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!‘—&l—;',}'i ’x) ¥ 'x\ 0

+ 1
A CIEE L ,w%*

|-
g = (2.2.7)
\

’ d ~ l
£ b= L(xrﬁ) + ’L@;y’) +r6d _i-&’ix) ; 3 , {%}i ; ),x\if(;) /; -
At !

\
A . .
\ ] y_‘”l-f(x) 1_4’\}1/@ P
We give two proofs of Lemma 2.2.1.

Proof 1. Let & be an arbitrary positive number. We differentiate the product

v”” T 94) with respect to %,. Using (2.1.19), we get
(T"“(HT’*}») (t-{o' 4#6 +m0’\y(x e))-u- MT::(W—& T ﬁﬂ(}v)‘"—x‘@\ﬂxz)+

+ m’S‘JNT’;:“(»‘P(;,)T:TW) ~E T Wl = (E@we,w) L .,y) Tl vpi -
-i0 T,‘ (’I\)[ :,+s) T (y)] + ‘v“d [ ,( (l) Y(x,] T:qu. (2.2.8)

In order to get the final answer (2.2.3), we must calculate the commutators in the last two
terms on the right side of (2.2.8) and pass to the limit as £—~0 . The commutator [‘Y(x,jrs),
'ﬂ':'l(),,)] obviously vanishes, since .‘y(:,js.) commutes with all operators Y(x),\ycx) for xe [xy,%,])
since £€>0 . To calculate the second commutator in (2.2.8), we use Lemma 1.5.1 and the fol-

lowing easily verifiable equation,

[ Xww), Y ] {X(W 9), W(x)} (2.2.9)

which is valid for any functional X(‘V{‘F) of the fields Y®), Y& . As a result we get
e
T =e 0T Y A LT Ry TR
[ . (ﬂ),‘i’(x,)}-deTz(n)z{L(x,ﬂa,\V(x,)}Tzw- Towat Tom . (2.2.10)
2

Substituting (2.2.10) in (2.2.8) and letting €é—0, we get the answer required. We note
that the result is independent of the sign of £. For £<0 the second commutator in (2.2.8)

vanishes, and the first gives the needed summand in (2.2.3). One proves (2.2.4) analogously.

The method of "extension" used in the proof given above we borrow from [30].* This
method allows us to avoid consideration of indeterminate expressions of the form [-“-:"'(ﬂ,),
YE:,)] (containing indeterminacies of the type of the product of a function and a discontinu-
ous one, as is easy to see, using, for example, the expansions (1.1.29-30)). However, here
one uses implicitly an unproved, generally speaking, proposition about the continuous de-
pendence of B&;(T;H‘?”T::@) on &. Hence we give a second proof of Lemma 2.2.1, more straight-

forward, although also more complicated.

o =
Proof 2. We substitute into the product T:’;@T::(ya the integral equations for T:"(}.)
and ?:.‘(y,) of the form (2.1.27). As a result, we get:

*The author thanks S. V. Manakov for indicating the possibility of using the method of "ex—
tension" in the quantum case.
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TawTrp-1 +jdg[( 4+ uyE) Tio-a Tove «
+5dn[(~i%?,+m‘i’(?u?;) Thp-E T eVl +
dﬁ &n[( g+ ¥ ip7) Tio- i Tiw v
(a3 1a¥7) Thp- T ThpVa] 2.2.11)

Subsequently, complicated, but in terms of ideas entirely transparent, calculations pro-
duce as their ultimate goal the reduction, using the commutation relations (2.1.2), of equa-
tion (2.2.11) to a Volterra integral equation, equivalent with the differential equation

(2.2.3) with initial condition (2.2.5).

We transform the fourth summand in (2.2.11), opening the brackets in the integrand and

using the commutation relation (2.1.2), after which it assumes the form
fagfa [(—i%?,m‘i’({)d?)Ti.(ﬁ)(—i%7§+ix‘i’(79?ﬁ§q~)+
38+ ¥hE) () TS T Loy -3 8 TEa Ve Trevn+

L
S TLOCET+ Vi)V T vt o ThoThe]. ez

Ve transform (2.2.12) in the following way. Firstly, we integrate the §-function in
the fifth summand. Secondly, we divide the domain of integration in the remaining summands
into two parts: x<f<n<zx, and x4<q<§<xz . Then, for <2, in the first and fourth sum-—
mands we transfer &%U to the left, using the fact that TWKN commutes with H’ou for the in-
dicated relation of £ and n» and for £>¢ analogously we transfer Wif) to the right in the

third and fourth summands. Then using (2.1.19), we can rewrite (2.2.12) in the form

qujdg[(did st @) e TLe) The-1 (8 Tie) Trval+

\
dg qu[(t—vf +«3«V(§;u,) T:.ﬂ( x‘k
Tl \V;‘ WSda?dz Tiwiie (2.2.13)
(’k kar % ) (5’J E R =
Carrying out integration of the total derivatives in (2.2.13) and substituting the re-
=
sult in (2.2.11), we get for 7T§}@01T1f@q the following integral equation
o o _ | 2 . 2 .
TaeThp=1 +£‘dx:(L(x,h)+L(x,}L)+uS_d+)T:‘(Aﬂr T (2.2.14)

which, obviously, is equivalent with the Cauchy problem (2.2.5) for (2.2.3). The investi-

= )
gation of the product 1[::@01T:f@0 is carried out analogously. Thus, Lemma 2.2.1 is proved.

The proved lemma allows the reduction of the proof of Theorem 3 to the verification of

the equation
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R(a-p) L) =Llesn,pR -y . (2.2.1%)

~ o~ ~ oz
In fact, by virtue of (2.2.3-5) and (2.2.15), the quantities -W::QL)-F::(%) and R(l—y)-u-;:(ﬂif::(w.
Eijq satisfy the same differential equation with the same initial condition. We note that
in establishing this fact it is extraordirarily important that R is a numerical matrix,

whose matrix elements commute with the matrix elements of ;7.
Equation (2.2.15), to which the proof of Theorem 3 is reduced, is easily verified directly,

We discuss in the conclusion of this section the connection of the formula (2.2,1)
which we have obtained with the result (1.2.11) of Theorem 1. For this it is convenient to

introduce in the commutation relations (2.1.2) the Planck constant h:

[\if(x) ,Y&)]=h8(x—4t) . (2.2.16)

Then the R-matrix assumes the form

R(W)=I‘L§,£P=I+ihz(w) ) (2.2.17)

We shall show that in the quasiclassical limit ﬁ~°0 (2.2.1) goes into (1.2.7). In

fact, in view of (2.2.17), (1.2.1) can be written in the form

oy 2, X oy 2 N: Sy
[To, T o) =-oh (-T2l 2T il 2026-9) - (2.2.18)
Uéing the fact tha: as h—0 ,1r:fﬂ) goes into the classical transition matrix T:TGQ, and the

commutator goes into the Poisson bracket

[7]_"4‘}3{,} (2.2.19)

and retaining in (2.2.18) terms of order*t, we arrive at (1.2.11).

We note that this result is also valid for R -matrices of more general form, for which

(2.2.17) is false (see [29]). In the general case it is replaced by the relation

RO =TI+ thrihr+ 0 (2.2.20)
or
— i (2.2.21)
== igy L‘:C Ria .

2.3. Passage to an Infinite Interval

This section is devoted to the derivation of the most important result of the present
paper, the commutation relations between the matrix elements of the quantum transition ma-

trix for an infinite interval.

