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Algorithm 1: Create (w, C, ¢, a, B)

w

: root of the C-tree

C C S: the set of objects to represent

e : heredited split value

a € [3;1]: filling factor for internal nodes

B < M: bucket size

1. IF |C| £ B, THEN create a tree MBT(w) with only one node, which represents

the objects in C.

. Ezecute a partition step on e and C, which results in the second split value ¢'.

Let V(w) := {v}, where v is a new MBT-node with: ISplit(v) := e, rSplit(v)
:= ¢, Son(v), rSon(v) := nil and (Object(v), rObject(v) := @.

Split C according to the split values into ISet(v) and rSet(v) and compute
{Radius(v) and rRadius(v).

. WHILE |V (w)| < aM Do:

Determine (4,Q) € Vlcaf with |@Set()| = max{|@Set(v)| | (v,@) € Vleaf}'
(* The cluster with the largest cardinality is partitioned. *)

IF |@Set(v)| < B, THEN GOTO 4.

FEzecute a partition step on @Split(ﬁ) and @Set (), which results in the second
split value €'.

Let V(w) = V(w) U {v}, where v is a new MBT-node with: iSphit(v) :
@Split(v), rSplit(v) := ¢, ISon(v), rSon(v) := nil and IObject(v), rObject(v) :
0.

Split @Set(v) according to the split values into ISet(v) and rSet(v) and compute
{Radius(v) end rRadius(v). @Set(v) = 0.

Last, insert the new node v through @Son() := v.

ENDWHILE

. For ALL (v,@) € Vieaf with @Set(v) # @ LET @Son(v) := a new node in the

C-tree and ezecute Create (@Son(v), @Set(v), @Split(v), o, B).

The subsets of objects, that are temporarily created by the algorithm, must be

held in secondary memory, too. They are termed as 1Set(v) resp. rSet(v) according
to the related MBT-node v. The set of actual leaves in MBT(w) is called Vg, :=
{(v,@) € V(w) x {'1’,’r'} | vis @Leaf }. The parameter « is a load factor for internal
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nodes. It is left open here which value of a is best in the dynamic case. B denotes
the size of all buckets in the tree.

Theorem 1: Algorithm 1 creates a C-tree with root w, which represents the elements
in C. The objects are stored in leaves and the buckets fulfill the maximum load B.

We will now estimate the balance of the created tree. To this end we consider the
internal structure of a node. Card(v) denotes the number of objects represented in
the subtree with root v (v is a MBT-node or a CT-node). In other words Card(v) is
the cardinality of the cluster of v.

The theory of the Monotonous Bisector® Tree!® states that for the balancing step

(BS) holds: Card(@Son(v)) > [Mﬂj, if the cells are convex polygons in RY and
the distance function d is any L,-metric. Unlikely for the contraction step (KS) no
such statement can be made. Using the KS, one of the two sons may have less than
half of the original cells. We term this kind of sons as underfilled.

While creating the tree we are able to choose sensitively (according to the devel-
opment of cluster radii and cardinality) the BS or KS partition step. Subsequently
we assume that at most every second step®is a KS. Test of the Monotonous Bisector®
Tree!! showed that this is quite efficient. We now ask for the fraction g of filled sons
of a CT-node, that is the number of filled leaves in the MBT.

An underfilled son can only be created by a KS, so: #underfilled sons < #KS. On
the other hand every BS creates at least one new filled son: #filled sons > #BS + 1.

How large can ¢ get in the worst—case? For this the MBT must be created by as
many KS as possible, but only few BS. We assume that a KS has got an underfilled
son. Then this path is not used furthermore in Algorithm 1. So the worst—case looks
like shown in Fig. 4. Hence it holds for the height 2k and 2k — 1 of the worst—case:

g _  #filed sons >:/;EBS+1 204204, 42141 2 51
1-¢ #underfilled sons = #KS = 204214, . 420 T~ 2k1_] =9
So 29 > 1 — g and hence ¢ > }.

