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ABSTRACT

The vibrational structure of the Il-term is computed for molecules of the COg2 type
taking the interaction with the electronic motion into account.

1. Introduction and formulation of the problem

The usual route in the quantum-mechanical treatment of molecular states is to
carry out a separation of electronic and nuclear motion. The justification for this
procedure is that the nuclear motion is much slower than the electronic motion.
Therefore we introduce only a small error, when we compute the electronic motion
assuming that the nuclei are at rest in their instantaneous positions (multiple cen-
tre problem). The mathematical foundation for this has been given by Born and
Oppenheimer.!

This separation into two types of motion independent of each other is justified
only when the frequencies of the nuclear motion are small in comparison to the
energy difference of the electronic levels of the molecule divided by h. An example
of the fact that a more precise consideration of the interaction between nuclear and
electronic motion can become essential is found in the A-doubling of two-atomic
molecules.? At issue here is the interaction of the nuclear angular momentum for
rotation of the molecule with the electronic angular momentum. At first, it must
appear strange that the smaller rotational frequency and not the larger vibrational
frequency is coupled to the electronic frequency. The reason for this is the high
(cylindrical) symmetry with respect to the line connecting the two nuclei. This
symmetry is, of course, conserved for the vibration and so inhibits a coupling be-
tween the vibrational and electronic frequencies.

In contrast, for more-atomic molecules the nuclear vibration can also interact
with the electronic motion,® analogous to the rotation in two-atomic molecules.

IM. Born and R. Oppenheimer, Ann. Phys. 84, 457 (1927).

2F. Hund, Z. Phys. 42, 93, (1927); R. de L. Kronig, Loc. Cit. 46, 814 (1928); M. Born and
S. Fliigge, Ann. Phys. 16, 768 (1933).

3G. Herzberg and E. Teller, Z. Phys. Chem. (B) 21, 410 (1933).

61

QUANTUM CHEMISTRY - Classic Scientific Papers
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/chemistry/3201.html
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Just as in the case of rotation of the molecule, here the vibration can lead to
the splitting of degenerate electronic states, and just as the rotational structure
becomes complicated through the decoupling of the electronic angular momentum
from the axis of the molecule (Figurenachse), here we have to be prepared for a
very complicated vibrational structure.

As an example of this situation, in this paper we will treat the CO5 molecule,
but it should be noted that the derivations and results that will follow can be
transferred unaltered to other arbitrary bar-shaped three-atomic molecules. The
three atoms of our molecule of the CO2 type have a bar-shaped, symmetric config-
uration in their rest positions. This means that the molecule possesses cylindrical
symmetry with respect to the line connecting the nuclei and furthermore a centre
of symmetry. Therefore the electronic states can be classified in a fashion quite
similar to those of a two-atomic molecule with equal atoms. For us, it is relevant
only that the electronic states can be classified according to their angular momen-
tum around the molecular axis as -, II-, A-terms and so forth, depending on the
value of the angular momentum component being 0, £1, £2 (in units of h/27).
The Y-states are not degenerate, while the II-, A- and so forth states are doubly
degenerate, representing the situation where the electronic angular momentum can
represent a clockwise or counterclockwise rotation around the molecular axis. The
CO3 molecule has three normal vibrations, of which the first is totally symmetric,
the second is antisymmetric around the symmetry centre (C-atom), and the third
is degenerate. While for the first two vibrations the atoms move in the axis of the
molecule, the last one is a bending vibration, which in general possesses an angular
momentum. It therefore perturbs the strong linearity of the molecule. This has the
consequence that the degeneracy of the II-, A- and so forth terms will split. The size
of the splitting can be of the order of magnitude of the electronic potential energy
of the bending vibration, so that the requirement that the energy differences of the
electronic states are large in comparison to the nuclear energy is no longer satisfied.
This can be seen from the fact that the change in potential energy is largely effected
by the same condition that leads to the splitting in electronic terms, namely the
change in electronic eigenvalues when the molecule is deformed.

The only question now is how the translation of the average value of the elec-
tronic energy due to the deviation from the linear model relates to the splitting of the
electronic term. The translation of the average will generally depend quadratically
on the nuclear distortions in the neighbourhood of the equilibrium configuration.
The size of the splitting, as we will see, will differ significantly for II-, A-, etc. terms.
For X-states, of course, no splitting is possible. This is also the reason why, for the
ground state of the CO5 molecule, the coupling we discuss here does not come into
question. For II-terms, the splitting depends quadratically on the coordinate r of
the bending vibration and can, depending on the numerical behaviour, be larger or
smaller than the average of the translation of the electronic terms. For A-terms the
splitting is proportional to 4, and can therefore be neglected for small amplitudes
(harmonic approximation). Similar arguments hold even more strongly for higher
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values of the electronic angular momentum. The complicated vibrational structure
mentioned above will then appear, at least for small amplitudes, only for II-terms.
We therefore restrict ourselves to this case, since for large amplitudes the anhar-
monicities of the vibrations make the problem too complicated anyway. The goal
of this work is to compute the vibrational structure of the Il-term for molecules of
the COy type considering this interaction with the electronic motion. We will here
neglect the influence of electron spin.