Analogously to the way the quantum transition matrix ﬂﬁ}(x) was introduced in Sec. 2.1
for a finite interval, we define quantum transition matrices TL(:,A), ﬂ;(x,A) for the semi-in-

finite and T(A) for the infinite intervals by the formulas
Tatahy =: Tz ¢, (2.3.1)
Ty =:Twy
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The properties of the matrices T+(%A) and T(A) follow directly from (2.3.1), completely
analogously to the corresponding properties of the matrix T:"" (b, established in Sec. 2.1l.
The matrices Tﬁ(x,ﬁ) and T(A) have the same symmetry as T:”(A) (for the notation for the ma-
trix elements Tth,ﬂ) and T, see Points 6-8 in the Supplement) T_@,A satisfies the dif-

ferential equation

—aﬂ;'l'.u,h:E Labh Tah:, (2.3.2)

and 'ﬂ',(x,l) the equation
T%—T#x,h:—'; T+(x,ﬁ) L(I,}\) 1. (2.3.3)
For Ti(x,4) and Tca) the quantum analogs of the integral equations (1.1.23-28) are
valid, which we shall write down later insofar as they are needed.

We recall again that for now we are considering the matrix elements of 'ﬂ':(x,,\) and T4
which are formal series of the form (2.1.32-35) (we shall not write these series down here,

since they are obtained from (2.1.32-35) by eliminating %, and/or =z, ).
Now we can formulate the basic result of the present paper, Theorem 4.

THEOREM 4. The commutation relations between the matrix elements of the quantum transi-

tion matrices TZ(I,A) and T(A) can be written for real A and M in the following form:

RA- p)’ﬂ‘.(x,i)’ll'-w,,u)(i &) —T_(x/u)'ﬂ'.(x M1 & EIRAp), (2.3.4)
RO-p) (e ms ,w o L% 'T TR RO =(1—F;*f*—w ﬁa)T,(x,/h)T,(x,A)R(ﬁ-/b), (2.3.5)
Ru—ﬂ)(hk-t;i €8 ) T ?(,u)(i “Morr,,) =
PN o (2.3.6)
=(1- - ;“W m-.)'l%,uﬂl'm(h . JL 0 EF)RA-m.

Proof. First we prove (2.3.4). The Eroof will be based on the study of the asymptotic
behavior of the products T:'”(A)T;”(Ju) and T::'(jl);ﬁ':"‘(ﬁ) as x,—+-o0. Here we shall devote bas-
ic attention to the formal-algebraic side, not going into the analytic justifications of
our calculations and making it our goal to give as simply and rapidly as possible a method of

calculating the desired commutation relations.

It was proved in Sec. 2.2 that the products T::’(A)ﬁ:;t(f) and ri‘::‘(ﬂ)i:"(ﬁ) satisfy, re-
spectively, the differential equations (2.2.3) and (2.2.4). The operators L and X (2.2.6-
7) figuring in (2.2.3) and (2.2.4) do not coincide with the sum of the operators E(x,ﬁ) and
I.(x,lu). as would be so in the classical case, but differ from it by the summands 2 & ?., and
x& &, respectively, arising from the noncommutativity of the quantum operators. In connec-—
tion with this, in the quantum case in describing the asymptotic behavior of the products
T’:“(ﬁ) i::'(,u) and 1‘,:"(#)1’::(1) as ¥—>=-00 Or zx,—>+ o the role of the classical matrix E(ft;
A,4) (see Sec. 1.3) will be played, respectively, by the matrices &(x;A,u) and 6’(:;A,Ju) :
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.M
i x, 0 , 0, 0
)
0 Lere , 0, 0
bz ﬁ’./“) = ¢éxp 1,(1,/‘) = 0 ™ 5."‘_‘;&“ e"'i:l&", 0 ) (2.3.7)

e A T T
0 ,e"ﬁ;-l’, 2:\',1’#; 0

- A » (2.3.8)
, 0 R

2
ei.}:itx
1

ﬁ'(x;ﬂ,,u)= exp Z,,’(A,Ju)x = 0
o, 0, 0

where £ (A, #) and I:(Ahﬂ) are the "asymptotic" (as [Xx]—=—c0 ) values of the operators L(%;

A, and x4, m), respectively,

Lk pr=-ig -4 R a2 B, (2.3.9)
CHTRIERE S-S P A (2.3.10)

We note that by virtue of (2.2.15) one has
ReA-pm Lot = %A p RCA-p). (2.3.11)
From (2.3.11) in combination with (2.3.7-8) follows the analogous equation for the matrices
E(x; A, pyand t’(m;l,ﬂ):
RA-p) 85 4, ) =B A, ) RCA-po) - (2.3.12)
Now we concern ourselves with the investigation of the asymptotic behavior of the prod-
uct 'ﬁ',:"(h’if"'(y) as m—=-® . We note, first of all, that the differential equation (2.2.3),

which, one can rewrite using the notatiom (2.3.9-10) and (2.1.31) in the form

' . . N T T
7a (T:I‘(A)T:, W) = 1Lt pr Vi VX T T ) | (2.3.13)
is equivalent under the initial condition (2.2.5) with the Volterra integral equation
A~ P~% % -1 Fx, o™~ o
(AT = bt +fdo (RO T ) (Vo V)t Sx-xs hp . @300
*

We introduce into consideration the limit
. ot %
T(x; A’J‘"=,f1f”,° ('H'M(M'?:‘w)ﬁ(x,sl,/n- (2.3.15)
1

Substituting (2.3.14) in (2.3.15), we get for ﬂlx;ﬂvu) the following integral repre-

sentation

x o ~ @
T(xs by = B(x; 0,40 F 5 dn E(T;m'ﬂ‘,;"(ﬂ))(vqpv(o,))g Bipsh ) (2.3.16)
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We note that J(x;A, #) as before satisfies the differential equation (2.2.3):
]i—"ﬂx;ﬁ,,u)= XA ) Tzt (2.3.17)

On the other hand, arguing exactly as in the proof of Lemma 2.2.1 in Sec. 2.2, one can
~ ~
see that the product T_(:\'/A)T_(x,/t). which we denote by i(x;A,lu), satisfies the same dif-

ferential equation
d . .
-d—;9'_(x;A,/u)=;I(x;ﬂ,ﬁ)i(w;ANa); . (2.3.18)
Consequently, the quantities J(x; A,Ju) and i(x;l,/u) can differ only by some matrix fac-
tor Ch,p):
Txs Aypy = Tizsdp) CCA, ) - (2.3.19)
We note the obvious similarity of our arguments with the arguments made in proving
Theorem 2 (Sec. 1.3). As also in Sec. 1.3, we find the matrix E(A,ﬂ) , comparing the asymp-
totics of J(zshm) and L (®;A, M) as x—>-oa ., The asymptotics of T(x34, 4) as X—wm-o00 are
easily determined from the integral representation (2.3.16):
Taih, ) ) B0 (2.3.20)

It remains to investigate the asymptotics of g:(a:;i,‘,u.) . For this we use the quantum

analog of the integral representation (1.1.24):

x ~
T_(xh) = E(m 1) +.L,M : ’II‘:(A)V(V) AUNY (2.3.21)
or
zZ % -7 & ~
T(xpr = € *_1 dp Ty mVapt Equu . (2.3.22)

~ =
Substituting (2.3.21) and (2.3.22) in the product T_(x,A)T_(x,/J.), we get
x

Tixshm= Exshpr + | dy 0 TF Vi : @nh) 8 po +
-0
4 2 kg - ~ H & ~ ~
,(] dn : ru':(/,,,vw e E, :f dy, | d»h[iz‘!*(q,)'ﬁ';mad'JI',;(A)o:‘I(q,)] x
20 ~00 ~0Q

A + x r Bz ~
"[“‘Y (’Isc)ﬁ 16T q,(,u)?_Y(q,)]é’(q,,x)aqt,ﬂ). (2.3.23)
Here we again use the notation introduced in Sec. 1.3 E(x; Apy= €(x,l)€(x,/l)-

