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2 On the Theory of Galvano -magnetic Effects

These considerations carry over very simply into quantum mechanics. Let the wave
function be expanded in terms of eigenfunctions of the motion in the absence of an
external field:

V/ _ I CkVIk

zi eFyxik ci
i

(where the number of degrees of freedom has been reduced to 1 for simplicity). Then,

following Dirac*,

with

(3)

(3a)

xik=J xWipk dx.
(3b)

In our case , the expression xWi cannot be expanded , since it does not satisfy the periodic

boundary condition [(xyri)o * (x'Ve)K1 • If, instead , one assumes that the electron is initially
in the interior of the metal , then (3) vanishes at the boundary, and xyr can be expanded.

(3a) and (3b) are then easily seen to remain valid. If the field potential is not included in
the energy, the system is not conservative , and we obtain for the change in energy

d^ =lit
Y. CkCkEk = h Z eFJ: (Ckcixik - CkCixki) k

i,k

h2eF c. xik(Ek-Ei). (4)

From the SchrOdinger equation and from (3a) it follows that
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If we substitute (5) into (4), the integrated term in the sum drops out, since I CkVk
vanishes at the boundary.

K
d
dE 2,rim eFYI CiCkJ lyrk ax` - Vii

xk dx = - m • p

0
where -ep/m is the electron current. For the momentum in the direction of the field, the
energy of the electron will increase, so that the momentum decreases, according to (1).

(1) contains just one independent statement, for we will show that in this case, too,

the de Broglie relation holds":

aakm =-
m
h

'pki, (6)

P.A.M. Dirac, Proc.Roy.Soc., 112 , 661, 1926
L. de Broglie , Ann. de phys. ( 10) 3, 22, 1926
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Let yrkam and yrk'lm be two eigenfunctions for which k - k'<< 0. Later we shall go

to the limit 0 - - and consider k as a continuous variable. According to the wave
equation which is satisfied by yrk and Wk',

An •Vrk' - ^Vk • 4Vrk' = µ(Ek' -Ek ) VkYrk ' Cµ = 8n2m/
h2

Integrating over an elementary parallelepiped,

[aa k Wk Wk aax J = li(Ek'im - Eklm)f WkWk' dr. (7)

The square brackets indicate the difference of the integrals over the right and left surfaces.

Because of the periodicity of the potential in the crystal ,
yrkim = e K (kz+ly+mz

) ' ukl. where

uklm varies slowly with k, 1, m and is periodic in the atomic distance (l.c., p. 559).

Evidently , for (k -k')/G << 1 one can put

2xs-kx
VVk'lm = e % yrklm

-'Vk'lm _ k' - k 2in IC-kx r^lVklm 2si-kx
ax 2ni K yrk'lm . e K + ax • e %

(7) then becomes, up to terms of higher order in (k -k')/K,

k'-k2mx ay/klm ayrklme % -1 k) f WklmWklm dx dy dz)f ( ax Vklm - ax yrklm df = µ(Ek' - E

The integrations are carried out, on the left over the plane x = const ., on the right over
an elementary parallepiped. Since

G2 4ici f
(dVkl

ax Vklm - aax Vrklm I df = pklm

and q3 f yrkl,Vrkimdz =1 ,

8n2 k' - k
apklm - 8x2m (Ek - Ek )

Px = m Ek. - Ek
h K Gh h . k-k

which turns into (6) in the limit k - k' -► 0. This formula is very closely connected with
the de Broglie relation between wave length , phase velocity and group velocity. Besides,
it also contains a relationship between the constants f and oPx of equation ( 1), which
reduces the number of arbitrary constants . The only basic assumption left in (1) is that
the electrons are strongly bound , i.e. that the exchange energy between lattice points is
small compared with the excitation potential of the atoms.

Finally , we want to show that Eq. (2) is independent of the special choice of
Kennard 's wave packet used by Bloch. Because of Eq. (3a), we need only evaluate the

integral f xy^klmyrk'l'm'dr . For better legibility , the formulae are again shown for a single

degree of freedom:
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K/2

JxVk! k' dx = Jxe^k-k')xukuk' dx

-K/2

j e (k-)
a •f (x+aa)e^k-k')xukuk' dx.

a=-Q/2 0

Because
el'^k-k')a

= 0 for k * V,

a l^k a k-k')x2 2
xkk, =ala• eO •JeK ukukdx.

a 0 a

In the limit for large G (a - 0), the integral reduces to f ukuk dx = G , to give

a K °

x el 4) - 1 ~ 2ni(k - k')

When this is substituted into Eq .(3), it produces Eq.(2) for large G.

