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instant determines all past and future states of the mechanical system. The world 
view implicit in this idea still dominates our culture and patterns of thought. Many 
volumes have been written on the meaning of Newton's laws and their philosophical 
implications. In this work a practical working view of these matters is assumed, the 
main interest being on how mechanics may be applied to the problems of science and 
technology. 

Instead of making further generalizations at this introductory stage, it is helpful to 
examine some concrete examples. It is assumed that the reader has some familiarity 
with mechanics, as expressed in the formulation of free body diagrams, the solution 
of elementary statics problems, and the study of rectilinear motion in a uniform 
gravitational field. 

• I l lus t ra t ion 
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Figure 1.1: Superposition of Point Particle Forces 

About the simplest mechanical system one can imagine is a single point particle 
confined to motion along a straight line. Label the particle position by x. The principle 
of Newtonian Determinism says that in general the motion will be governed by a 
second order differential equation, with time as the independent variable. That is an 
equation of the form: 

3f = G(s,£,t). (1.1) 
Assumptions about the homogeneity and isotropic structure of space and about the 
invariance of the form of the equations of motion under uniform velocity transfor­
mations, set restrictions on the form of the function G. A careful mathematically 
oriented discussion of this is given in the text by Arnold. For example the explicit 
dependence of G on time t is only justifiable if we consider the system at hand to 
be part of a larger closed system, the other part of the system being only 'weakly' 
influenced by the part under study. The superposition principle requires that force 
laws axe additive, i.e. G can be composed of a sum of terms each of which represent 
some other aspect of the larger part of the system's influence. Examples are weight, 
viscous friction and elastic response. This suggests the existence of a constant pa­
rameter, which characterizes the particle, such that when divided into each of the 
additive terms will provide a quantity with the appropriate dimensions of length over 

velocity 
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the square of time, i.e. acceleration. Thus if R(x, |f ,£), represents the sum of forces 
acting on the particle, define 1/m, as the constant parameter, where m is called the 
mass, and the equation takes the form: 

W = ^ % t ) . (1.2) 

Examples of useful force expressions that are commonly used in engineering systems 
are the linear spring, — kx, the viscous damper, — r%, and weight, mg. All these are 
linear, leading to relatively simple explicit solutions of the equation of motion. The 
linear spring might also be considered as a first approximation to a more complex 
elastic force law such as, f(x) = kx + "/x3. Time dependent forcing might be used to 
approximate the connection of the simple particle system to a massive particle moving 
under the influence of another linear spring and giving rise to a force of the form: 
A cos(ujt). Readers of this text have most likely spent a large part of their educational 
experience dealing with these various possibilities. 

1.2 A Specific Example 

As an example, consider the problem of determining the motion of a small particle 
of matter which is confined to move in a given two dimensional surface as shown in 
Figure 1.1. One can think of the particle as approximating a small ball bearing, and 
the surface as being formed from two thin glass forms which fit around the ball. Also 
assume that the ball is subject to forces which are more or less controllable. For 
example electromagnetic forces induced by the investigator, and gravitational forces 
due to the experiment being at the Earth's surface. Let a represent the vectorial 
acceleration of the particle and let R denote the vectorial force that drives the motion. 
The working principles above imply that this mechanical system may be described 
by a mathematical expression of the form: 

R - m a = 0, (1.3) 

which is simply the common modern form of the Newtonian Law of motion for a 
particle. From the viewpoint of technique, the question of notation must be taken 
with some care. The way we represent things has a profound influence on how we 
think about them. For the moment the aim is to set forth the basic problems faced 
in formulating equations of motion, hence somewhat casual use is made of notational 
structures that are assumed familiar to the reader. Thus the bold face quantities 
represent vectors, which are in some sense independent of coordinate systems. Like­
wise r(t) is the vectorial position of the particle, with respect to some given reference 
point in space. The reference point must be considered fixed in a so called mertial 
reference frame, which is a reference frame in which a particle's motion is described 
by the Newtonian Law. Later more precise consideration must be applied to such 
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Figure 1.2: Particle moving in a confining surface 

questions. In terms of the position, r(t), the acceleration is given by: 

V ~~ dt2' 
(1.4) 

It may appear that three second order differential equations are required to represent 
the vectorial form. The existence of the constraint reduces the dimensionality of 
the problem, so that in scalar form the motion is described by two second order 
differential equations, and thus, a fully posed problem requires knowledge of four 
initial conditions. These can be provided by the position and velocity of the particle 
at some given time. Since the particle is confined to move in the given two dimensional 
surface, four quantities must be known to determine the motion for all time. 

Also, it might appear that equation 1.3 together with knowledge of position and 
velocity at any given time and an expression for the applied force provide all the 
information needed for a fully determined mathematical description of the problem. 
To see that this is not so, look more carefully at the way force is applied to the 
particle. Thus the force, R, is composed of several parts. Gravitational force might 
take the form Ra = ra§, where § is a constant vector pointing in the direction of the 
gravitational attraction and Tfi is the mass of the particle. The subscript on Ra is 
intended to indicate that this is an applied force. If this were the only force on the 
particle, it would not stay confined in the given surface. For the particle's motion to 
be so confined, the surface must exert forces on it. These forces depend on the motion 
itself. Thus the problem as stated specifies a detail of the allowed motion based on the 
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assumption that the material composing the surface will in fact constrain the motion 
as indicated. It is a common occurrence that information is available in regard to the 
possible motions of a mechanism. Dealing with the unknown forces of constraint is 
a vital part of problem formulation. In many cases the determination of constraint 
forces are the prime objective for study. In the present problem it might be known 
that the constraining glass surfaces would fracture under certain loading, hence a 
knowledge of the constraining forces would be an imperative. In any event they are 
unknown and one must either develop equations for their determination or somehow 
remove them from the problem. The applied forces are usually known in terms of 
position and velocity. To clearly display the constraining forces write: 

