Introduction

In this book we describe numerous connections of multidimensional hyper-
geometric functions with Kac-Moody Lie algebras and their quantum defor-
mations. The hypergeometric functions have the following form:

I(ty, ... tn;7; Py {ai )5 K)

= II G—t)s/Pts,. . tn) dtnps A+ Adty .
’Y(tl,‘..,tn;{a;j};fc) 1<i<jsN

Here {a;;}, x are complex parameters, P runs through a suitable space of

rational functions, and < runs through a suitable space of cycles.

There are two main themes in this book.

The first theme: Studying representations of Kac-Moody algebras and the
corresponding quantum groups is essentially equivalent to studying the func-
tion I—I(t1 - tj)aij/'c.

The second theme: The hypergeometric functions provide a new and pow-
erful way to compare the representation theory of Kac-Moody algebras and
the representation theory of quantum groups.

The differential-geometrical side of the function IL(¢; —¢;)** /% is connected
with the theory of Kac—-Moody algebras. Complexes of multivalued differen-
tial forms associated with this function have a natural description in terms of
Kac—Moody algebras. The differential equation for associated hypergeometric
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functions has a description in terms of Kac-Moody algebras, and this differ-
ential equation is the famous Knizhnik—Zamolodchikov differential equation
discovered by physicists in conformal field theory.

The topological side of the function TI(¢; — t;)*/* is connected with the
theory of quantum groups. Univalued branches of this function define a lo-
cal system of coefficients over the complement to the union of diagonal hy-
perplanes. Complexes of chains with coefficients in this local system have a
natural description in terms of quantum groups.

It is well-known that the representation theories of Kac-Moody algebras
and their quantum deformations are similar and have striking differences at
the same time. Studying their interrelations is a fascinating subject.

The hypergeometric functions provide a new approach to this problem.
Namely, integration of multivalued differential forms over chains gives a corre-
spondence between the corresponding objects of the representation theory of
Kac-Moody algebras and the representation theory of quantum groups.

1.1. Example. Three Points on the Line

Let z;, 22, 23 be points on the complex line. Fix numbers my,mo, m3, k € C,
and consider a multivalued holomorphic function
3

=TI G- zmmr e z)m

1<i<i<3 j=1
on the complement to the union of the three points, here ¢ is a coordinate on
the line.

Set
nj = Ldt/(t - z;)
for § = 1,2,3. {n;} are multivalued holomorphic forms on the complex line.
They are closed and cohomologically dependent:

M1y + Maf)e + mg13 = —kdf. (1.1.1)
Consider a vector

I=(L,1 ;)= (Lnl,Lng,Lna), (1.1.2)

where v is a curve shown in Fig. 1.1. Here z, and z, are any two of the three
points zq, 22, z3. We fix a univalued branch of £ over v, and hence the integrals
are well-defined. We have

mily + moly +mgl3 =0. (113)
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Fig. 1.1

The integrals do not depend on continuous deformations of the curve.
Therefore, the vector is a function of zq,20,23. The function I(z, 22, 23) is
holomorphic and satisfies the differential equation

az ——ZZ “—1 fori=1,23, (1.1.4)
1 1 7

where the matrix (2;; has zero elements with the following exceptions:
(Qij)pp = mimj/2 if p¢i,5],
Q)i =mim;/2 —m;,
(Qi5)55 = mim; /2 —m;,
Q)i =my, Qg = ma.

This differential equation does not depend on the choice of the curve «.

Verification of the differential equation is purely combinatorial. For exam-

ple,
(97]2 _ [mlmz 1 mymsg 1 mi 1 ] dt
8z L 25 2z — 29 2 z1—23 K t—zl t—2
mimes 1 mims 1 my 1
= [ ] — (m —m2).
2k 2z — 2o 2K 21 — 29 K 21— %

The key step in the verification is the equality
1 1 1 [ 1 1 ]

t—z1 t—'Zz

t—z1t— 2o 21— 29



4  Introduction

having deep connections with the Jacobi identity in the theory of Lie algebras.
The differential forms {n;}, identity (1.1.1), and the differential equation
(1.1.4) have the following Lie—algebraic interpretation:

Consider the Lie algebra g = sf5 of complex 2 x 2-matrices with the zero
trace. g is generated by the standard generators e, f, h subject to the relations

le, f] =h, [h, €] = 2e, [h, f] = -2f.

