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Simple computations of the critical exponents of the three-dimensional
Ising model have been shown in detail; reasonable results are obtained. If
longer computations are done, better results are obtained: the critical
exponents are estimated with an error less than 10 .

We cannot claim to have proved the validity of the scaling laws: we have
only derived them, starting “‘reasonable” hypotheses. However, it is grati-
fying that these hypotheses can be explicitly checked in the 1/N ¢xpansion.

The extension of this method to other systems undergoing a second-order
phase transition is straightforward: indeed, it has been used to compute the
critical exponents of the Reggeon field theory with good accuracy.!®®

APPENDIX

In this appendix we define the notations used in the text.
We consider the partition function (2.10) in the presence of a point-
dependent magnetic field H

Z[H] x Jﬂd)] exp[ - Jd”x Z(x. H)J (A1)
where
1 1
F(x H) = = 8,000 #$x) + 3 M2GH0) + 5 ¢*(0) + HO)  (A2)

is a functional of the magnetic field /. We define the free energy functional
G[H] =In{Z[H]} (A.3)

Z is the generating functional of the correlation function of the field ¢, while
G is the generating functional of the connected (truncated) correlation
functions
orz
1

FHUG)  SHxg) oo~ (OO 7 000D

H=0

= fd[dﬂ O(xy) - Plxy) CXP[ - Jd”x Fx, 0)]

(5”_6
H(x,) - H(xy)

= {P(x,) -~ ¢(X,V)>c = Gpx, " Xy) (A.4)
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or
] 1_ l Son n
GIHI=Y, | J [, He) dPx, ] ) (A.5)
D . 1 1

The magnetization of the system is
wx. H) =66 oH(x) (A.6)

p(x, I ] 1s a tunction of x and a functional of H.

The funcuonal (A.6) can be inverted. producing the magnetic field as a
functional of the magnetization H(x. u].

The free energy at constant magnetization can be introduced by perform-
ing a4 Legendre transtormation

I[y] = J d°x w(OH(x. 1] = GLH|u)) (A7)

I'[x] is the generating functional of the connected one-line (one-particle)
irreducible correlation functions
S

) - Sl =Pl ey A8
oplxy) - oulxy) R Vi) ( )

TRt

If 4 = 0 . the partition function Z can be explicitly computed
Zo[H] « exp — J dxdy D(x — y. MYH(x)H(y) (A9)

where D(x — y. M) satisfies the differential equation
A, + M)D(x — 3. M) =¢A, + M°)D(x — y. M) =3"(x — 1) (A.10)

If 2 is different from zero. (A.1) can be tormally written in compact notation
as

) u [ o 1 , 1.
Z[H] « exp —4!J SHW) dxZ[H] (A.11)

The expansion of the first exponential in (A.10) in powers of u reproduces
the standard perturbation expansion. Eq. (3.5).
The functional Z satisfies the Schwinger functional differential cquation:

o 0wl 8y lztr1=0 a2
[(A*+M )H(x)+3!<(5H(.\')> +H(X)J H] A12)

Equation (A.12) is very similar to a Kirkwood- Salisbury equation; it yields
the N-point correlation functions as an integral over the N + 2 correlation
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functions
oZ D u' o )
= “D(x — v. )t | 7 )
SECO) jd vy D(x —y M)I:H(_v) + 3 <(>H(y)> ]7[H] (A.13)
The ¢ field is defined as the square of ¢2. Its correlation functions are defined
by
Ly g (X1 xp 3) = Plxy) - dlxp)P(1)O(3)D (A.14)

From (A.14) one¢ can obtain the connected and the amputated correlation
functions of ¢2.

In this paper onc normally considers the Fourier transforms of the
correlation functions G, and ['. They arc defined as follows:

Gu(Py - Pyoy)
= Jd"xl “dPy g explilPix, + o+ Py_xy o 1) Galxg = Xy 1, 0)
GN¢1(P1 P,'v— 1+ K)

= Jd”x, wdPxy  dy (A.15)
x expli[Pyx; + =+ Py xy_y + Ky} Gayolxy = xy-y, 0,30 ))

Dy:g:(P) = f"”‘ "B (x)$7(0)),

Similar definitions are valid for the I', functions. Sometimes the vector X is
omitted from the argument of Gy,:; in such a case it is supposed to be zero,

e.g.,

Grp(P) = fd”x dP e Gpyi(x, 0, y) (A.16)

The correlation functions of the renormalized theory field are denoted by
G A(T®). To simplify the notation the subscript R is omitted in Section 8.
In Section 5 the correlation function of the bare field acquires a subscript B
to prevent any confusion.
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