R=Ra + Rc, (1.5) 

where Rc now represents the constraint forces. To proceed further assumptions are 
needed about the behavior of the constraint forces. These assumptions are in ad­
dition to the basic principles of mechanics, and must ultimately be judged on their 
usefulness in the explanation of mechanical phenomena. There can certainly exist 
circumstances in which they are not appropriate. It is also assumed that the surface 
is very smooth so that frictional forces opposing the motion of the particle inside the 
glass sheets may be neglected. The surface may be moving as a rigid body or even 
deforming. The physical mechanism for the development of constraint forces will 
arise from electromagnetic interactions connected with the atomic structure of the 
moving mass and the constraining surface. With friction ignored, this will take the 
form of a force at right angles to the surface. If at a given time the particle is located 
at some specific point, this implies that the constraining force will be in the same 
direction as the vector normal to the constraining surface at that point. Thus the 
geometry of the constraining surface provides information about the direction of the 
unknown constraining force. Therefore suitable mathematical apparatus is required 
for the description of the constraint surface's geometrical features. The relation: 

4>{r,t) = 0, (1.6) 

provides an implicit statement that defines a two dimensional changing surface in 
three dimensional space. The position vector 

r = r in i + r2n2 + r 3 n 3 (1.7) 

represents a location in space in terms of a triad of orthogonal unit vectors rij, where 
the index j runs from 1 to 3. Any r which satisfies 1.6 at a time t, represents a point 
on the geometric surface at that time. 

Another convenient means of representing the surface makes use of parametric 
equations for the surface coordinates. Thus at any fixed time, points on the two 
dimensional surface embedded in three dimensional space, can be represented by 
three equations of the form: 
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rj = rj{q1,q2,t), (1.8) 

where again j takes on the values 1,2 or 3. If we fix time and one of the surface 
parameters, qj, the equation 1.8 represents a curve in three dimensional space. The 
derivatives of the three functions with respect to qj then represent the components 
of a vector which is tangent to this curve, and hence also tangent to the surface. 
Therefore the vectors: 

are tangent to the surface. It can be shown that if the surface is properly described by 
1.8, the vectors Tj must be independent, i.e. not collinear. Therefore their vector cross 
product is non-zero and perpendicular to the surface. The vector with components: 

W^ (1-10) 

is also perpendicular to the surface. To show this insert the relations 1.8 into the 
implicit description of the surface given by 1.6 and take the derivative of the result 
with respect to qk- Application of the chain rule in evaluating the partial derivatives 
then gives the result: 

E f ^ = ° (i-ii) 
i = l 

with k = 1,2. The vector gradient of <f> is: 

w = E f ^ (i.i2) 
t = l 

which shows that 

V 0 - r f c = O. (1.13) 

This result demonstrates that the gradient vector, N = V</> is perpendicular to any 
vector tangent to the surface given by <p = 0. 

At any point on the surface an arbitrary vector which is tangent to the surface 
can be represented using the coordinate tangent vectors, Tk with an expression of the 
form: 

T = P1T1+P2T2 (1.14) 

where the f3k are expansion coefficients, and N • T = 0. In general r or N will not 
be unit vectors, and T\ • r 2 will be non-zero. Sometimes the qk are called surface 
coordinates, and the vectors Tk,coordinate tangent vectors. 

The physical assumption is that for a smooth surface at a fixed time, the constraint 
force that the surface exerts on a particle, which is assumed to stay on the surface, 
is normal to the surface. In terms of the mathematical representations of surfaces 
discussed above, this implies that: 

Rc • T = 0 (1.15) 
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and that for some suitable A: 
Rc = XN (1.16) 

The Newtonian law of motion for the particle is: 

Ra + Rc - ma = 0. (1.17) 

To eliminate the constraint force, Rc, from 1.17, dot an arbitrary vector tangent to 
the surface into the equation. Thus if r is such a vector we see that 

(Ra + Rc-ma)-T = 0 (1.18) 

so that with 1.15 
(Ra-ma)-(/31T1+(32T2) = 0. (1.19) 

As /?£ are arbitrary, this equation implies the two independent scalar equations: 

(Ra - ma) • rfc = 0 (1.20) 

The equations 1.20 are entirely expressed in terms of the applied forces, which 
have a known dependence on position and possibly velocity. The constraint force is 
found by returning to 1.17, replacing Rc by XN and taking the dot product of the 
result with N. This provides a scalar equation for A. The technical solution of the 
problem also involves the ability to express the acceleration in terms of the surface 
coordinates, q^, however for the moment the main interest is in the overall approach 
to elimination of constraint forces from the equations of motion. 

The above shows that the crucial step in performing this task is to obtain vectors 
that are tangent to the directions in which motion is permitted by the instantaneous 
constraints. For the simple case above, this involved the use of vectors tangent to 
the physical surface in question. The treatment of more complex systems, involving 
many particles and rigid bodies with interconnections requires some more technical 
tools, but the basic idea of some kind of tangency still provides the crucial step in 
the elimination procedure. 