The tensor 1
Q= §h®h+e®f+f®e € g®g

is called the Casimir operator. The Casimir operator is the tensor correspond-
ing to an invariant scalar product on g.

Let Ly, ..., L, be representations of g, L = L1®...®L,. Let §;; be the
linear operator on L acting as the Casimir operator on L; ® L; and as the
identity operator on the other factors. The Knizhnik-Zamolodchikov (KZ)

equation on an L-valued function ¢(zq,- - ,2,) is the differential equation
7] 1 | .
v_Z E — _» fori=1,...,n,
0z, K AT

K is a parameter of the equation.

The KZ equation was discovered in the conformal field theory [KZ]. This
equation describes conformal blocks in the Wess—Zumino-Witten model of the
conformal field theory.

The KZ equation defines an integrable connection on the trivial bundle
L x C* — C™ with singularities over diagonals. Parallel translations for
the KZ connection commute with the g—-action on L. Therefore, the bundle
L x C®» — C" has a lot of subbundles invariant with respect to the KZ
connection. For example, eigenspaces of the generators of g form invariant
subbundles.

Consider the following example of the KZ equation.

For m € C, denote by M(m) the Verma module over g with highest weight
m. M(m) is the infinite dimensional module generated by one vector v with
properties ev = 0, hv = mv. Set M = M(m;) ® M(mz) ® M(m3), m =
my +ma+mg, VacM,,_2 = {x € M|ex = 0,hx = (m —2)z}. Let v; € M(m,)
be a generator vector, = 1,2,3. Then
Vac M- = {2z = I fv1 ®v2 @ v3 + o1 ® fva Qv

(1.1.5)
-+ 131)1 R V2 X f’Uglmlll +moly + m3I3 = O} .
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Consider the K7 equation with values in VacM,,_» C M.

The KZ equation on the coordinates Iy, I, I3 in (1.1.5) coincides

with the hypergeometric differential equation (1.1.4). (1.1.6)

Therefore, an M-valued function

/ mfur ®vy ®@vs + / N2ty ® fra @ vz + / N30 ® V2 ® fus

v(21,22,23) v(21,22,23) ¥(21,22,23)

takes values in Vac M,,,_2 C M and is a solution of the KZ equation.
Set
H' = (Cny ® Cny @ Cry)/Cde,

cf. (1.1.1).
H? is canonically isomorphic to (Vac Mp,_2)*. (1.1.7)

Let us return to the hypergeometric differential equation (1.1.4). Its solu-
tions are parametrized by linear combinations of cycles v shown in Fig. 1.1.
Such linear combinations form a suitable homology group of the complement
to the three points.

The function £ defines the following complex one dimensional local system
S over C — {z1,29,23}. The sections of S are complex linear combinations
of univalued branches of . The local system has monodromy around the
points z1, z2,23. The monodromy around the point z, is multiplication by
exp (—2wim,/k). Set

q =exp(2mi/K),

then the monodromy is ¢q7 ™.

Integration defines a pairing
I[Zl, 29, 23] H'® H.(C - {Zl, 29, 23},8) — C. (1.1.8)

Each element v € Hi(C — {z1, 22, 23}, S) generates a solution of the hyperge-
ometric equation (1.1.4).

Now we calculate H;. Assume that 21,292,253 € R and 21 < 29 < z3. Fix a

point by in the upper half plane and three oriented loops by, b, bs as shown in
Fig. 1.2.
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Fix sections sg, 81, 82, $3 of S over by, by, be, b3. For j = 0,...,3, the pair (b;, s;)
is a singular chain with a coefficient in S. Let
d: @ C(bj, ;) — Clbo, s0) (1.1.9)
j=1
be the boundary operator.
Complez (1.1.9) computes H.(C — {21, 22,23}, S5). (1.1.10)

There is a natural choice of sections sg, sy, s2, 83 such that the boundary
operator has the following form:
(b, s1) == (¢™/% = g™ /2)gme ) (b, 50)
(by, s9) — (g™2/? — g~m2/2)gl=mitma)/d(py 0y, (1.1.11)
(b3, 53) > (g™ — g™/ 2)gmm T A (g, ).

