


In view of (i) the proofs are more elementary and the conditions on the
coefficients less restrictive than those given previously. As regards (ii), the
main hypothesis is that any outer normal n(z) to a point z € 85 satisfies

n(z)f(t,z,z,p) <0 forall p; € R™ suchthat n(z)p; =0,
t =1,---,m. The proofs depend on a differential inequality for the function

n(t) = max dist (u(z, ), S), (t,z) € G,

which reduces to the §(t) of [44] when there is no z dependence.
Generalizing a uniqueness theorem of Haar, invariance for solutions of
first-order and elliptic equations is developed in [64].

Periodic solutions

Consider the equation u’' = f(t,u), where u is a function from R to
R™ and f(t,s) is a continuous function of period T in t. Let S C R" be
nonempty, compact and convex, and suppose that

w(0)e S=>u(T)eS.

Then the equation has a periodic solution. This is the gist of the main result
in [68]; the formulation given there is more precise. Since the hypotheses
do not guarantee uniqueness of solutions, the familiar argument depending
on the Poincaré map requires modification in which uniqueness is replaced
by weaker conditions of invariance like those discussed above. An example
due to Binding shows that it is not enough to have a single solution with
u(T) € B whenever u(0) € B, so invariance is really needed. Further results
on periodic solutions for parabolic equations and ODE’s, respectively, are
given in joint work with Gaines [45] and Mawhin [59].

Differential inequalities in Banach spaces

Reference [26] extends the theory of quasimonotone operators to spaces
with elements described by z,, where a ranges over an arbitrary index
set. Some fundamental questions raised here were not answered until about
twenty years later, chiefly by Volkmann and his associates. A corresponding
extension of the Miiller comparison theorems is given in [72].

The following results are proved in [90]. Let Tu = u' — f(¢,u) — g(t,u)
where f is locally Lipschitzian in u. Then the first of the two implications

u(a) <v(a), Tu<Tv=>u<uv; u(a) <v(a), Tu<Tv=>u<v

holds if ¢ is decreasing as a function of u, but is in general false if g is
increasing, while the second holds if ¢ is increasing but is in general false
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