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Fig. 1. Energy versus volume (upper panel) and pressure versus volume (lower panel) for carbon—
diamond in three different calculations: at constant E..: = 40 Ry (solid line), with the modified
kinetic energy (Eq 56) (short-dashed line), and with constant number of plane-waves N, (dashed
line). For the parameters used see text.

Since the set of plane waves is fixed at the beginning of the simulation, their num-
ber should be large enough for this trick to be reasona.bly accurate. The modification
of the kinetic energy (Eq. 56) increases by a factor E—— + 1 the energy Epma. of the
highest unoccupied state in the Hilbert space defined by the basis set. Since the time
step for the integration of the equation of motion (Eq. 23) scales as (Epaz)” 5 (see
Eq. 18), the value of A should be kept as low as possible.

We have tested this method on carbon which, due to the hardness of its pseu-
dopotential, is known to be particular sensitive to the basis set choice. For our test,
whose results are reported in Fig. 1, we have used a conventional cubic cell for diamond
with two carbon atoms, I'-point sampling of the BZ, and Bachelet-Hamann-Scliiter?®
pseudopotential in the Kleinman-Bylander form.3® We find that the constant-Np,
equilibrium lattice constant and bulk modulus with N, = 12789 (corresponding to
E.t ~ 40 Ry for a cell-volume of 75.5 a.u.) differ from the same quantities computed
at constant cut-off by 3 % and 36 % respectively. With our method, using A = 200
Ry, 0 =2 Ry and Ey = 40 Ry in Eq. 56, the lattice constant and the bulk modulus
differ only by 0.5% and 1% from those computed at constant cut-off. Note in Fig. 1
that the Pulay stress affecting the value of the stress calculated with the constant-
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N, procedure is of about 400 Kbar at the “true” equilibrium volume and reduces
drastically to about zero using the modified kinetic energy functional.

4. Structural Phase Transformation in Silicon

We now move to illustrate the application of our new method to the prototype
case of Silicon.? The physics underneath the Si phase diagram is well understood and
established, and for this reason in this section we devote a longer space to technical
details and difficulties posed by a simulation of this kind than to the discussion of Si
pressure dependent properties. Si has a quite complicated phase diagram with many
high pressure phases. Studies of this phase diagram have challenged both theorists
and experimentalists over the last ten years. Thanks to many different experiments
based on x-rays spectroscopy, the phase diagram of Si at room-temperature is well-
known up to pressures of about 250 GPa.*'*? The experimental sequence up to 30
GPa is: diamond (D) — $-Sn — sh, with transition pressures at 11 and 13-16 GPa
respectively.*? Simple hexagonal structure is then found to be stable up to 35-40 GPa.
The domain of stability of 5-Sn is very narrow in contrast with those of D and sh.
The existence of an intermediate stable orthorhombic phase between S—tin and sh has
also recently been claimed.*> Other experimental findings** show however that, if the
pressure increase is applied at low temperatures, the S—tin phase is skipped, with the
system moving directly to sh phase. Other more compact phases appear at consider-
ably higher pressures® but they will not be investigated here. The transition pressures
calculated with standard zero temperature LDA total energy calculations*®® for the
different phases essentially reproduce the experimental values. In Fig. 2 are plotted
the LDA equations of state energy vs. volume for different phases, as calculated in
Ref. %8, The calculated equilibrium energy difference between diamond and the other
two phases (8-tin and sh) is relevant, about 20 mRy/atom. The volume reduction
during the first-order transition D— pA-tin is of about 20 %, while that during the
transition G-tin—sh is much smaller. Silicon is an insulator in the diamond phase,
while the high—pressure phases are metallic. The transition we are interested in is thus
a metal-insulator transition, with a relevant rearrangement of the electronic structure
(i.e. the charge distribution giving rise to chemical bonds). For this reason we expect
that only a method in which the electronic structure is calculated self-consistently
will be able to describe at the same level of accuracy all the different phases.

To perform the simulation we used an ab-initio pseudopotential of the Kleinman—
Bylander®® form, constructed from the tables of Ref. ?° retaining only s-nonlocality.
Wave-functions were expanded in plane waves up to a kinetic energy cut-off of 12 Ry,
using only the I' point of the super—cell Brillouin zone (BZ) in the K—point expansion
of wave-functions. For the MD simulation the inertia parameters p and W were fixed
to the values of 300 a.u. and 4.05 Si mass respectively. In particular W was tuned
in order to maximize energy exchange between the ionic degrees of freedom and the
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Fig. 2. Total structural energy vs. volume (normalized by the calculated equilibrium volume in D
structure). The data come from LDA total energy calculations.*®

cell, which allows the equilibration of the cell degrees of freedom. The integration
step was 1.45 x 107¢ s (6 a.u.). The temperature of the ions during the main part
of the simulation was controlled by a Nosé thermostat,'® and when necessary (see
below) the electrons were maintained close to their ground state using a second Nosé
thermostat coupled to the electronic degrees of freedom, as described in section 2.2.

