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where the arbitrary constant A has been obtained by the normalization 

/-«, ^dx + C tfdx = l. 

1022 

A particle of mass m moves non-relativistically in one dimension in a 
potential given by V(x) = —a5(x), where 5(x) is the usual Dirac delta func­
tion. The particle is bound. Find the value of xo such that the probability 
of finding the particle with | x | < XQ is exactly equal to 1/2. 

(Columbia) 

Solution: 

For bound states, E < 0. The Schrodinger equation 

ft2 d " At A 
— ^ r~?r — aoix) 

2m dx2 v ; 

ip(x) = Etp{x) 

has for x ^ 0 the solutions finite at x = ±oo as follows, 

f A ekx for x < 0, 
Ms) = { 

I A e-kx for a; > 0 , 

where A; = * | m g and A is an arbitrary constant. Applying lim£_>.o+ 
/ dx to the Schrodinger equation gives 

<//(o+)-v/(o-) = - ^ V ( o ) (i) 

since 

/ ip(x)6(x)dx = tp(0), lim / ip(x)dx = 0 
J-e s^°J-e 

for finite tp(0). Substitution of ip(x) in (1) gives 

ma 

Hence 
ma I a; 

tp (x) = A exp I — 
tfi 
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On account of symmetry, the probabilities are 

r 
P ( | a ; | < x o ) = 2 | A | 2 / 

Jo 

r 
P(-oo <x< oo) = 2 \A\2 

Jo 
As it is given 

x° I A I2 

e~2kx dx=1-^- (l-e-2kx°), 

~2kx dx = 

k 

\A\2 

1 - e -2fcln 

have 
1 ft2 

Xo = r— In 2 = In 2. 
2k 2ma 

1023 

A particle of mass m moving in one dimension is confined to the region 
0 < x < L by an infinite square well potential. In addition, the particle 
experiences a delta function potential of strength A located at the center of 
the well (Fig. 1.11). The Schrodinger equation which describes this system 
is, within the well, 

_^_ d2^{x) 
2m dx2 + \6(x- L/2)ip(x) = Eip(x), 0<x<L. 

Vlx) 

L/2 L 

Fig. 1.11 

Find a transcendental equation for the energy eigenvalues E in terms of 
the mass m, the potential strength A, and the size L of the system. 

(Columbia) 
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Solution: 

Applying lim£_>o $L/2-E ^X t o k ° t n s ^ e s °f t ' i e Schrodinger equation, 
we get 

V>' (L/2 + e) - V' (L/2 - e) = (2m\/h2) V (L/2), (1) 

since 

/^%(*)*(*-|)«fa = ̂ (§ ) ,^ T _%(* ) ix = 0. 

Subject to the boundary conditions V(°) = VK-̂ ) = 0, the Schro­
dinger equation has solutions for x ^ |f : 

f i4x sin (kx), 0<x< L/2 - e 

( A2 s i n [* (x -L) ] , L/2 + £ < a ; < L , 

where fc = v ' 2 " f i and e is an arbitrarily small positive number. The 
continuity of the wave function at L/2 requires A\ sin(fcL/2) = — A? 
sin(fcL/2), or A\ = —Ai- Substituting the wave function in (1), we get 

A2k cos (fcL/2) -Aik cos (jfcL/2) = (2m\Ai/h2) sin (fcL/2), 

whence tan ^ = - ^ , or tan V 2 ^ £ L = - \ A f §, which is the transcen­
dental equation for the energy eigenvalue E. 

1024 

An infinitely deep one-dimensional square well potential confines a par­
ticle to the region 0 < x < L. Sketch the wave function for its lowest 
energy eigenstate. If a repulsive delta function potential, H' = X8(x — L/2) 
(A > 0), is added at the center of the well, sketch the new wave function 
and state whether the energy increases or decreases. If it was originally EQ, 
what does it became when A —> oo? 

(Wisconsin) 

Solution: 

For the square well potential the eigenfunction corresponding to the 
lowest energy state and its energy value are respectively 

0o (x) = A / 2 / L sin(7ra;/L), 

E - ^ 
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A sketch of this wave function is shown in Fig. 1.12 
With the addition of the delta potential H' = X5(x — L/2), the Schro­

dinger equation becomes 

i>" + [k2 - aS(x - L/2)} 4> = 0, 

where k2 = 2mE/h2,a — 2mX/h2. The boundary conditions are 

iiK 

* • x 

V • V' 

V> 

V(0)=t/;(L) = 0, 

= «V(L/2), 

1> 

(1) 

(2) 

(3) 

rj,-. 

Note that (2) arises from taking lime_»o [I e dx over both sides of the 
2 £ 

Schrodinger equation and (3) arises from the continuity of ip(x) at x = \ . 
The solutions for x ^ ^ satisfying (1) are 

Ai sin(A;a;), 0 < x < L/2, 

^ A2 sin[k(x - L)}, L/2<x<L. 

Let k = ko for the ground state. Condition (3) requires that A\ = — 

A2 = A, say, and the wave function for the ground state becomes 

A sin(kox), 0<x<L/2, 

-A sm[k0(x-L)}, L/2<x<L. 
V'o(z) 
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Condition (2) then shows that fc0 is the smallest root of the transcen­
dental equation 

cot(kL/2) = - ^ . 

As cot ( ^ ) is negative, TT/2 < k0L/2 < IT, or TT/L < k0 < 2ir/L. The 
new ground-state wave function is shown Fig. 1.13. The corresponding 
energy is E = ti2 k\j2m, > EQ = ^j? , since fc0 > §. Thus the energy of 
the new ground state increases. 

Furthermore, if A -> +00, fco -)• 2n/L and the new ground-state energy 
E ->• 4E0. 

*-x 

1025 

A nonrelativistic particle of mass m undergoes one-dimensional motion 
in the potential 

V (x) = -g [5 (x - a) + S (x + a)} 

where g > 0 is a constant and S(x) is the Dirac delta function. Find the 
ground-state energy eigenfunction and obtain an equation which relates the 
corresponding energy eigenvalue to the constant g. 

{Berkeley) 

Solution: 

Since V (x) = V (—x), the energy eigenfunctions have definite parity. 
The ground state has even parity, ip(—x) = ip(x). It is a bound state and 
its energy is negative, E < 0. 

For x > 0, the Schrodinger equation is 

[-(H2/2m) d2/dx2 -gS(x- a)} ip{x) = Eip{x), 
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whose solutions for x ^ a are ip ~ exp (±kx), where k = y/2mE/h. 
With the condition that the wave function remains finite as x —> oo and 

has even parity, we obtain 

{ Ae~kx, x > a, 

B cosh (kx), 0 < x < a. 
The continuity of ip at x = a requires that A = Beka cosh (ka). Thus 

{ Beka cosh (ka) e~kx, x > a, 

B cosh(fca;), 0 < x < a. 

Normalization /0° ip2 dx + f^° ip2 dx = \ gives 

D , z2ka l + 2kaY1/2 

2k 2k ) ' 

At x = a, there is a discontinuity of the first differential of the wave 
function (cf Problem 1024): 

V>'(a+) - Tp'(a-) = -(2mg/h2) ip(a). 

Substitution of tp gives 

k [1 + tanh(fca)] = 2mg/K2 , 

which is to be satisfied by k. By symmetry the wave function for the entire 
space is 

f Beka cosh (ka) e~k\x\ | x | > a , 
V-(*) = < 

I B cosh(fc:c), | x | < a . 

