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This paper deals with two topics concerning two-dimensional automata operating in
parallel. We first investigate a relationship between the accepting powers of two-dimensional
alternating finite automata (2-AFAs) and nondeterministic bottom-up pyramid cellular accep-
tors (NUPCAs), and show that () (diameter X log diameter) time is necessary for NUPCAs to
simulate 2-AFAs. We then investigate space complexity of two-dimensional alternating Turing
machines (2-ATMs) operating in small space, and show tHat if L(n) is a two-dimensionally
space-constructible function such that lim,_,.L(n)/loglogn > 1 and L(n) =< logn, and L'(n)
is a function satisfying L'(n) = o(L(n)), then there exists a set accepted by some strongly
L(n) space-bounded two-dimensional deterministic Turing machine, but not accepted by any
weakly L’(n) space-bounded 2-ATM, and thus there exists a rich space hierarchy for weakly
S(n) space-bounded 2-ATMs with loglogn < S(n) < logn.
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1. INTRODUCTION

In Ref. 1, it was left as an open problem whether two-dimensional alternating finite
automata (2-AFAs) can be simulated by two-dimensional nondeterministic on-line
tessellation acceptors. Recently, in Ref. 2, this problem was solved negatively. On the
other hand, it was shown in Ref. 3 that two-dimensional nondeterministic on-line
tessellation acceptors can be simulated by nondeterministic bottom-up pyramid cellular
acceptors (NUPCAs) which operate in O(diameter) time. It is natural to ask whether
NUPCAs which operate in O(diameter) time can simulate 2-AFAs. In Sec. 3 of this
paper, we consider this problem, and show that ) (diameter X log diameter) time is
necessary for NUPCAs to simulate 2-AFAs.
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Although conventional Turing machines (TMs) assume one-dimensional input tapes,
TMs with two-dimensional input tapes (called 2-TMs) have also been studied
extensively in the literature. (See, e.g. Refs. 2, 4-13.) For a detailed survey on
2-TMs, the reader is referred to Refs. 1 and 14. Deterministic, nondeterministic, and
alternating versions of 2-TMs are defined in the same way as their one-dimensional
counterparts and are denoted by 2-DTM, 2-NTM, and 2-ATM, respectively. In this
paper, we will restrict our attention to 2-TMs with square input tapes.

For any function L(n) and each X € {D, N, A}, let weak (or strong)
XSPACE(L(n)) denote the class of languages accepted by weakly (or strongly,
respectively) L(n) space-bounded XTMs, and weak (or strong) 2-XSPACE(L(n))
denote the class of languages (i.e. sets of square patterns over some finite alphabet)
accepted by weakly (or strongly, respectively) L(n) space-bounded 2-XTMs. In the
following, we omit the prefix ‘‘weak’ (or ‘‘strong’’) if a statement holds in either
case.

Hopcroft and Ullman!® showed that if L(n) is a space-constructible function such
that L(n) =< logn and L'(n) is a function satisfying L’'(n) = o(L(n)), then strong
DSPACE(L(n)) — strong NSPACE(L'(n)) is not empty. But it is obvious that the
same proof still works if the prefix ‘‘strong’’ is dropped. Thus we have

Theorem 1.1 (Hopcroft and Ullman). If L(n) is a space-constructible function
such that L(n) < logn and L'(n) is a function satisfying L'(n) = o(L(n)), then
DSPACE(L(n)) — NSPACE(L'(n)) is nonempty.

By using a similar technique, it is easy to generalize Theorem 1.1 so that the
statement will still hold if NSPACE(L'(n)) is replaced by ASPACE(L(n)). That is,
it can be shown that if L(n) is a space-constructible function such that L(n) < logn
and L’'(n) is a function satisfying L'(rn) = o(L(n)), then DSPACE(L(n)) —
ASPACE(L'(n)) is nonempty.

The two-dimensional analogue of Theorem 1.1 was shown in Ref. 7.

Theorem 1.2 (Ito et al.). If L(n) is a two-dimensionally space-constructible function
such that L(n) <logn and L'(n) is a function satisfying L'(n) = o(L(n)), then
2-DSPACE(L(n)) — 2-NSPACE(L'(n)) is nonempty.