We started the simulation from an fcc periodically repeated cell containing 54
atoms, initially arranged in a diamond lattice. Since the choice of the starting cell is
a particularly delicate problem in these kind of simulations, we devote to that a quite
long digression. Due to the heavy computational cost of our quantum mechanical
approach we are forced to use simulation cells much smaller (typically containing at
most one hundred atoms) than those used in classical PR. Large cells have several
advantages when performing PR simulations on phase transformations. First a large
number of degrees of freedom allows to move in a larger phase space, and thus to ex-
plore lower symmetry paths connecting the various phases. Moreover it reduces the
presence of spurious “ghost” structures induced by boundary conditions: when cor-
relation lengths become as large as the cell size, as they do close to phase transitions,
periodic boundary conditions may induce on the system additional false constraints,
leading to wrong transformations. Finally, for a phase transformation to occur it is
necessary that both the starting and the final structure fit in the starting and in the
final cell respectively. Due to our procedure with constant number of atoms, this
is more easily achieved by using larger cells. We are thus forced in using largest
possible cells. Due to computational cost, this implies the use of the I'-point only
representation of K-point summation in the calculation of the energy functional B
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(see Eq. 26).T—point sampling is in principle exact when the cell size becomes infi-
nite. However it gives quite poor accuracy even for cells of about 100 atoms, where
several K—points of the first Brillouin zone (FBZ) of the crystal are folded onto the
I'-point of the super—cell. This poor accuracy in the energy of the various phases
may produce a wrong energetic hierarchy in the energy versus volume equations of
state. However transitions in PR do not proceed via phase coexistence, with the
double tangent (Maxwellian) construction in the E-V plane, and thus wrong energy

- differences between the different phases at different volumes will only affect the value
of the transition pressure, and not the stability of the different phases at different
densities, which is indeed our main task. The value of the transition pressure is also
affected by hysteresis phenomena related to our small cell size. Increasing the cell
size will eventually reduce these problems, but it is too costly with present computer
facilities.

It should be mentioned that K—point convergence will be different for the starting
and final cells and structures. This is related not only to the possible variation
of electronic band structure between initial and final phases (it is well known, for
example, that K-point convergence is more severe in presence of a Fermi surface). It is
also due to the possibility for the system to choose in our scheme the K—point sampling
that produces the lowest energy for a given structure (K-point self-consistency). Due
to the absence of variationality of E as a function of K-point representation,”K-point
self-consistency may produce a final structure and cell having an energy even lower
than the converged value. In principle simulations started with a cell having a high
energy value may evolve reducing the energy by simply changing the cell shape, the
final structure being the same as the starting one. When choosing the initial cell,
all these considerations must be taken into account and we have exploited different
strategies for different cases.

In silicon we decided to use the 54 atoms fcc repeated cell, because the K—point
folding of this cell, although giving an energy per particle ~20 mRy higher than the
fully converged value (as visible in Fig. 3), gives the correct energy hierarchy between
D and B-tin structure. The energy of the centered tetragonal S-tin structure is
calculated with the guess that the final cell is obtained by rescaling the starting one
along the {001] direction. If the K-point folding may in fact be constructed for the
starting cell, this may only be guessed for the final one.

Another more satisfactory strategy, that we adopted in the application of graphite
to diamond conversion in carbon,® is to start with a cell having the K-point folding

In terms of computational effort, the use of only I'-point has the great advantage that wave—
functions are real in direct space. This implies reduced cost in FFT with respect to complex wave—
functions.