1026 

An approximate model for the problem of an atom near a wall is to con­
sider a particle moving under the influence of the one-dimensional potential 
given by 

V(x) = -V05(x), x>-d, 

V(x) = oo, x < — d, 
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where S (x) is the so-called "delta function". 
(a) Find the modification of the bound-state energy caused by the wall 

when it is far away. Explain also how far is "far away". 
(b) What is the exact condition on Vo and d for the existence of at least 

one bound state? 
(Buffalo) 

Fig. 1.14 

-»• X 

Solution: 

(a) The potential is as shown in Fig. 1.14. In the Schrodinger equation 

ip" + (2m/h2) [E + V05 (x)} tp = 0, x > -d, 

let k = y/—2mE/h, where E < 0. This has the formal solutions 

tp(x) 
aekx + be~kx for - d < x < 0, 

e"kx for x > 0 , 

as ip(x) is finite for x —> oo. The continuity of the wave function and the 
discontinuity of its derivative at x = 0 (Eq. (1) of Problem 1020), as well 
as the requirement tp(x = — d) = 0, give 

a + b= 1, 

-k - (a - b)k = -2mV0/h
2 , 

0. ae~kd + bekd 
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Solving these we find 

„2kd 

1 - e2kd 

mVo 

b = 
1 - e Ikd 

h2 (1 
-2kd 

)• 

The wall is "far away" from the particle if kd 3> 1, for which k « 
mVo/ti2. A better approximation is k « (mVo/h2)[l — exp (—2mVo d/h2)], 
which gives the bound-state energy as 

E = — 
h2k2 

2m 

mV0
2 

2h2 

_tf_ (mVp 
~2m \ H2 

1 — 2 exp 

exp 
2mV0d 

mVf mVf 
2h2 + h2 exp 

2mV0d\ 

2mV0d\ 

The second term in the last expression is the modification of energy 
caused by the wall. Thus for the modification of energy to be small we 
require d » 1/fc = h2/mVo- This is the meaning of being "far away". 

*. k 

Fig. 1.15 

(b) Figure 1.15 shows line 1 representing y = k and curve 2 representing 
y = ye [1—exp (—2kd)}, where ye = mV0/h

2. The condition for the equation 

k = mV0 [1 - exp (-2kd)]/h2 
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to have a solution is that the slope of curve 2 at the origin is greater than 
that of line 1: 

dy_ 
dk 

= 2mV0d/h2 > 1. 
fc=0 

Hence if V$d > ^ , there is one bound state. 

1027 

The wave function of the ground state of a harmonic oscillator of force 
constant k and mass m is 

V>o (x) = (a/71-)1/4 e~ax2/2, a = muja/h, LJI = k/m. 

Obtain an expression for the probability of finding the particle outside the 
classical region. 

(Wisconsin) 

Solution: 

The particle is said to be outside the classical region if E < V(x). 
For the ground state, E = HUJO/2 and the nonclassical region is | hu>o < 
1 0 1 • 5 muiQX , i .e., 

x2> = — , or< 
worn a 

x > 

x < 

The probability of finding the particle in this nonclassical region is there­
fore 

P= f ij)l{x)dx 
J\*\>y/i 

J-00 V I- Jy/lJ^ V 7T 

Jy/l/Z V * 

- » f -J. 
dx 

dx 

e - t d i ~ 1 6 % . 
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1028 

Consider a linear harmonic oscillator and let ipo and tpi be its real, nor­
malized ground and first excited state energy eigenfunctions respectively. 
Let Aipo + Bip\ with A and B real numbers be the wave function of the 
oscillator at some instant of time. Show that the average value of x is in 
general different from zero. What values of A and B maximize (x) and 
what values minimize it? 

(Wisconsin) 

Solution: 

The orthonormal condition 

I"(Ail>0 + Bipi)2 dx = 1 

gives A2 + B2 = 1. Generally A and B are not zero, so the average value 
of x, 

(x) = J x(Aip0 + Bipi)2 dx = 2AB (rp0 | x | Vi) 

is not equal to zero. Rewriting the above as 

(x) = [1 - (A2 +B2 + 2AB)} (Vo I x | Vi) 

= {l-(A-B)2]Wo\x\ip1) 

and considering / = AB = A (1 — A2) *, which has extremums at A = ± 4=, 

we see that if A = B = l/V%, (x) is maximized; if A = — B = 1/v^, (x) is 

minimized. 

1029 

Show that the minimum energy of a simple harmonic oscillator is fku/2 
if AxAp = ft/2, where (Ap)2 = ((p - (p))2). 

(Wisconsin) 

Solution: 

For a harmonic oscillator, (x) = (p) = 0, and so 

(Ax)2 = (x2), (Ap)2 = (p2). 
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Then the Hamiltonian of a harmonic oscillator, H = p2/2m + mw2x2/2, 
gives the average energy as 

(H) = (p2)/2m + mu2{x2)/2 = (Ap)2/2m + mu2(Ax)2/2 . 

As for a, b real positive we have {^/a — Vb)2 > 0, or a + b > 2\/ab, 

(H)min = (Ap)(Ax)u> = huj/2. 

1030 

An electron is confined in the ground state of a one-dimensional har­
monic oscillator such that y/{{x — {x))2) = 10 - 1 0 m. Find the energy (in 
eV) required to excite it to its first excited state. 

[Hint: The virial theorem can help.] 
(Wisconsin) 

Solution: 

The virial theorem for a one-dimensional harmonic oscillator states that 
(T) = (V). Thus E0 = {H) = (T) + (V) = 2(V) = mew

2 (a;2), or, for the 
ground state, 

— = meu}z (xz), 

giving 
h 

2me (x2) " 

As (x) = 0 for a harmonic oscillator, we have 

y/((x - (x))2) = v/(x2> - (x)2 = J&2) = 10-1 0 m. 

The energy required to excite the electron to its first excited state is 
therefore 

AE = tkj = 
2me (x2) 2mec

2 (x2) 

(6.58 x 10-1 6)2 x (3 x 108)2 

2 x 0.51 x 10 -20 = 3.8 eV. 
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1031 

The wave function at time t = 0 for a particle in a harmonic oscillator 
potential V = \ kx2, is of the form 

ip(x, 0) = A e - ( a x ) 2 / 2 a TT . . sin P TT cos p Ho (ax) H =̂ #2 (ax) 
2 v 2 

where /? and A are real constants, a 2 = Vmk/h, and the Hermite polyno­
mials are normalized so that 

f°° e~a2x2 [^x(aar)]2 dx=^-2nn\. 
J-oo Oi 

(a) Write an expression for ip{x, t). 
(b) What are the possible results of a measurement of the energy of the 

particle in this state, and what are the relative probabilities of getting these 
values? 

(c) What is (x) at t = 0? How does (x) change with time? 
(Wisconsin) 

Solution: 

(a) The Schrodinger equation for the system is 

ihdtip(x, t) = Hi}>(x, t), 

where tp(x, t) takes the given value tp (x, 0) at t = 0. As H does not depend 
on t explicitly, 

V>„(x, t) = ^n(x)e-iE^h, 

where tpn(x) is the energy eigenfunction satisfying 

Htpn(x) = Enxpn(x). 

Expanding ip(x, 0) in terms of ipn (x): 

ip(x, 0) = ^ a „ - 0 n ( x ) , 
n 

where 

an= i)*n{x)i>{x, 0)dx. 
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Thus 
ip(x, t) = Y2an'ipn{x, t) = ^2ani>n(x) e-iEnt/h . 

n n 

For a harmonic oscillator, 

^jn(x)=Nne-a2x2/2Hn(ax), 

so that 

an = f Nne-a2x2'2Hn(ax) • Ae^^l2 

cos (3 Ho (ax) H -= H2 (ax) 
2 V 2 

dx. 

As the functions exp(— ^x ) Hn(x) are orthogonal, all an = 0 except 

a0 = AiV0 cos (3, 

a2 = AN2 J ^ 2 A / 2 sin /3. 

Hence 

il>(x,t)=A J ^ [No cosp^o(x)e-iEotlh 

+ 2V2N2 sinj3ip2(x)e-iE*t/h]. 

( 7r \ J r . E0t . E2t 1 

— J cos 0-00(a;) e J 1 +sin /5'02(a;) e l " , 
as JVn are given by f[ipn(x)}2 dx = 1 to be iV0 = (*£)i, 7V2 = ^ L = ( ^ ) l . 

(b) The observable energy values for this state are EQ = fkjj/2 and 
E2 = 5 hjj/2, and the relative probability of getting these values is 

P0 /p2 = cos2 P/ sin2 ,3 = cot2 /?. 

