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(1-119) 

as follows from Eq. (1-118) or from Eq. (1-115). This is a second order commutator, and 
it is obvious that higher order commutators will have a more complicated form. In the 
general case it is impossible to obtain a closed expression for all commutators. However, 
in the present case the Hamiltonian (of Eq. (I-101» is simple, and is simply related to 
the initial density matrix, so the calculations can be carried through. The first step is: 

(1-120) 

Thus the next power needed for the exponential is 

(1-121) 

This is equal to the non-trivial part of the zeroth order term ,i.e., of p itself (see Eq. 
(1-99» multiplied by -(Wit? Therefore operating on the second order term with (-it/h)L 
as in Eq. (1-120) will yield the result of Eq. (1-120) multiplied by the same factor, and 
so on. The result for the exponential is therefore: 

p(t) = exp{-iLt/h}p(O) = 

= ~1-!l..S + qWlt S _...!.. [q(Wlt)2js _...!.. [q(Wlt)3js +...!.. [q(Wlt)4js + ... 
2 2 z 2 ~ 2! 2 Z 3! 2 y 4! 2 z 

= ~ 1- !l.. COS(Wlt) S + !l..sin(w,t) S 
2 2 z 2 y 

(1-122) 

This is, as expected, the same as the result in Eq. (1-102). 
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(f) Matrix representations in Liouville space 

In this method the Liouville supermatrix must be written explicitly from the start. 
The first step to be done is to choose a particular order for the elements of the density 
matrix, arranged as a Liouville space vector. In Hilbert space the density matrix is 
written as 

P = [Pt't Pt,z] 

PZ,t Pz,z 

(1-123) 

In Liouville space, an ordering of the matrix elements useful for magnetic resonance is 
based on the "quantum order" (or quantum multiplicity) of these elements. Here 
PIl = (1/21 P W2) andp22 = (-1/21 P j-I,1z) are related to .l!.m, = 0, whereas PI2 = W21 P 1-1/2) and 
P21 = (-If21 P W2) are related to l.l!.m,1 = 1. In terms of transition frequencies for the 
system, the former are zero quantum transition elements, whereas the latter are single­
quantum transition elements. We therefore put PIl,P22 first, and then P12,P21' Von 
Neumann's equation is then: 

PI,I Lll,11 L ll,22 L ll,12 Lll,21 PI,I 

d P2,2 
-i 

LU,ll Lz2,22 L U ,12 LU,21 P2,2 (1-124) 
dt PI,2 L 12,l1 L 12,22 L 12,12 L 12,21 PI,2 

P2,l L 2l,l1 L 21,22 L 21,ll L 21,21 PI,I 

where Lij,kl = Hjkolj - ojkHIj = (41,ur (L is hermitian because H is hermitian). In this 
case 

H = !!..5. [0 1] 
2 1 ° 

(1-125) 

The super-matrix and the super-vector are thus: 

0 0 -1 1 l-q' 

'h (,)1 0 0 1 -1 1 l+q' 
L p(O) -

2 -1 1 0 0 2 0 
(1-126) 

1 -1 0 0 0 

and the formal solution of Von Neumann's equation is: 

pet) = exp{-iLtjli}p(O) = cos(Ltjli)p(O) -i· sin(Ltjli)p(O) (1-127) 

In order to calculate all powers of the Liouvillian supermatrix, it is convenient to define 



Chapter I. Density Matrices in Quantum Mechanics 33 

b - M == [-1 1] 
1 -1 

(1-128) 

Note that L is expressed here in terms of sub-matrices - both M and the 0 appearing in 
this form of L are 2 by 2 matrices and not scalars. It is easy to verify that 

[2 -2] M2 = 
-2 2 

= -2M 
(1-129) 

and thus: 

L'· -2b' [;, ~']. 4b' [; :] 

-8b'[: ;] etc. (1-130) 

Therefore 

cos(Lt/fl) [1 0] 1 [M 0] o 1 +"2 {I - cos(w1t)} 0 M 
(1-131) 

1 [0 M] sin(Lt/fl) = - sin(wlt) 
2 M 0 

(1-132) 

When these supermatrices operate on the supervector of p(O), the result is: 
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1 -q' q' 0 

1 1 +q' 1 - q' 
+ .i sin(w1t) 

0 
p(t) 

2 
+ "2 {l- COS(WI t)} 

q' 0 0 2 

0 0 -q' 

1 1 0 

1 1 , -1 , 0 
- !L COS(W1t» + !L sin(w1t) 
2 0 2 0 2 -i 

0 0 

= ..!-.J - 1 COS(Wlt) S + 1 sin(wlt) S 
2 2 z 2 y 

(1-133) 

The last line was obtained here by noting the way that Sy and Sz are written as 
supervectors, using the same ordering of elements as specified above. Again, this final 
form of the density matrix is identical to that obtained previously. 

This form of calculation may look even more cumbersome than the previous one, 
which involved the ordinary Hilbert space. However, as will be seen in the following 
chapters, if the appropriate equation of motion for the system is the "stochastic Liouville 
equation" (which will be defined there) one must work in Liouville space. This fourth 
method of calculation is then the relevant method. In fact, throughout much of the book 
the emphasis will be on developing certain operators in Liouville space, analogous to 
those used in subsection (e) above. However, in most cases it will not be practical to 
obtain a solution analytically. Therefore the main goal in such situations will be to 
develop analytically the expressions for writing down a Liouvillian matrix, as done in the 
present subsection. 
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