*The Hohenberg-Kohn theorem?® holds only if the Hilbert space over which the charge density is
defined is fixed. When the K—point representation is changed, which means, in our case, when the
matrix h appearing in E (see Eq. 21) is changed, the density p(r) will be represented on a different
basis set, and therefore variationality is not ensured.
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Fig. 3. Equation of state for Si in D, S~tin and sh structure from LDA total energy calculations.
D3, is calculated using the I'~point representation of the fcc cell with 54 atoms. The other curves
are obtained with a converged sampling of BZ. All calculations are done with constant number
of plane-waves, corresponding to E.,:= 12 Ry for our initial cell (lattice constant for diamond:
a= 5.36 A), except D.., which is obtained with a constant cut—off calculation (E..: = 12 Ry). The
Pulay stress of the curve D,, at the equilibrium volume of D, is of —57 Kbar and the equilibrium
lattice constant calculated by D., is less than that of D.. by 1.8 %.

which gives the lowest possible energy. It turns out that, for fixed volume of the
supercell, the number of cells giving a different folding of the FBZ of the crystal
structure over the supercell I'-point is finite. Thus one can in principle calculate
the energy for all the cells belonging to this class (or of a resonable sub-set of it),
and then choose the starting simulation cell giving the lowest value. This choice
reduce the problems in energy hierarchy induced by the above mentioned K-point
self-consistency.

The modified energy functional in Eq. 56 has not been used for silicon since in
this case the error introduced by working at constant number of plane waves is much
smaller than the error due to the poor accuracy in BZ integration, as visible by
comparing the curves labelled D, and D, in Fig. 3. The plane-waves number was
kept fixed during the simulation, and assigned by the 12 Ry cutoff with our initial
cell and a lattice constant of 5.36 A. This error, as well as that introduced by the
constant plane-waves number are expected to affect only the numerical values of the
transition pressures. Since a large uncertainty on the phase boundaries is anyway
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likely, due to the hysteresis phenomena related to our small cell and short simulation
time, we have not tried to improve these aspects of the calculation.

We started the simulation by heating our D-Si system (with fixed—cell MD) up
to 300 °K. We then switched the Nosé thermostat and the constant pressure MD
on, equilibrating both ions and cell degrees of freedom for ~ 1 ps at zero external
pressure. Skipping a possible search of the 5-Sn phase, of unlikely value in view of
our relatively limited accuracy and of the narrow range of stability of this phase,
we directly raised the pressure from zero to a value larger than the experimental
transition pressure to sh structure. This was done in steps, but without waiting for
equilibration at each step, with two different pressure rates. In a first simulation
we increased the pressure up to 30 GPa in an overall time of 0.4 ps (a pressure
increment of about 6 GPa every 600 MD steps). In the second simulation we wanted
to reproduce the results of the first one, but with a slower pressure rate: we raised
the pressure to 30 GPa in about 4 ps. Although the two simulations were performed
in a very different way, the crystal structures found after the transition we are going
to describe are exactly the same. A comparison of the paths followed by the system
during the two simulations is given in Fig. 4, where the energy versus volume of the
system is reported, together with the Murnaghan equation of state for diamond and
simple-hexagonal of Fig. 3. In the second simulation, after the phase transition we
furthermore increased the pressure up to 60 GPa, in order to check the stability of
the new phase. Since we obtained the same physical results in both cases, hereafter
we refer to the first simulation, although some figures correspond to the second one.
In Fig. 5 we plotted some quantities we monitored during MD simulations. Figure
refers to second simulation. Note the behavior of kinetic energy of the cell degrees of
freedom: when the transition occurs, this energy suddenly increases, due to the quick
change in cell geometry. After the transition, the strong coupling of the cell with the
ionic degrees of freedom induces a quenching of the cell kinetic energy, with an energy
flow from the cell to the Nosé thermosthat applied to the ions. The rearrangement of
atoms in a new structure is also revealed by the mean squared displacement, which
raises to large values at the tranmsition. The fictitious kinetic energy of electrons
feels the change of electronic and atomic structure during the compression: the first
increase visible in Fig. 5 corresponds to a reduction of the energy gap between lowest
unoccupied and highest occupied states (see below and Fig. 9). At the transition the
kinetic energy furthermore increases, since wave—functions follow almost adiabatically
the rapid change of atomic positions and boundary conditions. The Nosé thermostat
for the electrons was switched on only after the transition, with a mean kinetic energy
of 0.2 a.u.

Initially the system follows the equation of state of the D structure (see Fig. 4)
up to a pressure of about 30 Gpa. The cell edges and their relative angles oscillate
isotropically for a while as a function of time (Fig. 6), with large volume fluctuations
due to the compressive shock, following the sudden pressure increase. At that pressure
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Fig. 4. Energy vs. volume of the 54 Si system during the simulations at T= 300°K, starting
from the fcc cell. Dotted line refer to first simulation, solid line to the second one. The Murnaghan
equations of state for diamond (calculated using the I'~point representation of the 54 atoms starting
cell) and simple hexagonal (at K—point convergence) of Fig. 3 are plotted. The transition from
D — sh structure is clearly visible.