§2. Let as now assume that, in addition to the electric field F in the x-direction,
there exists a magnetic field H in the z-direction. An extra term

2

(xpy- 3̂px) +( Hl •(x2+y2) (8)

will then have to be included in the Hamiltonian, and the resulting velocity components
become*

= h (' [(
ll

a. -
V "") +

eH
ywwJ

1 Tvx
4Aim ,J ^ ax ax ,

vy 4nim J

[( d7_ a )

dy d - xyry1 dT

(9)

The explicit dependence on the absolute coordinates in Eq.(9) is only an apparent one.
It is exactly compensated for by the last term in Eq.(8), which corresponds to the
centrifugal force. Eq. (9) will only be needed to calculate the total current produced by

all the electrons. But in that case yryr will be a constant for the whole metal, on average,

and the coordinate system can be chosen such that Jxyryr d'c = 0, etc. A somewhat long-

winded calculation shows that at the same time the second term in Eq. (8) will make no
contribution to Eq. (12). Corresponding to (3a) and (3b) we now have to determine the

integrals
2xi Jx Yrkimdr , with

xyr = ak'rm' yrk'rm'

h aV,'rm

= 29ci ^aYYm' ^ ^VkimdT

(10)

` Of., e.g., B.O.Klein, Z. Phys. 41, 407, 1927, Eq. (18).
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But is an operator associated with the group of translations by multiples of the

lattice distance. The above integral therefore vanishes , provided yrkgi' and y/klm belong
to different representations of this group, i.e. provided we do not have k = k', l = l', m = m'.
There remains

tab aklm J aaym Wklm dr = aklmPklm

But, from ( 10), (2) and (3a),
K ^klmaklm -^L ak

If, apart from the magnetic field , we have an electric field in the x- and y -directions,

d e 2 Ke f F a ckk" -P a ckk" 2
dt I kimI h L x ak v ai

2
l 'Ia_kh,+H^ aCk _ x

melm ak p"" al

or, for the distribution of all the electrons,

af( ,n, C)= 2h t P. - F' + H ( a -px )I
with

Zak 2xl tam
= ,n= , a

in analogy with the corresponding formula in classical mechanics`.

(12)

On the other hand , we shall have to consider the effect of thermal motion , and then

determine f(, 71, ^) by means of the condition

df = 0

. Bloch performs this calculation

by making the simplifying assumption sx « 4 , E m 42 + n2 + r2 . This assumption either
represents the limiting case of free electrons or the case where the electrons are essentially
in states I kI, III, Im I «p /4 and excludes the phenomenon discussed in §1. A rigorous
calculation becomes very complicated , and so we shall only carry it out for two limiting
cases , the one treated by Bloch , the other the case where the relevant electrons are found

in states (0/2 - kI <c l , etc.

Let us take the distribution

f(^,n,C) =fo(4,n,y)+X1 sin4 +Z2sinn ,

where fo is the Fermi distribution, Xi and X2 are functions that can only be assumed
approximately to be dependent on the energy alone. Furthermore, X1 and x2 will be

appreciably different from 0 only where 00 #0 , i.e. for low temperatures, corresponding

to degenerate statistics in the neighbourhood of a critical value E1. From (12) and l.c.

* See e .g. A. Sommerfeld, Z. Phys. 47, 43, 1928 , Eq. (65)
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Eq. (75), it becomes obvious that outside this range the condition for stationary values
is satisfied by xi = X2 = 0. We now distinguish between two limiting cases [cf. (1)],

a) El-Eo4z 3$,
b) E0+6$-E1a 3$,

and make the following definitions for a) and b), respectively:

(13)

a) _4, ^=71, ^_=c (14)
b) 4 = n -i , =7C -T1, =n-^

Evidently, in both cases , i1, < 7r. We replace E by the approximation

E(4, 1b y)= const. +Y (f 2+
^2

+S2),

with in case a)
of it b)

(from now on we shall omit the additive constant) and replace the current by

sx (4, 11, c) = 1, with a = ahOx
me

(15a)

(15b)

We shall now anticipate the result that Bloch 's integral (77) only contributes when
E+hv and E-hv he in the neighbourhood of the critical value, and we can therefore also

assume that ( 15a) is valid for Ek'Pm' = Eklm - hv . Using the above notation , Bloch's

derivation of Eq . (77) can then be followed step by step, and we obtain, in place of Bloch's
(78), the following equation:

