ax, a) ,NA ):- i6-, X A) [t ill, !(xx)] +rz c [4H, 1Y ( xs) ] TX$ (a) .
(2.5.8)

Using the equation of motion ( 2.1.6) for V(.x) and its conjugate equation , we reduce

(2.5.8) to the following form

8z
^[ (a)=: L(xy,a ) .M (A): - ig 9r2 '( A>(o xx ( ) zixYr(xy) (=,)^'(x^))+

(2.5.9)

+uxs+(-b^Yzz ( uy)+2ix tY+(sy)^Y(acA)^Y(zA))^^y (A) .

Before moving further, we formulate the following lemma.

LEMMA 2 .5.1. One has the equation: 7

x[Tx^`( a),'Y+(xy)^= +[ `( ^ ),^^,` (A)7 = 0 (2.5.10)

We shall not give the proof of Lemma 2.5.1, since it is carried out with the help of the

same method of "extension" which was used in Proof 1 of Lemma 2.2.1 in Sec. 2.2. Here by

virtue of the equations ('_ C+"- 0 the result, as also in Sec. 2.2, is independent of the

sign.

Using Lemma 2.5.1, we transform ( 2.5.9), moving '+(xy) to the right , and k(x,,) to the

left. We get:

6 ( a) xx(x2) 2xe_^Y'lTy)^^'( al (xa) ^Y(zZ)+
8x M

( a)=: ^, (xi ,A i l(2(A) : +

+7e6+y(x^)^`y+ ( a)-2xt6t1Y*()(xy)`fxy(1)Y(xy) _

(2.5.11)

_: L(xs,a) 1G (a>:+: Mx(xi,A) +[M ( xy, a),1+ (Tt,a)]) TZ+'<a):

On the other hand, the right side of (2.5.7), which we denote by .),t•(A ) , satisfies

exactly the same differential equation . In fact, differentiating the right side of (2.5.7)

with respect to x1 and using (1.5.28), we get

as 2j^ca)=a :^lcxy,a)0x'"(ar^Z a) Mcx„a):_
(2.5.12)

_ ° M(zs,A)T ca)-T i )M(x„A ): =: G,(xy,a>>Kx (a):+:(Mzcx%,a )+[ M(xy,a),Lcxy,AJ )Tz"(a):
axx x+ x+

Since the quantities (a) and rnx + (a) satisfy the same differential equation and the

same initial condition

we conclude that they in fact coincide , which is what had to he proved.

Analogously, one can prove the quantum analogs of (1.5.25-27).

(2.5.13)
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CONCLUSIONS

We summarize. In the present paper, for the example of the nonlinear Schrgdinger equa-
tion we developed a new method of exact quantization of completely integrable field-theoret-
ic models. This method allowed not only the reproduction of known results for the quantum
nonlinear Schr8dinger equation, obtained earlier with the help of the Bethe substitution,

but also getting a series of new results, namely, constructing a generating function for
the quantum integrals of motion and operators of birth--annihilation of elementary excita-
tions. In comparison with the method of Bethe substitution our method has the advantage
that it allows one to construct and study eigenvec tors of the Hamiltonian by a purely alge-
braic method, without writing down the explicitly corresponding wave functions in a coordi-
nate representation.

A central role in the method we propose is played, as we saw, by the R-matrix, which

gives its name to the method. The use of the R -matrix allows us compactly and effectively
to calculate the commutation relations between the matrix elements of the quantum transi-
tion matrix , without resorting to infinite series, as was done , e.g., in [22, 26), which
appeared after the author's paper [14].

We list some problems concerning the quantum nonlinear Schrsdinger equation, which still
remain unsolved:

1) It would be desirable to find an effective method of construction of quantum inte-

grals of motion analogous to the Riccati equation in the classical case . This would allow
one to definitively free oneself in studying quantum integrals of motion from references to
results obtained with the help of Bethe substitution.

2) To construct in the realms of the method of the R-matrix operators of birth and an-

nihilation of connected states of .particles (k) and (PN(k

,,

)

nn

.

3) To construct the generating function of the quantum ryi^-operators analogous to the

way this was done for the classical case in Sec. 1.5.

After the publication of [13, 14], problems connected with the quantum generalization

of the method of the inverse problem attracted the attention of a large number of investi-

gators, both in the USSR and abroad . In the Soviet Union work on the quantum method of the

inverse problem was conducted at the Leningrad Branch of the Mathematics Institute (LOMI)

under the direction of Faddeev ( 13-21]. Of the foreign authors one should single out Thack-

er (USA, Batavia) [22-25] and Honerkamp (GFR, Freiburg ) [ 26, 27].

We list the basic directions in which the quantum method of the inverse problem is de-

veloping at the present time:

1) Quantum relativistically invariant completely integrable models [17 ], in which the

method of the R -matrix was successfully applied to the quantization of the sin -Gordon equa-

tion.

2) The study of completely integrable lattice spin models, such as the Heisenberg ferro-

magnet [18 ] and the X.Z -model [19].

3) The investigation of models with several kinds of particles , having isotopic sym-

metry [20, 21].