Remark. The original theorem in Ref. 7 actually states that if L(n) is a
two-dimensionally space-constructible function such that L(n) = logn and L'(n)
is a function satisfying L'(n) = o(L(n)), then weak 2-DSPACE(L(n)) —
weak 2-NSPACE(L’ (n)) is nonempty. As pointed out in Ref. 11, it is easy to show
that the same statement still holds if the prefix “‘weak’’ is dropped.

Since functions such as log®n, log®n, log™n, . . ., are all two-dimensionally
space-constructible,'?> it follows from Theorem 1.2 that 2-XSPACE(Iog(’+”n) G
2-XSPACE(log”n) for each X € {D, N} and i = 1. (Here, log""’n = logn and
log'i*Vn = log(log'”n) for each i = 1.)

It was an open problem in Ref. 1 whether a similar space hierarchy result holds
for 2-ATMs. More precisely, it was asked whether weak 2-ASPACE(L(n)) —
weak 2-ASPACE(L’(n)) is nonempty for each two-dimensionally space-constructible
function L(n) =< logn and function L'(n) satisfying L'(n) = o(L(n)).
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Recently, Jiang et al.!' gave a partial solution to this problem, and showed
that if L(n) is a two-dimensionally space-constructible function such that
L(n) <logn and L'(n) is a function satisfying L'(n) = o(L(n)), then
strong 2-DSPACE(L(n)) — strong 2-ASPACE(L’'(n)) is nonempty. In Sec. 4 of
this paper, we give another partial solution to this problem. That is, we show that
if L(n) is a two-dimensionally space-constructible function such that L(r) =< logn
and lim,_, . L(n)/loglogn > 1, and L'(n) is a function satisfying L'(n) = o(L(n)),
then strong 2-DSPACE(L(n)) — weak 2-ASPACE(L’(n)) is nonempty.

Since functions (loglogn)*, k = 1, are two-dimensionally space-constructible (in
fact one-dimensionally space-constructible), it follows from this result that weak 2-
ASPACE((loglog n)*) & weak 2-ASPACE((loglog n)**Y) for each k = 1.

2. PRELIMINARIES

Let 3 be a finite set of symbols. A two-dimensional tape (or pattern) over 2. is a
two-dimensional rectangular array of elements of 3. The set of all patterns over 3 is
denoted by X@. Given a pattern x € 3@, we let €,(x) be the number of rows of x
and €,(x) be the number of columns of x. If 1 <i =< €(x) and 1 = j = £,(x), we
let x(i, j) denote the symbol in x with coordinates (i, j). Further, we define

xI(, j), G, jO]

only when 1 =i <i" = ¢€;(x)and 1 = j =< j' < €,(x) as the pattern z satisfying the

following:

i €¢(z)=i—i+land €,(z2) =) — j+ 1,

(ii) for each £k, r (I1=k=4€,(2), 1=r=4€2), zk,r)=x(k+i-—-1,
r+j— 1.

(We call x[(i, j), (i, j)O] the ““[(i, j), (i’, j')]-segment of x.)

We next review some basic concepts about a nondeterministic bottom-up pyramid
cellular acceptor (NUPCA). An NUPCA is a pyramid stack of arrays of cells in which
the bottom layer has size 2" X 2" (n = 0), the next lowest 2”7! x 2*7! and so
forth, and the (n + 1)st layer consists of a single cell, called the root. Each cell is
defined as an identical finite state machine, M = (Qn, Qr, 8, A), where Qy is a
nonempty, finite set of states, Qr C Qy is a finite set of input states, A C Qp is the
set of accepting states, and 8: Qn° — 29 is the state transition function, mapping the
current states of M and its four son cells in a 2 X 2 block on the layer below into M’s
next state. As shown in Fig. 1, let ¢ be some cell on the (i + 1)st layer, and let
c(NW), c(SW), ¢(SE) and c¢(NE) be four son cells (on the ith layer) of ¢, where
c(NW) is ¢’s northwest son, etc. Then

gt + 1) € 3(qc(), genw)(1)s Gesw)(8)> Gesey (D)5 qeanpy(?))
where for example g.(¢) means the state of ¢ at time 7. At time ¢ = 0, the input tape