Therefore, Hy(C — {z1,23,23},S) is naturally isomorphic to the kernel of
the operator d given by formulas (1.1.11).
This computation has the following algebraic interpretation.

The universal enveloping algebra Ug = Us{s has a one parameter deforma-
tion Uyg, ¢ = exp (2mi/k) € C*, called the quantum group. U,g is a C-algebra
generated by elements e, f, h subject to the relations

[67 f] = qh/2 - q_h/2a

(1.1.12)
[h,e] = 2¢, [h,f] =-2f.
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By definition ¢** = exp (ah x 27i/k).
In the standard definition of U,sé,, the first relation is replaced by
le, f1= ("> — ¢7*/%))(¢"/* — g7*/?). (11.13)

The substitution of f — f/(g'/2 — ¢~1/2) transforms (1.1.13) into (1.1.12).

The quantum group is a Hopf algebra. The comultiplication A : Uyg —
U,9 ® U,g is defined by the formula

Ah)=h®1+10h,
A(f)=fed"+¢ e f,
Ale)=e®@ "t + g e.
For m € C, denote by M(m,q) the Verma module over U,g with highest
weight m. M (m,q) is the infinite dimensional module generated by one vector
v with properties ev = 0, hv = mv. Set M(q) = M(m1,q) ® M(m3,q) ®

M(ms,q), m = my + ma + m3, Vac M(q)m—2 = {z € M(q)lex = 0,hz =
(m —2)z}. Let v; € M(m;,q) be a generating vector, ¢ = 1,2,3. Then

Vac M(g)m—2 = {CE =hLfvi®@vus+ v ® fraQus
+ I3y @ vy ® fug|(g™/% — g~ ™1 /2) g(metma)/a, \
+ (qm2/2 _ q—m2/2) q(—m1+m3)/4I2 (111 )

+ (g2 — g2y glmmmm) A = 0}
The map
(b1,81) ¥ fu1 ®v2 ® 3,
(b2, 52) —— 11 ® fva Qus, (1.1.15)

(b3, 83) +— v1 ® vy @ fus,

defines natural isomorphisms

P Cbs,s5) = M{@)m—z := {z € M(q)|hz = (m — 2)z}

771

Hl((C"‘ {Zl,zZ,ZS}v‘S) = V&CM(q)m_z :

(1.1.16) Isomorphisms (1.1.7) and (1.1.15) and integration (1.1.8) define the
canonical hypergeometric pairing

I{z1, 22, 23] : (Vac M —2)* @ Vac M(g)m-2 — C,
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that is, the canonical map
J[z1, 22, 23] : Vac M (q)m—z — Vac My _s.
For any x € Vac M(q)m—2, the function
(z1,72,23) — J[z1, 22, 23] (x)
is a solution of the KZ equation with values in Vac M,,_2.
The hypergeometric pairing is nondegenerate for generic k. It is an inter-
esting problem to describe degenerations of the hypergeometric pairing.

Isomorphism (1.1.15) gives an algebraic description of the monodromy rep-
resentation of the KZ equation with values in Vac M,,_3. To formulate the
result we need some definitions.

Let V; and V; be U,g-modules. The comultiplication induces a U;g-module
structure on V; ® V5 and V5, ® V. The modules V; ® V, and V2 ® V; are
isomorphic. The isomorphism is given by the formula

R P
ieVo— Vi@V, —V, @ V1,

where P is the transposition of the factors and R € U,g ® U,g is the element
called the universal R-matrix of the quantum group:

_ (1)g _
R= qh®h/4 Zq k(k+1)/42")a kh/4k o q kh/4fk_

a4

1

= (k)q!

Here (a), = ¢*/2 — ¢79/2, (a),! = (a)gla = 1), ... (1),

Let Vi,...,V, be representations of the quantum group. Then the pure
braid group P, acts on their tensor product. Namely, let o1,...,0,_1 be the
elementary braids shown in Fig. 1.3.