(c) As ip (x, 0) is a linear combination of only ipo (%) and tp2 (%) which 
have even parity, 

i)(-x, 0 ) = V ( x , 0) . 
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Hence for t = 0, 

<*) = / ^M)^o)^ = o. 

It follows that the average value of x does not change with time. 

1032 

(a) For a particle of mass m in a one-dimensional harmonic oscillator 
potential V — m w V / 2 , write down the most general solution to the time-
dependent Schrodinger equation, tp(x, t), in terms of harmonic oscillator 
eigenstates <f>n(x). 

(b) Using (a) show that the expectation value of x, ( i ) , as a function of 
time can be written as A cos wt + B sin u>t, where A and B are constants. 

(c) Using (a) show explicitly that the time average of the potential 
energy satisfies {V) = \{E) for a general ip(x, t). 

Note the equality 

frruJ 1 ln + 1 fn 
W -jT- X(j)n = W — — <pn+i + W - 4>n-l • 

(Wisconsin) 

Solution: 

(a) From the time-dependent Schrodinger equation 

ih — tp(x, t) = Hip(x, t), 

as H does not depend on time explicitly, we get 

fp(x, t)=e'iHt/h ip(x,0). 

We can expand ip(x, 0) in terms of <f>n (x): 

1p(x, 0) = ^ 0.n<S>n{x), 
n 

where 
an = {K{x)\ip(x, 0)), 
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and 4>n (x) are the eigenfunctions of 

H<j>n(x) = En<pn(x), with En=(n+-\ hu. 

Hence 

n 

(b) Using the given equality we have 

(x) = I ip* (x, t)xip(x, t) dx 

= £ > > „ , e-^-'-W* J <t>*n{x)x<t>n,{x) dx 

n,n' ^ 

/^. \ nr 
V 2 / V mo; 

= J2an I0"-1 J|eiU"+a«+l Y mw 

= A cos uit + B sin wt, 

where 

A=V^7,T/< \"n-x\l + an+l 

J2 ia*n I an_i W - - an + i y —— _ h x—* . . i M /n + 1 
V ma; 

and we have used EW+i — -E,, = fkv. 
(c) The time average of the potential energy can be considered as 

the time average of the ensemble average of the operator V on ip(x, t). It 
is sufficient to take time average over one period T = 2TT/LJ. Let (A) and A 
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where Ek = h2k2/2m. In the last expression the upper and lower rows are 
for regions I and II respectively. 

When t —>• oo, the oscillatory factor exp(—iEkt/h) changes even more 
rapidly, while the other functions of the integrand behave quite normally 
(k = re J a is not a pole). Thus tp(x, t) tend to zero for any given x. When 
t is very large, component waves of small wave number k play the principal 
role. At that time the particle has practically escaped from the region 
[-a, 0]. 

1045 

The radioactive isotope 83Bi212 decays to siTl208 by emitting an alpha 
particle with the energy E = 6.0 MeV. 

(a) In an attempt to calculate the lifetime, first consider the finite po­
tential barrier shown in Fig. 1.20. Calculate the transition probability T 
for a particle of mass m incident from the left with energy E in the limit 
T < 1 . 

(b) Using the above result, obtain a rough numerical estimate for the 
lifetime of the nucleus Bi212. Choose sensible barrier parameters to approx­
imate the true alpha particle potential. 

(CUS) 

Vlx) 

0 b 

Fig. 1.20 

-*• X 

Solution: 

(a) If T <C 1, the incident wave is reflected at x = 0 as if the potential 
barrier were infinitely thick. We thus have 

eifcx + ( t l _ j ) e - i fex ; x < Q ) ij}{x) 

V'(x) = t\e -k'x 0 < x < b, 
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where t\ is the amplitude transmission coefficient and 

*-l/^ES. * - ^ h2 ' 

The continuity of xjj' (x) at a; = 0 gives 

2fc 
i f c ( 2 - f l ) = -*'*!, or h = ^ - ^ . 

Consider the reflection at b. We have 

ip(x) = tie-
k'b [e"*'^-*) + (t2 - 1) efc'(x-fc>], 0 < x < b, 

%p(x) = t i t2 e-fc'6 e
i f c(x-6), a; > b, 

and so 

-fc' (2 - t2) = ikt2, or t2 = 2ik'/{k + ik'). 

Hence the transition probability is given by 

T = tit2 e-k'b 

2 _ 16fc2fc'2 2k,b _ 16E(V0~E) 2k,b 
1 1 ~ (fc2 + fc'2)2 v-0

2 

(b) To estimate the rate of a-decay of 83Bi212, we treat, in first approx­
imation, the Coulomb potential experienced by the a-particle in the siTl 
nucleus as a rectangular potential barrier. As shown in Fig. 1.21, the width 
of the barrier ro can be taken to be 

2Ze2 2 ( 8 3 - 2 ) e2 he 
r0= -

E 6 he MeV 
1 f\0 1 

= — x x 6.58 x 10 - 2 2 x 3 x 1010 

6 137 
= 3.9x 10~12 cm. 
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*• r 

The radius of the nucleus of Tl is 

R = 1 x 10"1 3 x 2083 = 6 x 10 - 1 3 cm, 

corresponding to a Coulomb potential height of 

V = 
2Ze2 

R 
39 MeV. 

An a-particle, moving with speed v in the nucleus of Tl, makes ^ 
collisions per second with the walls. Hence the lifetime T of 83Bi212 is given 
by 

T i n 

or 
2R 

2R 

1, 

-v\T\f 

Taking for the rectangular potential barrier a height VQ « |(39—6)+6 = 

22.5 MeV, b = r0-R = 33xl0~ 1 3 cm (see Fig. 1.21), v = J ^ = J ^ c ^ 
0.1c, we find 

2y/2mc2(V0 - E) 
2k'b 

tic 

_ 2 x 6 x 10~13 

3 x 109 

= 5.4x 1 0 3 s . 

, 2-y/2 x 940 x 16.5 x 33 x 10~13 

b = - ! ^ r - r r 7 ^ ^ : r^r^ = 59 . 6.58 x 10-2 2 x 3 x 1010 

22.52 

16 x 6 x (22.5 - 6) x e 
59 
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1046 

An electron with energy E = 1 eV is incident upon a rectangular barrier 
of potential energy Vo = 2 eV (see Fig. 1.22). About how wide must the 
barrier be so that the transmission probability is 10 - 3? 

(Wisconsin) 

*• x 

Fig. 1.22 

Solution: 

The transmission probability is (Problem 1045) 

_ 16E(V0 - E) 
T ~ 1TTO • e x p Vo2 

- ~ yj2m(V0 - E) 

whence 

= 4 exp ~ V2m(V0 - E) 
n 

he 

2 y/2mc2 (VQ - E) 

l n K^J 6.58 x IP" 1 6 x 3 x 101Q 

2 y/2 x 0.51 x 106 
8.1 x 10~8cm. 

1047 

Consider a one-dimensional square-well potential (see Fig 1.23) 

V(x) = 0 , x < 0, 

V(x) = -V0, 0 < x < a, 

V(x) = 0 , x > a, 
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where Vo is positive. If a particle with mass m is incident from the left with 
nonrelativistic kinetic energy E, what is its probability for transmission 
through the potential? For what values of E will this probability be unity? 

(Columbia) 

VM 
I 

0 

-K) 

i 

a 

Fig. 1.23 

Solution: 

Let the 

where 

wave function be 

tp(x) 

ip(x) 

ip{x) 

k-

= eikx + Re~ik-

= Seikx, 

= Aeik'x 

V2mE 

+ Be­

te' = 

\ x<Q, 

x > a, 
ik'x, 0 < x < a 

y/2m(E + V0) 

The constants R, S, A, B are to be determined from the boundary con­
ditions that ip(x) and ip'(x) are both continuous at x = 0 and x = a, which 
give 

( 1 + R = A + B, 

k{l-R) = k'(A-B), 

Aeik'a + Be-ik'a = Seika, 

L k'(Aeik'a - Be~ik'a) = kSeika. 