a dramatic transformation spontaneously takes place. The cell undergoes a change
of shape, with a drastic volume decrease from 115 to 88 a.u./atom in the overall very
short time of 0.2 ps. The present behavior indicates a first order phase transition
with a volume jump at constant pressure, which is very well shown by Fig. 7, where
we report the pressure versus volume diagram. The change in shape of the cell is
accompanied by radical changes in the electronic and ionic structure, transforming
the initial D structure into sh. In Fig. 6c we show as a function of time two peaks in
the structure factors which are characteristic of the D and sh structures. It is clearly
seen that the initial D structure has changed into a new one, which we will show to
be sh. The transformation occurs via large, concerted, atomic motions. A simple
transformation path has not so far been further rationalized. The crystal structure
of the new phase is reflected in the average pair correlation function g(r) and angle
distribution function f(#) reported in Fig. 8, both of which are only compatible with
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Fig. 5. Behavior of some observables during the constant—pressure MD simulation as functions of
time. The data refer to the second simulation (see text). From the bottom to the top: temperature
using Nosé thermostat and (T')= 300 °K, kinetic energy of the cell, mean squared displacement of
the ions, fictitious kinetic energy of electronic degrees of freedom, and internal pressure, calculated
as 1/3 of the trace of internal stress tensor.

a sh structure, with f(6) peaks at 60°, 90°, 120° and 180°. However the peaks of both
g(r) and f(6) are too broad for a perfect crystal structure. Visual inspection (see
Figs. 10-13 at the end of this section) reveals defected hexagonal planes. Interference
between these planes gives rise to the strong Bragg reflection in Fig. 6c. These planes
are however somewhat misaligned which explains the large width of the peak in f(8)
at 90°. The defect can be seen as a missing 3—atoms segment in one of the hexagonal
rows. Thus addition of three atoms should remove the defect. To prove this we
have constructed an “ideal” structure compatible with the shape of the MD cell.
The primitive cell in reciprocal space of this ideal crystal is constructed using three
linearly independent k vectors corresponding to zero order Bragg reflections. One of
the k vectors used is perpendicular to the hexagonal planes, the other two almost
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Fig. 6. Time history of the compression and decompression MD run on Si {first simulation). Cell
edges (a), their relative angles (b), and the largest peaks in the ionic structure factor (c) are shown
as a function of time. The k vectors of S(k) are labelled by the Miller indices of the time-varying
supercell. The arrows denote the points where the external pressure was raised to the specified
value. T is 300 °K up to 11 ps where it was raised to 500 °K.

lye on the hexagonal planes. The “ideal” structures compatible with the form of the
MD cell are all and only those generated by using allowed (linearly independent) k
vectors to determine the primitive reciprocal cell. This, together with the fact that
we have used k vectors giving zero order reflections guarantees that the obtained
“ideal” structure is the closest to the real one. This construction gives rise to a
triclinically distorted sh (9 % in plane distortion and a misalignment of about 2°
between adjacent hexagonal planes) made of 57 atoms in the original MD cell. With
a further relaxation of the cell the 57 atoms crystal transforms in a perfect sh with
a = 2.52A and ¢ = 2.26A.f We have separately calculated the properties of this

/The relaxation of the triclinically distorted sh ends up in a quasi-perfect sh (1.5 % residual dis-
tortion), if the non-spherical cutoff imposed by our constant plane waves technique is used. This
residual distortion is eliminated by imposing a spherical cutoff. The a and ¢ values given in the test
refer to this latter case.



27

—~ 40 ]

P (GPa

O 1 I | I | | | I | i 1 !
80 100 120
Volume/Atom (a.u.)

Fig. 7. Pressure ($TrII) vs. volume (deth) diagram of Si during the compression procedure at
300 °K(second simulation run).

perfect sh and its energy is 5 mRy/atom lower than the exact value at full k-points
convergence, and only 3 mRy/atom lower than the energy of the defected 54 atoms
cell. It is remarkable how little is the defect energy cost. Moreover in the first run,
where the pressure shock was faster, the defect appears to translate along the [010]
direction in the hexagonal plane with a velocity comparable to the velocity of sound.
In Fig. 13 we report two snapshots of the same hexagonal plane at different times
during the long equilibration of the cell at p= 42 GPa. The defected part of the
structure is clearly visible there.