1 7 j+1 n

/°

gj

Fig. 1.3

To any braid ¢, assign a linear operator

RJ‘/1®V;®V]+1®V7L —+V1®...Vj+1®Vj-~~®Vn
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acting as PR on the j-th and (j+1)-th factors and as the identity on the other
factors. These operators define an action of the pure braid group on n strings
on Vi ®- - -®V,. The action of the pure braid group commutes with the action
of the quantum group on the tensor product. Therefore, the action of P, has
a lot of invariant subspaces. For example, eigenspaces of the generators of the
quantum group form P,-invariant subspaces.

Let
pq : Ps — Aut (Vac M(q)m—2)

be the R-matrix representation. Let
Tk © P3 — Aut (Hl((C - {21,22,Z3},S))

be the natural representation induced by deformations of points z1, 23, z3 on
the complex line.

The representations py and 7, are canonically isomorphic for

q = exp (2wi/ k), the isomorphism is induced by (1.1.15). (1.1.17)

Let v, : P3 — Aut(Vac M(q)m—2) be the monodromy representation of
the KZ equation.

1.1.18. Corollary. The monodromy representation <, of the KZ equation
with values in Vac M,,_o is canonically isomorphic to the R-matriz represen-
tation py for ¢ = exp (2mi/Kk) and generic k.

In fact, for generic values of «, the hypergeometric pairing is nondegenerate,
all solutions of the KZ equation are given by hypergeometric integrals.

Remark. The vector valued function I(zy, 22,23) defined in (1.1.2) is an
object of classical mathematics. Each of its components is a classical hyper-
geometric function. According to one of the numerous definitions [WW], the
classical hypergeometric function is an integral of a product of powers of three
linear functions on the line. Hence, in this section, we have discussed con-
nections between the theory of the classical hypergeometric function and the
representation theory of the Lie algebra sé; and the quantum group U,sf;.

1.2. Brief Description of the Contents

The main subject of this book is the comparison between the geometric and
analytic constructions in the theory of hypergeometric functions and algebraic
constructions in the theory of Lie algebras and quantum groups.
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In Secs. 2-5 we discuss the correspondence between the representation the-
ory of quantum groups and geometry of configurations of hyperplanes. Secs. 6-
9 are devoted to the correspondence between the universal R-matrix in the
theory of quantum groups and the monodromy of configurations of hyper-
planes depending on parameters. Secs. 10-12.1, 12.3 are on the connections
between the representation theory of Kac-Moody Lie algebras and the geom-
etry of configurations of hyperplanes. In Secs. 12.2, 12.4, 13, 14 we discuss
the interrelations between the representation theory of Kac—-Moody algebras
and the representation theory of quantum groups coming from hypergeometric
functions. In Sec. 15 we discuss possible generalizations.

There is another division of this book into parts: geometric, algebraic, and
analytic. Secs. 2, 3, 6, 8, 13.1-13.4 are mainly geometric, Secs. 4, 5, 7, 9, 10.1-
10.5, 11, 13.8, 15 algebraic, and Secs. 10.6-10.10, 12, 13.5-13.7 are mainly
analytic.

In Sec. 2 we consider a configuration of hyperplanes in a complex affine
space and a complex one-dimensional local system of coefficients over the com-
plement to the configuration. We assume that the configuration is the complex-
ification of a configuration in a real space and is weighted, that is a number is
assigned to any hyperplane of the configuration. We give a combinatorial con-
struction of two finite dimensional complexes and a homomorphism between
them. The first complex computes the homology groups of the complement
to the configuration with coefficients in the local system. The second complex
computes the homology groups of the affine space modulo the configuration.
The homomorphism of the first complex to the second induces the natural ho-
momorphism of the homology of the complement of the configuration to the
homology of the space modulo the configuration.

This construction can be considered as an analog of the Orlik-Solomon
combinatorial description [OS] of the integral cohomology of the complement
to the configuration.