4) And, finally, the very long-range direction, intensively developed recently - the at-

tempt to solve the inverse scattering problem for the auxiliary linear equation, i.e., to

express the field operators, for example , 'V(Z) and [+(3), for the n . S.e. in terms of the
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scattering data A(a) and B'(A). The solution of this problem is of great interest for quan-

tum field theory, since it would allow the effective study of Green's functions of complete-

ly integrable quantum field systems. Some results in this direction are obtained in [23-

25, 28) for the nonlinear Schr8dinger equation.

In conclusion, it is necessary to mention the classical version of the R -matrix method

developed in Chap. I of the present paper. This method allowed one not only to simplify the

calculations connected with the computation of the Poisson brackets, but also to get a new

result such as the expression for the generating function of the M -operators. Thus, in the

theory of classical completely integrable equations there arises a new object, the r -matrix.

The place which the r-matrix occupies in the method of the inverse problem is still not en-

tirely clear. One does not know, e.g., the precise class of L -operators, which have a r-

matrix. In connection with this there is great interest in the problem of generalizing the

method of the r-matrix to nonultralocal L-operators in the terminology of Faddeev [16),

i.e., L -operators, the Poisson brackets between whose matrix elements contain derivatives

of the C-function.

SUPPLEMENT

In the Supplement we gather together the Poisson brackets ( in the classical case) and

commutation relations ( in the quantum case ) between the matrix elements of the transition

matrices for finite , semi-infinite , and infinite intervals . All the formulas are written for

real values of A and ja .

1. Summary of Poisson brackets between matrix elements of the classical transition

matrix T,^ (^) for the finite interval [ x,.^,3

We recall that the matrix T"''(a) has the form (1.1.11):

a (a) , x6x''(a)

The desired Poisson brackets are given by (1.2.11):

ra a+
^T='^`(A), Tzzycµ)} _ [r(a µ),TZ (a)Tz`c^u)]

Below are written six independent matrix elements of (1.2.11) of the 16 possible ones.

[a (a),az(,a)F=^Z^ (^z c^)gy(µ) 6^ (A)$y ya>).

(a (a),$x(ju))=^ (ax (1)$x(a)-6y*ca)axL(p)),

[ $z (A), $ (gu)t = 0 ,

The remaining 10 relations are obtained from the ones listed by complex conjugation,

interchange of A and 1w, and the use of the antisymmetry of the Poisson brackets.
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2. Summary of Poisson brackets between matrix elements of the classical transition

matrix T-(x, A) for the semi-infinite interval (- oo,x],

The matrix T (x,A) has the form

T (x, A)= A=A.

We recall that the matrix elements a ( x,A) and 8_(x,A) admit analytic continuation with

respect to A to the upper half -plane, and & (x,A ) and L ( x,A) to the lower ( see Sec. 1.1).

Original formula for Poisson brackets (1.3.11):

{T_ (xA),T cx,µ)}= r(A-fi)T (x,A)T (xJt)-^_(x, A)T (x,Je)r_(A,µ).

Independent matrix elements:

{a_(x,A), a 0,

{ a_(x,A)„ a (x µ)}= A "' $ (x,A) 8 (x,µ),µ+

{ a_(x.a), ^ (xfo)}= ^̂ (a^(x,A)8.(x.µ>-^cx,Ala(xjuJL

{A.(x,a),& (x,ru)}=- x a_(x,A)8_(x,fL),A_,Y+iO
{b_(x,A),& (:,j)}=o,

{L(x,^), L(=,,)=- A a (=,1)

(S7)

In formula (S9) regularization of the denominator is not necessary, since the numerator

vanishes for A - fM . Here the Poisson bracket admits analytic continuation to the same half-

plane with respect to A and fA.

3. Summary of Poisson brackets between matrix elements of the classical transition

matrix T+(s,A) for the semi-infinite interval [ x,+oo)

The matrix Z+(x,A) has the form:

`r+(=,A)= (a+(x . A), Za+(x,A)1
8+(;A), a+ ( x,A, J A=a .

The matrix elements a+(at,A) and vr+(x,A) admit analytic continuation with respect to

A to the upper half-plane , and (2,A) and q.+(x,A)to the lower ( see Sec. 1.1).

Original formula for Poisson brackets (1.3.12):

{T+(^,a),T+(^„^ )^=r,ca1'1'^i^af^,(xµrT+(^,A) (x,,µ)r(A,µ).

Independent matrix elements:

(X, A), a+= 0,

{a+(x,A), c, (x,µ)}=A µ,to ^.(x,A)8+(x,µ)>

{at(x,A),8+(x,fµ)}=A + ^0 a"(" A )8+(x),

{ati(x,A),,(x,,a) â = a (44(x,A) a+(x,µ}a+ (xA)(xµ)),
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{$,(x,A), 6,(z,,µ)3= 0,

I ,,(x,A),8,(=,p)}=A-&,io a,(x,A)a,(x,^).

(S17)

(SIB)

In connection with (S16) one can make a remark analogous to that made in Paragraph 2

about (S9).