Electronic states also undergo a transition together with the D—ssh structural
transformation. Strikingly (Fig. 9) both the starting D configuration and the final
defected sh show a gap at the Fermi level (Ep). This is at first surprising, since the
perfect sh crystal is a metal with only a pseudogap just below Ep.*® This is clearly
visible in Fig. 9 where we report the electronic density of states for the sh perfect
crystal, along with the I'-point electronic states of the cells containing 57 atoms
arranged in the triclinically distorted and perfect sh structures. As seen there, the
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Fig. 8.  Pair correlation function g(r) (left panels) and angle distribution function f(6) (right
panels) at three selected times during the MD run described in the text (first simulation). In a) and
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computed including atoms with coordination four in D and a-Si structures, and coordination eight
in sh structure. g(r) are plotted to r larger than the half width of the simulation cell to show the
effect of the cell shape on crystal structures.

defect in the 54 atoms cell deforms the cell enhancing the pseudogap and causing Er
to drop to the bottom of the pseudogap, in a region of very low density of states.
Therefore the excellent stability of the 3-atoms defect (plus deformation) results from
a kind of charge compensation — the defect is an acceptor and getters away the excess
of electrons populating the high energy states. Note that to move Ep from its original
value to the bottom of the pseudogap, it is necessary a defect density (3/57) that is
probably unrealistic for a physical crystal at room temperature.

At this point, having obtained the D-sh conversion, it was natural to ask whether
the reverse sh—D transformation could also be observed upon a decompression pro-
cedure. We therefore proceeded in reverse in the first simulation by decreasing the
pressure back to zero. Wary of difficulties and metastable phases encountered by
experimentalist along this path, we tried a very careful and slow decompression pro-
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Fig. 9. Evolution of the electronic states in the compression process. Panel a) shows the electronic
states ¢; at the ' point of the 54-atoms simulation cell as a function of time. The two central panels
show ¢; at T of b) triclinically distorted and c) perfect sh 57-atoms cell (see text). Panel d) shows
the electronic density of states relative to the potential of c). Filled states are represented with
continuous lines, empty states with dash-dotted lines.

cess, allowing the system to equilibrate at every intermediate step. This took ~4
ps with p decreasing from 42 GPa to —12 GPa. In this pressure range (still with
T= 300 °K) very little happened to the defected sh structure, with only a gradual
expansion. In a first trial we then further decreased p down to -20 GPa, which led
to an explosive fragmentation of our system. In a second run, still starting from
p = —12 GPa and T=300 °K, we instead increased T up to 500 °K and decreased
the pressure slower. Here another fast transition occurred as is clearly shown by the
behaviour of cell shape, as visible in the right part of Fig. 6. The g(r) and f(8) of
this novel structure are reported in Fig. 8c. The g(r) shows four-fold coordination
and is quite similar to the original diamond g(r). The width of the peak in f(§) is
however quite large (~ 14°), indicating that the final structure is closer to amorphous
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Fig. 10. The 54 Si atoms in the starting diamond structure, arranged in the fcc simulation cell. The
white balls indicate the atoms which after the transition will form a hexagon of the sh structure (see
next two figures).

silicon than to a proper crystal. Also, other features characteristic of the D-structure
became sizable (Fig 6¢), but never quite as large as in the perfect crystal. This amor-
phous phase is similar to those previously obtained by first principles simulation via
melt quenching.*” It is remarkable that S-tin — a-Si transition upon decompression
and heating has recently been observed by experimentalist.* Since a continous path
from sh to B-tin exists, the similarity between the simulated sh — a-Si and the
experimentally observed B-tin — a-Si transition is astonishing.

In view of the well known metastability and slow relaxation rates of covalent
amorphous states, we were very satisfied with this result and did not attempt to
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Fig. 11. The 54 Si atoms during the fast D—sh transition.

anneal further to an ordered D phase.

5. Conclusions

The use of high pressure as a means of altering the physical and chemical states
of materials to explore unpredicted and perhaps unique conditions is a very funda-
mental an rapidly growing field. With high pressure experiments, particularly with
the use of diamond anvil cell and synchroton sources, a number of elements and
their compounds are presently studied under high pressures with informations such
as pressure-induced structural transformations, metal-insulator transitions and equa-
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Fig. 12. The 54 Si atoms arranged in the final defected sh structure. One can regard an the defect
as a misalignment of some corresponding atoms in adjacent hexagonal planes. The point of view is
the same of the two preceding figures.

tions of state. Computer simulations may help in the determination of new (unknown)
phases as well as in the understanding of the physics underneath. The traditional
approaches are unsatisfactory for these tasks. In this paper we have described our
recently proposed simulation scheme which allow for ab-initio simulations of these
phenomena and shown its validity by describing its application to the study of Sili-
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Fig. 13. Snapshots of an hexagonal plane of the defected sh structure obtained in the simulation at
two different times during the equilibration at P = 42 GPa. Darker regions in upper panel indicate
defective sh. Several periodically repeated simulation cells are shown.

con phase diagram.