In Sec. 3 we introduce discriminantal configurations. These are configura-
tions connected with the representation theory of Lie algebras and quantum
groups and the conformal field theory. Consider the configuration of all diag-
onal hyperplanes in a complex coordinate space and a projection of the space
onto another coordinate space along a part of coordinates. Then the config-
uration of hyperplanes induced in a generic fiber is called a discriminantal
configuration. In Sec. 3 we apply the constructions of Sec. 2 to the discrimi-
nantal configurations.
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In Sec. 4 we introduce the quantum group U, g associated with an arbitrary
complex symmetric matrix. Having a collection of highest weights we construct
two complexes and a homomorphism between them. The first complex is a
two-sided Hochschild complex of the nilpotent subalgebra Un_ C U,g with
coefficients in the tensor product of two-sided Verma modules. The second
complex is a two-sided Hochschild complex of the dual to Uyn_ with coeffi-
cients in the tensor product of the contragradient modules corresponding to
the Verma modules. The homomorphism between the complexes is given by
a suitable contravariant form. We show that these two-sided Hochschild com-
plexes and the homomorphism between them coincide with the combinatorial
complexes and the homomorphism between them constructed for a discrimi-
nantal configuration in Secs. 2 and 3.

The two-sided Hochschild complexes constructed in Sec. 4 are non-standard
for homological algebra. Their spaces are unusually big. Thus, in Sec. 5 we
introduce a standard (one-sided) Hochschild complex of U;n_ with coefficients
in the tensor product of the standard (one-sided) Verma modules and a stan-
dard Hochschild complex of the dual to Uyn_ with coefficients in the tensor
product of the contragradient representations. We introduce a homomorphism
of the first standard complex to the second in terms of a suitable contravariant
form. We construct a monomorphism of each of the standard complexes to the
corresponding two-sided Hochschild complex and prove that these monomor-
phisms are quasi-isomorphisms, i.e., they induce isomorphisms of homology
groups.

Thus, as a result of Secs. 2-5 we show that the homology groups of a dis-
criminantal configuration with coefficients in a one-dimensional complex local
system can be interpreted as the standard Hochschild cohomology of a suit-
able quantum group. This allows us to identify constructions in representation
theory of quantum groups with geometric constructions for discriminantal con-
figurations.

The theorem on quasi-isomorphism suggests that there might be a general
construction of a standard (one-sided) Hochschild complex which is quasi-
isomorphic to a given two-sided Hochschild complex with coefficients in the
tensor product of two-sided modules.

The main body of Sec. 5 is devoted to the proof of the theorem on quasi-
isomorphism and could be skipped under first reading. In Sec. 5.11 we give a
review of the results of Secs. 2-5.

A discriminantal configuration depends on parameters. The space of pa-
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rameters has the form of a complex space with deleted diagonal hyperplanes.
Thus, the fundamental group of the parameter space is a pure braid group. The
fundamental group of the parameter space has the monodromy representation
in the homology groups of the discriminantal configuration. The homology
groups of a discriminantal configuration were identified with the Hochschild
cohomology of a quantum group in Secs. 2-5. We show that under this identifi-
cation the monodromy representation is identified with the universal R-matrix
representation of the braid group in the tensor product of representations of a
quantum group. This theorem is proved in Sec. 8. In Sec. 7 we define R-matrix
operators and the R-matrix representation of a braid group. In Sec. 6 we prove
an auxiliary property of a discriminantal configuration which is basic for the
proof of the monodromy theorem in Sec. 8. In Sec. 9 we discuss algebraic prop-
erties of the R-matrix, in particular, if the parameter of the quantum group is
a root of unity.

In Sec. 10.1-10.3 we consider a weighted configuration of hyperplanes in
a complex affine space and give a combinatorial construction of two finite di-
mensional complexes and a homomorphism between them. The first complex
is defined in terms of the flags of the configuration and the spaces of the second
are the graded pieces of the Orlik—Solomon algebra. We realize the complexes
as subcomplexes of the holomorphic de Rham complex of the complement to
the configuration with values in a suitable trivial line bundle with a holomor-
phic flat connection. The differential forms of these subcomplexes are called
the hypergeometric differential forms associated with a configuration.