3



214 K. INOUE ET AL.

/ d,’njf the (i + 1)st layer
the first row and // \\\
the first column

in the ith layer
the second row and
the first column
in the ith layer c(NW) ¢(NE)
the ith layer
c(SW) c(SE)

Fig. 1. Bottom-up pyramid cellular acceptor.

x € QP (£,(x) = €(x) = 2", n=0) is stored as the initia] states of the bottom
layer in such a way that x(i, j) is stored at the cell of the ith row and the jth column,
and the other cells are initialized to a quiescent state g, € Qny — Or — A. As usual,
we let 8(qs, 4s, 9s, 95> 4s) = {qs}. A computation of the NUPCA M on an input x
is called accepting if the root cell ever enters an accepting state during the
computation. An input x is accepted by M if there is an accepting computation of M
on x.

Let T: N — N be a function, where N denotes the set of all the non-negative
integers. We say that an NUPCA M operates in time T(n) if for every tape of size
2" X 2" (n = 0) which is accepted by M, there is an accepting computation of M on x
which uses no more than time 7(r). By NUPCA(T(n)), we denote an NUPCA which
operates in time 7(n).

We next recall a mwo-dimensional alternating Turing machine (2-ATM).""'° A
2-ATM M has a read-only two-dimensional input tape with boundary symbols #, and
one semi-infinite storage tape, initially blank. A position is assigned to each cell of the
read-only input tape, as shown in Fig. 2. A step of M consists of reading one symbol
from each tape, writing a symbol on the storage tape, moving the input tape head in
direction d (d € {left, right, up, down, no move}), moving the storage tape head in
the specified direction, and entering a new state, in accordance with the next move
relation. The state set is partitioned into accepting, rejecting, existential and universal
states.

A configuration of a 2-ATM M is of the form (x, (i, j), (¢, a, k)), where x is the
two-dimensional input tape, (i, j) is the input head position (0 =i = €,(x) + I,
0=j=4£,(x)+ 1), (q, a, k) is the storage state, where a storage state of M is a
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Fig. 2. Two-dimensional alternating Turing machine.

combination of the state of the finite control, the non-blank contents of the storage

tape, and the storage head position. The initial configuration of M on input x is

Iy(x) = (x, (1, 1), (go, &, 1)), where g, is the initial state of M and ¢ denotes the

empty string. A configuration is called existential, universal, accepting, and rejecting,

respectively, if the corresponding state is existential, universal, accepting, and
rejecting, respectively.

Given a 2-ATM M, we write ¢ F» ¢’ and say ¢’ is a successor of c if the
configuration ¢ follows from the configuration ¢ in one step of M according to the
transition rules.

A computation tree of M is a finite, nonempty labeled tree with the following
properties:

(1) Each node v of the tree is labeled with a configuration €(v).

(2) If v is an internal node (a non-leaf) of the tree, €(v) is universal and
{c|€@) ty c} = {c1, ..., ¢k}, then v has exactly k children v, . . . , v, such
that €(v) = ¢;(1 =i < k).

(3) If v is an internal node of the tree and €(v) is existential, then v has exactly one
child u such that €(v) +,, €(u).
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A computation tree of M on input x is a computation tree of M whose root is
labeled with I)/(x). An accepting computation tree of M on x is a computation tree of
M on x whose leaves are all labeled with accepting configurations. We say that M
accepts x if there is an accepting computation tree of M on x. Let T(M) = {x|M
accepts x}.

In this paper, we only consider 2-ATMs whose input tapes are restricted to square
ones. Let L: N — N be a function and M be a 2-ATM. A computation tree of M (on
some input tape) is L(n) space-bounded if all nodes of the tree are labeled with
configurations using at most L(n) cells of the storage tape. We say that M is weakly
L(n) space-bounded if for each n=1 and for each input tape x with
€,(x) = €,(x) = n that is accepted by M, there exists an L(n) space-bounded
accepting computation tree of M on x. We say that M is strongly L(n) space-bounded
if for each n = 1 and for each input tape x with €,(x) = €(x) = n (accepted by M or
not), M never uses more than L(n) cells of the storage tape.