4. Summary of Poisson brackets between matrix elements of the classical transition

matrix T(A) on the infinite interval Foo,co)•

The matrix T(A) has the form

a(A), x1(A)
TG)=1

8(A) , a(A)

The matrix element a(A) admits analytic continuation with respect to A to the upper

half-plane , (6(A) to the lower. The matrix elements W)and $( A) , generally speaking, do

not admit analytic continuation ( see Sec. 1.1).

Original formula for Poisson brackets (1.3.14):

I T.A), T(^,)}= P (A µ)T(A)Tc^u) T(A)Tcµ) r_ (A µ).

Independent matrix elements:

} a(A), a(,µ)} = o,

(a(A>, d(,µ)1= 0,

cµ)}= j((,io a(A)b(,a),

{a(A),8(P)}= A_ »io a(A)b(p),

{8G),8(µ)}= 0,

$(A1, b(,u)}= 21vi I a(A)I^

(s19)

(S20)

(S21)

(S22)

(S23)

(S24)

5. Summary of commutation relations between matrix elements of the quantum transition

matrix T (A) for the finite interval [;,z5].

The matrix 7Z% (A)has the form (2.1. 18)

By G), Ax (Al ' A = ^.

Original formula (2.2.1):

R(A µ)Q,o ( A)^ (w) = (1u T^x(A)R(A-,a).

Independent commutation relations:

A G1A^(^(1=A
x,' (,^)A (A),

A(h)AxT i^>= A^1, lA^ (A)•^`, (B ,ArB=''tAs`(µ)),

(525)

(S26)
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Bz^c^lA,^dr=(1^ ^-^)A^c^) Bi `(,^)- ^'^ As^(,µlB^ cal ,

A= (^1Bx^ iµl-(1•^` ) Bi ";u)AX( Bz,(^)A (µl,

Bz (A)BZ'(µ)x'( U)B (.()

B'YL (A+X (̂µ)b(arl^^^t^>EI^(p)),

(S27)

(S2 8)

(S29)

(S30)

All other commutation relations are obtained by Hermitian conjugation and interchange

of A and s' .

Here and later all commutation relations are given in one form: on the left side is

the product of two matrix elements, on the right side is a linear combination of matrix ele-

ments with coefficients having (%js) in the denominator.

6. Summary of commutation relations between matrix elements of the quantum transition

matrix T_(=,1) for the semi-infinite segment (-m,XJ .

The matrix T (_,A) has the form:

The analytic properties of the matrix elements of T. (z, A) are the same as in Paragraph

2.

Original formula (2.3.4):

R(1 ;^)T_(z,a) _(:cµ)(1 A ^u+eO G_ c) ° T_(=,,µ)1' (= a)U+ ^
"Z LU

s+?) R(A-,µ) .

Independent commutation relations:

(s31)

)QB ( 1*^Q A^ ^a^ (s33)t)$ (za)(xaµ )( )=( , ^z^)5 ^ ,

11
(OB AA (S34)_ )(ar,}")./

.

B (x,^)g(=,^()= B (x,)B (m,A). (S35)

A*(z^w)A (x,A). (S36)4)=R(xf^)B (=,a)+B (zsa)B (s^ +i0a-^

7. Summary of commutation relations between matrix elements of the quantum transition

matrix T+(x,A) for the semi-infinite interval [ x,+oo)

The matrix T.(x,A) has the form:

CA+(z,A), z&(z,A)1
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The analytic properties of the matrix elements are the same as in Paragraph 3.

Original formula (2.3.5):

RlA µJ(1 .z ^^+)T+(z,^) ,(x>f^)=(^ izio ^* ^ ,(z>^)`^+(z,A)R(a^+).

Independent commutation relations:

A+(%,A)A+(a,)k)= A+(z,,u) A+(z, (S37)

A,(x,A)A+(x,,&)=A;(=.^oA+(=,a)-a o$cs,1i$(x,^`) (s38)

&(^,p)A+(^iu=(1•a )A+MA)B+(z,p), (S39)

A,(x a)B:(=,^)-(i+ i^x ^ c,^f,)A,^Ara"` R*c^,A)Q+(x ^), (S 4 0)

B+(x,a)B+(z„^)
^

_ ^+(7t„^)B+(x, a) , (S41)
B*(x,11B;czi^) =B+(x,^^+l^,A) do A+(x,A)A+(z,^) . (S42)

8. Summary of commutation relations between matrix elements of the quantum transition

matrix T(A) for the infinite interval (- co, oo) .

The matrix FF(A) has the form: C A(A), xB+(A)
TO)=

B(A), A'(A)

The analytic properties of the matrix elements are the same as in Paragraph 4.

Original formula (2.3.6)

R(A),)(i+A +z 1aFAj(A)'c^)(I- "&^o e;)=(i ix { o +s)D()u)^ca)(1+^ {xi^o

Independent commutation relations:

A(A)A(^)= A(p)A(A),

A+io

A(A)rv)=(1+ + io)Bt(,µ)A(A)

B(A)B(y') = B(µ)B(Ai,

B(A)B'(^-)=(4+A-+co)(1 io)Bia)B<1)+ZcA'(A)A(A)^(a-

F+-)R(A-p)

(S43)

(S44)

(S45)

(S46)

(S47)

(S48)
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