Hence 
4kk'e-ika 

(k + k')2 e~ik'a - (k - k')2 eik'a 
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and the probability for transmission is 

P = ^ = | 5 | 2 

3i 

4k2k'2 

4(fcfc' cos k'a)2 + (k2 - k'2)2 sin2 (k'a) ' 

Resonance transmission occurs when k'a — mr, i.e., when the kinetic 
energy E of the incident particle is 

E = n2n2h2/2ma2 - V0. 

The probability for transmission, P, then becomes unity. 

1048 

Consider a one-dimensional square-well potential (see Fig. 1.24): 

Vix) 
n 

• * • x 

Fig. 1.24 

V ( z ) = 00, X < 0, 

V(x) = -V0, 0<x<a, 

V(x) = 0, x>a. 

(a) For E < 0, find the wave function of a particle bound in this poten­
tial. Write an equation which determines the allowed values of E. 

(b) Suppose a particle with energy E > 0 is incident upon this potential. 
Find the phase relation between the incident and the outgoing wave. 

(Columbia) 
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Solution: 

The Schrodinger equations for the different regions are 

2m dx2 

2m dx2 

ip(x)=0, 0<x<a, 

ip(x) = 0, x > a. 

(a) E < 0. 
( i ) Consider first the case of VQ < —E, for which the wave function is 

ip(x) 

0, x < 0, 

A sinh(fca;), 0 < x < a, 

I Be -k'x x > a, 

where 

k = 
2m{-VQ-EJ k, = J2m{-E) 

h? V h2 

The continuity conditions of the wave function give 

Asmh(ka) = Be~k'a, 

Ak cosh(ka) = -Bk'e-
k'a 

and hence 
k coth(fca) = —k'. 

As coth x > 0 for x > 0, there is no solution for this case. 
(ii) For V0 > —E, ik ->• k, k = y/2m(Vo + E)/h, and the equation 

determining the energy becomes k cot (ka) = —k'. The wave function is 

' 0 , x < 0 , 

ip (x) = < A sin (kx), 0 < x < a, 

I Be -k'x 
x > a. 

From the continuity and normalization of the wave function we get 

1/2 

A = 
•p- sin (ka) + a — ^ sin (2ka) 
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1/2 

„fc'a 
jg7 sin2 (ka) + a, — j£ sin (2fca) 

(b) E > 0. The wave function is 

' 0 , x < 0, 

ip(x) = < yl sin (fca;), 0 < a; < a 

. £? sin (fc'a; + ip), x > a, 

efc a sin (fca). 

where 

As d\nip/dlnx is continuous at a; = a, 

(ka) cot (fca) = (fc'a) cot (fc'a + <p), 

whence 

For x > a, 

where 

if = arccot I — cot (fca) I — fc'a. 

D T3 
_ —ik'x—iip f^_ Akfx+i<p ib(x) = — e YK ' 2i 2i 

W n c ( i ) « e - i t v , v , 

tpwA{x)<Keik'x+i^. 

Hence the phase shift of the outgoing wave in relation to the incident 
wave is 

5 = 2<f = 2 arccot I — cot (ka) 1 — k'a 

1049 

Consider a one-dimensional system with potential energy (see Fig. 1.25) 

V(x) = V0, x>0, 

V(x) = 0, x < 0, 
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where Vo is a positive constant. If a beam of particles with energy E is 
incident from the left (i.e., from x = -co) , what fraction of the beam is 
transmitted and what fraction reflected? Consider all possible values of E. 

(Columbia) 

V[x) 
h 

Vo 

• * • x 

Fig. 1.25 

Solution: 

For x < 0, the Schrodinger equation is 

d2 , 2mE , „ 
^ + ^ = 0, 

whose solution has the form 

ip(x) = eikx + re~ikx, 

where 

k = 
2mE 

h2 

For x > 0, the equation is 

d2 , 2m(E-V0) , n 

(i) If E < Vo, write the above as 

d2 2m(V0-E) 
dx*11' h2 ^ = 0" 

As ip{x) must be finite for x —)• oo, the solution has the form 

•4>{x)=te-k'x, 
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where 

k,_ l2m(V0-E) 
H2 

The continuity conditions then give 

l + r = t, 

ik -̂  ikr = —tk', 

whence r = (k' + ik)/(ik - k') = (1 - ik'/k)/{\ + ik'/k). Therefore the 
fraction reflected is R = jref/jinc = \r\2 = 1, the fraction transmitted is 
T=1-R = 0. 

(ii) E > V0. For x > 0, we have 

d2 2m(E-V0) 
+ dx2 h2 ip(x) = 0 . 

where 

• (,)-*•"•. « = s j ^ ^ 

Noting that there are only outgoing waves for x —>• oo, we have 1 +r = t, 
ik — ikr = ik't, and thus r — (k' — k)/(k' + k). Hence the fraction reflected 
is R = [(k' - k)/(k' + k)]2, the fraction transmitted is T = 1 - R = 
4kk'/(k + k')2. 

1050 

A particle of mass m and momentum p is incident from the left on the 
potential step shown in Fig. 1.26. 

Calculate the probability that the particle is scattered backward by the 
potential if 

(a) p2/2m < V0, 

(b) p2/2m > V0. 
(Columbia) 
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V(x) 

^0 

0 x„ 

Fig. 1.26 

- > X 

Solution: 

The Schrodinger equations are 

x < XQ, 
( d2 2mE\ , , . n , 
(dx->+1^)^X)=0 fOT 

ip(x) = 0 for x > XQ. 
d2 2m .„ T r , 

dxl + J ? ^ - ^ 

(a) If E < V0, we have 

ip(x) = 

where 

eifc(x-xo) + re-ik(x-x0)^ x < a . 0 j 

2 m £ 
fi2 ' 

*' = 
2m(V0-E) 

h2 

the condition that tp(x) is finite for x —> oo having been made use of. 
The continuity conditions give 1 + r = t, ik — ikr = —k't, whence r = 
(k' + ik)/(ik — k'). The probability of reflection is R = jr/ji = | r |2 = 1. 

(b) If E > V0. We have 

ip(x) 
eik(x-x0) + re-ik(x-x0) ^ X<XQJ 

teifc'(x-xo)) X>X0, 
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where 

k = 

k' = 

2mE 

2m(E-V0) 
h2 

noting that there is only outgoing wave for x > XQ. The continuity condi­
tions give 1 + r = t, ik — ikr = ik't, and hence r = (k — k')/(k + k'). The 
probability of reflection is then R=\r\2 = [(k- k')/(k + k')] / \12 

1051 

Find the reflection and transmission coefficients for the one-dimensional 
potential step shown in Fig. 1.27 if the particles are incident from the right. 

(Wisconsin) 

Fig. 1.27 

Solution: 

As the particles are incident from the right we must have E > VQ. 
And there are both incident and reflected waves in the region x > 0. The 
Schrodinger equation for x > 0, 

i>"{x) + k\ r/>(x) = 0, 

where fci = y/2m(E — Vo)/h, has solutions of the form 

tp = exp (—ik\x) + R exp (ikix). 
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There are only transmitted waves in the region x < 0, where the 
Schrodinger equation is 

1>"(x) + k%rl>(x) = 0 

with &2 = \/2mE/h, and has the solution 

ip(x) = S exp (—ik2x). 

Using the continuity conditions of the wave function at x = 0, we get 
1 + R = S. From the continuity of the first derivative of the wave function, 
we get ki(l — R) = &2 S. Hence R = (&i— k2)/(k\ + k2), giving the reflection 
coefficient 

V2 
l̂ o 

(VE + y/E^Vo)4 ' 

and the transmission coefficient 

\S\2 = l-\R\2 = l-—= Vf 
(VE+^/E^Voj* 

1052 

Consider, quantum mechanically, a stream of particles of mass m, each 
moving in the positive x direction with kinetic energy E toward a potential 
jump located at x = 0. The potential is zero for x < 0 and 3.E/4 for x > 0. 
What fraction of the particles are reflected at x = 0? 

(Buffalo) 

Solution: 

The Schrodinger equations are 

•ty" + k2tp = 0 for x < 0, 

-0" + (k/2)2i) = 0 for x > 0 , 

where k — \/2mE/h. As for x < 0 there will also be reflected waves, the 
solutions are of the form 

ip = exp (ikx) + r exp (—ikx), x < 0 , 

tp = t exp (ikx/2), x > 0 . 