A two-dimensional nondeterministic Turing machine (2-NTM) is a 2-ATM which
has no universal states. A two-dimensional deterministic Turing machine (2-DTM) is
a 2-ATM whose configurations each have at most one successor. A two-dimensional
alternating finite automaton (2-AFA) is a 2-ATM which never uses the storage tape.
For each X € {D, N, A}, let W2-XTM(L(n)) (or S2-XTM(L(n))) denote a weakly
(or strongly, respectively) L(n) space-bounded 2-XTM, and let W2-XSPACE(L(n))
(or S2-XSPACE(L(n))) denote the class of sets (of square tapes) accepted by
W2-XTM(L(n))s (or S2-XTM(L(n))s, respectively).

3. A RELATIONSHIP BETWEEN 2-AFAS and TIME-BOUNDED NUPCAS

In this section, we investigate a relationship between the accepting powers of
2-AFAs and time-bounded NUPCAs, and show that €} (diameter X log diameter) time
is necessary for NUPCAs to simulate 2-AFAs.

Theorem 3.1. Let 7(n) be any time function satisfying T(n) = o(n X 2"). Then
there exists a set accepted by some 2-AFA, but not accepted by any NUPCA(T(n)).

Proof. We consider the planar embedding of directed bipartite graphs with equal
number of vertices on both sides, which Jiang efal!' introduced. Let
S={v,L,r,ud, +,x, 0} be the alphabet used for the embedding. We use the
following embedding rule. The symbol v represents a vertex, symbol + means an
intersection of two edges (i.e. where they join or split), symbol x is for a cross-over of
two edges, symbol O represents a blank space, and symbol u, d, ! and r are the
symbols needed to form upward, downward, leftward and rightward edges, respective-
ly. Let pattern P be a planar embedding of a directed bipartite graph with m vertices
on both sides. P will have 4m + 1 rows and 4m columns. Row 2m + 1 of P defines
2m vertices of a bipartite graph, where the left m vertices form one group and the
right m vertices form the other. The 2m v’s are placed such that there are two blanks
separating the first m vertices from the second m vertices, and there is a blank between
consecutive v’s in both the left and right groups. The upper 2m rows of P specify the
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set of (directed) edges from the left group of vertices to the right group of vertices,
and the lower 2m rows specify the set of edges from the right group of vertices to the
left group of vertices. An example of such an embedding is given in Fig. 3. It is easy
to see that every directed bipartite graph with an equal number of vertices on both
sides can be embedded in the plane following the above rule. Let
Li={xe@CUH?|Tn=1(x)=4€(x)=2" & Im=1[2"=4m + 1 &
x[@" ' =2m, 1), "'+ 2m, 4m)] is a planar embedding of some directed
acyclic bipartite graph with m vertices on both sides) & (each symbol not in
x[2" ' = 2m, 1), Q"' + 2m, 4m)] is 2)]]}. It is shown in Ref. 16 that a two-
dimensional deterministic finite automaton can decide whether an input has 2" rows
and 2" columns for some n = 1. Further, it is shown in Ref. 2 that a 2-AFA can
recognize patterns that are planar embeddings of some directed acyclic bipartite graphs
with an equal number of vertices on both sides. From these observations, we can
easily see that L, can be accepted by a 2-AFA. Below, by using a technique similar to
that in the proof of Lemma 3.1 in Ref. 2, we show that L, cannot be accepted by any
NUPCA(T(n)) with T(n) = o(n X 2").

Suppose that there exists an NUPCA(T(n)) M accepting L,, where T(n) =
o(n X 2"). For each pattern P that is the embedding of a directed acyclic bipartite
graph with m vertices on both sides, let Py (P;) be the upper (lower) half (i.e. 2m
rows) of P. Note that the (2m + 1)st row of P is for vertices. We fix an ordering on
the edges from the right group of vertices to the left group of vertices as follows: for

HITITTITTIIT+ITI4IITH
d d

trrrrrrrr+r+ d
u ddd
u +rrrrrrxr+ d
uu ddd
U u +rrrrxrxr+
uuu ddd
U uu+rrxrxrxr+
uuuvu dddd
v

+1x1111+ d

u d
11111x111111+
u

u
u
u
u
u
u
u
u
u
v
u
]
u
+

d
d
d
d
d
d
d
d
v
uu dd d
d
d
d
d
d
d
d
d
+

u
u
u
u
+

111111111111

(a) A directed bipartite graph G. (b) The planar embedding of G.