•Illustration 
A particle of mass 'm' is allowed to move in the surface of a paraboloid of revolution. 
The paraboloid opens up in the direction of positive x3, and the direction of the 
uniform gravitational force is towards the base, as shown in Figure 1.3. The problem 
is to write equations of motion which are independent of the constraint forces that 
keep the particle confined to the surface. We will assume that there is no friction, 
i.e. that the particle slides smoothly within the surface. Following the previous 
discussion of tangent vectors, find suitable vectors which are tangent to the surface. 
To accomplish this task, first construct a parametric representation of the surface. 
Thus if the equation for the surface is 

x3 = k{x\ + x\), (1.21) 
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Figure 1.3: Particle moving in a paraboloid of revolution 

where k is a constant, obtain a parametric representation in terms of the parameters 

qi and <?2. A convenient one is given by: 

%i = 9iCosg2, (1.22) 

x2 = qismq2 
(1.23) 

and . nA. 
x3 = % 2 . (1-24) 

If qi is held constant, these equations describe circles which are the intersection of the 
parabolic surface with planes orthogonal to the axis of the paraboloid. The curves for 
q2 held constant are simply parabolas formed by the intersection of a plane passing 
through the axis with the surface. Thus in this simple case, geometric insight shows 
that the tangent vectors to these curves will be tangents to the circles and parabolic 
curves and that at each point of the surface, these tangent vectors will be orthogonal 
Also in specifying the initial position of the particle, it is only needed to specify the 
values of % that fix the xa coordinates. For the present discussion the convention is 
adopted that Latin subscripts vary between 1 and 2, while Greek subscripts go from 
1 to 3. To formally obtain expressions for the tangent vectors, let ea denote three 
orthogonal unit vectors, fixed in space and aligned with the axis of xa. The position 
of an arbitrary point on the surface is then given by the expression: 

r = yE/Xa(qi,Q2)ea- (1-25) 



10 CHAPTER 1. THE PROBLEMS OF MECHANICS 

The tangent vectors to the coordinate lines in the surface are: 

Ti = | j > (1-26) 

hence 
rx = cosg2ei +sing2e2 + 2fcg1e3, (1-27) 

and 

^2 = -Qi s i n Qiei + 9i c o s Q2e2- (1-28) 

The Newtonian equation of motion for the particle is 

R-ma = 0, (1.29) 

where a is the acceleration ^ , and R is the sum of the constraint forces Rc, and the 
weight —mge3, g being the constant gravitational acceleration. The basic assumption 
is that the constraint forces are orthogonal to the tangent vectors r , hence that 
Tj-Rc = 0. Therefore obtain two second order differential equations for the coordinates 
Qj, in the form: 

{ge3 + a) • Tj = 0. (1.30) 

The acceleration is obtained by differentiation of the expression for r , which is carried 
out in two steps, first obtaining the particle velocity, v = ^ = J ]Q vaea as 

vi = ^ = QiC0SQ2-Qi42 8mq2, (1.31) 

v2 = ^dt = qismq2 + qiq2Cosq2 (1.32) 

and 
v3 = ^ = 2kq1q1. (1.33) 

Further differentiation provides the acceleration components, thus: 

o-i — Qi c o s <?2 - 2g'i92 sin q2 - qiq2 sinq2 - qxq2
2 cos q2, (1-34) 

a2 = q\ sin q2 + 29192 cos q2 + 91^2 cos q2 - qxq2 sin q2, (1.35) 

and 
o3 = 2kqx2 + 2kqiqi. (1.36) 

Taking the appropriate dot products with the tangent vectors leads to the two equa­
tions: 

2gkqi + aiCOsq2 + a2smq2 + 2ka3qi = 0, (1.37) 

and 
- aiqi sin q2 +a2qx cos q2 = 0. (1.38) 

The constraint force can also be found by finding the component of the equation of 
motion in the direction of the normal to the surface. Thus if n = TX X T2 the constraint 
force can be computed from the relation: 

n • {Rc — mge3 - ma) = 0. (1.39) 
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This example is simpler than the general case treated in the text as the position of 
the surface is fixed. A somewhat more interesting case in which the surface oscillates 
in the e3 direction can be used to illustrate the point that, in elimination of the 
constraint force, it is the instantaneous direction of the tangent vectors that are 
normal to the constraint at any given instant. • 

The main theme of this text is that much of mechanics can be understood in terms 
of a suitable generalization of this situation. This requires techniques for the precise 
description of the configuration of complex systems of interconnected bodies, the 
extension of the notion of tangency to higher dimensional spaces and the connection 
of these ideas with the classical notions of mechanical science. 

1.3 Mechanics and Geometry 

The theme of this book is to closely coordinate mechanics and geometry in both an 
abstract and a concrete sense. The concrete aspect involves the description of the 
possible motions that a constrained mechanical system may undergo. The abstract 
part involves a geometrical interpretation of the structure of mechanical theory. The 
following overall plan of this work is intended to give the reader some idea of what 
follows. Many of the specific terms used in the plan will most likely be unknown to 
most readers, but the 'flavor' of the work may be previewed by reading it. 