2. Construction of the Schrodinger equation for the bending
vibration of the three-atomic linear molecule

To simplify the problem, we assume that the translational and rotational mo-
tions, as well as the totally symmetric and anti-symmetric vibrational normal
modes, have been separated from the total eigenfunction. These yield a multi-
plicative contribution to the desired eigenfunction of the electronic and bending vi-
brational motion; their contribution to the total energy eigenvalue of the molecule
is additive. Next, we consider the electronic motion as a multi-centre problem.*
Its major feature is that the relative spatial coordinates of the middle atom which
interests us (the C-atom) enter the electronic eigenfunction as parameters. In our
notation this dependence of the eigenfunctions and eigenvalues is denoted by an
index k.

If we fix this atom on the molecular axis, then the molecule possesses rota-
tional symmetry with respect to this axis, and the electronic eigenfunctions can be
represented just as those of a two-atomic molecule:

f-cosAY, (1a)
f-sinAd, (1b)
where A = 0,41,+2, ... indicates the quantum number of the angular momentum

around the molecular axis for the “first” electron,® and ¥ its angle. The dependence
of the other electron coordinates ¢, is contained in f. The two functions (1) belong
to the same energy value. The basis for this two-fold degeneracy of the electronic
function, which obtains for |A| > 1, is, as we already indicated in Section 1, the
fact that the electronic motion can rotate in a left or right hand fashion around the
axis. Analogous to two-atomic molecules, we will designate the electronic states
with X, II, A, ... corresponding to A = 0,+1,+2,...

The bending vibration with normal coordinate r takes place in a plane perpen-
dicular to the molecular axis. We designate by ¢ its azimuth with respect to a fixed
plane through the molecular axis. Because of the perturbation of the rotational

4See, for the complete presentations of the quantum theory of the molecule, R. de L. Kronig,
Band Spectra and Molecular Structure; W. Weizel, Handb. Ezxperimentalphysik, Erganzingsband
Bandenspektren (1932); F. Hund, Handb. Phys., 2nd ed., XXIV/1, 563 (1933); D. M. Dennisson,
Rev. Mod. Phys. 3, 280 (1931); E.Teller, Handb. u. Jahrb. 9/II, A2 (in press).

5See this description in Born and Fliigge, Op. Cit., p. 769.
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symmetry with respect to this axis, a splitting of the two previously doubly degen-
erate levels appears. If E} designates the average value of the two split values, then
the single split levels can be written as

Ei +o(r), (2a)
E; —o(r). (2b)

The half splitting o(r), which represents a measure for the interaction between elec-
tronic and nuclear motion, of course depends on the deviation of the rotational
symmetry and not on ¢. The eigenfunctions corresponding to (2a) and (2b) read
in zeroth order

Vi(ge) = fucos A( — ), (3a)
K (ge) = frsin AW — @), (3b)

which means that ¢ (g.) and ¥} (g.) are the solutions of the following Schrodinger
equations for the electronic motion:

87r2 Z Actii(ge) + (B + 0 — Vi(ge)) Pi(ge) = 0, (4a)
S Al (a) + (B — 0~ Vilao)) vl (a0) = 0. (40)
In (4) the sum has to be extended over all electrons (mass = m); A, represents the

Laplace operator Z red in perpendicular coordinates which describes the kinetic
energy of a single electron Vi(ge) is the potential energy of the electrons, which
is composed of the Coulomb interactions of electrons with each other and with the
nuclei of the molecule (index k).

From the total eigenfunction ¥(g.qx)(q = r, ¢) for the electron bending vibration
we know that it has to satisfy the Schrodinger equation

h? h? 02 10 1 02
2 ZAe\I/(Qer) + m (W =+ ror + 7‘_23—¢2> U (qeqr)

+ (E = Vi(ge) + V(r))¥(geqr) = 0. (5)

Here p is the nuclear mass, E the eigenvalue and V(r) the potential energy of the
nuclear motion, which of course depends only on r. ¥(g.qr) can be written in
product form, if the dependence on r and ¢ is small, so that the derivatives of the
electronic eigenfunction with respect to r and ¢ can be neglected.b

From the form of function (3) we see that this is no longer the case since the
electronic functions are just as dependent on the nuclear coordinate ¢ as on the
electronic coordinate 9. So the total eigenfunction cannot be written as a simple

6See E. Teller, Hand. u. Jahrb. §8, Loc. Cit.
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product of an electronic and a nuclear part. It should be added that this complica-
tion does not appear for the other coordinate r.