Fig. 3. An example of embedding of G.

7



218 K. INOUE ET AL.

edges (a, b) and (c, d) in a graph, (a, b) < (¢, d) if a is to the left of c or a = ¢
and b is to the left of d in the embedding. We also fix an ordering on the Pr’s
of the patterns of the same size as follows. Let P ! = {e;!, e;!, ..., &'}
and P %= {e? e>% ...,¢e%}, where e/'!>e)>--->¢! and e,2>
e,2>--->¢?% Then P! <P, if there exists some j such that j <,
e)' =e% ...,¢e' =¢? and either j =5 or j<s and e;1,' < e;,,°. For each
Py, let L(Py) = max{P,| pattern P formed by Py, (2m + l)st row and P is
acyclic}, and let MAXLP(m) = {L(Py)| for some Py with 2m rows and 4m
columns}. It is shown in Ref. 2 that the following proposition holds.

Proposition 3.1. |MAXLP(m)| = m!.

Below we shall consider the case m = 2" for some large n. For each n = 3,
let V(n)={xe @G U{2HP|€(x) =4€(x) =2"" & (x[(2""? =2 x 2", 1),
(2"% 4+ 2 x 2", 4 X 2™)] is a planar embedding of a directed acyclic bipartite graph
with 2" vertices on both sides) & (each symbol not in x[(2""2 — 2 X 2" 1),
(2"*% + 2 x 2", 4 x 2M]is 2)}. Note that V(n) C L, and thus each tape in V(n) is
accepted by M. Below, we consider the case when the tapes with 2”*? rows and 2"*3
columns are presented to M. Let r be the root cell of M, and let cell(NW) and
cell(NE) be r’s northwest and northeast sons, respectively. For each pattern P that is
the embedding of a directed acyclic bipartite graph with 2” vertices on both sides (note
that such a pattern P has 4 X 2" + 1 rows and 4 X 2" columns), let P’ be the tape in
V(n) whose [(2"%? — 2 x 2", 1), (2" + 2 X 2", 4 X 2")]-segment is P. Note that
P’ is uniquely determined from P. We fix an accepting computation of M on P’, and
denote it by comp(P). Further, let Syw(P) (Sne(P)) be the sequence of states which
cell(NW) (cell(NE)) enters in comp(P) until time T(n + 3), and let c(P) = (Syw(P),
Sne(P)). Clearly, there are k27**3 possible ¢(P)’s where k is the number of states of
each cell of M. From Proposition 3.1, it follows that [MAXLP(2")| = (2")! From
Stirling’s approximation, we have log(2™)! = Q(n2"). Since T(n) = o(n X 27), it
follows by a simple calculation that [MAXLP(2")| > k*7**3 for large n. Let n be
sufficiently large such that [MAXLP(2™)| > k*T¢"*3_ For each Py, define P(Py) as
the pattern formed by Py, the (2 X 2" + 1)st row and L(Py). Then, there exist P!
and Py? such that L(Py') < L(Py?) and c(P(Py')) = c(P(Py?). We denote
P(Py') by Py, and P(Py?) by P,. Both P, and P, are in L, and so accepted by
M. Now let P be the pattern formed by Py!, the (2 X 2" + 1)st row and L(P?).
Then it follows that P’ must also be accepted by M. Since M accepts L,, P is acyclic.
But this contradicts the definition of L(Py'). This completes the proof of the latter
part of the theorem. O

It is an open question whether 2-AFAs can be simulated by NUPCAs which operate
in O(diameter X log diameter) time.

4. SPACE HIERARCHY OF 2-ATMs

We need the following concepts.

Definition 4.1. A function L: N — N is two-dimensionally space constructible if

8
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there is a S2-DTM(L(n))M such that for each n = 1, there exists some input tape x
with €,(x) = €,(x) = n on which M halts after its storage tape head has marked off
exactly L(n) cells of the storage tape. (In this case, we say that M constructs the
function L.)