Chapter two develops notation for dealing with the description of rotation and for 
comparing rates of change of vectors as measured by observers stationed on bodies 
which are in relative motion. The mathematical apparatus is the theory of orthogonal 
transformations. A notation is developed which should help to avoid problems in 
keeping track of the transformations.. This is done by embedding the properties 
of the transformations into logical rules for constructing the symbols representing 
them. The concept of angular velocity is introduced as an operator for relating rates 
of change of vectors as seen by different observers. Dyadic forms and projection 
operators, which play an important role in the rest of the text, are discussed. 

The next chapter examines the kinematics of motion in detail. A geometrical 
object, called the Kvector, is employed to describe the configuration of constrained 
multibody mechanisms. Using the Kvector, one obtains an explicit representation 
of the many dimensional instantaneous configuration hypersurface of a mechanism. 
Tangent Kvectors, which can be used to eliminate constraint forces from the equations 
of motion, are arrived at by considering so called test motions. These latter are 
finite extensions of what are commonly called virtual displacements in the traditional 
literature of mechanics. Arbitrary linear combinations of the tangent Kvectors lead 
to the idea of non coordinate tangent basis vectors for the configuration hypersurface 
and generalized speed parameters. These quantities are used in the sequel to simplify 
the derivation of motion equations for particular systems. 

The many point particle mechanism is discussed in chapter 4. The word mech­
anism is used to indicate a definite scheme for representing both the configuration 
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and motion of a system composed of point mass particles, which may or may not 
be subject to constraints. Tangent Kvectors are used to eliminate constraints and 
to derive the so called Kane's Equations for the mechanism. In addition two forms 
of Lagrange's equations are derived from the Kvector representations. The last form 
uses the concept of potential energy, which is also discussed at some length for the 
general point mechanism. 

Chapter 5 introduces the mechanics of rigid bodies from the point of view of a 
mechanism with a continuous mass distribution function. The applied forces are also 
taken in the form of a continuous distribution over the body. Based on Euler's exten­
sion of the Newtonian equations of motion, these distributions are used to develop 
equations for the center of mass and attitude motion of a single rigid body. A natural 
result of the rigid body constraint is that applied force distributions are equivalent 
to each other if they only differ by what is called a null force system. This is used 
to develop the theory of equipollent force systems in a well motivated manner. The 
moment of inertia dyad is seen to be a natural means for describing the way a mass 
distribution effects the attitude motion of the rigid body. The theory of the single 
constrained rigid body is developed using suitable tangent vectors in the space of 
Kvectors composed of the linear and angular velocity. Finally this is extended to 
systems composed of multiple rigid bodies. 

1.4 Mechanics and Computer Algebra 

Until the middle of the twentieth century tedious hand calculations aided by slide rules 
and mechanical adding machines were the rule for carrying out actual calculations in 
mechanics. Today it is taken for granted that even extremely complex numerical al­
gorithms can be programmed and run on readily available personal computers. Even 
so it is still common to exert considerable effort in carrying out algebraic tasks associ­
ated with the development and analysis of suitable equations of motion. One method 
of avoiding such work is to use numerical methods to directly eliminate constraint 
forces from the equations of motion For really complex problems this will most likely 
continue to be the case for the immediate future. Another option is to use software 
dedicated to the symbolic manipulation of mathematical constructs. Software of this 
type has been around since the early days of computing but it is only in the last 
decade that it has become easily usable on hardware accessible to students as well as 
practicing engineers and scientists. In this text the student will be introduced to this 
subject and to its applications in classical mechanics. As noted in the introduction 
it is not necessary to have a computer algebra system available to benefit from this 
material, though of course it is certainly desirable. Sections of each chapter will be 
devoted to a tutorial in computer algebra and the use of a set of special programmes 
for the solution of mechanics problems. 

Mechanics is enduring! The last generation's mechanics text may appear slightly 
odd in terms of its examples and the emphasis of its presentation, but its basic content 
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is as meaningful today as it was at the time of writing. In contrast to this we are living 
in a time of rapid change and development when it comes to the way we approach 
computing. Today's graphical interfaces and software tools would have the air of 
magic to the intended audience of that old mechanics book. Therefore as soon as we 
bring computer algebra into our presentation of mechanics it becomes a certainty that 
the material will be rapidly outdated. One possible way around this problem would 
be to treat system in some ideal fashion, i.e. to construct a kind of pseudo-language 
or code which the reader could translate into the computer algebra system of choice. 
The choice made here is that it is better to live with the problem of rapid outdating 
and to use a particular computer algebra system which is now easily available and is 
able to deal with the typical mechanics problem on modest hardware. To this end we 
will use the language Maple and we will explain enough of Maple so that it can also 
be thought of as a means for the general description of the needed algorithms. 

One way of using a computer algebra system is as a kind of symbolic calculator. 
Thus commands and expressions are presented to the system which then carries out 
appropriate transformations and simplifications. Another approach is to use the lan­
guages programming features to write code for the solution of specific problems. A 
modification of this approach, which fits very nicely into the philosophy of symbolic 
manipulation systems, is to write programs which can be used as new commands in 
the language. In effect we extend the language, one might even say we construct a 
new language designed for the some specific problem domain. This is the viewpoint 
we shall take, treating Maple as a kind of general language from which we construct 
a specific language that is suitable for treating problems in mechanics. 

