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L?p = (H®I-I®H)Lp = H*p -2HpH + pH? (1-119)

as follows from Eq. (I-118) or from Eq. (I-115). This is a second order commutator, and
it is obvious that higher order commutators will have a more complicated form. In the
general case it is impossible to obtain a closed expression for all commutators. However,
in the present case the Hamiltonian (of Eq. (I-101)) is simple, and is simply related to
the initial density matrix, so the calculations can be carried through. The first step is:

-it -it ~ia,t —igw,t
—Lp = —(Hp-pH) = ——{(SI1-gS.5)-(IS_-q8.8S)t = 5,51 =
Lo = L (Hp-pH) = —L{(5.1-45,5)-(1S,-45,5)} = — - 15,5,]
. 9 o (1-120)
2 ¥y
Thus the next power needed for the exponential is
-it ;)? -it)? -ig .
[TL] p= [T] (H(Lp]—(Lp)H) = "Z—ﬁ'(“’ﬁ)‘z[spsyl =
) q(c;tr)2 s, (I-121)

This is equal to the non-trivial part of the zeroth order term ,i.e., of p itself (see Eq.
(1-99)) multiplied by -(w;t)* . Therefore operating on the second order term with (-it/#)L
as in Eq. (I-120) will yield the result of Eq. (I-120) multiplied by the same factor, and
so on. The result for the exponential is therefore:

p(t) = exp{-iLt/h}p(0) =

Jlyag,99 1 q(w,t)? ¢_1 q(w,t)’ g+l q(w,t)* S -
20 2% T2 | T2 || T2 | a Tz |
- %r - Leos(a,) 8, + Lsin(o,0) S, (-122)

This is, as expected, the same as the result in Eq. (I-102).
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(f)  Matrix representations in Liouville space

In this method the Liouville supermatrix must be written explicitly from the start.
The first step to be done is to choose a particular order for the elements of the density
matrix, arranged as a Liouville space vector. In Hilbert space the density matrix is
written as

) = [pl,l Pl,z] (1-123)

Pry Py

In Liouville space, an ordering of the matrix elements useful for magnetic resonance is
based on the "quantum order" (or quantum multiplicity) of these elements. Here

pn = {%|p|%) andpy, = (-2 |p|-4) are related to am,=0, whereas p,, = (2| p|-'2} and
pu = (-%2|p|'s) are related to |am,|=1. In terms of transition frequencies for the
system, the former are zero quantum transition elements, whereas the latter are single-
quantum transition elements. We therefore put py,0,, first, and then py,p,,. Von
Neumann’s equation is then:

P11 Lym Lyz Lyp Lyx || Pu
d | Pz | _ " Lpy Lpm Lng Lpy || P2 (I-124)
dt | py, Loy Lpzn Lpgp Lpy || P

P21 Lyn Luz Lnn Lz |\ Pu

where Ly, = Hydy - ,H; = (Ly)" (L is hermitian because H is hermitian). In this
case

haw [0 1 ho 1-125
H=_'—zl [1 0\ = H,=H,,=0 Hl,zzHu:—'——zl ( )
The super-matrix and the super-vector are thus:
0 0 -1 1 1-¢q’
L - 1& 0 0 1 -1 p(o) _ ‘l- 1+q! (1-126)
2 (-11 0 O 2
1 -1 0 0 0
and the formal solution of Von Neumann’s equation is:
p(t) = exp{-iLt/#}p(0) = cos(Lt/%)p(0) - i - sin(Lt/#) p(0) (I-127)

In order to calculate all powers of the Liouvillian supermatrix, it is convenient to define
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ho (..1 1] - L=b[o M} (I-128)

b= 1 M
2

[}

1 -1 M 0

Note that L is expressed here in terms of sub-matrices - both M and the 0 appearing in
this form of L are 2 by 2 matrices and not scalars. It is easy to verify that

i Iz -2] . (1-129)
-2 3
and thus:
M 0 M 0
L} =b? [ = -2b? I }
0 M 0 M
0 M 0 M|
L= -2b3 4p?
M? M 0
M 0 M 0 :
L* = 4b* - -8b* etc. (-130)
0 M 0 M
Therefore
o 1 M 0 I-131
cos(Lt/#) = [0 I] + 5[1 - cos(w, 1)} [0 M] ( )
. 1. 0 M 1-132
sinLe/h) = 1 siny) IM 0] (I-132)

When these supermatrices operate on the supervector of p(0), the result is:
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1-4’ q’ 0
1{1+q"| 1 -q'| i 0
) = =~ + — [1 -cos(w,? + — sin(w, f =
PO = 31 > | @} | i
0 0 -q’
1 1 0
11 q»' -1 q-" . 0
= = - - cos(w,f + - sin(w, 7 =
20| 2P|, Rl
0 0 i
1 '
=T %cos(mlt) S, + %sm(m]r) S, (I-133)

The last line was obtained here by noting the way that S, and S, are written as
supervectors, using the same ordering of elements as specified above. Again, this final
form of the density matrix is identical to that obtained previously.

This form of calculation may look even more cumbersome than the previous one,
which involved the ordinary Hilbert space. However, as will be seen in the following
chapters, if the appropriate equation of motion for the system is the "stochastic Liouville
equation" (which will be defined there) one must work in Liouville space. This fourth
method of calculation is then the relevant method. In fact, throughout much of the book
the emphasis will be on developing certain operators in Liouville space, analogous to
those used in subsection (e) above. However, in most cases it will not be practical to
obtain a solution analytically. Therefore the main goal in such situations will be to
develop analytically the expressions for writing down a Liouvillian matrix, as done in the
present subsection.
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