A way out of this problem is found when we note that generally every function
of electrons and nuclei (because of the completeness of the electronic function) can
be written in the form

\I](QEQk) = Z Cn(‘]k)wn((kq}c) 3 (6)

where the ,, represent the electronic functions with fixed nuclei. Normally in the
development of the theory it appears that a good approximation is obtained when
we choose only one term of the series (6). The ¢, (gx) corresponding to that term
then becomes the vibrational eigenfunction. It is now reasonable to try an ansatz
of two functions from (6) which should correspond to the two degenerate eigenfunc-
tions. The functions dependent on the nuclear coordinates will be designated as
“vibrational functions”. In a somewhat changed notation, we obtain the solution
ansatz

U(geqr) = ¥ (qr) - ¥i(ge) + " (ar) v (ge) (7)

for the solution of the differential equation (5). If we substitute (7) into (5), then we
succeed, in the first two rows of (8), in separating the electronic equations (4), since
A, does not operate on the nuclear functions and can be exchanged with these:

2
V(@) | g Ak (a0) + (B + 0~ ah(an)|

2
0 0) | S0 Al )+ (B = o~ Vela) v o)
o (5 + o0+ i) (a0 vila)
g wt @) — (B - B -0 V(g @) vi(a)
(B~ B0~ V(@) (g0 - vl a0) = 0. ®

From the first two rows of (8) we obtain zero because of (4). In the remainder we
can put ¥/ (g.) and ¥f(g.) in front of the differential operators. Because of the

slow changes with r, the ¥ (qe), ¥}!(ge) are interchangeable with ((98—:2 + %%); the

2

effect of the operator aa—(pg can be computed from (3). We find that

0 0
%wi(qe) =+ (o), %wil(qe) = -9l (ge),
9)
02 0?2
8,2 wli(%) = _wlg(%)7 902 IéI(Qe) = - IgI(QE)'

Using (9), we find that
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2 10 1
I - - - I
Vi (ge) [(aﬂ +o5 s 8¢2) Pl (r, )

2 09M(rp) | 8mp

(B = B; —o(r) = V() (r, so)]

r2 Op h?
92 10 1 0? 2 L (r,p)
II -Y - II = )
) (87“2 + ror + r2 8(,02> vire) + r2 Oy
87T2M E E¢ II _
+ = (B Ep—o(r) = V()yp(r,e)| =0. (10)

(10) can only be satisfied if the coefficients of ¥ (ge) and 17 (q.) vanish identically.

1/2a
1/2a
1/2a 1/2a
1/2a 1/2a
1/2a
1/2a

> =2 ™
e

o

It remains for us to indicate the dependency of Ef, o(r) and V (r) on r explicitly.
Restricting ourselves to harmonic forces, and because of the equilibrium condition
(vanishing of the first derivative of the potential), one can write

ES+V(r) = ar?. (11)

The r dependence of the interaction term o (r) is obtained with perturbation theory:
the potential of the electron in the field of the nuclei in an undistorted state, where
the nuclei are at rest on the molecular axis, is different from the potential where the
middle nucleus has been displaced from its rest position as a result of the bending
vibration. The difference between these potentials affects the perturbation and the
splitting. This difference potential is given” as follows: the positive charge of the
nucleus in the bar-shaped arrangement is neutralised by a negative charge of equal
size and a positive charge is put on a position distorted from the equilibrium. This
method leads to a description of the perturbation in terms of an electric dipole, of
which the variable moment = e-r; that is, it is equal to the product of the deviation
of the middle nucleus and its (for the outer electrons, effective) nuclear charge. This
dipole potential has, when we consider the “first” electron (with distance p from
the dipole and azimuth ¥), the value

"See G. Herzberg and E. Teller, Loc. Cit., p. 426.
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er cos v
U= R (12)

The following calculation of course applies to the other electrons in a similar fashion.

We construct the perturbation energy matrix corresponding to (12) with the help
of the two unperturbed electronic functions (1). We thereby restrict ourselves to
two simply infinite series of states where A runs through the values 0,+1,£2,...
The construction of the complete perturbation matrix would change nothing in the
qualitative conclusions we wish to draw. It possesses® the form above with

27
a:e'r-F-/ cos? 9dy .
0

The integration over the electron coordinates g. is contained in F. FExcept for
the two neighbouring diagonals, of which the elements are all equal, and the two
elements a in the first row and column, all elements vanish; notably those in the
squares along the diagonal. This means that for all terms the perturbation vanishes
in first order. An influence only appears in second order. Because of the asymmetric
positions of a mentioned before, it represents a splitting of the II-term, while for the
A-, ®- and further terms it only leads to a simultaneous translation with an equal
magnitude of the two degenerate terms. Because of the symmetric construction of
the matrix the perturbation of neighbouring terms has the same effect on the two
degenerate terms. Only in higher orders, through the intermediate influence of the
split II-term, do we find a splitting. Since the second order, and with it the splitting
of the Il-term, depends quadratically on r, we may write

o(r) = or’. (13)

The proportionality factor o, which depends on F', and which represents the measure
for the coupling between the electron and bending vibrational motion, can in principle
be determined from perturbation theory, but remains practically unknown, since
we do not know the eigenfunctions that depend on g, which enter in F'. So in our
calculations o will play the role of a parameter, which, due to its dependency on
the special construction of the electronic core for different molecules of the COq
type and also for different electronic states of the same molecule, will be different.
The perturbation will be particularly large when the II-term lies very close to a X-
term. The splitting of the A-, ®- and higher terms will be proportional to 74 or r%
respectively. Since in (11) we have already restricted ourselves to a harmonic force
ansatz, it makes sense only to treat the influence of the perturbation and splitting
for a II-term; we will therefore exclude the higher terms from our consideration.