A convenient approach is to first see how we go about solving a problem in 'cal­
culator mode', and to then use this experience to construct a suitable set of new 
commands that make solving the problem a simpler task. In this first chapter we will 
not write new commands but simply use basic Maple in 'symbolic calculator' mode. 
If you are fortunate enough to have a running Maple or other computer algebra sys­
tem you should follow along with the examples modifying them so as to use your 
particular system. If not you can still follow the logic and general style. In order to 
help distinguish what is entered by a user, input will be shown in typewriter style, 
e.g. t h i s i s input Note that the last sentence does not end with a period. This 
odd grammatical practice is to make sure that the reader does not mix punctuation 
with computer input! 

1.4.1 The Paraboloid Revisited 

Let us now return to the problem of the ball moving on the surface of a paraboloid 
of revolution. If you have Maple running on your computer you may type in an 
expression such as: 

> xl := q l*cos(q2) ; 

ql cos(q2) 
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The above is the typical result of interaction with the Maple system. The > 
symbol is the Maple prompt, i.e. the signal that Maple is waiting for input. The 
input expression follows the standard form used in languages such as Pascal. The 
symbol xl will be replaced by the symbols ql*cos(q2). There is one big difference 
from what occurs in a programming language oriented toward numerical computation. 
To appreciate this note that the above is not a code fragment but is something 
which is actually input into the system and evaluated. In a traditional language we 
would certainly get some sort of error message informing us that ql and q2 were 
not assigned, i.e. they have no value. In Maple as in most languages designed for 
symbolic computation a symbol can evaluate to itself. Indeed this is the essence 
of symbolic computation. The assignment symbol, : = should not be confused with 
equality =. Thus while we are using the above statement to represent one of the 
parametric equations for the paraboloid it is not itself an equation but simply means 
that whenever we use the left side in an expression it will evaluate to the right side. 
The line below the input line is the actual output that Maple sends to the screen, 
i.e. the value of the symbol xl . Note that the semicolon does not appear in the 
output line. The reason is that the semicolon is a reserved symbol which tells Maple 
to evaluate the input and show the result after the user presses the enter key. 

The remaining part of the parametric definition is typed in as follows: 

> x2 := q l * s i n ( q 2 ) : 

and 

> x3 := k*ql~2: 

The alert reader may ask why no output line is shown for these terms. The answer 
to this is to note that a colon rather than a semicolon was typed in at the end of the 
input line. The rule is that when an input line is terminated by a colon no output is 
explicitly shown. On the other hand if we type: 

> x2; 

ql sin(q2) 

as expected when a line ends with a semicolon! 
To obtain the tangent vectors we use Maples facility to carry out symbolic dif­

ferentiation. The symbols t i l , t l2 , t l 3 will be used to store the components of the 
tangent vector along the direction of the curves obtained from keeping q2 constant. 
The ql constant tangent vector's components will be designated as t21, t22 and t23. 
The differentiation operator takes two arguments, the expression to be differentiated 
and the symbol of the differentiation variable. This proceeds as follows: 

> t l l := d i f f ( x l . q l ) ; 

cos(q2) 
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> t l2 := d i f f ( x 2 , q l ) ; 

sin(q2) 

>t l3 := d i f f ( x 3 , q l ) ; 

2kql 

The components of the other tangent vector are obtained by differentiating with 
respect to q2. To construct the equations of motion we need the velocity and accel­
eration components in terms of the time derivatives of the generalized coordinates. 
Here we run into a "slight problem as we have not indicated that ql and q2 depend on 
anything. Designate time by the symbol 't ' and attempt to apply the differentiation 
operator: 

> d i f f ( q l . t ) ; 

0 

Therefore some way of indicating that ql depends on the variable t is needed. The 
standard way of indicating this dependence is to write ql(t) rather than simply ql . 
We could go back to the beginning of our calculation and do this. Instead we introduce 
another Maple function, subs, which is used for substitution of a symbol or expression 
for a specific symbol in an expression. First let us see how this works: 

> s u b s ( q l = q l ( t ) , x l ) ; 

ql(t)cas(q2) 

It is important to note that in the substitution operation we use the equality sign 
'= ' not the assignment operator ' :=' . To get what we want we must also substitute 
for the symbol q2. Maple recognizes the double quote symbol as evaluating to the 
last output expression in a work session. Therefore we can write: 

>subs(q2=q2( t ) , " ) ; 

ql{t)cos{q2{t)) 

giving the desired form. This can now be differentiated to give the velocity and 
acceleration components, e.g. 

>vl := d i f f ( " , t ) ; 

jtqlit)\ cos(q2(t)) - ql(t)am{q2{t))^qS(t) 

Instead of carrying out two separate applications of the substitution operation we 
can use another feature of Maple, the set. Maple has three constructs that we will 
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make constant use of, the sequence, the set and the list. A sequence is a group of 
elements separated by commas, thus: 

> q l , q2, w=r 
is a sequence with three elements, ql, q2 and the equality w=r. A set in Maple is 

a sequence enclosed with curly brackets, e.g. 