\R\ 
k\ - k2 
k\ + k2 
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Prom the continuity conditions of the wave function at x = 0, we obtain 
1 + r = t, fc(l — r) = kt/2, and hence r = 1/3. Thus one-ninth of the 
particles are reflected at x = 0. 

1053 

Consider a particle beam approximated by a plane wave directed along 
the a;-axis from the left and incident upon a potential V(x) = jS(x), 7 > 
0, S(x) is the Dirac delta function. 

(a) Give the form of the wave function for x < 0. 
(b) Give the form of the wave function for x > 0. 
(c) Give the conditions on the wave function at the boundary between 

the regions. 
(d) Calculate the probability of transmission. 

(Berkeley) 

Solution: 

(a) For x < 0, there are incident waves of the form exp (ikx) and re­
flected waves of the form R exp (—ikx). Thus 

tp(x) = exp (ikx) + R exp (—ikx), x < 0. 

(b) For x > 0, there only exist transmitted waves of the form S exp 
(ikx). Thus 

ip(x) = S exp (ikx), x > 0. 

(c) The Schrodinger equation is 

h2 d2 

~2m dx2 ^ ^ + 7 < ^ ^ ^ = E^x) 

V/(o+)-v'(o-) = ^V(o) . 

and its solutions satisfy (Problem 1020) 

V/(o+)-v'(o-) = -
As the wave function is continuous at x = 0, I/J(0+) = X/J(0~). 

(d) From (a), (b) and (c) we have 1+R = S, ikS-ik(l-R) = 2mjS/h2, 
giving 5 = 1/(1 + irwy/fftk). Hence the transmission coefficient is 

where E = K2k2/2m. 
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1054 

Consider a one-dimensional problem of a particle of mass m incident 
upon a potential of a shape shown in Fig. 1.28. Assume that the energy 
E at x -> — oo is greater than Vb, where Vb is the asymptotic value of the 
potential as x —> oo. 

Show that the sum of reflected and transmitted intensities divided by 
the incident intensity is one. 

{Princeton) 

i 

E—»» 

0 

\ 

Fig. 1.28 

Solution: 

As E > Vb we may assume the asymptotic forms 

ip —>• elkx + re~%kx for x —>• —oo, 

ip ->• tet0x for x ->• +00, 

where r, t, k, (3 are constants. The incident intensity is defined as the 
number of particles incident per unit time: / = hk/m. Similarly, the 
reflected and transmitted intensities are respectively 

R=\r \2hk/m, T=\t \2h/3/m. 

Multiplying the Schrodinger equation by ijj*, 

f v V + ip*Vip = Eip*i>, 

2m 

and the conjugate Schrodinger equation by tp, 
h2 

- — VVV* + rp*ViP = Eip*ip, 
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and taking the difference of the two equations, we have 

V>*v2v> - v>v2v>* = v • {ip*Vip - V'VV'*) = o. 

This means that 

/ (x) = ip*dtp/dx — ipdip*/dx 

is a constant. Then equating / (+00) and / (—00), we find 

k(l-\r\2) = 0\t\2. 

Multiplying both sides by ^ gives 

I = R + T. 

1055 

A Schrodinger equation in one dimension reads 

(-d2/dx2 - 2 sech2 x) ip = ej> 

(h= l , m = 1/2). 

(a) Show that exp(ifcx)(tanh x 4- const) is a solution for a particular 
value of the constant. Calculate the S-matrix (transmission and reflection 
coefficients) for this problem. 

(b) The wave function sech x happens to satisfy the Schrodinger equa­
tion. Calculate the energy of the corresponding bound state and give a 
simple argument that it must be the ground state of the potential. 

(c) Outline how you might have proceeded to estimate the ground-state 
energy if you did not know the wave function. 

(Buffalo) 

Solution: 

(a) Letting the constant in the given solution tp be K and substituting 
ijj in the Schrodinger equation, we obtain 

fc2 (tanh x + K) - 2(ik + K) sech2 x = s (tanh x + K). 
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This equation is satisfied if we set K = -ik and e — k2. Hence 

i>(x) = eikx (tanh x - ik) 

is a solution of the equation and the corresponding energy is k2. Then as 
tanh x —> 1 for x —> oo and tanh (—x) = — tanh x we have 

ip = (1 — ik) elkx as x —> oo, 

•0 = —(1 + ik)elkx as x —> — oo. 

Since V(x) < 0,e > 0, the transmission coefficient is T = 1 and the 
reflection coefficient is i? = 0 as the particle travels through V(x). So the 
S-matrix is 

/ 1 - ( l - t f c ) / ( l + t k ) \ 
\-(l-ik)/(l + ik) 0 J " 

(b) Letting ip =sech x in the Schrodinger equation we have — ip = etp. 
Hence e = — 1. Because sech a; is a non-node bound state in the whole 
coordinate space, it must be the ground state. 

(c) We might proceed by assuming a non-node bound even function with 
a parameter and obtain an approximate value of the ground state energy 
by the variational method. 

1056 

A monoenergetic parallel beam of nonrelativistic neutrons of energy E 
is incident onto the plane surface of a plate of matter of thickness t. In 
the matter, the neutrons move in a uniform attractive potential V. The 
incident beam makes an angle 6 with respect to the normal to the plane 
surface as shown in Fig. 1.29. 

(a) What fraction of the incident beam is reflected if t is infinite? 

(b) What fraction of the incident beam is reflected if V is repulsive and 
V = El Consider t finite. 

(CUS) 
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* • * 

Fig. 1.29 

Solution: 

(a) Let ko be the wave number of an incident neutron, given by fcjj = 

^f-- For x < 0, the wave function is 

•01 (a; v) = eik°x cos e+ikoy sin 6 

• r> —ikox cos 6+ikoy sin 8 

With t infinite and the potential negative, for x > 0 the Schrodinger equa­
tion is 

2m 
Assuming a solution 

iP2(x,y) = Teik*x+ikvy 

and substituting it the equation, we obtain k\ + k2 = 2m(E + V)/h2. 
The boundary conditions at x = 0 

i M 0 , y ) = V2(0,y), 

dipi 
dx x=0 

9^2 
dx x=0 

then give 

gifcoy sin 8 , Dgifcoy sin 8 _ rpeikyy 

ik0 cos 6eikoy s in * - flifco cos 9eikoy s in * = Tikx eik«y ., 
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As the potential does not vary with y, ky = ko sin 0 and the above 
become 

1 + R = T, 

k0 (1 - R) cos 9 = kxT, 

which give R = (ko cos 0—kx)/(ko cos Q+kx). The probability of reflection 
is then P = \ R |2 = (k0 cos 0 - kx)

2/(k0 cos 0 + kx)
2, with kl = 2m(E + 

V)/h2 - k2 sin2 0, kl = 2mE/h2. 
(b) For x < 0 the wave function has the same form as that in (a). For 

0 < x <t, E — V = 0, and the Schrodinger equation is 

-{h2/2m) V2V = 0. 

As the potential is uniform in y we assume ip = exp(ik'y) exp(fcx), 
where k' = ko sin 0. Substitution gives —k'2 + k2 = 0, or k = ±k'. Hence 
the wave function for 0 < x < t is 

il>2(x,y) = (aek'x +be~k'x) eik'v. 

Writing ip(x, y) = 4>(x) elk v, we have for the three regions 

x < 0 , &(x) = eik*x + re~ik*x', 

0 < x < t, <p2{x) = aek'x + be~k'x, 

x>t, 03 (a;) =ceikxX, 

with 

kx = J cos 0, fc' = \j2mE/h2 sin 0. 