6. Appendix

6.1. DFT-LDA Total Energy Functional
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We will here describe the specific form of DFT-LDA total energy functional used
in our version of the CP FORTRAN code. For the symbols used in this Appendix
and not explicitly introduced, we refer to previous sections.

Let us start from Eq. 26. To efficiently treat the slowly decaying Coulomb forces
present in the second, third and last term of this equation, it is convenient to regard
the ionic core charges as smeared Gaussian distributions of width R., centered at the
ionic sites, instead of treating them as point charges:

Zu |I‘ — R[[z
Pion — — ; WS/ZRS cXp |:_ Rﬁ ) (57)
where Z, is the number of valence electrons of the ion. With this choice we can
rewrite Eq 26 as:235!
E= Eke + Ezc + E[I::C -+ E:; + EH + E:r - Eself, (58)

where all terms, except F,., are written in Fourier space. FEj. is the electronic kinetic
energy, E,. the exchange—correlation energy. The electron-ion interaction energy is
written as the sumi of two parts, the local (E}.) and the non-local (EE}) contribution.
Ejy is the electrostatic energy of the total charge distribution p, = pe + pion; Esaty i8
the constant self-interaction of the ionic charges, and E,, a corrective term depending
only on the ionic positions, which cancels the error introduced in considering Gaussian
ionic charges instead of point charges.?**?

The LDA form is used for E.., i.e. the exchange—correlation energy density is
locally approximated by the one of the homogeneous electron gas at the same density

pe(r), such as:
Eudlpe] = [ drpe(x)ead(e(r)), (59)

where €,.(p.) is the exchange—correlation energy density of the homogeneous electron
gas at density pe.

The terms of the total energy E (Eq. 58) are implemented in the CP FORTRAN
code by the following formulas (that refer to a system containing N identical pseudo-

atoms):
Bu = 3 S AY @ (60)
B = [ dre(pr))or) (61)
B = QY pi(G)S(Glun(IG]) (62)
B {éif.-zm/usn,z,<¢.-|ﬂ_:l>< W) USPR

i fi i (B1m 801l i) ™ o (il€n ) (€im |¥:)  for NC-PP
Br = TS 44(G) 4 2(G) (64)

q#0
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In the Eq. 62 S(G) = ¥ ;exp(—iG - Ry) is the structure factor for the ions, which,
thanks to Eq. 31, is invariant under a change of h. Notice that in the previous formulas
appear both quantities defined on the real and on the scaled cell, by using the scale
transformation laws for coordinates and wave—functions in direct and Fourier space

(Eqs. 2, 19, 20, 30, 32).

6.2. Ezplicit Derivation of Inter-atomic Forces

The force acting on the I-th ion is given by — (usmg NC-PP. For US-PP we
address the reader to Ref. 3%).

a%} (Ek., + Epe+ Eouy) = 0 (67)
gfg - 2 E%,Gz e CRIP(G)p3(G) + c.c. (68)
g};’; = Jg{—"m,fzn F(R = Rj)erfc(lR;C—\/IQ}JI> (69)
+ }m—fzﬂrz(fiz Rj) CXP(—LR—IQ%J!Z> /RC}
e 23 (-G G)pi(G)) (70)
o5 _ me{;lzn;f,a,me,mn«m
3 @) G)e (G| (1)

where oy, = (<I5zm|5‘l/'l|¢lm>~

6.8. Ezplicit Derivation of the “Forces” acting on the “Electrons”

The force acting on the i-th electronic state is given by # = —% (using NC-PP.
For the corresponding equations using US-PP see Ref 3°).

Fifa) = —35C%a(a) (72)
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Fi(q) = —4nf;Y pr(G) @,—zc.(q q) (73)
q'#£0

F) =~ |ol) + gocrsspnls) | o) (1)

FEi(q) = —f,-izsm')wx(c')ci(q—q') (75)

s=1 q'

FRYG) = —fi;za,,m@{,nnam
Im

o TORG Y mbu) (76)
Fiy = F,, =0. (77)

6.4. Ezplicit Derivation of Stress Tensor

We write now the explicit expression for the derivative of the previous terms of
E with respect to the matrix h, in a unified formulation valid both for US-PP and
NC-PP. In the latter case, to get the right expressions ph™® = 0.