>{ql,q2,w=r} 

The important thing to know about Maple sets is that neither order or duplication 
is maintained. To see the latter type in a case with duplicate elements: 

>{x ,x ,x } ; 

{x} 

If order and or duplication is important Maple provides the list structure, which 
is a sequence surrounded by square brackets: 

> [ x , x , x ] ; 

The important point for now is that the subs operation accepts a sequence, list 
or set of substitutions instead of a single substitution. When given a sequence of 
substitutions it proceeds to carry them out from left to right. This means that if a 
symbol is substituted in one substitution it can be effected by a following substitution 
in the sequence. When a list or set is used all substitutions are made together, at 
least logically. To keep track of what we are doing it is reasonable to define a set of 
substitutions which converts ql and q2 to ql(t) and q2(t): 

toTimeFunction := {ql=ql(t) ,q2=q2(t)>; 

{ql =ql(t),q2 = q2(t)} 

Now it is an easy matter to carry out the differentiation using the command 

diff( subs(toTimeFunction,xl),t); 
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Jtql(t)\ cos(q2(t)) - ql(t)sm(q2{t))jtq2(t) 

It can be difficult to read expressions containing explicit functional dependences. 
Therefore it is useful to provide a means to convert back to the notation which does 
not show the explicit time dependence. To do this define another substitution set. 
Because mechanics involves velocities and accelerations it is necessary to include ex­
pressions for first and second time derivatives. Indicate a first derivative by appending 
a t to the q and a second derivative by appending tt. This leads to the substitution 
set: 

toTimeExpression := 
{ql(t)=ql,diff(ql(t),t)=qlt,diff(ql(t),t,t)=qltt, 
q2(t)=q2,diff(q2(t),t)=q2t,diff(q2(t),t,t)=q2tt}: 

Note the use of the diff operator to provide the symbol for the differentiated 
variable and the use of diff(ql(t),t,t) for the second derivative with respect to t. 
To complete the arrangements for substitution we now modify the definition of the 
toTimeFunction expression, thus: 

>toTimeFunction := {ql=ql(t),qlt=diff(ql(t),t), 
qltt=diff(ql(t),t,t),q2=q2(t),q2t=diff(q2(t),t), 
q2tt=diff(q2(t),t,t)}; 

With this arrangement it is simply a matter of properly arranging the arguments 
to obtain the desired result, thus for the velocity components: 

>vl := subs( toTimeExpress ion ,d i f f ( subs( toTimeFunct ion ,x l ) , t ) ) ; 

qlt cos(q2) - ql sin(q2)q2t 

>v2 := subs( toTimeExpress ion ,d i f f (subs( toTimeFunct ion ,x2) , t ) ) ; 

qlt sin(q2) + ql cos{q2)q2t 

>v3 := subs( toTimeExpress ion ,d i f f (subs( toTimeFunct ion ,x3) , t ) ) ; 
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2kql qlt 

The same pattern can be followed to obtain the acceleration components, however 
the reader might like to have some means of avoiding all the repetition involved in 
the previous calculations. Maple does offer a number of techniques for this and we 
will explore one of them now. To do this we need two new Maple constructs, the dot 
operator and the 'for' statement. If we write a symbol 's' followed by a dot followed 
by another symbol the second symbol is evaluated and the result appended to the 
first to form a new symbol. 

> h := 3 : 
> s := w: 

> s .h ; 

s3 

Note that s was not evaluated. If it was evaluated it would have been replaced by 
w. The symbol h however was evaluated to its value 3. Now that we have the dot 
operator we can use it in an iterative calculation: 

>for j from 1 to 3 do a . j : = 
subs(toTimeExpression,diff(subs(toTimeFunction,v.j),t)) od: 

The key words in the construct are for, from, to, do and od. The do-od pair is 
used to set off the series of statements that are iterated. The iterated index, indicated 
by j in this case takes on a range starting with 1 and ending with 3. If the step is 
different from 1 the key word 'by' is used, e.g. for j from 1 by 2 to 10. Output has 
been suppressed by use of the colon terminator. We can also use 'for' to see the 
results: 

>for j from 1 to 3 do a . j od; 

qltt cos(q2) - 2 qlt sm(q2)q2t - ql cos(q2)q2t2 - ql sin{q2)q2tt 

qltt sin(q2) + 2 qlt cos(q2)q2t - ql sin(q2)q2t2 + ql cos(q2)q2tt 

2kqlt2 + 2kql qltt 

It is left as an exercise to complete the derivation of the equations of motion using 
the tangent vectors and the applied gravitational force. 

If you are using Maple in your work you should now explore the system using 
the online tutorial and the help facility. If you want help on any particular topic you 
simply type ?topic, e.g. ?diff or ?for. If possible you should also read the introduction 
and first chapter in the book 'First Leaves: A Tutorial Introduction To Maple V by 
Char and Geddes et. al. The second group of problems below provide some practice 
in using the techniques that have been discussed above. 
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1.4*2 Using Lists 

The previous example treated each vectorial component as a separate object. It is 
also possible to use the Maple list structure as a representation for vectors. In fact 
Maple has another data structure, the array, which is more suitable for this purpose. 
Lists are very important in symbolic processing and it is worthwhile to examine an 
application that uses them. Consider the situation shown in figure 1.4, where a mass 
is suspended at the end of a light rod of length I attached to the edge of a disk of 
radius s. The rod is pinned so that it rotates in a plane perpendicular to and passing 
through the center of the disk. The two parametric coordinates that describe the 

Figure 1.4: Pendulum on Circular Support 

possible configurations are taken as the rotation angle of the disk qi and the angle of 
the rod with the vertical q2, as shown in the figure. Take the origin of a coordinate 
system fixed in space as the center of the disk, so the coordinates of the mass point 
are input as: 

>x :» ( s + l * s i n ( q 2 ) ) * c o s ( q l ) : 
>y := ( s + l * s i n ( q 2 ) ) * s i n ( q l ) : 
>z := - l * c o s ( q 2 ) : 