If the weights of a configuration are in general position, then these finite
dimensional complexes compute the cohomology groups of the complement
with coefficients in the sheaf of the horizontal sections of the connection.

Assume that a configuration of hyperplanes in a complex affine space is
the complexification of a configuration in a real space. Then there are four
finite dimensional complexes associated with this configuration. The first two
are the combinatorial cell complexes constructed in Sec. 2, the second two are
the complexes of hypergeometric forms constructed in Secs. 10.1-10.3. The
integration of the differential forms over the cells defines a pairing of the first
pair of complexes with the second pair of complexes. This pairing is called the
hypergeometric pairing associated with a configuration. We study this pairing
in Secs. 10.6-10.9.

Assume that we have a weighted configuration in an affine space and a pro-
jection of the space onto another affine space. Then each fiber has a weighted
configuration induced by the initial one. The combinatorial structure of the
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fiber configuration is the same for almost all fibers. The exceptions lie over the
discriminant, which is a collection of hyperplanes in the base of the projection.
The complexes of hypergeometric forms of a fiber are defined combinatorially
and do not depend on a fiber over the complement to the discriminant. In
Sec. 10.5 we combinatorially construct a flat connection in the trivial bundle
over the complement to the discriminant with the complex of hypergeometric
forms as its fiber. We show in Sec. 10.10 that this combinatorial flat connec-
tion is realized as the differential equation describing the dependence of the
hypergeometric integrals in the fiber on the parameters in the base.

In Sec. 11 we consider a Kac-Moody algebra g associated with a com-
plex symmetric matrix. Having a collection of highest weights we construct
two complexes and a homomorphism between them. The first complex is the
standard Lie algebra chain complex of the nilpotent subalgebra n_ C g with co-
efficients in the tensor product of Verma modules. We introduce a Lie algebra
structure on the dual to n_ and an n* —-module structure on the tensor product
of the contragradient modules to the Verma modules. The second complex is
the standard Lie algebra chain complex of n* with coefficients in the tensor
product of the contragradient modules. The homomorphism of the first com-
plex to the second is defined by a suitable contravariant form. We introduce
the Knizhnik-Zamolodchikov equation with values in these complexes.

We show in Sec. 12 that the two complexes of the hypergeometric differ-
ential forms of a weighted discriminantal configuration and a homomorphism
between them constructed in Sec. 10 are identical with the two Lie algebra com-
plexes and a homomorphism between them constructed in Sec. 11 for a suitable
Kac—Moody Lie algebra. Moreover, under this identification the hypergeomet-
ric differential equation is identified with the Knizhnik~Zamolodchikov differ-
ential equation.

Thus, results of Secs. 10-12 allow us to identify constructions in the rep-
resentation theory of Kac—-Moody algebras with geometric constructions for
discriminantal configurations.

In Secs. 12.2, 12.4, and 12.5 we discuss general properties of the hyperge-
ometric pairing for discriminantal configurations as a pairing between objects
of the representation theory of a Kac—-Moody algebra and objects of the repre-
sentation theory of the corresponding quantum group. In particular, we show
the nondegeneracy of the pairing for generic values g of the parameter of the
quantum group.

Secs. 13 and 14 are devoted to the hypergeometric pairing corresponding



14 Introduction

to the case of U,sf; where ¢ = €2"*/* and & is a natural number. The main
results are Theorems 13.7.19 and 13.7.27 claiming that the hypergeometric
pairing in this case is reduced to a nondegenerate pairing between the space,
called the space of conformal blocks in the conformal field theory, and the
“path subspace” in the tensor product of the corresponding U,zsf3-modules.
In particular, the nondegeneracy of this pairing shows that the monodromy
representation of the Knizhnik—Zamolodchikov equation in the space of con-
formal blocks is the R-matrix representation in the “path subspace”. To prove
the result we discuss in Sec. 13.8 elements of the representation theory of the
quantum double of Un_ C Ugsés.

In Sec. 15 we discuss how the constructions of the previous sections could be
applied to studying homology groups of configurations with coefficients more
general than complex one-dimensional and to studying homology groups of
braid groups.
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