Definition 4.2. Let 3, 2, be finite sets of symbols. A projection is a mapping
7: 3,@ — 3,@ which is obtained by extending a mapping 7: 2, — 3, as follows:

T(x) = x" < (i) €y(x) = €x(x’) for each k = 1, 2, and
(i) 7(x(i, j)) = x'(i, j) for each (i, j) €
(G, pl1l=i=€(x)and | = j=£€,(x)}.

Theorem 4.1. Let L: N— N be a two-dimensionally space-constructible function
such that lim,_, . L(n)/loglogn > 1 and L(n) < logn, and let L': N — N be any
function satisfying L’'(n) = o(L(n)). Then there exists a set in S2-DSPACE(L(r)),
but not in W2-ASPACE(L' (n)).

Proof. Let M be a S2-DTM(L(n)) which constructs the function L. Let
T[L, M] be the following set, which depends on L and M:T[L, M] =
{xe @ x{0,1,2H?3n=1{€,(x) = L(x)=2n & Ir=1LQ2n) [(when
the tape h,(x) is presented to M, its storage tape head uses r cells of the
storage tape and then halts) & (hy(x[(1, 1), (27/2,2m)]) = hy(x[(n + 1, 1),
(n+27/2),2m]) € {0, 1}®) & (ha(x[(1 + (27/2), 1), (n, 2n)]) = ha(x[(n +
1+ (Q27/2), 1), 2n, 2n)]) € {2}@)]}, where 3 is the input alphabet of M,
and A, (hy) is the projection which is obtained by extending the mapping
hy: 2 x {0,1,2} > 3(hy: 2 %X {0, 1,2} - {0, 1,2}) such that for any
¢ =(a,b) e x{0,1,2}, hi(c) = a (ha(c) = b). (Note that for each tape x in
T[L, M], the top and bottom halves of h,(x) are identical.) Below, we shall show
that T[L, M} € S2-DSPACE(L(n)) and T[L, M] ¢ W2-ASPACE(L' (n)).

The set T[L, M] is accepted by a S2-DTM(L(n))M, which acts as follows. Suppose
that an input x € {0, 1, 2}@® with €,(x) = €5(x) = 2n, n = 1, is presented to M,.
M, directly simulates the action of M on h;(x). If M does not halt, then M, also does
not halt, and will not accept x. If M, finds out that M halts (in this case, note that M
has used at most L(2n) cells of the storage tape because M is an S2-DTM(L(n)), then
M, checks by using the non-blank part of the storage tape that s,(x) is a desired form.
M, enters an accepting state only if this check is successful.

We next show that T[L, M] ¢ W2-ASPACE(L'(n)). Suppose that there is a
W2-ATM(L'(n)) M, accepting T[L, M]. For each n = 1, let w(n) € 2@ be a fixed
tape such that (i) €,(w(n)) = €,(w(n)) = 2n and (ii) when w(n) is presented to M,
M marks off exactly L(2n) cells of the storage tape and halts. (Note that for each
n = 1, there exists such a tape w(n) because M constructs the function L.)

For each n = 1, let

V(n) = {x e TIL, M] | £,(x) = €2(x) = 2n & h\(x) = w(n)} .
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For each x in V(n), let 1(x) be a fixed accepting computation tree of M, on x such that
all nodes of the tree are labeled with configurations using at most L' (2n) cells of the
storage tape. For each node v of #(x), let €(v) denote the label of v. We assume
without loss of generality that for any #(x),

(i) any two different nodes on any path of 1(x) are labeled by different configurations,
and

(ii) if any two different nodes of #(x) have the same label, then the subtrees with these
nodes as the roots are identical.

For each x in V(h), let ¢’ (x), which we call the reduced accepting computation tree of

M, on x, be a tree obtained from #(x) by the following procedure (for each node v of

t(x), we denote by d(v) the length of the path from the root of #(x) to v (i.e. the

number of edges from the root of #(x) to v)):

begin

1. T, = t(x)

2. i=1

3. Let N(i) ={v|v is a node of T, and d(v) <i}. Divide N(i) as follows:
N@H=P(H)UPRYU - --UP(j), where @ if i #Fi (1=<i,i;=<]j),
P(i;) N P(i,) = ¢, and @ for each i;(1 = i, = j;) and for each v, v, € P(iy),
{(v) = €(v,) (i.e. the labels of v, and v, are identical). For each i;(1 < i, < j,),
let dis(i;) = min{d(v) | v € P(i;)} and let n(i,) be the leftmost node among
those nodes v’s in P(i;) such that d(v) = dis(i;). Further, let N’'(i) =
N(@) — {r(1), n(2), . . ., n(j;)}. By removing from 7T, all the subtrees whose
roots are included in N'(i), we make the new T,.

