Chapter 1

Review of

Thermodynamics

1.1.

We assume that the energy is a function of N and T and refer to Figure 1.1 .

in the text. Then
Vs
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Q2 = NkBTgln—‘/B .
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Along an adiabat TV"~! =const., with v = Cp/Cy . It follows that

InVy—InVp=InVg —InVg
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and we get the desired result
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1.2
(a)

For a reversible process in a magnetic system we have dQ = T'dS = dE— HdM
and A = E — TS with dA = —SdT' + HdM. Therefore

(), ~-(),

where the last step follows from the equation of state. Differentiation of £ =
A+ TS with respect to M yields

oF oS
(W)T—T(W)HH““'

Therefore E(M,T) = E(T).

Consider an adiabatic reversible process:

O
TdS=0 = (?ﬁ)MdT_HdM
- CM(T)dT—MC—TdM.

Integrating, we find

M2
2C

()

To make further progress, we may assume that the specific heat Cyy is constant.
With this we have

2

T exp 556'}} = const.

along an adiabat.

(b)
Assume that the four end-points of the Carnot cycle are given by (Hy,T}),
(Hs2,Th), (Hs,T2), (H4,T2). Along the isotherm at temperature 77 we have

2 2 2

H:-H

AQ1_ =—/ HdM = -C—2_—1
Q12 ) T,
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Similarly, ) )
H; - H.
AQ34=-C —4—2# .

Therefore,
T, (H - H3)
T, (Hj — H})

Along the adiabat connecting points 2 and 3, e.g. we have, since the energy is

n=1+

a function of T only

/‘; T—¢(T2’T1)—6/dMM_E<-T;2——T?> .

Y dE(T) C (H} H}
/4 —— = ¢, T) =5 (T—lz - '1725)

where ¢ is an unknown function. Adding, we obtain

c [Hg_Hg H12—H§]

=51 T2

Similarly,

Substituting into the expression for 7 we obtain

Notice that in this derivation we did not need to assume that Cjs is indepen-
dent of T

1.3.

Consider a system of fixed volume in contact with a reservoir at fixed tem-
perature T and chemical potential pg. This system can exchange energy and
particles with the reservoir. Fluctuations in S and N can only increase the

grand potential

Qu,V,T) = E(S,V,N) — ToS — poN . .

Thus
OF OFE
N =68 [('5'"57) v - To] + 6N [(5_1\7)‘,’3 - MO}



4 Equilibrium Statistical Physics
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At eqtilibrium the first order terms are zero, requiring the second order terms

to be positive semi-definite yields

82E 8T
52 “a5 =0 T Ow20
”E 9
e = % >0 - (§Dv,s >0
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1.4.
The definitions
Cu = T(%)M
Cu =T(§%)H
xr =T (%I}-I_J)T
Xs =T(%Af{4‘)s

together with the Maxwell relation

(o).~ (7).

when substituted into the chain rule formula

oS\ _(05\ , (0S\ (oM
ar ), \oT/),, \oM ) \oT ),
gives the desired result

T (0M\?
c_C=_Q_). (1.1)
H= =M aT )

To obtain the second formula we apply the chain rule expression
oM\ _ (oM\ | (OM) (05
0H ) ;. ~\0H g 0S /4 \OH /

utxe -0 =(35) (20) (28) -

to obtain
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2 2
p (M #C (oM
oT ), OHOT oT )y

T (oM\?
XT — X8 = E (W)H . (1.2)

from which we find

Finally, by combining (1.1) with (1.2) we find
x7(Cx — Cym) = Cu(xr — XH)

or
xr _Cu

xz Cum’
1.5.
(a)

Along part of the straight line segment the system will absorb heat, while

the system will expell heat during the remaining part of the segment. The
resolution of the apparent paradox is that while

work=absorbed heat — | ezpelled heat |= Q12
1 = work/absorbed heat. < 1.

(b)
We have Cy = gN kp,7y=Cp/Cy = % Along the straight line segment
_ PP
P=P+(V Vl)Vz—-Vl
and
dQ@Q = PdV + CydT .
We define
'U—K-/r—-_‘./g.- ——.._P.’_'t-—z- —___.._Q 'C——_g..‘{__ '
TWITWEPTRTTR TRV O Nes
and introduce g J
_ 49 _ ap
= (1+c)p+c'vdv '
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If 2 =0 for v =z we find .
_flzdv

! = Ji zdv
Numerically we find x = 1.537 and 1 = 0.259

1.6.