If we substitute (11) and (13) in the two coupled differential equations ensuing
from (10), we obtain the following two equations for the two bending vibrational
functions 9! (r, p) and ¥!!(r, ¢) with the corresponding eigenvalue E:

8The elements not given are 0.
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2 10 1 0%\ ; 2 L (r, o)
e T ) LGt R v

Ui e) | 8P

_T + h2 (E - (O[ + O-)TQ)wl(rv QD) =0, (143)
0 19 10 II 2 W' (r, )
R i LGB e
_w11(73¢> +87T2M(E—(a—0)7‘2)"¢111(r,<p):0. (14b)

r2 h?
They form the foundation for our further calculations.
The two functions ! and !! can be taken as the components of a two-

I
;pll/) and qj” =

dimensional vector ¥. The product of two such vectors ¥/ = (

w[(/
<¢HN > has the form

(O, 0" = /¢1/¢I”* +/¢11/¢11”*.

Then one can prove, with the help of (14), that vectors belonging to different eigen-
values of (14) are orthogonal to each other. If we define the two operators

0:<_01 é) (15a)

o=(4 1) (15b)

which have to operate on the vector ¥ = (matrix multiplication), then the

,¢I
1Z)II

two equations can be summarised in the operator equation

8_2+1£+i £_02
or2  ror  r2\0y

where k% = 8m%p/h?.

U(r, ) + K°[E — (@ = 0Q)r’]¥(r,p) =0, (16)

3. Solution of the kinetic vibrational equations in zeroth order
and construction of the perturbation energy matrix

Our main task now consists in the calculation of the bending vibrational terms F
of the bar-shaped molecule from (14) as a function of the interactions o between the
electronic and vibrational motion if the electronic state is a II-state. In zeroth order
we neglect the perturbation term or? and solve the system of equations (index 0)

(0)

2 10 192\ 20991 1 ©
o o 1o _ Loy ©0) _ o2\ T
<8r2 + r Or + r2 8(,02> ¥ r2 Jy th (E K22 ar ) ¥ 0, (17a)
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(0)

2 19 19N, 209! 1 @
<ﬁ+25+ﬁa_g02> LR P (E(O)‘W‘“’"2> v =0(m)

and then consider the coupling term or? with perturbation theory. The solutions
©) ©

Y 1(r, ) and ¥ I (r, ) and the eigenvalue E(©) are obtained immediately, since (17)
must be based on the Schrédinger equation for the two-dimensional harmonic os-

cillator. Indeed, with the ansatz (index 1)

(0)

Pli(r,p) = et(r, ), (18a)

©
P(r @) = —iet(r, ), (18b)

and (index 2)
© .

¢12(T, QD) = e—upq)(r’ QD) ) (193)

©
%ZJHz(T, QD) = ieii(pq)(n QD) ’ (19b)

respectively, we obtain the equation of the two-dimensional harmonic oscillator

0% 10 1 02

et o | Ok (B —ar?) @ =0 20
<8r2+7'8r+r28g02> T or (20)
for the function ®(r,¢). Since (18) and (19) represent linearly independent func-
tions, the eigenvalue belonging to them is two-fold degenerate. Added to this is an
additional degeneracy with respect to the angular momentum around the molecular
axis. To see this, we solve (20). The ansatz

®(r,p) = ™ - R(r), (21)

where m = 0,+1,£2,... represents the angular momentum (in units of h/2m)
around the molecular axis, yields for the radial part R(r) the differential equation

d?R 1dR 2
a7 T a S REREY —art)R=0. (22)

Its solutions can be found from the polynomial method
, N—m
Rym(r) = e 1/2Vorgm Nyt (23)
v=0

where the coefficients ¢, have to be determined from a two-term recursion formula.
m is subject to the condition |m| < N. The power series contains either even or
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odd powers of r. The important result is that the eigenvalue E(®) depends only on

N, but not on m.?
EY =h(N+1). (24)
v= % « is the frequency of the bending vibration.
With (18), (19) and (23) the bending vibrational functions belonging to
(24) read

©
wIle - ei(erl)ga . RNM(T) )
0
TNy o (25a)
Y Ny = —iet Mt Ry (r)

(0)

$anm = P Ry (1),
R " (25b)
0

¢112Nm — Z-ei(m—l)cp . RNm(T) .