4. If the height of T, (i.e. the length of the longest path of T,) is less than or equal to
i, then we let ¢'(x) = T,. Otherwise, we let i =i + 1 and go to step 3.

end

Example. Let x € V(n), and let 1(x) be a tree as shown in Fig. 4. Here, suppose
that nodes A and D have the same label, nodes B and C have the same label, and
other nodes have different labels from one another. (From the above assumption
(ii) concerning #(x), the subtrees with nodes A and D as the roots are identical, and the
subtrees with nodes B and C as the roots are also identical.) Then, ¢'(x) is a tree as
shown in Fig. 5. That is, #'(x) is obtained from #(x) by removing the subtrees with
nodes D and C as the roots from #(x).

It is easily seen that for each x in V(n), all the nodes of ¢’ (x) have different labels
from one another, and the set of all the paths from the root of ¢'(x) to the leaves of
t'(x) represents necessary and sufficient accepting computations of M, on x. From
t'(x), we now define an extended crossing sequence (ECS) at the boundary between
the top and bottom halves of x. The concept of ECS was first introduced in Ref. 17.
We relabel each node of t'(x) as follows. (We denote this new labeling by €¢'.) For
each node v of ¢'(x), let f(v) denote the father node of v. Then, for each node v of
t'(x), where x € V(n), let £'(v) = (J, (g, a, k)) if, for some storage states (q, «, k)
and (¢', ', k'),



2-D AUTOMATA OPERATING IN PARALLEL 221

Fig. 4. 1(x).

Fig. 5. 1'(x).

D) €(f(v) = (x, (n, j),(q', &', k') and £(v) = (x, (n + 1, ), (g, a, k)), or

(i) €(f(v)) = (x, (n+ 1, j), (¢', &', k")) and €(v) = (x, (n, j), (¢, &, k)),

€' (v) = = otherwise.

That is, if the action of M, when M, moves from f(v) to v represents the action of
crossing the boundary between the top and bottom halves of x along the jth column of
x, then v is newly labeled by (j, (g, a, k)), where (q, «, k) is the storage state
component of €(v). Otherwise, v is newly labeled by *. From the newly labeled ¢’ (x),
we extract those nodes v’s such that €'(v) # *, and by using these nodes, we
construct a tree 1"(x) satisfying the following condition (A):

11
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(A): For any node v of t"(x), nodes v, v,, . .., v, are children of v if and only if
vy, U2, . .., U are descendants of v in ¢’ (x) and €' (x) = * for each node u on
the path from v to each v;.

In general, there can be two or more such trees #'(x). Let these trees be £,(x), . . .,

tm(x). (See Fig. 6.) For each node v of each t,(x)(1 =i = m), we now define an

element of ECS (EECS) recursively as follows: let £'(v) = (J, (g, «, k));

(1) If v is a leaf, then [(j, (g, , k))] is an EECS of v.

(2) If v has only one child v, and @, = [(j;, (¢, a1, k{))P] is an EECS of vy, then
[(J, (g, @, k))(j1, (g1, @y, k1))P] is an EECS of v.

i, Ca k
(1, (g1, a1, k1)) (J2, (g2, a2, kz))

(J3, (g3, @3, k3))

(s> (g6 a6, ko))

Uas (g4, ay, ks)) *

Us, (gs, as, ks))

t'(x)

U (g1, ay, ky)) (J2s (g2, az, ky))

Us» (3, @z, k3))

(Ja» (qa, a4, k4))

(Js, (gs, as, ks)) (Jo» (ge» @6, k¢))
1 (x) 1(x)
Fig. 6. Extraction of #,(x), . . ., f,,(x) from ¢’ (x).