aEke

the = —;f;;Gacy(h‘);éc:(q)Ci(q) (78)
G = { [ erletao) - vt o)} 1023
+ [ drvar) (p:“'d(r)(ht);; a”a;' (r)) (79)
o~ oy @) (P66, + G ) (3
hard *
; nz( ) (h)zh + %) S(G)oe(IG) (80)

OEY] { 2% fi Xnm DS S Re [Bh‘,ﬁ<¢||:81>( ,{'Wﬂ')] for US-PP (81)

Bhag 250 fi St tim 1 Re [ 525 (4l L) (€L, )] for NC-PP

OEy p:(G) Pt(G) 2 ¢

= Q
Bhus —Egboy + 47 ,g% G G 2p",,,(Gr)R G.G,| (h )vﬁ

aphard(G)x
+ 47QRe < hard(G)* (k! I e e 82
|:q2¢:0 |G|2 ( ) ( ) B 6hrxﬁ ( )

OE,, 1 72 R; — RJl)

= —= E f 83
Bhos 2;§{IRI—RJI36”( R (82)

V2 z2 |R; - R,? e pe -
mm exp _—_RCT (Rf —R7)(R] - R})(ht)’yﬂl
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OF 15

0. 84
oh (84)
In Eq. 79 ve(r) = g%‘(%. Note that in Eq. 81 for US-PP, the symmetry of D°

(DS, = DY ) has been used.
To conclude this section we give in detail the derivative of the scalar product

(BAli) ({Eimipx)) and of pgore.

Let us consider h—(1/1.|ﬂ y: |BL) is an atomic state (with momentum ) centered
on I-th ion. Using the plane-wave basis set we can write the previous scalar product
as:

(lBl) = S(iye(@)e in( @) T [“destbueli(Gle),  (89)

where Y}, is the spherical harmonic function with indices I, m, G the versor of vector
G, ji the Bessel function and B,(z) the radial component of G,(r). Using Eq. 85
one immediately recognize the dependence of (3;|8%) on h, through Y,,,,(G)  and
7i(|G|z). We can thus write:

sl = e z] (PO Ly em)
[t (G + Yin(@) [ dne () 21 (g5)

Eq. 85 is also valid for the derivative of (], |:)) and of pP*"?, with the replacement
of Bn(z) with 8v(z)im(z) (see Eq. 41).

Let us consider phe® (Eq. 44). We need 8p"*"¢/9h both in direct (Eq. 79) and in
reciprocal space (Egs. 80 and 82). From the definition of ph*™® (see Eq. 44) in Fourier
space, one has:

F) hard o
pé—h@—) 2 P 6Q" “S'Zf,-wfw&w,{,wo
B nn I
+ ZQ nn'€ qS}ZRer ¢‘|ﬂ1>(ﬂ1 |¢> (87)
nn'l

Like 31, the functions QL ,(r) are centered on I-th ion, and localized in atomic core
region. They are given by a linear combination of products of atomic functions (with
given momentum).? It is therefore possible to expand them in spherical harmonic
functions. In reciprocal space we have:

LAG) = eC R lZ:(—i)‘A(l,m;n,n')Y}m(G)%r [ dea*Gun(@i1Glz),  (88)

where A(l,m;n,n’) are the coefficients defined in Ref. 52, Q,m:(:z:) the radial compo-
nents of Qun(r), and the sum over [ runs from 0 to (I, +1), where I, is the maximum
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angular quantum number of states |3,). Like in Eq. 85, the dependence of Eq. 88 on
h is through Yim(G), Q and 7i(|Glz). To calculate a—”g:—d(ﬂ we choose to transform
directly Eq. 87 using FFT. *

The constraints contribution to internal stress (second term of Eq. 52), from Eq. 50
and Eq. 51, is given by:

0 I I
%:AiijilSll/h ZA“JZan' 6h ﬁ (:18) (B [w3) + (il B )6haﬁ('8 %)
(89)

and can be calculated very simply using Eq. 86 for Eh_a.,i("ﬁ*wr{)( L [nps)

6.5. Computational effort for stress calculation

We now investigate the computational effort needed to calculate internal stress
with the two different types of pseudopotential implemented in our method, and fix
the convenience criterion for choosing between them.