It appears to be advantageous to make one more change in the designation,
where we put for the factors m + 1 and m — 1 appearing in the exponents the
capital M; so M is m + 1 or m — 1, depending on whether in \IJE?\;m the index has

the value 1 or 2. Because of the condition |m| < N the exponents in \Il(l(;\)fm assume

the numerical values N +1 to —N 4+ 1, and in \I/g;\),m the numerical values N — 1 to
—N — 1. Through this designation we discover that in the following perturbation
energy matrix only those elements appear that are diagonal in M. The numerical
values of M differ from the nuclear rotational momentum m by +1 or —1 and
represent the total rotational momentum of the molecule with respect to its axis.

With the help of functions (25) and the introduction of the new quantum number
M we represent the perturbation energy matrix elements P with respect to the
coupling term —Qor?; we retain the notation (16). The elements read, when we
use primed quantum numbers for the final state and unprimed quantum numbers
for the initial state,

0o 27
Pl = —ok? / / v Qrru), rdrdyp
0 0

M pp!
o 2 ©) © © ©
2 2 I I 1 II+
= 0K / / |l YN Y N — Y AN YT N
o Jo

x rdrdy , (26)

9(24) represents the energy levels of a two-dimensional oscillator with frequency v, where N =
n1 + n2 is equal to the sum of the quantum numbers of the single oscillators and 1 =1/2+1/2 is
the sum of the zero-point energies (in units hv).
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o] 2m ©) ©)
12 2 2
P2, = —gk /O /O o, Qr2w 0, rdrdy

M nr!
s p2m ©) © © ©
2 o 1 I II I
= ok / / r | YviaNm ¥ e — YT AN - YT T aN
o Jo

X rdrdyp, (27)

and the elements P?? and P?! go analogously. The calculation with the quantum
numbers in (25) shows that few elements are different from zero. They are

P, =0, (28a)
M M/

P2, =0, (28b)
M np/

P}%r%\r’ = 47T0'I€2 / 7‘3RNMRN/M/CZ7‘, (28C)
M np! 0

oo

PE,IN/ = 47T0'I€2 / 7‘3RNMRN/M/CZ7‘ . (28(1)

M pnp! 0

Here for the non-vanishing terms the numerical value of M must be equal to that
of M'. (28) predicts that only states which have equal total angular momentum
and where the nuclear angular momentum differs by 2, perturb each other. The
important fact that the perturbation matrix (28) reduces to irreducible parts with
respect to the total angular momentum, allows us to treat the perturbation calcu-
lations separately for each value of M = 0,+1,£2,... To evaluate (28) numerically
we only have to compute the integrals dependent on r and determine the selection
rules with respect to N. This becomes a calculation of the matrix elements of 72
for a two-dimensional harmonic oscillator, which can be performed by squaring the
matrix for r. As selection rules for N we obtain N’ = N, N £+ 2. The matrix
elements different from zero become

1
P% = 5ghu\/(N +M+1)(N—-M+1), (29a)
1
ilﬁ = 5ehy\/(N—M+1)(N+M+1), (29h)
1
P .= Zehy\/(N—l—M—f— (N +M—1), (29¢)
M M
1
P2y s = —ehv/(N-M+1)(N - M —1), (294)
M M 4
1
P, = Zshu\/(N—MJr (N — M +3), (29e)
M M
1
P2yie = Zehy\/(N+M+ (N +M+3). (29f)
M M
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We have introduced the shorthand notation ¢ = o/a = o/27%uv?, where ¢ is the
ratio of the interaction energy to the nuclear potential, and v is the unperturbed
frequency of the nuclear vibration.

We present the perturbation energy matrices for each value of the total angular

momentum M separately. For the case where M is zero, the matrix reads

00

12
0 11

00
21
11 0
00

12
0 31
21
31 0

00

12
0 13
00
21
13 0
00
12
0 33
00
21
33 0
00
12
0 53
00
PE 0
00

0

21
35
00

0
P 2r1

55
00

12
35
00

12
55
00

The matrices corresponding to a positive value of the total angular momentum

(M > 0) read
0
P
M M
Py = 0

21
PM—1M+1
M M

0
21
PM+1M+1
M M
0

21
PM+3M+1
M M

0
12
PM+1M+1
M M
0

12
PM+3M+1
M M

0

0
21
PM+1M+3
M M
0

21
PM+3M+3
M M

12
PM+1M+3
M M
0

12
PM+3M+3
M M

0

(31a)

The lower vibrational quantum numbers N (middle index on P) which appear for a
fixed value of M are (because |m| < N) M —1 and M + 1 respectively. In a similar
fashion one obtains for the case M < 0

0

0

21
PM+1M+1
-M —-M

0

0

21
PM+1M+1
-M —-M

0

21
PM+3M+1
-M —-M

12
PM—1M+1
-M —-M

12

PM+1M+1
-M —-M

0

12
PM+3M+1
-M —M

0

21
PM+1M+3
-M —-M

0

21
PM+3M+3
-M —-M

12
PM+1M+3
-M —-M

0

12
PM+3M+3
-M —M

0

(31b)