The boundary conditions 

0i(O) = fc(O), fc (*) = &(*)> 

x=0 

d02 
dx a;=0 

d<p2 
dx x=t 

d(f>3 

dx 

give 

1 + r = a + 6, 

ifcx (1 - r) = fc' (a - b), 

c exp (ikxt) = a exp (fc't) + 6 exp (—k't), 

ikxc exp(ikxt) = k'a exp (k't) — k'b exp (-k't), 
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whose solution is 

ikx (a/b + 1 
i/b-1 

- 1 
ikx fa/b+1 
k' \a/b-l 

a/b = [(k' + ikx)/(k' - ikx)} • e -Ik''t 

Hence 

with 

e2fc'* - 1 
1 - /32e2fc't 

and the fraction of neutrons reflected is 

| i? l2 = | r | : 
e2k't + &-2k't _ 2 

e2k't + e-2fc't _ 2 C os A6 ' 

Alternative Solution: 

The solution can also be obtained by superposition of infinite ampli­
tudes, similar to the case of a Fabry-Perot interferometer in optics (see 
Fig. 1.30). 

> x 

Fig. 1.30 

We need only consider the x-component of the waves. Let T12, R12 de­
note the coefficients of amplitude transmission and reflection as a wave 
goes from medium 1 to medium 2, respectively. Let T21, R21 denote 
coefficients of amplitude transmission and reflection from medium 2 to 
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medium 1. Take the amplitude of incident wave as 1. Then the amplitude 
of the wave that is transmitted to medium 2 is the sum 

T = T12e~s • T21 + T12e~s -R2ie-2SR21 • T21 

+ T12e~6 • (R21e-25R21)
2 • T21 + • • • 

= T12e-5T21 [1 + R2
21 e'2S + (R&-25)2 + •••} 

= T12T21e~s l 

1-R2
21e-V 

In the above exp(—5) is the attenuation coefficient of a wave in medium 2, 
where 

6 = k't with k' = s/2mE(l-cos26)/h = V2mE sin 0/h. 

From (a) we have the coefficients of transmission and reflection 

-R12 = (fax - k2x)/(klx + k2x), 

T12 = 1 + R12 = 2k1/(klx + k2x). 

As 

k\x = v2mE cos 0/h, 

we find 

k2x = ik' = i v2mE sin 0/h, 

T12 = 2klx/(klx + k2x) = 2
Q

COS0. = 2 cos 6e-ie, 
cos 0 + i sin 0 

2» sin 0 
T21 = 2k2x/(klx + k2x) = , . = 2i sin 0e-ie, 

cos 0 + i sin 9 

r. /, T x /,, , N i sin 0 — cos 0 _,,-, 
-R21 = (^2x - klx)/(klx + k2x) = . . = e •"", 

i sin 0 + cos # 

and hence 

r rr> rri — ^ **• 

= -i i2-i2ie 1 - iJlje-2* 

4i cos 0 sin Oe 2ld • e fc* 
I _ e -4 i0 e -2 f c ' t 

2is in26 'e- 2 i ee- f c ' t 

J __ e - 4 i 0 e - 2 f c ' t ' 
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The transmissivity is therefore 

,„ ,o 4 sin226>e-2fc'* 
1 1 ( i _ e-2fc ' t c o s 4 5,)2 + (e-2fc't s i n 4 6i)2 

_ 4 sin2 26e-2k>t 

~ 1 + e-4fc't _ 2 e-2 f e ' ' cos 40 

4 sin2 20 
~~ e2fc't + e-2fc't _ 2 cos 40 ' 

and the reflectivity is 

4 sin2 20 
1 - | T | 2 = 1 -

e2k't + e-2fc't _ 2 COS 40 

e2fc't + e-2fc ' t _ 2 

e2fc't + e-2fc ' t _ 2 COS 4 0 ' 

where k' = \/2mE sin 6/h. 

1057 

Find the wave function for a particle moving in one dimension in a 
constant imaginary potential — iV where V <S E. 

Calculate the probability current and show that an imaginary potential 
represents absorption of particles. Find an expression for the absorption 
coefficient in terms of V. 

(Wisconsin) 

Solution: 

The Schrodinger equation is 

ihdip/dt = (p2/2m - iV) ip. 

Supposing V = exp(—iEt/h) exp(ikx), we have k2 = (2mE/h2)(l + 
iV/E). As V < E, 

2mE ( . V 
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and hence 

ip±(x, t) = exp 
2mE V 

h2 2E' 
exp I ±i 

2mE \ ( iEt 

~WX exp[-T 
where ip+ and V- refer to the exponentially attenuated right- and left-
traveling waves respectively. The probability current is 

j =Re ( V>* 2. A = Re U* — i/> ) = Re 
2mE V 

h2 E 

m 
2mE 

h2 exp q= 
2mE V 

h2 E' 

These are the exponentially attenuated currents in the respective direc­
tions. The absorption coefficient is then 

1 dj_ 

j dx 
dh\j 

dx 
2mE V 

h2 ~E 

The imaginary potential iV is responsible for the absorption of the 
particle, since the exponent in j would be imaginary. Hence there would 
be no absorption if V were real. 

1058 

Let the solution to the one-dimensional free-particle time-dependent 
Schrodinger equation of definite wavelength A b e ^ i ( i , t ) as described by 
some observer O in a frame with coordinates (x, t). Now consider the same 
particle as described by wave function ip1{x', t') according to observer O' 
with coordinates (x', t') related to (x, t) by the Galilean transformation 

x' = x — vt, 

t' = t. 

(a) Do tp(x, t), tp' (x', t') describe waves of the same wavelength? 
(b) What is the relationship between tp(x, t) and ip' (x', t') if both sat­

isfy the Schrodinger equation in their respective coordinates? 
{Berkeley) 
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Solution: 

(a) The one-dimensional time-dependent Schrodinger equation for a free 
particle 

ihdtip(x, t) = {-h2/2m)dlxp{x, t) 

has a solution corresponding to a definite wavelength A 

ip\(x, t) = exp [i (kx — ut)] 

with 

A = 27r/fc = 2irh/p, u = Kk2/2m. 

As the particle momentum p is different in the two reference frames, the 
wavelength A is also different. 

(b) Applying the Galilean transformation and making use of the Schro­
dinger equation in the (x', t') frame we find 

ihdtip' (x', t') = ihdtijj' (x - vt, t) 

= ih[d'ti>'(x',t')-vd'xrP'(x',t')] 

= -~d'x
2iP'(x',t')-ihvd'xi>'(x',t') 

h2 

= -— d%ip'(x-vt, t) - ihvdxip'(x - vt, t). (1) 

Considering 

ihdt[e^kx-ut)xl)'{x',t')} 

and 

2 *Ld2[Skx-„t)^{x^tl)] 

= - j - e^kx-^ (-fc2V' + 2ikdxiP' + d2
xi)>') 



Basic Principles and One-Dimensional Motions 97 

making use of Eq. (1) and the definitions of k and u>, we see that 

-—d2
x [e

imvx'h e-imv'tw^ (x _ v t> t)] 

= ihdt [eimvx/h
 e - i m " a * / 2 V [x - vt, t)]. 

This is just the Schrodinger equation that ip(x, t) satisfies. Hence, 
accurate to a phase factor, we have the relation 

tp(x, t) = ip' (x — vt, t) exp 

1059 

A particle of mass m bound in a one-dimensional harmonic oscillator 
potential of frequency LJ and in the ground state is subjected to an impulsive 
force p5(t). 

Find the probability it remains in its ground state. 
(Wisconsin) 

Solution: 

The particle receives an instantaneous momentum p at t = 0 and its 
velocity changes to p/m instantaneously. The duration of the impulse is, 
however, too short for the wave function to change. Hence, in the view of 
a frame K' moving with the particle, the latter is still in the ground state 
of the harmonic oscillator %J)Q(X'). But in the view of a stationary frame 
K, it is in the state tpo{x') exp(—ipx/h). We may reasonably treat the 
position of the particle as constant during the process, so that at the end 
of the impulse the coordinate of the particle is the same for both K and 
K'. Hence the initial wave function in K is 

•00 = V"o (x) exp (-ipx/h). 