Remark: On the average one can expect as much BS as KS and so ¢ ~ }. Furthermore
the KS is normally balanced, if the objects are distributed equally. In general we do
have a trade—off between a larger g and a “better” tree (cluster radii descent faster).

This can be controlled through the number of contraction steps used.

We now know that v € V has got at least M,, := |[([Ma] + 1)q] filled sons
(denoted now V' C V), which represent at most Card(v) objects. The creation
procedure partitioned in each case the largest cluster, so it is:

7 : 7
max Card(v') < 2"1'1;1‘1,1, Card(v') (1)

max Card(v')(1 + % +...4 % ) < Card(v)
v'e

(Maq—1)-times

°On a path from the root to a leaf at most every second



18

Algorithm 3: Insert [Delete] (w, o)
w : root of the C-tree
o : cell to be inserted [deleted]

1. (0O2) provides the unique search path W to @Object(vypr) in ver.
IF o € [¢) @Object(vypr) is already present [not present], THEN STOP.

2. Insert [Delete] o in [from] @Object(vypr).
(* this may cause a temporary overflow [underflow] *)

3. Update the cluster radii on the search path W.

4. Starting at the root check all [-nodes v € W \ {ver}:
IF Eq. (4) is violated by v, THEN Balance(v) and STOP.

5. IF an overflow [underflow] of vcr occurred, i.e. |@Set(vypr)| > B [= 0], THEN:
IF Father(vcr) is a B-node,

¢ THEN Balance( Father(vcr) )
o ELSE Balance (ver) [IF ver is empty, THEN delete ver).

In the undesired case, that the object determining the cluster radius of v € V
is deleted, the new farthest object must be found. Therefore we may use the given
spatial index. But in the worst-case the time effort is still O(Card(v)) for each node
on the search path. This summarizes to O(|C|) for updating the cluster radii on
the search path. Another possibility is to compute the cluster radii delayed in the
background. Thus after deletion they may be temporarily too large. But the effort
in the amortized case would then be equal to the insertion effort.

Step 3 of the algorithm shows, that (O1) is fulfilled. From 4. it follows Eq. (4)
and from step 5 (P). So we have:

Theorem 6: Let M, := [([Ma]+1)g), ¢ := 1, a := 1, the cells be convex polyhedrons
in RY and d any L,-metric. After an arbitrary sequence of insertions and deletions
the C-tree has got a height of at most

[10gMo,+a ], it|c| > B
0,if|C|<B

if at most each second partition step is not balanced and M,y 2> 5.

Theorem 7: Under the assumptions of Theorem 6 after an arbitrary sequence of
insertions and deletions the C-tree has got O(|C|) space requirement in secondary
memory. More precisely the following bounds hold: For all internal nodes the load is
> agq, up to one exception on a path from the root to a leaf.
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Since inserting or deleting an object may cause a complete creation of the tree,
we have:

Theorem 8: The effort to insert or delete in the C-tree is O(|C|log|C]) time in the
worst—case.

We will now examine insertion and deletion more precisely, in order to obtain a
statement about the amortized costs. In Algorithm 3 the search path in step 1, 3 and
in test Eq. (4) in step 4 is passed once in O(log|S|). When deleting we update the
cluster radii immediately in O(|S|) or delayed in O(log|S|). The steps 2 and 5 can
be executed in O(1), since the page size is fixed.

Altogether the total time to insert or delete with immediate (resp. delayed) up-
dating of the cluster radii is logarithmic (resp. linear), if in step 4 no rebalancing is
necessary. The following theorem now shows how expensive this rebalancing is.

Theorem 9:
1. The amortized time effort for inserting in the C-tree is O(log? |C|).

2. The amortized time effort for deleting in the C-tree is O(log? |C}), if updating
of cluster radii is delayed.

3. The amortized time effort for deleting in the C-tree is O(|C|), if cluster radii
are updated immediately.

Proof: 1t suffices to examine the additional costs for rebalancing in step 4. Therefore
we only have to consider the I-nodes.