Again note that no output is shown since the statements terminate with a colon. A 
Maple list is simply a sequence surrounded by square brackets, hence the vector from 
the origin to the mass point can be represented as: 
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>r := [x ,y ,z ] : 

Following the ideas of the previous section we again set up two substitution sets for 
the purpose of differentiation and simplified representation of results. In fact the 
same sets as used above for a set of two parameters can be used for this purpose. 
The differentiation operator is designed to operate on a single scalar entity. Because 
operations on structures made up of component parts occur often in Maple a special 
function has been built into the system for this purpose. It is called map. Here we see 
it in action using the differentiation function to obtain the velocity and acceleration: 

>rs 

>vs 

>v 

>as 

>a 

= subs(toTimeFunction,r): 

= map(diff,rs,t): 

= subs(toTimeExpression,vs): 

= map(diff,vs,t): 

= subs(toTimeExpression,as) 

To see the last result explicitly: 

> a [ l ] ; 

lcos(q2)q2tt cos(ql) - Isin(q2)q2t2 cos(ql) - 2lcos(q2)q2t sin(ql)qlt 

-(s + lsin(q2)) cos{ql)qlt2 - (s + Isin(g^)) sin(ql)qltt 

>a[2] ; 

lcos(q2)q2tt sin(ql) - Isin(q2)q2t2 s'm(ql) 

+2lcos{q2)q2t cos(ql)qlt - (s + lsin(q2)) sin(ql)qlt2 

+ (s + l sin(q2)) cos(ql)qltt 

>a[3] 

I cos (q2) q2t2 + I sin (q2) q2tt 

The selection operation of attaching a number in square brackets to the symbol 
representing the list to extract an ordered component has been used in the above. An­
other useful Maple function is the sequence operator, seq. For example the sequence 
consisting of the first ten odd integers is obtained as follows: 

> s e q ( 2 * ' j ' + l , ' j ' = 0 . . 9 ) ; 

1,3,5,7,9,11,13,15,17,19 

To form the equations of motion we need a list of the acceleration components 
multiplied by the mass. The sequence function can be used to do this as follows: 
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>pt := [ seq(m*a[j] , j = l . .3)] : 
>pt [3] 

m (lcos(q2)q2t2 + I sin(q2)q2ttj 

A somewhat more elegant approach can be carried out using the map function. 
For this task we need to use one of Maple's techniques to define new functions. Later 
we will see how to write programs in Maple but for the moment we only use the 
'arrow' method of function definition. For example if we want to define a function 
called square, simply assign the the mapping x —> x2 to the symbol square, thus: 

>square := x -> x"2: 
>square(b) ; 

b2 

In some cases it is not necessary or desirable to assign the function to a symbol, but 
simply to use it. An example of this is with map. Consider the following; 

map(x-> s in(x) , [f , g ,h ] ) ; 

[sin(/),sin(5),sin(/i)] 

This idea shows how we can deal with the acceleration list as an entity. The operation 
to obtain pt is now: 

>pt := map(x->m*x,a): 

It is also convenient to use map to obtain the tangent vectors: 

>taul := m a p ( d i f f , r , q l ) ; 

[- (s + Isin{q2)) sin(ql), (s + Isin(q2)) cos{ql), 0] 

>tau2 := mapCdiff , r ,q2) ; 

[Icos(q2) cas(ql), Icos(q2) sin(ql), Ism(q2)} 

In order to form the equations of motion we must take the scalar product of the 
tangent vectors with pt, the rate of change of the momentum vector. We will also 
call the later the inertial force vector. This can be done in a number of ways, but we 
will use a method that introduces you to some more features of Maple. The quote 
symbol, ', is very important in that it prevents evaluation. It provides a way of 
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removing an assignment. For example in the above application of 'for' and 'seq' the 
index variable j may be left with an assigned value. If used again as an index this will 
result in an error as the function expects a symbol and if j was assigned a number it 
will get a number. To avoid this problem one 'unassigns' the symbol by just giving it 
itself as a value. Thus the statement j : = ' j ' means that j will only evaluate to itself. In 
the following we will use a combination of the 'sum' function and the 'zip' function. 
The later is a generalization of the map function. It takes three arguments. The 
first is a function and the other two are structures such as two equal length lists. 
The function takes two arguments, one from each list and produces a third list of the 
results. See if you can follow the code for carrying out the inner product: 

> j : = ' j ' : Fsl:=sum( z i p ( ( x , y ) - > x * y , p t , t a u l ) [ j ] , j = l . . 3 ) : 
> j : = ' j ' : Fs2:=sum( z i p ( ( x , y ) - > x * y , p t , t a u 2 ) [ j ] , j = l . . 3 ) : 

Now consider another more direct approach to obtain the inner product of the tangent 
vectors with the applied gravitational force: 

> j : = ' j ' : Fl := sum(Rg[j] * tau l [ j] , j = l . .3) : 
> j : = ' j ' : F2 := sum(Rg [j] *tau2 [j] , j = l . .3) : 

The equations of motion are now given by: 

>Eql := Fsl = Fl: 
>Eq2 := Fs2 = F2: 

Before leaving this problem it is useful to note another Maple function, used for solving 
equations. The above equations contain acceleration terms involving both coordinate 
parameters. To use standard Runge-Kutta integration schemes it is helpful to put the 
equations in the form of each acceleration parameter equaling an expression in the 
velocity and coordinate parameters. This is accomplished by using the solve function. 
The arguments are a set of the equations and a set of the parameters which are to be 
solved for. In the present case this is: 