The three matrices (30), (31a) and (31b) are different from each other only in the
construction of the upper-left part. All elements left open are zero. As the dotted
lines indicate, the infinite matrices (30) and (31) can be constructed from quadratic,
two-by-two sub-matrices; the corresponding states are two terms degenerate in the
bending vibration in zeroth order.
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4. Calculation of the bending vibrational terms as a function
of the interaction and the selection rules

We now concentrate on our main task, which is the calculation of the dependence
of the bending vibrational terms on the interaction ¢ = o/a. The problem is to
find the eigenvalues of the perturbation energy matrices (30) and (31) through a
canonical transformation S. They represent the corrections to the eigenvalues in
zeroth order (24) (major axis transformation). While for smaller values of € (up
to about 0.4) a perturbation calculation through second order in ¢ is sufficient, for
larger values of € a numerical procedure leads to the goal.

It is not necessary to apply the procedure to M = 0, i.e. to (30), because here
it is possible to find an exact solution of the system of differential equations (14).
From (25) we observe that in this case the functions ¢! and !! do not depend on
¢ and that therefore the coupling terms 9v!!/dp and 9! /0y vanish, so that two
uncoupled wave equations result. Each of these equations represents the motion of
an oscillator, the first with potential energy (a + o)r?, the second with (a — o)r?.
Analogously to (24) one obtains for the energy terms that are characterised with
an index + and — respectively

_ 2 2y/a
EfG) = —yal e +1) = T\/_ L o/a(N +1) = huy /17 (N +1). (32)

E]J{,,O and Ey , are the two bending vibrational terms into which the original value

E](\(,)) splits when the interaction is taken into account. The index 0 indicates that
the total angular momentum M vanishes in this case. The eigenfunctions belonging
to the two energy values (32) differ with respect to their character under a reflection
through a plane through the molecular axis in that one retains its sign under this
symmetry operation, and the other changes its sign. This situation corresponds
exactly to that for the ¥ *- and Y ~-states of two-atomic molecules. The curves

+
drawn in Fig. 1 represent the two energy levels E](\;z) /hv as a function of € in the
interval 0 < ¢ < 1;'° the different pairs of curves (designated with i in the figure)
represent the vibrational quantum numbers N = 0,1,2,... Both curves start for
the case of vanishing coupling at E](\?) /hv = (N +1). The curves Ey , go to zero
for all values of N for € = 1 (nuclear potential = interaction) and do not possess
discrete solutions for € > 1; while the curves E]J{,,O increase parabolically for all
values of €. The essential result is that the energy curves representing both term
systems intersect for total angular momentum 0, i.e. a mutual influence of E]T,’O and
E)y o does not take place. The reason for this is that, as we have seen above, the

eigenfunctions belonging to E]J{,,O and Ey , have different symmetry properties.!!

10The frequency v of the unperturbed vibration cannot be calculated within the framework of this
work , so we present the dimensionless quantity E/h[v] as a function of €.

1 According to F. Hund, Z. Phys. 40, 742 (1927) and J. v. Neumann and E. Wigner, Phys. Z.
30, 467 (1929), no intersections of terms can appear; but, as above, it has to be required by a
symmetry property.
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Fig. 1. Bending vibrational structure of the II-term for the total momentum M = 0 as a function
of the interaction e.

This situation differs for the case where the total angular momentum is different
from zero. There is no decomposition in two independent term systems here, since
there is no symmetry relationship that could require this.

We first solve (31) for small € by perturbation theory. We obtain the energy
perturbations through first order in € if we transform the small two-by-two matrices
in the diagonal of (31) to major axes; the diagonal terms represent the energy
corrections to first order in the previously degenerate vibrational levels E§\(,)). The
splitting of the matrices P (31) takes place through the canonical transformation
S~1PS with the help of the unitary matrix

1 0 0 0 0
1 1

0o — — 0 0

V2 V2

1 1

0 —— — 0 0

S = V2 V2 , (33a)

0 0 0

Si= Sl
Sl sl-
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1 0 0 0 0
1 1
0 N 0 0
s1-|° % % 0 0 : (33b)
1 1
0 0 0 N
1 1
0 0 0 N

The result of the transformation (33) reads, when S is applied to (31a) and (31b)

respectively,
1 1
0 TPél_lﬁH Epél—lﬁﬁ—l
1
_P1\2/11+1M—1 _PA1/12+1M+1 0
M M M M
_ 1
STIPS=| —_p2L..,, 0 Pl
M M M M
—E(P12 — P21)M+3M+1 l(P12 + P21)M+3M+1
2 M M 2 MM
1 1
5(__P12 +P21)%+3%+1 §(P12 +P21)%+3%+1
1o 21 1 12 oo
2(P + P )%4-1%4-3 2(P P )M+1M%+3
1 1
5(—P12 + P21)%+1%+3 E(P12 + P21)%+1%+3 (34&)
—Pz\1/12+3M+3 0
M M
0 _PJ\2/11+3M+3
M M
) L Ei
R R
1
ﬁpﬁlml —P%lml 0
_ 1
Sy Epﬂ_%l Mo 0 P,\_%l Mg
1 1
——(P12 — P21)M+3M+1 —(P12 +P21)M+3M+1
2 M M M M