The fourth summand in (2.3.23) can be transformed completely analogously to the way the
corresponding summand in (2.2.11) was transformed. Omitting the corresponding calculations,
which coincide almost identically with the chain of calculations (2.2.11-14), we give only
the final result:

x

T(xmihpy = Ecxshp +§ dy E(W,T(A)'II‘:(/”)(V(q)ﬁ’qnzsﬁ%); Eaidp. (2.3.24)
-~

In order to find the asymptotics of T (x; i”u.) as x—»-00, we note that the product
'i,fm'l‘,fw has the following asymptotics:
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e . Fx
T, d)T'l(f”i,?ioo G(x-m; 4, 1) (2.3.25)

as x,)—~- o@. Formula (2.3.25) follows from (2.3.14). Substituting (2.3.25) in (2.3.24)

and discarding terms which decrease as % —*>- o , we get

T(=; Ay BEamh f‘)*T dy &(x-y; A,ju.)xr Ecpsam. (2.3.26)
Calculating the integral in (2.3.26), we arrive at the following result:
-A
. iz i Ly
-T(“’Arﬂ);:;; E(W;ﬂ,ﬂhm T EF = bxshm Ch ), (2.3.27)
where
i% ~ &
Cam=T, 320 &5 (2.3.28)
Rewriting (2.3.19) in the form
T (= ﬁ/u.) T (= A,/u) c (A,Ju) (2.3.29)
and using the fact that
-1 i% ~
C (A,ﬂ)zlk—m 6L 6% (2.3.30)

(since &%= 6"f’= 0), and recalling the definition of g(x;ﬂ,ju) and L (x; A,/l,) , we get finally

£%,). (2.3.31)

x&:—“ao(f; WS ) b3 Ap=T eV p(I- Tprio

Bx m%
The analogous formula for M;ﬂﬂmz}k) is obtained by interchanging in (2.3.31) A*:M and

~ -

A (2.3.32)

i (B T2y s A po=T o
11;»;( o W) B b, =T cap) NERTIRE: - J“ o

Now everything is ready for getting the commutation relation (2.3.4). For this, we

multiply (2.2.1) on the right by ﬁ(mﬁﬂuu) and use (2.3.12), and we get

~ A,
R(A'ﬂ)rﬂ’:(A)T:;(ﬂ)fa(ll;l,fb)— ,(/‘{IP (m{x,;i,fe) RCA-py. (2.3.33)

Passing in (2.3.33) to the limit as X,—= =~ oo , according to (2.3.31) and (2.3.32) we get
(2.3.4).

Equation (2.3.5) is proved completely analogously. Combining (2.3.4) and (2.3.5) and

using the obvious equation
Th = TeahTo=n, (2.3.36)
we get (2.3.6), thus completing the proof of Theorem 4.

We proceed to discuss the results obtained. We note first of all that a calculation,
completely analogous to that given at the end of Sec. 2.2, allows us to get in the classi-

cal limit of (2.3.4) the formula (1.3.1) and analogous formulas for 1; and T. Thus, the
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results of Theorem 4 generalize the results of Theorem 2 to the quantum case.

A summary of the commutation relations between the matrix elements of the matrices
T,(x,4) and T4 is given in the Supplement (formulas (S31-48)). 1Iun order to show how one
gets these formulas, we calculate, for example, the commutation relation between the opera-
tors Ajzwu) and Bl(a,A) (formula (534)). For this we write in (2.3.4) the matrix element

found at the intersection of the first row and third column:
12 (ot i iz + .
(i-T_;;)B_(M)A-(x,/h)=-A—‘_"?B_’(a,/‘)A_(x,A) +m B (mm A (2, 4)+ Az, 0 Bl (2,4). (2.3.35)
Regrouping terms, we get
* * iz o i + +
A-(z,ﬂ-)B-(x,A): B_(-Z,A)A_(I,/c)—m-}g_(z,/u);t_(a:_b + 1—_7‘[ BI(x, p A (=, 4~ BL (ar,,A)A_(x,/u)J, (2.3.36)

We note that in the denominator of the third term on the right side of (2.3.36) it is un-
necessary to regularize for 2==j& , since the numerator here vanishes. This means that we
can choose the regularization of the denominator arbitrarily, in particular, replace (A-j&f'
by 01M~Wf' (see the analogous argument in Sec. 1.3 in connection with (1.3.11)). Then

terms containing the product B:(va)A-(Evi), are preserved, and we get (S34).

Analogously one also gets the remaining formulas (S31-48). The calculations here, how-
ever, turn out to be rather complicated. It turns out that if one is interested in commu-

tation relations only for A=#/L then (2.3.4-6) can be essentially simplified.

In fact, for A:ﬁ/& the regularization of % {§ in the denominator (A-fb)is inessential,

and we can divide, for example, (2.3.4) on the right by(I—A_;f‘o &.?,), obtaining here the
following equation:
R(/\jt)'i".(m,l)fi'-(x,ft):@.(z,}.)’ﬂ‘__(x,.l)kou-.p) , (2.3.37)
where
1-_‘;&, o , 0, 0
%
e ' 0 42y, 0, 0
Roih =(1+-EEE) R4+ 52 §) ~ 0 0 ( .(2.3.38)
’ ’ )

o, 0, 0,4-t2

We note that without making any preliminary statement about A#yu, we would get in
(2.3.38) a meaningless product of generalized functions of the form (Azp~i0fklzuoi0f'.
Analogously from (2.3,5) and (2,.3.6) one gets

-~ =4 o
Rh-pT @ = T, pmT bR -m, (2.3.39
R, Edi T = i‘(,uf(bk,u\-ﬂ). (2.3.40)

Equation (2.3.40) reproduces a result obtained by Faddeev in [16].
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We note one interesting thing. Although the commutation relations for the matrix ele-
ments of Ti(z,i) , obtained from (2.3.37) and (2.3.39), are only defined for A#.l“" we can,
using the analytic properties of the matrix elements of the matrices Tz(m,A) , extend the
corresponding commutation relations to the real axis and find thus their proper regulariza-

tions for i = M. We clarify what has been said with an example.

We write the matrix element lying at the intersection of the first row and second col-
umn in (2.3.37):

(- ;_"})B_’u,A)A_(:,,«)=A_(x,ﬂ>Rf(z,A). (2.3.41)

By virtue of (2.3.1) the operator funcfions A-(i,}b) and BY(x,1) have the same analytic prop-
erties as the corresponding classical quantities &.(x,4) and i_(w,ﬁ). Thus, (2.3.41) is
initially defined for Imlu>0 and ImA<0 . When A and M leave the real axis we must reg-
ularize the denominator (%4-a) in (2.3.41) in the following way:

A, (x,A)—(i 2R Ax 8, (2.3.42)

ﬂ,w

thus getting the proper commutation relation

In the same way from (2.3.37) and (2.3.39) one can reproduce all the commutation rela-
tions (S31-42). For the quantum transition matrix 'T(}) on the infinite interval, analo-
gously from (2.3.40) one can reproduce the commutation relations (S43-46), i.e., those com-
mutation relations, in which at least one factor admits analytic continuation to the real
axis. Exceptions are the commutation relations (S47-48), since the functions B4y and B‘(A)

are defined only for real A. These commutation relations can be obtained only from (2.3.6).

The commutation relation (S48) between B(}) and B*(‘)I:) deserves special commentary. We

write it separately:

BB (m=(1-—

W~ 2B B +AsAmA DAL . (2.3.4%)

}./u,'wo A- /«. -0

On the right side of (2.3.43) we see, generally speaking, the undefined product of gen—
eralized functions (A—}utO)"(l-‘/lf@O)_'. This indicates the highly singular operator character
of B(4) and B*(_,u). It turns out, however, that one can be saved from the singularities in

the ratio (2.3.46) by vegularizing the operators B(4) and B'(_/V«) in a definite way.
Namely, we define operators P and ¢*lA) by

Qi =AY  Rehy,
(2.3.44)

t + ~1/2
P h =B U A ALY,
and we formulate the following proposition.