Let ver € V be a I-node. How many insertion and deletion operations o(vcr) are
at least necessary to force vgy to be rebalanced? After executing Balance(vcr) it is
according to Eq. (1) for the M, largest sons V' of veq:

max Card(v') < 2 mig Card(v').
v'eV! v'ey!

If we now have to rebalance vq for the first time after an arbitrary sequence of e
insertion and |l deletion operations (i.e. o(vcr) = e + 1), then Eq. (4) is violated. For
the worst—case (inserting in the largest and deleting in the smallest cluster) there is:

¢ @ : ’ o ¢ ‘ ’
max Card(v')+e > 4(521‘1,1’ Card(v')-1) 2 max Card(v )+2J,Iél‘l}1’ Card(v')—4l

. 2Card(v,
= 4do(ver) 2> e+4l > 2‘{’%1vnlCard(v’) > —a%.

This means after at least

o(ver) = Ca%‘(;;m) )]
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operations a rebalancing of ver with effort Ay, = O(Card(vcr)log Card(ver)) may
occur. The amortized effort for this is therefore O(log Card(ver)).

We now consider the total time for a worst-case sequence of length o(vey) which
forces ver to be rebalanced. Let N := Card(vcr). How large is the rebalancing effort
for the sons of ver? Let v; (z = 1,...,m) be the son of ver, which is affected when
the ith rebalancing of a son of ver occurs. Let N; := Card(v;). Then the total time
for all sons of vgy is:

As = Z O(M log N,)

=1
The guaranteed reduction factor in the dynamic case is K := %ﬁﬁ-—s Thus for all

i1=1,...,mitis: N; < N Since vy,...,Un Were rebalanced, we have:
K ’ )

SN ® 2aM Y o(v;) < 2aMo(ver) & N
i=1 =1
and therefore
i N N
< Jog—) < =).
As < gO(N.logK) < O(Nlog K)

So the total cost for the subtree of vy with height A is determined by:

A=A tAs+...
N N N
< O(NlogN+NlogE+NlogF+...+Nlogﬁ)
N N N
=O(N(logN-}—log—E-Hogﬁ+...+logﬁ>)
SO(N (logN+hlog%))

<0 (N (logN +Iog%log %))

We conclude that the amortized effort for balancing is O(log? N).

Concerning item 1 and 2 of the theorem we have proved that the time effort
for deletion with delayed update of cluster radii and for insertion is (inserting +
rebalancing):

O(log N) + O(log? N) = O(log? N).

Concerning item 3 we showed that the time effort for deletion with immediate
updating of cluster radii is:

O(N) + O(log? N) = O(N).
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6. Concluding Remarks

The C-tree has been implemented!* with different scenes and queries. It was tested
extensively and compared to the Monotonous Bisector® Tree. These tests show that
the Monotonous Bisector*® Tree and C-tree are flexible and robust indices for managing
geometric spatial data. Nevertheless both data structures are not competing, but
supporting each other in different aims and applications. Both data structures are
applicable for different types of geometric queries, where we have observed optimal
query times in tests.

The Monotonous Bisector* Tree is especially applicable in small scenes (O( main
memory )), because it is efficient and easy to implement. When managing very
complex objects the Monotonous Bisector* Tree is advantageous, too.

But in very large scenes the C-tree is clearly superior. The field of applications is
only restricted through the available secondary memory. Furthermore the C-tree is
distinguished through its very cooperative character. In today’s multi-tasking envi-
ronments it does not compete with other processes, because it requires only a constant
amount of main memory.

In our future research we will explore the application of spatial indices in motion
planning!*1%. Since the time complexity of motion planning depends of the complex-
ity of the scene, we want to use spatial indices to reduce the input complexity. First,
we may use the index as a filter for locally relevant data. Second, we can combine
the retrieved clustering with incremental search methods. And third, we may group
close objects and approximate them by a container. This grouping must be refined,
if no adequate path can be found.
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