®/T

(T)3 { fo(E+kTx)ex+ fo(E-kTx)
B 5 J J (xi+1x2)

fo(E)
0

(E)fo
E T T+k x)+rix2(E+k x)]-[cjx1( fo (E + kTx)

-[bxl(E -kTx) + ^ix2(E - kTx)] fo(E)ex l x2dx
fo(E - kTx) J ex -1

r l6
O/T

E I I ^^[jxl(E+kTx)+ffX2(E+kTx)] fo(E+kTx)

0

+ [fxl(E-kTx)+i1x2(E-kTx)] fo(E)ex x4dx
fo (E -kTx) ex -1

2$ a foo (F. + Fyi + me (1x2 COS71 -11x1 COS ) . (16)
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It should be noted that it is P and not fg which appears on the right-hand side.

This is because, to form dE° , one has to differentiate with respect to and not with

respect to , 7, . In particular, therefore, there is no distinction between cases a) and
b) for a vanishing magnetic field, and the formula is then identical with that of Bloch. The
same is true for the conductivity, in spite of the phenomenon discussed in §1. This can
be visualized in the following way: we are dealing not with a single electron, but with the
totality of electrons, filling all states between two values of k and being displaced in the
x-direction under the influence of the field F with increasing values of k. True, the current
produced by electrons with k > 0/4 will be decreased, and that corresponding to k < - a/4

will be increased; but since the distribution is displaced as a single entity, the overall
result is the same as if there were a transition for an electron from a state with largest
negative k to one with largest positive k. To the approximation used here, the dependence
of the current on k is largely irrelevant, as far as the conductivity is concerned. But one
can also see from (16) that it is by no means irrelevant for the Hall effect, since cos 4 and
cos i are negative for case b), and positive for case a). H is therefore multiplied by -1 in
the second case. This fact will turn out to be the cause for the anomalous Hall effect
(which we shall denote as `positive', as usual in the literature).

When x1 and x2 are functions of E only, it is not possible to solve (16) rigorously,
i.e. the underlying functional equation is not separable. But in the limiting cases
considered here it will be correct, up to terms of second order, to replace cos 4 and cos n
by S, where

_ +1 for case a)
_l, b)

After dividing by and i , resp ., we obtain

®/T

B B. (T )3 f Jxl . fo (E + kTx)e x + fo (E - kTx) - xi(E + kTx) fo (E)
O fo(E) fo (E + kTx)

0

-xl(E-kTx) fo(E)e
x x2 dx + B' •(T)

6
f Jxl(E+kTx) fo(E)

f0(E-kTx) ex-1 E © J fo(E+kTx)
0

(17)

x 4

+ xi(E-kTx) fo(EE)kTx) ex al 2$ aE Fx+ 8 crx2 . (18)

and a corresponding second equation. Solving these integral equations is very difficult for
low temperatures. In order to obtain at least some qualitative information about these
effects, we shall assume that T >> O.
Because x << 1, we can put

f0 (E + kTx) = f0 (E - kTx) = fo (E)
and 11(E + kTx) =11(E - kTx) = xl(E), etc.

in (18). An easy transformation then gives

I T1(^' - af0 S Hr

C © E • xl - aE
F,,

+ 2P me x2'
3/2

c'(©) EE •x2 aE°.Fy
0 MC

xl

6/T

(19)
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To terms of order H2, we obtain

afp 1 © E 312 Hi 1 ® 2
I(

E
1I
3 8

xt - aEFxCTI I +Fy^C2^T) JJ) 2f

with a corresponding expression for x2. The current density in the x-direction then
becomes

J. = er
3 8X3 JJJ j2x1 d d1 g

Now, for a slowly varying function q)(E), J ^ ^p(E) dE _ , p(E1) , where El is the `critical

value' of the Fermi distribution. It then follows that
3 8F 2 9/2

I

©
(

+ ©

1

)x
23

Q
) ( )2 2671m11 Cfl \ 0 2C $

me
\

fl

I -
a

F
© I E1 3

HT (e) 2(E, )912
52y

2" M 6 p 2
2C$

§3. For the Hall effect, Iy = 0, which produces an opposing field Fy,

tS7 © E1
FyFxH2mcfCT($)

312

or, because
,_)3j

= 6 712ma3 CP T
(

F

we have

! .,

.
ez 1

El is determined by the condition that the number of quantum cells with E < El must be
equal to the number of electrons. Writing n = N/G3 = the number of conducting electrons
per atom, and A, = the number of quantum cells in an unperturbed atom, we obtain

3/2
_ 2A( EI

for the case a),

Thus the Hall constant is

_ 2a3 (a)
n

Fy - ec TX
R -_ H Ix _ 2a3

6n2n

(Ii

(20)
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This value is of the same order of magnitude as Sommerfeld' s value, unless n/2A or
1-n/2A, respectively, happen to be very small. n and A are both of order 1. (a3 is the
atomic volume. The n used by Sommerfeld corresponds to our n/a3 .)