Proposition 2.3.1. The operators d(A) and ¢*(A) introduced by (2,3.44) satisfy the

canonical commutation relations:

[P, Puu]=[ PP =0, [, P7m ] = fA-p). (2.3.43)
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Proof. We note first of all that from (S46)

AhB (u) = (4*—;‘ ) B Ach) (2.3.46)

and from (S843) follows the analogous relation
AW Bl = Bmd [ e 2 p)hn] (2.3.47)

for any analytic function F(A). 1In fact, from (2.3.46) the validity of (2.3.47) follows
directly for polynomial functions $(A), and consequently also for analytic functions JF(4).
considered as infinite power series in A (we recall that all our arguments carry formal al-
gebraic character). We can also extend (2.3.47) to functions #(A) of the form 4(1)==A4/*,

by decomposing them into power series near any point A=Aq#0.

Analogous arguments allow us to get from (S45) the following relation

B(A)}(A(fu)=f[(i—A—_;fw)Aw]B(A). (2.3.48)

Now one can enter upon the proof of Proposition 2,3.1. We derive, e.g., the commuta-
tion relation between P(A) and Q"(}&). For this we substitute in the product Q(‘)q”(ﬂ)
the expression (2.3,44). We get
) 17 At v /% + NS
PP o= (2 (KhAR) BB A gwh ™. (2.3.49)

Now using (2.3.43),

@(W(p-(Zx)'{ﬁ(hﬁ(k))”'B(/z)B(A;(ﬂ' f;)A(/u)) 4 o “0)(1 jyan

+ (215)"(A'(A)A(i))_I(h)A'(hA(A) dA-pAiwhcmy™ . (2.3.50)

In order to get the answer needed, it remains to transform (2.3.50), using (2.3.47-48) and
the commutativity of AcA) and A%Ju)(Eqs. (843-44)) ¢
4 ~ =t/
PcrPip)= 237 BimKwhmAchAch) “Bih dtr-py = O Phy+ 6(h-p) .
The remaining relations from (2.3.45) are obtained analogously.

We note to conclude this section that the quantum operators P4y and Q%A) correspond
to the classical variables of action-angle type @(}) and P(A) (Eqs. (1.4.8)).

2.4. Spectral Decomposition

In the present section we shall show how, using the commutation relations between the
matrix elements of the transition matrix T(ﬂ), one can study the spectra of the integrals

of motion of the quantum n.S.e.

First, however, we consider the connection of the quantum method of the inverse problem
and the Bethe substitution method. This connection is given by the following proposition.

Proposition 2,64.,1. The wave function of an X —-particle state

PRy ky >g = R'k,)... B'ky)] 0 >
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coincides with the wave function defined by (2.1.11) for the following choice of coeffi-
cients cl,“.‘,:

B kp-ke + iz

¢ — Quy"r ] e E 4

by k (2.4.1)

r<s L~ k(
v s
The assertion just formulated was first announced in the author's paper [14]. The

proof of this fact available to the author is quite complicated and reduces, essentially,
to the direct calculation of the result of the action of a segment of the series (2.1.34)
on a wave function of the form (2.1.11). An analogous proof was recently published in [27].
Almost simultaneously with [27] there appeared [23], containing an elegant and short proof
of an assertion, equivalent with Proposition 2.4.,1. Hence we shall not give here the proof
of Proposition 2.4.1, but proceed directly to the discussion of the consequences following

from 1it.

Comparing (2.4.1) with (2.1.13), we see that one has

-kl
Ik, k= (2‘1:)’/1[]5 [%—' |lr.,..,,k,y>uwm , (2.4.2)

where ‘kurklM is the N -particle state which is associated by (2.1.4) with the wave func-—
tion f;"or"zlrw,vxllk“m,k’) (Eq. (2.1.11)). Equation (2.4.2) shows that the wave functions
generated by operators B*(k;-) are not normalized on the §-function. Moreover, the denomina-
tors (k,-h)_‘ make the normalizations of these wave functions so singular that B’(A) cannot
be defined even as a generalized operator-valued function.* This fact allows us to clarify

the singular commutation relations (2.4.43).

Now we consider the Jl -particle state generated by the normalized operators ¢'(kj)
(Eqs. (2.3.44)):
¢+ *
thys ky > = k... Pikplo> . (2.6.3)
Substituting (2.3.44) in (2.4.3), we get
) 1 o
|k,,...,k, > =B’(k4)(21:Af<lg)A(k,))1... B'(k,)(z'tA*(k”)A(k”,) 10>, (2.4.4)

With the help of (2.3.47-48) moving the factor (ldrA'(l(j)A(l(i))'“" to the right in (2.4.4) and

using the equation

Akplo> = Atkplo> = fo>, (2.4.5)
which follows directly from (2.1.32-33), we arrive at
k,~ k
Koo kg > = o [ o | | Ky k
ey =y, ke | Kokes (2.4.0)

or by virtue of (2.4.2),

Phoky = = Thyeos by > om

*A. K. Pogrebkov pointed this out to the author.
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Thus, the operators Qﬁ(h) give birth to the normalized eigenfunctions of the Hamilton-
ian (2.1.9).

We proceed now tu the consideration of a circle of questions connected with the quantum
integrals of motion for (2.1.6).

We shall show that, analogously to the slassical case, the role of the generating func-

tion of the quantum integrals of motion is played by fwA(A). In fact, from (S43) follows

the commutation relation

LA b = 0. (2.4.7)

Moreover, substituting in (2.3.47) Fh=MmA, we get
g&»Am)B*(Ju)=B'<ﬂ;[%A(Anfh(bﬁw)] (2.4.8)
[enhch, P ]= CP?N%UW%Q ~ (2.4.9)

We let the operator enA(ﬁ) act on the.ﬂ—particle state lhrilx
A Pkyy... PPk 1 0> . (2.4.10)

Using (2.4.9), we can move {n Ach in (2.4.10) to the right. Noting, in addition, that by

virtue of (2.4.5) one has
twAhlo>=0, (2.4.1D

we arrive at the following result. The state lh,”.,k” > is an eigenfunction of the operator

A
l .
l'aAU\)ll<,,...,l<,>=i§1 i+ A—_k,—'fz—o) P (2.4.12)

where the corresponding eigenvalue is additive with respect to the momenta k’;

Decomposing both sides of (2.4.12) in powers of A ', we get that the state thy,ky>  is

proper also for the operators AM , defined as coefficients of the expansion

0
R - m
Ay =iz B Api (2.4.13)
The corresponding eigenvalues cm(k)
L4
Amlk,,---;k’>=’,§1 C,..(’(;)Ik,,...,k” > (2.4.14)
are defined from the expansion
. 00
H2)miz D o, oA ™
12
=2 2 ok (2.4.15)
and have the form
. K(k-ix)™ & (mN)! . sefy p-sed
k= Frmrs ég,s!(m-d)! (-i=) 'k (2.4.16)
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Unfortunately, for the quantum case a method of calculating the operators A”‘, analo-
gous to the method of the Riccati equation (1.4.2-4) in the classical case, is still un-
known. Hence, in order to connect the operators Ann with the local integrals of motion for
(2.1.6), we have to use a result of Tsvetkov [38], As shown in [38], the classical inte-
grals of motion 7"L(1.4.2) for (1.1.1) after Wick quantization become quantum self-adjoint

operators ﬂnwin the space F:

J= 0w ¢ (2.4.17)
commuting with the Hamiltonian H. m particular,
Y =:N:=N, (2.4.18)
3,=:P:=P, (2.4.19)
I, =:H:=H . (2.4.20)

(For the definition of NP, and H, see Eqs. (2.1.5, 7, 8).)