1 12 21 1 12 21
5(—P + P )%+3%+1 §(P + P )%+3%+1
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1 1
—§(P12 +P21)%+1%+3 §(P12 _ P21)M+1Mﬁ+3
1 1
5(—P12+P21)%+1%+3 §(P12+P21)%+1%+3 (34b)
—Pifianry 0
M —M
0 _PI\2/I]:F3M+3
M —M

Introducing the values (29) we obtain for the two non-degenerate energy correc-
tions EM~ and EM T through first order

+
E(l)(I\;[L.Qi_LiM = E";)Pi/fiﬁ/}%—li/[b}»%—l = z';)hl/&‘ Z(Z + M) . (35)

In (35) the first index (M + 2¢ — 1) gives the vibrational quantum number and
the second index M > 0 the total angular momentum; the allowed values for the
vibrational levels ¢ = 0,1,2, ... For ¢ = 0 the perturbation disappears in first order.
While the perturbation in first order leads to a splitting of the energy terms ET
and £, the perturbation through second order in € for both cases yields the same
value as the same sign. In general

1

+
EI(Q)(—)

0 0
4(E1(\/I)+2i—1 - EJ(VI)-l—Qi—B)

M+2i—1,+M —

X |:(P12 + P21)%/[+2i—3M+2i—1 + (P21 - P12)%/I+2i—3M+2i—1:|
+M +M

+M +M
1

0 0
4(EJ(VI)+21‘—1 - Eg\/l)—i-2i+1)

+

X |:(P12 + P21)?\/[+2i—1M+2i+1 + (P12 + P21)?\/]+2i11:::/1+2i+1:| . (36)
M

+M +M +M

With Eg\SI)—in—l = hv(M + 2i) we obtain from this, after squaring the powers,

- 1
EDD, i1 ear = 5o { [P + (PP)Plarga-s.nsaics

+M +M
— [(P12)2 —+ (P21)2]i/11\-;2i—1i/11\-;21‘+1} . (37)

If we substitute the value of the matrix elements of (29) into (37), then after some
minor algebra we obtain the result

+7 1 .

E(2)§V1)+2i71,:|:M = _ghV52(M + 2i). (38)

(38) is valid for all values of ¢ = 1,2,.... The case i = 0 forms an exception. There
2) ) L o120 1.5

E Mfl,:tM:_E(P )Jfl\;lfM :—ghl/&“ M(M+1) (38&)
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The total eigenvalue is constructed from (35) and (38). For i # 0 we have
Eb%HiM:m{M+mtg¢%?ﬁﬂ—%%m+Mﬂ,i:Lm“;@m
similarly, for M = 0, where we have no splitting,
Enro1anr = hv [M _ ésQM(M 4 1)] . (39a)

According to (39) for a fixed value of M we would obtain curves analogous to
those in Fig. 1 for different i-values. In this approximation the decomposition and
intersection corresponding to the two split term systems of Fig. 1 could be obtained
as well; there the E-branches (Zweige) for e < 1 would remain above the abscissa
representing the energy value 0 (cf. the dotted curve parts in Fig. 2).

[ | I
—fxakfe Werfe

——— Zweite Niherung

: 1” : -
o b T
0 g7 gz 43 4% 05 g6 47 48 47 10

> &

Fig. 2. Bending vibrational structure of the II-term for the total momentum |M| = 1 as a function
of the interaction e.

To correct the energy curves for fairly high values of ¢ and especially to inves-
tigate them for larger values of e, where (39) loses its validity, we use a numerical
procedure. This will also decide how the branches ET and E~ behave where they
should intersect according to second order perturbation theory. It is only possible
here to present the line of thought and the results of the process: it consists of
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constructing the linear system of equations belonging to the secular equation of the
perturbation energy matrix (31) and substituting the matrix elements P by numer-
ical values. For each value of the total angular momentum M we obtain a separate
infinite system of linear equations, just as with the decomposition of the energy
matrix. The solution of this system proceeds in the following fashion: starting from
the approximations already obtained, we choose the eigenvalues and eigenvectors
such that they obey the system of linear equations as well as possible. Here we
have a simplifying factor which makes the calculation possible at all, namely that
it is approximately possible to solve a limited number of linear equations only. The
influence of further equations is small. The result of the calculation is that there,
where in second order an intersection of the two energy curves would occur, a mutual
avoidance occurs. This fact is in accordance with the already cited considerations of
Hund and von Neumann and Wigner, since for M # 0 no symmetry property that
would require intersection exists. A further result is that the curves representing the
E~-branches go to zero for ¢ = 1. The latter fact, which we recognise from the case
M = 0, can also be justified from the system of differential equations (14): if we
neglect the coupling term %%—gm in (14b), then we obtain an equation analogous
to (17), for which the eigenvalues read, in analogy to (32),

2 >
EQi—&-l,M:;Va_U( M2+ —M+2Z—|—1) (40)

The eigenvalues of the energy vanish for ¢ = «, and (40) yields an asymptotic
representation around o = « of the energy curve representing the £~ -branch.