In the Car—Parrinello method many parts of the molecular-dynamics algorithm
are performed in O(M N In N) operations, where M is the number of electronic wave-
functions and N the number of plane-waves used to expand each of them. This per-
formance is due to FFT techniques, used to switch from direct to reciprocal space and
vice-versa, since terms of Eq. 26 arising from the local potential and kinetic energy
are diagonal in direct and reciprocal space respectively. The wave—functions orthog-
onalization algorithm used to solve the Lagrange multiplier A;; in Eq. 21 requires
O(M?N) operations, since one has to deal with M x M overlap matrices and each
term of them is a scalar product between wave—functions, which costs O(N) of oper-
ations in reciprocal space. Finally, the part of the method concerned with evaluating
non-local contributions to total energy, forces and stresses, calculated in reciprocal
space, scales like O(mMN), where m is the number of atoms in the simulation cell.

Since both M and N scales like m, orthogonalization step and non-local opera-
tions scale like m3, but in general the prefactor associated with the second is larger
than that for the first.

The FFT and orthogonalization algorithms do not depend on the pseudopotential
used. Thus the time spent in these parts of the method is anyway reduced by using
the US-PP thanks to the smaller energy cut—off needed in the expansion Eq. 27.
Nevertheless, for large systems the calculation of non-local contributions becomes
the most time consuming part. The order mM N of operations for this part comes
from the scalar products in Eq. 41 and Eq. 49 for the two classes of pseudopoten-
tials respectively. These scalar products are performed in reciprocal space and are
given by a sum over G-vectors of terms containing the Fourier coefficients of the
wave-functions, the spherical harmonic functions and one-dimensional integrals de-
pending on |G| (see Eq. 85). The number of operations needed to calculate one
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| Eeu: (Ry) | Mesh Time (s/step)
NC-PP Ultra-soft PP
8 20 26
12 24 58
24 36 30 110
36 40 61 205
48 48 82
60 56 107
72 60 134

Table 1: Computational cost of free dynamics with variable cell. Comparison between
Norm-conserving (NC-PP) and Ultra-soft (Ultra—soft PP) pseudopotentials. For
different energy cut-off is reported the CPU time of a step of dynamics with variable
cell for a system of 32 Oxygen atoms. In the second column there is the linear size
of the corresponding cubic mesh used for FFT. The computer used is a workstation

IBM-Risc/6000 580.

scalar product of this type scales thus like the number of plane-waves (N) (like for
the terms of the matrices used for the orthogonalization algorithm). The number of
these scalar products is given by mM times the number of atomic functions used for
the pseudopotential (Ng or Ng). When forces and stress tensor are needed, one has to
calculate also the derivatives of these scalar products. Note also that for US-PP the
presence of 5 operator in Eq. 50 and of pherd (Eq. 44) requires the calculation of the
same scalar products of Eq. 49, and thus these quantities and their derivatives do not
require any additional relevant computation. Summarizing, if we take Ng = 2N¢, the
total number of scalar products is twice larger for US-PP than for NC-PP and, at
least for fixed—cell Molecular Dynamics, the ultra—soft scheme becomes advantageous
compared to the norm—conserving one when the number of plane-waves for the first
is less than one half the number of plane-waves for the second. In terms of energy
cut—off for the expansion Eq. 27, this gives:

EUS « L _gve. (90)

cut 22/3 cut

When the cell is moving the situation is quite different: the set of G-vectors in
reciprocal space varies, together with the simulation cell. This implies that the one-
dimension integrals which appear in the scalar products {¢;|8]) or (;]¢[,) should in
principle be calculated at each step of the simulation, because of their dependence on
|G|. This would add a relevant computational overhead, expecially for low-symmetry
cells, where one has a large number of G-shells. To avoid this problem we have
tabulated these integrals as functions of G on a uniform one-dimensional mesh from
0 to a given Gma, depending on the pseudopotential and interpolating at each step
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the integrals for the actual |G|. This is done both for NC-PP and US-PP and thus
it does not change the criterion of Eq. 0.

Another problem related with the change of G-vectors is the cost for the com-
putation of the augmentation functions @Qn. in reciprocal space (Eq. 88), and their
partial derivatives with respect to hog, which are peculiar of the US~PP scheme and
have to be calculated at each time step of the simulation. It is not straightforward
to get the new convenience criterion by modifying Eq. 53. In particular the one-
dimensional integrals which enter in the calculation of Q.. (see Eq. 88) are of the
same type of those discussed above: we can again tabulate these integrals and reduce
the operations required by using the symmetries of Q.. In Table 1 we compare the
computer time for a single free—cell MD step using Vanderbilt ultra—soft and norm-—
conserving pseudopotential for different energy cut-off. The data refer to a system
of 32 Oxygen molecules arranged in a orthorhombic simulation box. One can see
that for such a system and variable simulation cell it is convenient to use Ultra—soft
pseudopotentials instead of Norm-conserving ones when:

1
B < 3B (91)
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