12
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(3) If v has d children vy, U5, . . ., v4(d = 2) and @y, . . . , Q4 are EECSs of v,
., U4, respectively, then [(j, (¢, a, k))Qsq) - * - Qo] is an EECS of v for
any permutation o: {1, . ..,d} — {1, ...,d}.
(4) An EECS of v is defined only by (1), (2), or (3) above.
Let Oy, ..., O,, be EECSs of the root nodes of t,(x), . .., 1,(x), respectively.
Then, for any permutation o:{l,...,m}—{l,...,m}, we cal

Ooy " * * Qomy an ECS of #'(x) (or an ECS of x). As is easily seen from the
definitions, there can be two or more EECSs of each node v of each #;(x), and there
can be two or more ECSs of ¢'(x).

Let Q, and @, be any two EECSs. We say that @, and Q, are equivalent, which
we denote by Q; = Q,, if the following condition (B) is satisfied:

(B): Let Q1 = [(j1, (g1, @1, k1)) = * Um> (Gm> ¥ms k)P - - - P] and  Qp =
G, (g1, @i, kD) -+ - Gy (s @e s ke )PL - - - P3]. Then, m=m’,
s=s', (ji, (i, a;, k) = (i, (g, af, k})) for each i(1 =i < m), and there
exists a permutation o: {1, ...,s} — {1, ..., s} such that P, = P, for
each i(1 =i =y), where m, s = 0, and (j, (g, a, k))’s, (j', (¢, &', k'))’s are
pairs (column number, storage state)’s, and further P, P’ are EECSs.

Let 0=Q, - +-Q,, and Q' =Q1 -0, be any two ECSs. We say that
Q and Q' are equivalent if m=m' and there exists a permutation
o:{l,...,m}— {1,...,m} such that Q; = O for each i(1 =i < m). (As is
easily seen from the definition, any two ECSs of #'(x) are equivalent for any x in
V(n).) For any ECS Q, let |Q| denote the number of pairs (column number, storage
state)’s in Q. For each n = 1, let

E(n) = {Q | Q is an ECS of t'(x) for some x in V(n)} .

Then the following two propositions must hold:

Proposition 4.1. |E(n)| = Z(n)*"™, where Z(n) = r(2n + 2)L'(2n)s*'®™, r and s
are the numbers of states (of the finite control) and storage tape symbols of M5,
respectively, and c¢ is a positive constant.

Proof. The number of different (column number, storage state)’s when the input
head of M, crosses the boundary between the top and bottom halves of tapes in V(n)
is Z(n) = r2n + 2)L'(2n)s%' @™ From the definitions, it is easily seen that for each
Q in E(n), the (column, storage state)’s in Q are different from one another. Thus we
have |Q| =< Z(n). From this, we can show by using the same idea as in the proof of
Lemma 5 of Ref. 17 that the proposition holds. CO

Proposition 4.2. Let x and y be any two different tapes in V(#n), and let Q, and Q,
be any ECSs of x and y, respectively. Then Q. and Q, are not equivalent.

Proof. Suppose that Q, and Q, are equivalent. We consider the tape z satisfying the
following: (i) €,(z) = €,(z) = 2n, (ii) the top half of z is identical with the top half
of x, and (iii) the bottom half of z is identical with the bottom half of y. By using the
well-known technique, we can easily construct an accepting computation tree of M, on

13
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z (such that all nodes of the tree are labeled with configurations using at most L' (2n)
cells of the storage tape) from #(x) and #(y). Thus z is also accepted by M,. This is a
contradiction, because z ¢ T[L, M]. O

Clearly, |V(n)] = 22"2"“"/2_ From the assumptions concerning functions L and L’
and from Proposition 4.1, it follows that |V(n)| > |E(n)| for large n. For such a large
n, there must be two different tapes x, y in V(n) such that some ECS of x is
equivalent to some ECS of y. This contradicts Proposition 4.2. This completes the
proof of ““T[L, M) ¢ W2-ASPACE(L'(n))”’. O

Since functions (loglogn)*, k = 1, are two-dimensionally space-constructible (in
fact one-dimensionally space-constructible), it follows from Theorem 4.1 that the
following corollary holds.

Corollary 4.1. For any positive integer k,
W2-ASPACE((loglog n)*) & W2-ASPACE((loglogn)**!) .

It is still unknown whether there exists an infinite space hierarchy for W2-
ATM(L(n))'s with L(n) = loglogn.
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