Thus, the probability that the particle remains in its ground state after 
the impulse is 

mv 
mvx 
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2 

Po = (-00 | exp [j-i —j | ip0) 

-—i r - " ^ - ^ d s 

exp - 2a27i2 

= exp \2mojhJ 

where a = y/mcj/h. 

a 
exp -or [x + 

ip V 
2a2ft/ 

dx 

1060 

An idealized ping pong ball of mass m is bouncing in its ground state on 
a recoilless table in a one-dimensional world with only a vertical direction. 

(a) Prove that the energy depends on m, g, h according to: e = Kmg 
(m2g/h2)a and determine a. 

(b) By a variational calculation estimate the constant K and evaluate 
e for m = 1 gram in ergs. 

{Princeton) 

Solution: 

(a) By the method of dimensional analysis, if we have 

U+2<*[5]l+« 
m 

£ = 
[h] 2 a 

or 
[L? \L] l - 3 a 

[T]2 [T]2 

then a = — j . Thus, provided a = — ̂ , the expression gives the energy of 
the ball. 

(b) Take the x coordinate in the vertical up direction with origin at the 
table. The Hamiltonian is 

H PL 
2m 

+ mgx 
2m dx2 + mgx, 

file:///2mojhJ


Basic Principles and One-Dimensional Motions 99 

taking the table surface as the reference point of gravitational potential. 
Try a ground state wave function of the form ijj = x exp (—Xx2/2), where 
A is to be determined. Consider 

(H) - ^ ; H f 

_ J0°° xe-^l* ( - £ £ +Tngs) a e - ^ / » d x 

J0°° x2e~Ax2 dx 

3fi2 , 2mp 
4m v/^Ai/2 ' 

2 

To minimize (if), take ^ = 0 and obtain A = (j^j* • 

The ground state energy is then 

giving 

Numerically 

(H) =3(3/4*)1/3mg(m2g/ti1)-1'3. 

K = 3{3/4TT)1/3. 

e = 3m ( 3k2 V 
\ Anm2g J 

, 3 x 1.0542 x l ( r 5 4 V 
3 x 980 x 

4?r x 980 / 

= 1.9 x 10_16erg. 

1061 

The following theorem concerns the energy eigenvalues En (E\ < E^ < 
E$ < . . . ) of the Schrodinger equation in one dimension: 

Theorem: If the potential Vi (x) gives the eigenvalues E\n and the po­
tential Vi (x) gives the eigenvalues Ein and V\ (x) < V2 (x) for all x, then 

Eln < E2n-

(a) Prove this theorem. 
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Hint: Consider a potential V(X, x), where V(0, x) = V\ (x) and V(l, x) 
V2(x) and OV/dX > 0 (for all x), and calculate dEn/dX. 
(b) Now consider the potential (Fig. 1.31) 

U(x) 

U(x) 

kx2/2, 

ka2/2, 
< a, 

> a. 

Uix) 

- » • * 

•a 0 a 

Fig. 1.31 

We want to determine the number of bound states that this potential 
can hold. Assume this number N is 3> 1. It may be helpful to draw a 
qualitative picture of the wave function for the highest bound state. 

Choose a solvable comparison potential and use the theorem above to 
determine either a rigorous upper bound to N or a rigorous lower bound 
to N. (Both can be done but you are asked for only one.) 

(Berkeley) 

Solution: 

(a) Define V(X, x) = XV2(x) + (1 - X)V1(x). Obviously V(0, x) = 
Vi (x), V(l , x) = V2 (x), dV/dX = V2 (x) - Vi (x) > 0. The Hamiltonian is 
then 

H(X)=p2/2m + V(X,x), 

and the eigenequation is 

H(X)\n,X)=En(X)\n,X), 

where En (A) = (n, A | H(X) | n, A). As 
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dEn(X)/d\ = — [(n, A|tf(A)|n, A)] 

= (nX | dV(X)/dX \ nX) 

= J ^ \*n(x, X)\2dx>0, 

we have E\n = En(0) < En(l) = E-m, and the theorem is proved. Note 
that we have used (nX \ nX) = 1. 

(b) Let V(x) = kx2/2. Then V(x) > U{x). If En is an energy level 
for the potential U(x), then En < (n + 1/2) fiw, where w = y/k/m. For a 
bound state, En < ka2/2. Solving (N + 1/2) Hw < ka2/2, we find 

muja? 
2h \ ' 

where [A] indicates the maximum integer that is less than A. 
We now choose for V(x) a square well of finite depth, 

V[x) = ka2/2, | x | > a, 

V(x)=0, | x | < a . 

The number of bound states of U(x) is less than that of V(x), which 
for the latter is [2muja2/nh] + 1. We can take the upper bound to the 
number of bound states of U(x) as [2mu>a2/irH] as for ./V 3> 1 the term 1 
can be neglected. Taken together, we get that the number of bound states 
is between [muta2/2h] and [2mLja2/Trh]. 

1062 

For electronic states in a one-dimensional system, a simple model Hamil-
tonian is 

N N 

H = 5 2 ^ | n > < n | + ^ W { | n ) < n + l H - | n + l ) < n | } , 
n=l n= l 

where \n) are an orthonormal basis, (n | n') = 5nn>; EQ and W are pa­
rameters. Assume periodic boundary conditions so that | N + j) = \j). 
Calculate the energy levels and wave functions. 

(Wisconsin) 

muja 1 
N < 

~ 2h 2 
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Solution: 

From the fact that | n) form a complete set of orthonormal functions, 
where n = 1, 2, 3, . . . , iV, and 

N N 

H = J2 Eo I n) (n | + J2 W{ \ n) (n + 11 + | n + 1) (n \ } , 
n=l n = l 

or 

H = E0 + W(A + A+), 

with 
N N 

A=Y,\n)(n + l\,A+ = Y,\n + 1 ) ^ \ ' 
n=l n = l 

and 

A\n) = | n - l ) , A + | n ) = | n + l ) , 

AA+ = A+A = 1, or A+ = A~x, 

we know that H,A and A+ have the same eigenvectors. Hence we only 
need to find the eigenvectors and eigenvalues of the operator A+ to solve 
the problem. As 

Aklk = {k'\A\k) =(Sfc',fe_i, 

We have 

A = 

/ 0 1 0 • • 0 \ 

0 0 1 - - 0 

0 0 0 1 - • 

. . . . 0 1 

M 0 0 • • 0/NxN 
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and so 

A -XI 

/ - A 1 0 • 

0 -A 1 • 

0 0 -A 1 

0 \ 
0 

-A 1 

i.e., 

giving 

V 1 0 0 • • - A / NxN 

det {A - XI) = (-X)N + (-l)N+1 = (-1)N (XN - 1) = 0, 

Xj = e*' , 0j = ^ j , j = 0, 1, 2, . . . ,N - 1. 

If |i5) are the same eigenvectors of the operators A and A+, i.e. 

A\Ej) = Xj\Ej), A+\Ej) = -\Ej), 

then 

H\Ej) = E0 + W [Xj + A J . \Ej) 

= {E0 + 2W cos 6j) \Ej). 

Hence the eigenvalues of H are 

O-TT 

Ej = E0 + 2W cos 6j;, with Oj = — j , (j = 0, 1, 2, . . . , N - 1). 

The corresponding eigenfunctions can be obtained from the matrix equa­
tions 

(A-Xj)\Ej)=0. 

Thus 
/ l \ 

\Ei) 
y/N 

ei2e* 

{eHit-ito/ 
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or 

\Ej) = ^=JZei{n~l)9i\n)-
* n = l 

1063 

Give a brief discussion of why there are energy bands in a crystalline 
solid. Use the ideas of quantum mechanics but do not attempt to carry 
out any complicated calculations. You should assume that anyone reading 
your discussion understands quantum mechanics but does not understand 
anything about the theory of solids. 

(Wisconsin) 

Solution: 

A crystal may be regarded as an infinite, periodic array of potential 
wells, such as the lattice structure given in Problem 1065. Bloch's theo­
rem states that the solution to the Schrodinger equation then has the form 
u(x)ex.p(iKx), where K is a constant and u(x) is periodic with the pe­
riodicity of the lattice. The continuity conditions of u(x) and du(x)/dx 
at the well boundaries limit the energy of the propagating particle to cer­
tain ranges of values, i.e., energy bands. An example is given in detail in 
Problem 1065. 