The heat absorbed by the working substance in the step B — C is Qp_¢c =
Cp(Tc — Tg) and during D — A it is Qp—a = Cp(Ta — Tp). The efficiency
of the cycle is thus

Ty —Tp
—142AT D 1.3
n To —Tp (1.3)
Along an adiabat P'/Y~1T =const. where v = Cp/Cy. Therefore
l_—l-
nown ()
Ll
Tc =1Tp (,—ﬁf) T (1.4)
If we substitute (1.4) into (1.3) we get the desired result.
1.7.
We have :
a_l oV _ 1 (0 NkgT\ _ 1 (1.5)
“v\er)p, Vv\er P ), T ’
1 [/oV -1 ( 0 NkgT 1
T =-y (55)7,—?(5,—3 P )T_F‘ (1.6)
Combining (1.5) and (1.6) gives
CP—CV = HOP =NkB .
KT

1.8.

Since the added gas is inert, we can take take the Gibbs free energy in the gas
phase to be equal to the sum of the Gibbs free energies of the two components,
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evaluated at their respective partial pressures. At constant temperature small
changes in the Gibbs free energy can be written Ag = vAP where v is the
volume per particle. For the system to remain in equilibrium, the change in

chemical potential in the gas and liquid phases must remain the same. Thus
App = v (P; +6P) = Apg = v 6P .

Assuming that 6P < P, < P and vg = kpT'/P we get the desired result

6P Py
P kgT’

1.9.

Connect the two thermodynamic states by a reversible process, i.e. for gas A

consider an isothermal expansion. Thus

Va+Va
ASA=/ de=NAkBInM.
Va |4 VA

A similar expression is obtained for gas B and we find for the entropy of mixing

P |4 \4
AS—--T- (VAln‘—/,;+VBlnT/,—;) .

1.10
(a)

To show that in equilibrium the energy must be a minimum, consider the
following argument. Suppose that we have an equilibrium state at volume V'
and entropy S in which the energy E is greater than Epn, the minimum value
of the energy compatible with the given values of the parameters. Extract
E — E;, from the system by doing work on some other system. We can then
return this energy in the form of heat. This will raise the entropy, implying
that the initial state with E and V was not the state of maximum entropy and

therefore not an equilibrium state.
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Another way of at least partially demonstrating that E is a concave function
is the following argument. The relation S(E+AFE)+S(E—AE)—-2S(E,V) <0
impliels that any straight line connecting S(F1) and S(E2) lies below the curve
S(E).. By simply flipping the E and S axes one immediately sees that any
straight line connecting F(S1) and E(S2) must lie above the curve E(S). The
local convexity conditions on the energy are then

»E O°E PE & E ( 2E )2

> >
0 0 550V

52 = vz = 92 Ve 20.

(b)
We will prove that G is a concave function of P and T using the local conditions.
We have A=E — TS and

PA__(05) __(EE\T

orz ~ \or), \9s?), ~
Similarly, 82A4/8V? > 0. A further Legendre transformation yields the Gibbs
potential G = A + PV which has the properties

PG\ _ (9P\T__ (AT _
orz ). \av /) — \ov2), ~

092G
(W)P =0

which shows that G is a concave function of P and T separately. To show that
the cross-derivatives satisfy the appropriate inequality we proceed somewhat

indirectly. From part (a) we have
FEY __(9PY g
vz )y wV)g~
Let V =V(P,T). Then
v\ _ (V) , (9V) (or
oP)g — \0P), oT )p \OP ) ¢

_ (26 L (5C )\ (T
— \oP2 ), " \opoT ) \oP )"
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From the enthalpic Maxwell relations we have
ory _ (v
oP)¢ \8S)p

VY _ (VY (9S\T'__ &G (9G\T
8S)p \oT/)p\08T)p,  OTOP \ OT? '

_(9V\ _ GepGrr -G2p >0
oP S Grr -

where the subscripts indicate partial differentiation with respect to those vari-

and

Therefore

ables. Since G < 0 we obtain
GppGrr — G%p <0

which completes the proof that G is a concave function of P and T'.

1.11.
()

‘We combine
r_ (9E) _ Fd
“\ 88 NV ~ Nkg

oFE FEd
P=- (%)= 7 il

and

to get PV = NkgT.

(b)
Using (1.7) we find

|4 Nkp

d+1
P(S,V,N) = const d (-Jy~> exp [ ds ]
and find that v = d + 1. Also, from E = NkgT/d we find Cy = Nkp/d and

Cp=~Cy = NkB(d+ 1)/d.