The eigenvalues of the operators zn on the states lhpnk’> have the form

¥
I tkerky> =20 k™ Tk by > (2.4.21)
=1
Comparing (2.4.21) and (2.4.14), we get the relation
L3
(m-)! . i 9
Anm=8 i mar OV Tm-set - (2.4.22)
In particular,
A=1,, (2.4.23)
Ay=3,- L;E 3 (2.6.24)
2
A=, -ixd,- %0, . (2.4.25)

Formulas (2.4,23-25) allow one to expressﬂi,P, and H in terms ofA4,A¢, andAs:

N=A (2.4.26)
1
= Sz (2.4.27)
P—— A’4+ 7 A4 )
2
. X (2.4.28)
H=A3+11A,—T A1
For positive values of the connection constant 2 (the case of repulsion), the states
lh,“,k’>(ﬁ¥OAﬁ"J. as indicated in Sec. 2.1, form a complete system of eigenfunctions of
H ia the space [ . This fact, and also the additivity of the eigenvalues of A in

(2.4.12), allow us to write for the generating function of the quantum integrals of motion

7n1 the following spectral decomposition:

%A(x)fiod.ﬁln(i*ﬁ.)‘Df}u@(lu)‘ Imi~0. (2.4.29)

The analogous decompositions forﬂd,P, and ﬂn have the form
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N=_5 dp P Peu, (2.4.30)

P={ du-pu Pl P, (2.4.31)

H=fd/v_/¢"¢'(ﬁ)¢(ﬁ)v (2.6.32)
-0o

Equations (2.4.30-32) show that <P’9u) and CP(Juy are operators of birth and annihilation of
elementary particles with momentum M and energy Ja‘ . The operator q%ﬂﬂbu can here be in-
terpreted as the operator of the density of the number of particles with momentum y. We

note the obvious similarity of (2.4.29-32) with (1.4.10, 12-14) for the classical u.S.e.

To conclude this section, we discuss the case of attraction (%<0). Here, as noted in
Sec. 2.1, in the spectrum there appear connected states, which can be obtained from the

scattering states ]hp“,k’> by analytic continuation with respect to the momenta (2.1.15).

We calculate the eigenvalues of the integrals of motion for the connected states. This,
of course, can be done by simply substituting (2.1.15) in (2.4.21), but we choose another
method of calculation, which allows us at the same time to get interesting deductions of

general character.

First, we find the eigenvalue of the operator Ahyon the state'k,qu'>. This is easy
to do, letting the operator AW act on the expression P'k)..®%ky)0> and moving AN to the
right with the help of (S46). As a result we have

¥ Akseiz
A k,,‘..,l<,,>=;.”4 T kg, I >0 (2.4.33)
=t Ak

We note two things in connection with (2.4.33). Firstly, the eigenvalues of A(A)are nul-
tiplicative (hence additive as eigenvalues of {#A(})) in the momenta k;. Secondly, the eigen-
value ’ﬂ% has in the upper half-plane with respect to Aexactly ¥ zeros A= k’-iz=

k’+£lx| (we recall that we are considering the case %<0).

An eigenvalue of the operator A(A) on a connected state of ¥ particles is obtained from

(2.4.33) by analytic continuation of (2.1.15) with respect to the momenta %. Here in the

product
. N- . .
O S L e T
=t A~k T N e A~ -t A1

there occurs consecutive cancellation of numerators and denominators, and as a result there

remains the factor

A--itat it
(2.4.35)

A-4- +ila A5t

having a unique zero in the upper half-plane with respect to A at the point A:%;*ilxl-ﬂiL.

It is interesting to note that on the other hand (2.1.15) can be obtained, by requiring that
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the eigenvalue A(A) have a unique zero in the half-plane ImA>0 and that the momenta kj be
distributed symmetrically with respect to the real axis. In fact, the condition of cancei-
lation of numerators and demominators in (2.4.34) leads to the requirement of equidistance
of momenta k:kfﬂ-k’==ilzl , which in combination with the requirement of symmetry k, = F;

gives (2.1.15).

This result has interesting analogs in the theory of the classical nonlinear Schrddinger
equation. It is known [11, 41], that connected states of quantum particles correspond in
the classical limit to solutions for (1.1.1). The classical coefficient of passage ald) to
a one-soliton solution, characterized by the momentum P and the number of particles.ﬁ, has
the form

P
A-p =y (2.4.36)

ahy=—5———
) 1‘j}*£l’l7—

Comparing (2.4.36) and (2.4.35), we see that they coincide up to the translation A—A-

%‘J%L, which in the quasiclassical limit is inessential.

The eigenvalues C;!kp)of the integrals of motion A",on an.”—particle connected state

are obtained, as earlier, by the expansion of the generating function

P #
A-g-il%l o
(w—l;f—jfj— =il ¥ cFpy 1™, (2.4.37)
ﬁ_7rfv|&V—i* =
i S K4 . v4 \M
cg’(p)=mtz—' (7‘/’- —t]z|-—i—)-(7pw[z| ’,f) :l , (2.4.38)

[ _
Py = Cpy(p) .

Using (2.4.26-28) it is easy to get the eigeavalues of the integrals of motion f‘,!),

and H on an ﬂ-particle connected state |p,¥>:

o=tk kg, k=2 silai(j- 231

j=1.a 4. (2.4.39)

These eigenvalues have the form
Nipt>=Kip#>, (2.4.40)
PIP)J/7'= PIP,.‘/>7 (2.4.41)
HIP:JV’:(%“‘L;(JV’-I))IP,]x (2.4.42)

Unfortunately, we still do not have avaiiable a method based on the quantum method of
the inverse problem for constructing the canonical operators (P;(p) and (DI‘P) of birth and
annihilatiou of normalized connected stares ot F particles with total momentum p. 1f, how-
ever, one admits that such pperators are constructed, then the proper generalization of the

spectral decompositions (2.4.29-32) to the case %<0 must assume the form:

0 ¢ A L (2.4.29")
{ Ad =z] d f ]‘7 2 AL
i Sm P ”A-W‘l'wz]h; G %),
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0
N-% J dpd @y Py (2.4.30")

H=1 -0

o ©
p=”21 [do p®pep®, ), (2.4.31")
H=5, | apl 2 2411 @ (019 .
P _wd'P(W‘E‘(J/‘I)) 2 PPy p). (2.4.32")

2.5, Quantum M—Operator

All arguments of the preceding sections were carried out for a fixed moment of time } .
The introduction of temporal evolution does not present any difficulty in quantum mechanics.

In fact, the solution of the Heisenberg equation of motion

Xt - t[X,H] (2.5.1)
for any observable quantity X is given by the formula
X(b) = etHb x(o)e-tm ] (2.5.2)

In particular, for matrix elements of the quantum transition matrix T(A), we get, using

the commutation relations

[Ab,H] =0, (2.5.3)

[B'h, H] = #B' (2.5.4)
the following result

Ad, b= Ao 4), (2.5.5)

R*t,A) = e‘“B"(o,A; . (2.5.6)

Nevertheless, there is definite methodological interest in the following question:
Does there exist in the quantum case an operator M(a, b, allowing one to describe the tem-
poral evolution of the transition matrix T,:"(A), analogous to the operator M in the class-

ical case (Sec. 1.5)?

A positive answer to this question is given by the following proposition.
Proposition 2.5.1. The Heisenberg equation of motion for the quantum transition matrix

on a finite interval
% 'II',:‘(A) =i[H,Tw]
can be represented in the form analogous to (1.5.24):
#T:(AFEM(x,,A)T:’<A)-T:‘(A)M(x,,2)§ , (2.5.7)
where the operator [M(*,3) has the form
Mz, b= : M, 4y («;%’nz‘l‘(x)‘i'(x))ﬁ;*x(Y;(x)—iA‘i’*(x))m, + (¥, (m)+ A Y(x)) 5 .