The curves obtained in this fashion are presented in Fig. 2 for M = 1 as a
function of the interaction between electron and nuclear motion € = o/« in the
interval 0 < ¢ < 1. The dotted parts on the avoided crossings clarify the behaviour
in second order. An essential point, represented in Fig. 1 as well as Fig. 2, is that
the splittings for sufficiently large interactions are of the same order of magnitude
as the differences between the separate degenerate energy levels. Curves analogous
to the ones in Fig. 2, where the avoided crossings of the different branches occur,
and for which the F~-branches go to zero for € = 1, are also obtained for the further
cases M = £2,43,...

At the end of this section we add a small remark about the case M = 0, which
we treated exactly, and which can serve as an indication of the quality of our
approximation procedure: this case can also be treated with perturbation theory.
The important result here is that after the principal axis transformation (because of

12 _ p21

the equality P,; = PZ.) a decomposition of the transformed matrix into two sub-
00 00

matrices appears. This represents the fact that the two term systems Et and E~
do not mutually influence each other, but intersect. The result of the perturbation

12This is allowed for the case o = a, since in this case (14b) represents the motion in a very flat
potential (o — o2)r? and (14a) the motion in a strongly curved potential (a4 o)r2. The difference
between the eigenvalues corresponding to (14a) and (14b) respectively is then large, so that the
mutual perturbation (coupling term 9! /9p) can be neglected.
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theory up to second order in ¢ is presented by the dotted lines in Fig. 1. The
deviation of the values found from perturbation theory from the exact values yields
a measure for the quality of the approximation and allows the conclusion that it
would be useful for ET in the whole interval 0 < ¢ < 1, while for E~ it would hold
only for small e. This has been ascertained as well by the numerical procedure.
As a last point in this section there remains the discussion of the selection rules
which can be found analogous to the two-atomic molecule. On the one hand we have
to consider the ||-transitions (components of the radiation parallel to the molecule)
with AA = 0 (II-1II transition) and on the other hand the L-transitions (radiation
perpendicular to the molecular axis) with |AA| =1 (II-X or II-A transitions). On
the basis of the symmetry properties of the eigenfunction (25) one recognizes that
the selection rules for the total angular momentum read AM = 0 when we deal
with a IT-II transition, and |AM| = 1 when the electronic transition leads from a
II- to a X- or A-state. On the behaviour of the quantum number ¢ for small values
of e, especially where no noteworthy mutual influence of the term levels takes place,
we can say that the selection rule |Ai| = 0,2,4, ... is valid, where higher |Ai|-values
appear with less intensity.!> For larger values of the interaction the meaning of the
quantum number ¢ is lost altogether, and also this selection rule loses its meaning.

5. Discussion

Unfortunately there is no experimental material, by which we can directly com-
pare our theoretical result with the experiment. If this were the case one should
attempt to fit the measured vibrational structure of the molecule, for instance in a
II-X transition of the electrons into our scheme of Fig. 1 or Fig. 2 with respect to
the selection rules, and find a value for the interaction € which fits in.

Strong series Weak series Difference in terms

of both series

v(em™1) Av(cm™1) Av(cm™1) Av(em™1) cm™!

91870 92330 460

93060 1190 93600 1270 540

94250 1190 94840 1240 590

95410 1160 96090 1250 680

96560 1150 97330 1240 770
(98630) 1300

Instead Rathenau'* has performed absorption measurements on CO, and has
found, among others, the series given in the table. A direct interpretation in terms of
our scheme cannot be undertaken with certainty. With some probability, however, it

13See G. Herzberg and E. Teller, Op. Cit., §6.
14G. Rathenau, Z. Phys. 87, 32 (1933).
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can be assumed that the strong series is an excitation of a series of totally symmetric
vibrations of the Il-term from a vibrationless ground state of the Y-state. Also the
second weak series can be ascribed to a transition from a vibrationless Y-state to a
series of totally symmetric vibrations of the II-term, but with the distinction that
here the bending vibration is two-fold (because of the selection rule) excited (i = 2),
which yields the difference with the first series. The small value of the difference
between the series, which should represent the double value of the bending vibration,
can be explained from our theory when we assume that the lower i = 2 bending
vibrational level has been depressed as a result of the interaction. It should be
added here that except for these two series in the indicated region a large number
of further weak lines were recorded, which up to now could not be ascribed.

At this point I would like to thank my teacher Prof. Dr. M. Born for his scientific
help in Gottingen. I would like to thank Dr. E. Teller especially for the stimulation
to carry out this work and for the numerous discussions and advice during the work.
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