>Eqs := s o l v e ( { E q l , E q 2 } , { q l t t , q 2 t t } ) : 

Typical packages for solving differential equations expect the equation or equations 
to be expressed as a set of first order equations in the form: 

In agreement with the notation that will be used in the remainder of this text we 
introduce the generalized speed parameters Uj which will be linear combinations of 
derivatives of the coordinate parameters. In the present case let: 

dt UJ-

Equations that relate the generalized speeds to coordinate derivatives will be call 
kinematic differential equations. The generalized speeds can now be substituted into 
the two force balance equations so that we arrive at a system of four first order 
differential equations in a standard form: 
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>Eqs := subs ({q l t t=u l t , q2 t t=u2 t , q l t=u l , q2 t=u2> ,Eqs ) ; 

2lcos(q2)u2ul 
Ult = ; r 

s + /sin(g,g) 
u2t = n/d 

where 

n = I cos(q2) cos(ql )2 sin(q2)u22 + cos{q2) cos(ql)2ul2s 

+1 cos(q2) cos(ql )2ul2 sin(q2) - I cos(q2)u22 sin(gg) 

-gsm(q2) + I cos(q2) sin(ql )2 sm(q2)u22 

+ cos(q2) sin(ql )2ul2s + I cos(q2) sin(ql ful2 sin(g2) 

d = I (cos{q2f s,m(ql f + cos{q2)2 cos(ql f + sin(gg)2) 

This last equation is not in the form that Maple outputs, but has been adjusted 
for easier reading by defining the numerator and denominator of the first equation as 
n and d. 

If you have access to Maple or an equivalent system you should now consult your 
manuals and try to repeat the above steps on your own. If you are using another 
system than Maple it would be an excellent exercise to attempt the above calculation 
with your particular system. Even if you do not have a computer algebra system 
it is still worthwhile to examine the above for its algorithmic character. Aside from 
the practical value of actually using a computer algebra system the expression of a 
problem's solution in computer algebra terms provides a clear description of just what 
steps are needed. The solution expressed in this manner must be free of ambiguity 
as it has to be interpreted by the computer algebra system. In the end the computer 
algebra system is just a means of implementing these steps and of packaging well know 
or often repeated components of a calculation. While it may be tedious it is always 
possible in principle for a trained individual to carry out these steps. On the other 
hand even the simple calculations shown above indicate that it is quite hard to avoid 
the introduction of errors in a hand calculation. It is a fact of life that even simple 
mechanical systems can lead to quite lengthy expressions. It is also true that one 
should not be too optimistic about the capabilities of computer algebra systems. They 
are quite complex in themselves and one should always check results against common 
sense and the examination of simple limiting cases. This problem of verification is of 
course common to hand calculation and numerical oriented programming as well. 
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1.5 Problems 
•Problem 1.1 

A rigid wire is placed in the x, y-plane at an angle 9 to the x axis. A bead of 
mass m is attached to the wire and free to move along it without frictional resistance. 
There is a uniform gravitational acceleration in the direction of the negative y axis. 
The intercept point of the wire with the y axis oscillates, so that with yt denoting the 
distance of the intercept point from the origin: 

Vi =y0sm-/t. 

Using the idea of tangency for the elimination of constraint forces, find the equation 
of motion for the bead. Find the constraint force required to maintain the bead on 
the wire. 
•Problem 1.2 

A ball of mass m and radius / is dropped from a large height in a uniform gravita­
tional field of acceleration g. Fluid mechanical theory and experiment indicate that 
if the ball is moving so that the Reynolds number (a parameter which characterizes 
the fluid flow) is above 100, the resistance force generated by surrounding fluid will 
be proportional to pv2A, where p is the fluid density, v the relative velocity of the 
ball to the fluid and A the frontal cross sectional area of the ball. In most cases the 
proportionality constant is close to one. If the Reynolds number is one or less, the 
resistance force is given by 6nfj.lv, where fj, is the viscosity of the fluid. The Reynolds 
number is defined as the non-dimensional quantity pvl/fi. Discuss the problem of 
what happens to the ball given the above information. Support the discussion by 
formulating, and as far as possible solving, suitable equations of motion. 
•Problem 1.3 

A parabolic shaped rigid wire is forced to oscillate in the x — y plane. At t = 0 
the equation for the shape of the wire is given by y = Ax2. The y coordinate of the 
lowest point on the wire is given by I sin 5t. A bead of mass m is allowed to slide freely 
on the wire, which is in a gravitational field of strength g. Formulate an equation of 
motion for the bead and discuss the situation in regard to the constraint forces and 
suitable tangent and normal vectors. 

1.5.1 C o m p u t e r Algebra P rob lems 

•Problem 1.4 
Complete the derivation of the equations of motion for the particle in a parabolic 

bowl using computer algebra techniques. Note that you have to specify another 
tangent vector and that you must include the gravitational force on the particle. 
•Problem 1.5 Carry out the calculations for problems 1.1-1.3 using computer alge­
bra. 
•Problem 1.6 Use computer algebra to find an expression for the kinetic and po­
tential energy of the particle in a parabolic bowl using the generalized coordinates 

http://fj.lv
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introduced in the text. If you know about Lagrange's equations derive the equations 
of motion from the Lagrangian. 