%,
Proof, We denote the commutator i[H,Tx:(A)] by the symbol JM;TM) and we find the dif-

ferential equation with respect to the variable %,,, to which this quantity is subordinate.
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For this we differentiate ﬂq?(A) with respect to %, , using (2.1.24). We get

2h=+[H, La, T2 ] =

: (2.5.
= Lig, Mgk - Tch [4H, ¥ea T+ im s [ oM, ¥en 1 To by ?

Using the equation of motion (2.1.6) for ¥(z) and its conjugate equation, we reduce
(2.5.8) to the following form

M”‘(A)- L B2 (b i T (0 ¥ ()= 202 ¥ Wiy ¥ ) +

(2.5.9)
i (1Y) (%) Qixl’*(x,)‘f’(x,)‘.lf(xp)'ﬂ';”( h.
Before moving further, we formulate the following lemma.
LEMMA 2.5.1. One has the equation:
x,
C[TZ‘L(A):W?"‘»)]:‘; [W(z‘)’ T;‘(A)J = 0. (2.5.10)

We shall not give the proof of Lemma 2.5.1, since it is carried out with the help of the
same method of "extension" which was used in Proof 1 of Lemma 2.2.1 in Sec. 2.2. Here by
virtue of the equations - ﬁf==0 the result, as also in Sec. 2.2, is independent of the
sign,

Using Lemma 2.5.1, we transform (2.5.9), moving 1”’(1,) to the right, and ¥(x,) to the
left. We get:

—M“‘(A)— B ¢x,,4 Mf HOF +6“'I’ MWy (x,)- 226 ¥ :,)’]I‘ 4 Weay) Yoz, )+

+26, Yoy ) T M- 2206 Y (ar,)‘f(x,)’l’x, A ¥ () =

(2.5.11)
=: L(x,,A)JC;"(ME + :(M,(%J)*[M(x,,,l),L(T,,,A)])T;’d) :

On the other hand, the right side of (2.5.7), which we denote by Ju:f’(ﬂ) , satisfies
exactly the same differential equation. In fact, differentiating the right side of (2.5.7)

with respect to Xy and using (1.5.28), we get

M m—— : M T Ty M b =
! ) (2.5.12)

M(:,,i)’l"“d) 'I'I‘(X)M(ar,1 A =EE\1171)M£T"(*)E+ (Mg (g, e[ Mizy b, L(%,A)])T:"O\)

ﬁx,
Since the quantities Jw% (A and Jn;‘”(ﬁ) satisfv the same differential equation and the

same initial condition

Kk = JW;T'(A)= 0, (2.5.13)

we conclude that they in fact coincide, which is what had to be proved.

Analogously, one can prove the quantum analogs of (1.5.25-27).
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CONCLUSIONS

We summarize. In the present paper, for the example of the nonlinear Schrddinger equa-
tion we developed a new method of exact quantization of completely integrable field-theoret—
ic models. This method allowed not only the reproduction of known results for the quantum
nonlinear Schr8dinger equation, obtained earlier with the help of the Bethe substitution,
but also getting a series of new results, namely, constructing a generating function for
the quantum integrals of motion and operators of birth-annihilation of elementary excita-
tions. In comparison with the method of Bethe substitution our method has the advantage
that it allows one to construct and study eigenvectors of the Hamiltonian by a purely alge~
braic method, without writing down the explicitly corresponding wave functions in a coordi-
nate representation.

A central role in the method we propose is played, as we saw, by the R-matrix, which

gives its name to the method. The use of the R-matrix allows us compactly and effectively
to calculate the commutation relations between the matrix elements of the quantum transi-
tion matrix, without resorting to infinite series, as was done, e.g., in [22, 26}, which
appeared after the author's paper [14].

We list some problems concerning the quantum nonlinear Schrddinger equation, which still
remain unsolved:

1) It would be desirable to find an effective method of construction of quantum inte-
grals of motion analogous to the Riccati equation in the classical case. This would allow
one to definitively free oneself in studying quantum integrals of motion from references to
results obtained with the help of Bethe substitution.

2) To construct in the realms of the method of the R-matrix operators of birth and an-

nihilation of connected states of Jyparticles q;(k)and ¢7(k).

3) To construct the generating function of the quantum hﬂ —operators analogous to the

way this was done for the classical case in Sec. 1.5.

After the publication of [13, 14], problems connected with the quantum generalization
of the method of the inverse problem attracted the attention of a large number of investi-
gators, both in the USSR and abroad. In the Soviet Union work on the quantum method of the
inverse problem was conducted at the Leningrad Branch of the Mathematics Institute (LOMI)
under the direction of Faddeev [13-21]., Of the foreign authors one should single out Thack-
er (USA, Batavia) [22-25] and Honerkamp (GFR, Freiburg) [26, 27].

We list the basic directions in which the quantum method of the inverse problem is de-

veloping at the present time:

1) Quantum relativistically invariant completely integrable models {17], in which the
method of the R-matrix was successfully applied to the quantization of the sin-Gordon equa-

tion.

2) The study of completely integrable lattice spin models, such as the Heisenberg ferro-
magnet [18] and the XYZ-model (19].

3) The investigation of models with several kinds of particles, having isotopic sym-
metry (20, 21].

4) And, finally, the very long-range direction, intensively developed recently — the at-

tempt to solve the inverse scattering problem for the auxiliary linear equation, i.e., to

express the field operators, for example, W(x) and Y*(w), for the n.S.,e. in terms of the
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scattering data A(A) and B%A). The solution of this problem is of great interest for quan-
tum field theory, since it would allow the effective study of Green's functions of complete-
ly integrable quantum field systems. Some results in this direction arz obtained in [23-

25, 28) for the nonlinear SchrBdinger equation.

In conclusion, it is necessary to mention the classical version of the R-matrix method
developed in Chap. I of the present paper. This method allowed one not only to simplify the
calculations connected with the computation of the Poisson brackets, but also to get a new
result such as the expression for the generating function of the M ~operators. Thus, in the
theory of classical completely integrable equations there arises a new object, the ¥ -matrix,
The place which the Y-matrix occupies in the method of the inverse problem is still not en-
tirely clear., One does not know, e.g., the precise class of L -operators, which have a ¥-
matrix. In connection with this there is great interest in the problem of generalizing the
method of the #-matrix to nonultralocal L—operators in the terminology of Faddeev [16],

i.e., L—operators, the Poisson brackets between whose matrix elements contain derivatives

of the § -function.

SUPPLEMENT
In the Supplement we gather together the Poisson brackets (in the classical case) and
commutation relations (in the quantum case) between the matrix elements of the transition
matrices for finite, semi-infinite, and infinite intervals. All the formulas are written for

real values of A and M.

1. Summary of Poisson brackets between matrix elements of the classical transition

matrix q;:‘(ﬂ) for the finite interval [ %, %] .

We recall that the matrix TZ*(]) has the form (1.1,11):
agrch , wbM
brch , B h [0
The desired Poisson brackets are given by (1.2.11):

[T, Tovq} = [ra-misafogm].

Below are written six independent matrix elements of (1.2.11) of the 16 possible ones.