The sign depends essentially on the occupation number x = n/2A. If x is small, we
have case a), i.e. the Hall effect is negative; if x is approximately equal to 1, we have case
b), and the Hall effect is positive (anomalous). Even without any approximation, the
whole calculation is symmetric about x = 1/2, so that the Hall effect cannot appear in this
case . This is connected with Pauli's reciprocity law* holding between free and "occupied"

positions in the atom, but is only valid here for low temperatures, for which one can

consider ° as symmetric in El. The conductivity vanishes for x = 0 and x = 1: in the

former case, because there are no conducting electrons present; in the latter, because all
positions are occupied.

There is very little that can be said a priori about these occupation numbers.
Although they are known for free atoms, in the case of mutually interacting atoms two
more factors emerge. First of all, $ can in certain circumstances become comparable with
the excitation energy, so that an `escape' to excitation levels of the unperturbed atom
becomes a possibility. Secondly, one of two originally equal terms could e.g. be shifted
through some perturbation by an amount that is greater than P. Nothing can be stated
about this without taking into account the interactions between the electrons themselves.
But one could expect the following to happen: if by any chance the excitation potential

is > 6$ but still comparable with $, then more electrons will go into the excited state with
increasing temperature, so that the occupation number becomes smaller. In such a case,
the Hall effect can change sign, from positive to negative. This would appear to be the
case for bismuth, and perhaps for zinc**.

Finally, we want to compute the change in resistance in a magnetic field. For this,
two factors have to be taken into account. First, the magnetic will have an effect on the
spin orientation, and will thus change the distribution fo. This is of course independent
of the direction of the magnetic field relative to the current, and could therefore possibly
dominate the parallel effect. The second effect, discussed by Sommerfeld, is the
lengthening of the electron paths by virtue of their deflection in the magnetic field. This
effect is direction-dependent and vanishes when current and field are parallel and can
therefore be made to account for the difference between the parallel and transversal
effects.

This latter effect can be obtained from our formula (19), if one goes up to terms of
second order in H. But in the above approximation the change in resistance becomes zero,
and one has to take the integrals over the Fermi distribution one step further in the
approximation, exactly as in Sommerfeld's calculation. The details will be omitted here.
For the change in conductivity one finds that

= - R2 a2 . 122x2 I2 H2
l iJ

(21)

* W. Pauli, ZS. f. Phys. 31, 765, 1925
" Landolt-Bornstein , Phys.-chem. Tabellen, Ergsnzungsband. Berlin 1927. p. 666
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To get a preliminary idea , let as put into (21) the values of R and a for Ag at 0°C. One

obtains

AU 10-11(E I2 t1 .

1

In order to agree with experiment , the quantity 1nA = El /kT , which is responsible for the

anomaly according to Sommerfeld , would have to be of order 10 . It would seem that such

values of El are possible , and that the above result is correct , at least to a very rough

approximation.

When T >> e, the case for which formula (21) was derived, one would find
temperature -independence ; but in general this assumption is not satisfied . I have not yet

been able to establish , by comparison with reliable experimental data , whether the

proportionality with T2 v2 holds for low temperatures . In addition, (21) does not yet
enable one to estimate the order of magnitude of the anomalous effects for bismuth and
ferromagnetic materials.

Finally , I wish to thank Prof. Heisenberg most sincerely for his encouragement and
help with his work , and Dr . Bloch for many interesting discussions.

Theor.-Phys. Institut der Universitht Leipzig, 22 December 1928.

REP comments:
This paper and the next deal with the `anomalous' Hall effect by which some metals show
a positive sign as if the current was carried by positive carriers. This is explained in terms

of `holes' although this name for this is not used ; however, the diagram of the next paper

makes it clear that the hole concept is involved. To establish this, I had to prove that the

current was proportional to dE/dk (E = energy; k = wave vector) and that the rate of

change of k in an electric or magnetic field is the same as for a free electron.