{aZrch, agum}= 0, (s1)
N T N e
{ajrch, Bzl =327 (G b6, b w), (s2)
{ah, f:‘*(p)}ﬂ—_?‘—(a_i W6 hagi ), (53)
{agrch, Grmh= 2 (G o m-aZ b B3+ ), (s4)
{7 b, 62 (i} =0 (%)
t bl x' b4
o, bogml= 2}; (BphaZp-az DT Hw). (s6)

The remaining 10 relations are obtained from the ones listed by complex conjugaticn,

interchange of A and M » and the use of the antisymmetry of the Poisson brackets,
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2. Summary of Poisson brackets between matrix elements of the classical transition
matrix T (x,A) for the semi-infinite interval (o0, %],
The matrix T-(x,A) has the form
a(x ). z2bo(x,h)
T b= A=A
bind ax,dy J
We recall that the matrix elements o (%, 4) and é_(x,4) admit analytic continuation with
respect to A to the upper half-plane, and E.(x,h and d-(x,4) to the lower (see Sec. 1.1).
Original formula for Poisson brackets (1.3,11):
~ r4 A~ 4 g
(T, T ol = AT @ AT (2 T AT ot g

Independent matrix elements:

{a (), ez, m}= 0, (87
{ 6c(,4),, Bz} =- A;’:w ACRITRENN (58)
facmh), bz,m)= = (- @Az, - Namm), (s9)
[ act@h, bix, o} =- A-;do a(=h & (zu), (510)
{6- ("1*)7‘-("7}’)}__' 0, (s11)
{L(z,t),l(z,ﬁ}=—ﬁm @@ ). (s12)

In formula (S9) regularization of the denominator is not necessary, since the numerator
vanishes for Agﬂ . Here the Poisson bracket admits analytic continuation to the same half-

plane with respect to A and M.

3. Summary of Poisson brackets between matrix elements of the classical transition
matrix Ty (%,4) for the semi-infinite interval [=,+).
The matrix 'E.(.'t,l) has the form:
a.(xh), 28 (x4 -
Te =, ) = _ =3
%+(%A), G (x:,4) /7

The matrix elements u,(ao,A) and {,.(m,l) admit analytic continuation with respect to
4 to the upper half-plane, and & (x,A) and @, (%,4) to the lower (see Sec. 1.1).

Original formula for Poisson brackets (1.3.12):

~ 2 ~l ~
(% T o, pi=ti-plaaffemm-Tal omram.

Independent matrix elements:

{ay(zh), ap(z,m} =0, 1
{a, (x, 4, a‘,'(z,ﬁ)}=w—“:;0—z,(:,bﬂ,(x,/n , (514)
{a.,(x,i),—%,,(x,ﬂ)}-—_m a, (% hé, (x,p), (515
L, Bt = 20 (Z e hanpra, i o), 16
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{6 (x4), bzl =0, (517)

{ &%), o pik = T B@ha@p). (518)

In connection with (S16) one can make a remark analogous to that made in Paragraph 2

about (S9).

4, Summary of Poisson brackets between matrix elements of the classical transition

matrix T(}) on the infinite interval ¢oo,00).

The matrix T(A) has the form

achy, =bih

h, ah /’

The matrix element @(A) admits analytic continuation with respect to A to the upper
half-plane, @&(A) to the lower. The matrix elements $(A)and &(4) , generally speaking, do

not admit analytic continuation (see Sec. 1.1).

Original formula for Poisson brackets (1.3.14):
~ ~ ~ & ~ 2
{Toh, Tgml= v AmTATm-TATg e cA-p) -

Independent matrix elements:

{ah, al=o0, (519)
{ach, Gg}l=0, (520)
{a(}.),‘:(ﬂ)}=—i—@—,— achybw, (s21)
{ahy, G(,u)}—— f* MA)G(,M, (s22)
{&chy, bemi= 0, (523)
{6k, b= 2mifachy*FA-p) . (524)

5. Summary of commutation relations between matrix elements of the quantum transition

matrix T::"(ﬁ) for the finite interval [’.01,7-,,].
The matrix 'I!‘;f*(Mhas the form (2.1.18)
Aoy, =BR™ (4
X,
T = (

BE, Axh )7 =1

Original formula (2.2.1):
~ o d x ~
RO T o = TrgoTr R ).

Independent commutation relations:

AM<A)A%(;)=A%M)A2<A), (525)

Kok <Ju)=A,‘<pA,|(A)v (B, BB ), (s26)

1592



168

B?‘/‘“A? di={ts AJ’drB;’(,u)— ‘( ,u)Bt‘d ) (s27)

j‘{(hB J(’t;u (i*———)B ‘1. ,u)A Ar . ‘A)AI‘(/*), (528)
B:?(i)B:"( ,u)=B,,"(/nB:* . (s29)
B B, (,u)—B ”t,wB d>+~( wA:"urA‘;:u,A;‘(p), (830

All other commutation relations are obtained by Hermitian conjugation and interchange

oanndlw.

Here and later all commutation relatiouns are given in one form: on the left side is
the product of two matrix elements, on the right side is a linear combination of matrix ele-

ments with coefficients having (A~ in the denominator.

6. Summary of commutation relations between matrix elements of the quantum transition
matrix 'Ir_(z,h for the semi-~infinite segment (-e,%7J .
The matrix T-(%}) has the form:
Ax:dy, 2Bl(z, 4 _
T-@h= Bxh, Aty /' A=

The analytic properties of the matrix elements of T__(z,ﬂ) are the same as in Paragraph

Original formula (2.3.4):

R(A-/»)T_(x,b‘i' @pm(4 ?i) 'l‘(z,fnfl'.(z,b(b w &&)RA-pm .

ﬂ.ﬁrO
Independent commutation relations:
A hA @ m=A(mmA (2 h), (s3D)
Mxﬁ)‘:(t,/t)=At(r,/t)A_(z,A)*—iLRf(z,ﬁ)B_(x,l) , (832)
R Gl s hy={t % )A.(x,bl(x.ﬁ)- 2 @mRah, (533)
A Rz, =l 1 ﬁ’w)R.(x,/A)A- (x,A) (834)
BBz =R(x,,u)B.(z,A) . (s35)
R hEapm=K ,u)K(:,A» e A aphh. (s36)

7. Summary of commutation relations between matrix elements of the quantum transition

matrix Ba(%A) for the semi-infinite interval [=x,+e).

The matrix T,(%,A) has the form:

Mot Aczd), 2R(x4) _
(A= Ru(n ), A:(S,ﬁ)« ,y A=14
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The analytic properties of the matrix elements are the same as in Paragraph 3.

Original formula (2.3.5):

RA-p{lr =5 A Ju e80T, anf, @ p=(1- -')n‘.o %) '?.("rf‘)'i'+‘%hk“‘/")~
Independent commutation relations:
Az b p=A A b, (s37)
A, (3,,,)=A e phsah- Toecio /;,u.o —E_RahB, 200, (s38)
Biapmhimh=(f- ,uuo)A*(“"’B' (x, ) (s39)
A b Bapm=(le )B,(f,ft)A.(z))- raBwhham, (540)
B, (%, hB,(x ) = B,(x,,u)B,(at, b, (s41)
RespB i p=Kapib 1 s b ) (s42)

8. Summary of commutation relations between matrix elements of the quantum transition

matrix T(M for the infinite interval (-, 0) .

The matrix T(A) has the form:

Acky, =2B* _
Tm:(B(A), A b )’ A=A

The analytic properties of the matrix elements are the same as in Paragraph 4.

Original formula (2.3.6)
&

Rd-plts 15550 Ei)’l['(b'l‘(p(i————— e 8)=l-32 o ?,i)']]‘(p)’ll’d)(h EE)RA-p) .
Independent commutation relations:
AbAgw = Agw Ay, (s43)
AMA o= A'(,u)Ad) , (s48)
Bmhh = (42 )A(hB(,u) , (845)
Ad)Bg/u)—(i+ T2 ) B mAd, (s46)
BchBy = B(,u)B(h, (847)
BB'gw— 1+ - ,mo)(i'x = =5 ) BB s am Ao Ak i) (548)
LITERATURE CITED

1. V. E. Zakharov, S. V. Manakov, S. P. Novikov, and L. P. Pitaevskii, Theory of Solitons:

Method of the Inverse Problem [in Ruesian], Nauka, Moscow (1980).
2. C. S. Gardner, J. M. Greene, M. D, Kruskal, and R. M. Miura, "Method for solving the
Korteweg—de Vries equatibn,” Phys. Rev. Lett., 19, 1095-1097 (19A7).

1594



170

10.

11.

12.

13.

14,

15.

16.

17,

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

P. D. Lax, "Integrals of nonlinear evolutional equations and isolated waves," Matema-

tika (collection of translations of foreign papers), 13, No. 5, 128-150 (1967).

V. E. Zakharov and '.. D. Faddeev, "Korteweg—de Vries equation — completely integrable
Hamiltonian system,”" Funkts. Anal, Prilozhen., 5, No.. 4, 18-27 (1971).

H. Bethe, "Zur Theorie der Metalle. I. Figenwe;te und Eigenfunctionen der linearen
Atomkette," Z. Phys., 71, 205-226 (1931),

L. Onsager, "Crystal statistics. I. A two-dimensional model with an order—disorder
transition," Phys. Rev., 65 (1944).

R. J. Baxter, "Partition function of rhe sight-vertex lattice model,” Ann. Phys., 70,
No. 1, 193-288 (1972). -

R. J. Baxter, "One~dimensional anisotropic Heisenberg chain,' Ann. Phys., 70, No. 2,
323-337 (1972). -

V. E. Zahkarov, L. A. Takhtadzhyan, and L. D. Faddeev, "Complete description of solu-
tions of the 'sin-Gordon' equation," Dokl. Akad. Nauk SSSR, 219, No. 6, 1334~1337
(19743 .

V. E. Zakharov and A. V. Mikhailov, '"Relativistically invariant two-dimensional models
of the theory of fields, integrable by the method of the inverse problem," Zh. Eksp.
Teor. Fiz., 74, No. 6, 1953-1973 (1978).

P. P. Kulish, S. V. Manakov, and L. D. Faddeev, 'Comparison of exact quantum and quasi-
classical answers for the nonlinear Schr8dinger equation," Teor. Mat., Fiz., 28, No. 1,
38-45 (1976). _‘

L. D. Faddeev and V. E. Korepin, "Quantum theory of solitons," Phys. Reports, 42C, No.
1, 1-87 (1978). .

E. K. Sklyanin and L. D, Faddeev, '"Quantum mechanical approach to comﬁistely integrable
models of field theory," Dokl. Akad. Nauk SSSR, 243, No. 6, 1430-1433 (1978).

E. K. Sklyanin, "Method of the inverse scattering problem and quantum nonlinear Schrd-
dinger equation,” Dokl. Akad. Nauk SSSR, 244, No. 6, 1337~1341 (1978).

E. K. Sklyanin, "Quantum version of the method of the inverse scattering problem,"
Candidates Dissertation, Leningrad Branch of the Mathematics Institute (1980).

L. D. Faddeev, "Quantum completely integrable models of field theory," in: Problems of
Quantum Field Theory (Memoirs of the International Conference on Nonlocal Field Theo-
ries, Alushta, 1979) [in Russian], Dubna (1979), pp. 249-299.

E. K. Sklyanin, L. A. Takhtadzhyan, and L. D. Faddeev, "Quantum method of the inverse
problem I," Teor. Mat. Fiz., 40, No. 2, 194-220 (1979).

P. P. Kulish and E. K. Sklyanin, "Quantum inverse scattering method and the Heisenberg
ferromagnet,” Phys. Lett. A, 70, Nos. 5-6, 461-463 (1979).

L. A. Takhtadzhyan and L. D. Faddeev, "Quantum method of the inverse problem and the
XYZ-model of Heisenberg,' Usp. Mat. Nauk, 34, No. 5, 13-63 (1979).

P. P. Kulish, "Generalized Bethe Ansatz and the quantum method of the inverse problem,"
Preprint Leningrad Branch of the Mathematics Institute P-3-79, Leningrad (1979).

P. P. Kulish and N. Yu. Reshetikhin, "Generalized Heisenberg ferromagnet and the Groos—
Neveu model," Preprint Leningrad Branch of the Mathematics Institute E-4-79, Leningrad
(1979).

H. B. Thacker and D. Wilkinson, "The inverse scattering transform as an operator method
in quantum field theory," Phys. Rev., D19, Wo. 12, 3660-3665 (1979).

D. B. Creamer, H. B. Thacker, and D. Wilkinson, "Gelfand-Levitan method for operator
fields," Preprint Fermilab-Pub-79/75-THY, September, 1979.

D. B. Creamer, H. B. Thacker, and D. Wilkinson, "Quantum Gelfand—Levitan method as a
generalized JordanWigner transformation,'" Fermilab-Pub-80/17-THY, January, 1980.

D. B. Creamer, H. B, Thacker, and D. Wilkinson, "Statistical mechanics of an exactly
integrable system,” Fermilab-Pub-80/25-THY, February, 1980.

J. Honerkamp, P. Weber, and A. Wiesler, "On the connection between the inverse trans-
form method and the exact quantum eigenstates,” Nucl. Phys., B152, No. 2, 266 (1979).
A. Wiesler, "Rigorous proof of '"Bethe's hypothesis" from inverse scattering transforma-
tion," Preprint. Univ. Freiburg THEP 79/8, October, 1979.

H. Grosse, "On the construction of M8ller operators for the nonlinear Schrtdinger equa-
tion," Phys. Lett., 86B, Nos. 3-4, 267-271 (1979).

E. K. Sklyanin, "On complete integrability of the Landau-Lifshits equation," Preprint,
Leningrad Branch of the Mathematics Institute, E-3-79, Leningrad (1979).

V. E. 2Zakharov and S, V. Manakov, "Complete integrability of the nonlinear Schr¥dinger
equation," Teor. Mat. Fiz., 19, No. 3, 332-343 (1974).

1595



171

31.

32,

33.

34,

35.

36.
37.

38.

39.

40,

41.

1596

V. E. Zakharov and A. B. Shabat, "Exact theory of two-dimensional self-focusing and one-
dimensional automodulation of waves in nonlinear media," Zh. Eksp. Teor. Fiz., 61, No.
1, 118-134 (1971).

L. A. Takhtadzhyan, "Hamiltonian systems connected with Dirac's equation,”" Zap. Nauchn.
Sem. Leningr. Otd. Mat. Inst., 37, 66-76 (1973).

F. A. Berezin, G. P. Pokhil, and V. M. Finkel'berg, "Schrddinger's equation for systems
of one-dimensional particles with pointwise interactions," Vestn. Mosk. Gos. Univ.,

Ser. Mat., Mekh., No. 1, 21-28 (1964).

J. B. McGuire, "Study of exactly soluble one-dimensional N-body problem," J. Math.
Phys., 5, No. 5, 622 (1964).

I. M. Gel'fand and L. A. Dikii, "Resolvent and Hamiltonian systems," Funkts. Anal., 11,
No. 2, 11-27 (1977). -
F. A. Berezin, Method of Secondary Quantization [in Russian], Nauka, Moscow (1965).

A. S. Shvarts, Mathematical Foundations of Quantum Field Theory [in Russian], Atomizdat,
Moscow (1975).

A. A. Tsvetkov, "Integrals of motion of a system of bosons with pointwise interactions,”
Vestn. Mosk. Gos. Univ., Ser, Mat., Mekh., No. 4, 61-69 (1977).

F. A. Berezin, "Quantization," Izv. Akad. Nauk SSSR, Ser. Mat,, 38, No. 5, 1116-1175
(1974).

F. A. Berezin, "Wick and anti-Wick symbols of operators,” Mat. Sb., 86 (128), No. 4
(12), 578-610 (1971).

Yu. S. Tyupkin, V. A. Fateev, and A. S. Shvarts, "Connection of particle-similar solu-
tions of classical equations with quantum particles," Yad. Fiz., 22, No. 3, 622-631
(1975).