1064 

A particle of mass m moves in one dimension in a periodic potential of 
infinite extent. The potential is zero at most places, but in narrow regions 
of width b separated by spaces of length a (b <C a) the potential is Vo, where 
Vo is a large positive potential. 

[One may think of the potential as a sum of Dirac delta functions: 
oo 

V(x)= Y, V0b5{x — na). 
n——oo 

Alternatively one can arrive at the same answer in a somewhat more 
messy way by treating the intervals as finite and then going to the limit. ] 

(a) What are the appropriate boundary conditions to apply to the wave 
function, and why? 
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(b) Let the lowest energy of a wave that can propagate through this 
potential be EQ = T?k\j2m (this defines fco). Write down a transcendental 
equation (not a differential equation) that can be solved to give fco and thus 
E0. 

(c) Write down the wave function at energy EQ valid in the region 0 < 
x < a (For uniformity, let us choose normalization and phase such that 
tp(x — 0) = 1). What happens to the wave function between x = a and 
x = a 4- 6? 

(d) Show that there are ranges of values of E, greater than Eo, for which 
there is no eigenfunction. Find (exactly) the energy at which the first such 
gap begins. 

(Berkeley) 

Solution: 

(a) The Schrodinger equation is 

ft2 d2 V ^ T ^ X / 

+ y . Vobo(x — na) 
ip(x) = Etl>(x). 

2m dx2 

Integrating it from x = a — e to x = a + £ and letting e —¥ 0, we get 

ip' (a+) - V' (a~) = 2Jty(a), 

where SI = mVob/h2. This and the other boundary condition 

V>(a+)-V(a") =0 

apply to the wave function at x = na, where n = - c o , . . . , —1, 0, 1, . . . , 
+ 00. 

(b) For x 7̂  na, there are two fundamental solutions to the Schrodinger 
equation: 

ui(x) = eihx, u2(x) = e~ikx, 

the corresponding energy being 

E = h2k2/2m. 

Let 
V> (i) = Aeikx + Be-ikx, 0 < x < a. 
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According to Bloch's Theorem, in the region a < x < 2a 

ip(x) = eiKa [Aeik{x~a) + Be-ik<-x~a)], 

where K is the Bloch wave number. The boundary conditions give 

eiKa (A + B)= Aeika + Be~ika^ 

ikeiKa (A-B) = ik (Aeika - Be~ika) 

+ 2n{Aeika + Be~ika). 

For nonzero solutions of A and B we require 

piKa pika piKa p — ika 

ikelKa - {ik + 2ft) elka -ikelKa + (ik - 20.) e 0 — ika = o, 

or ft 
cos ka + — sin ka = cos Ka, 

k 

which determines the Bloch wave number K. Consequently, the allowed 
values of k are limited to the range given by 

ft 
cos ka + — sin ka < 1, 

k 

or 
ft 

cos ka + —• sin ka ) < 1. 

fco is the minimum of k that satisfy this inequality, 
(c) For E = Eo, 

ip(x)=Aelk0X + Be — ikox 0 < x < a, 

where fco = y-
Normalization ip (x = 0) = 1 gives 

/2mEo 
h • 

ip (x) = 2i A sin k0x + e~ikoX, 0 < x < a. 

The boundary conditions at x = a give 

eiKa =2iAsmk0a + e-ikoa, 
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So 

2iA = {eiKa - e- i feo°)/sin k0a. 

Mx) = (eiKa - e-ikoa) $ ^ + e~ik°x, 0 < x < a. 
s in KQCL 

For x € [o, a + b], the wave function has the form exp (±fci, x), where 

fei = y/2m(V0 - Eo)/tL 

(d) For ka — mr + 6, where 5 is a small positive number, we have 

n 
cos ka + — sin ka 

k 

n 
cos (mr + 5) + — sin (mr + 5) 

i 5* n x < l . 

When S is quite small, the left side « 1 + fW/A; > 1. Therefore in a certain 
region of k > nn/a, there is no eigenfunction. On the other hand, ka = mr 
corresponds to eigenvalues. So the energy at which the first energy gap 
begins satisfies the relation ka = ir, or E = Tr2h2/2ma2. 

1065 

We wish to study particle-wave propagation in a one-dimensional peri­
odic potential constructed by iterating a "single-potential" V(x) at inter­
vals of length I. V(x) vanishes for | x \ > 1/2 and is symmetric in x (i.e., 
V{x) = V{—x)). The scattering properties of V(x) can be summarized as 
follows: 

If a wave is incident from the left, ip+(x) = exp(ifcx) for x < —1/2, 
it produces a transmitted wave ip+(x) = exp (ikx) for x > 1/2 and a re­
flected wave ip-{x) = exp(—ifcx) for x < —1/2. Transmitted and reflected 
coefficients are given by 

W _ V + ( - | ^ | ) " 2 l + J' m ^ 2 ' 

Z R(x) - ^ - H ^ l ) ~ I e» fcM \e2iSe 
K{X}-TP+{-\x\)~2e [e 

o2i60-\ X > 
2 ' 
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and Se and SQ are the phase shifts due to the potential V(x). Take these 
results as given. Do not derive them. 

Now consider an infinite periodic potential V ^ z ) constructed by iter­
ating the potential V(x) with centers separated by a distance I (Fig. 1.32). 
Call the points at which Voo(a;) = 0 "interpotential points". We shall 
attempt to construct waves propagating in the potential V^o(a;) as super­
positions of left- and right-moving waves <j>+ and <j>-. 

Vnlx) 
1 

-1/2 0 ''2 T 

Fig. 1.32 

(a) Write recursion relations which relate the amplitudes of the right-
and left-moving waves at the nth interpotential point, <p±, to the amplitudes 
at the (n - l)th and (n + l) th interpotential points, 0± _ 1 and <£±+1. 

(b) Obtain a recursion relation for <£_ or <fr+ alone by eliminating the 
other from part (a). 

(c) Obtain an expression for the ratio of amplitudes of </>+ to 4>- at 
successive interpotential points. 

(d) Find the condition on k, 5e and <5o such that traveling waves are 
allowed. 

(e) Use this result to explain why it is "normal" for conduction by 
electrons in metals to be allowed only for bands of values of energy. 

(MIT) 

Solution: 

For the wave incident from the left, the potential being V(x), let 

i>t+=t<]>+eikx, t=±(ei2S<+ei25°); 

Vv- = r<f>-e~ikx, r = ]- {ei25< - e i2*°). 
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For the wave incident from the right, let the transmission and reflection 
coefficients be t' and r' respectively. It can be shown that t' = t, r' = 
—r*t/t*. In the periodic potential, the transmission and reflection co­
efficients at adjacent interpotential points have relations tn = tn-i and 
Tn = rn-\ exp (i2kl). So the transmission coefficient can be denoted by a 
single notation t. 

(a) The waves at adjacent interpotential points are as shown in 
Fig. 1.33. Obviously, only the reflection term of 0™ and the transmission 
term of <A"-1 contribute to $™: 

Similarly, 

Thus we have 

4>l=r'n.14>n_+t<f>l-1. (1) 

^ = r n ^ + i ' C + 1 . (2) 

<j>l=ei2klr'n<f>n-+t<f>l'\ (3) 

4>1 = rn<S>n
+ + t(j>n-+l • ( 4 ) 

Fig. 1.33 

(b) With n replaced by n + 1, Eq. (1) gives 

r+
+1 = r'nr-+1+tcf>n

+. (5) 
Equations (3), (4), (5) then give 

+ 1 + t2ei2kl - rnr'ne
i2kl ' 
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Let r0 = r. Then rn = r exp(i2nM). Assume r'n — —r*ntjt*. Then 
r'n = r' exp (—i2nkl). Hence 

*^+ 1 + f 2 e i2H _ rri ei2kl ' W 

Similarly, 

™- 1 + t2 ei2W — rr' ei2kl ' 

(c) As the period of the potential is I, if ip(x) is the wave function in the 
region [xn-\, xn], then ip(x — I) exp (iS) is the wave function in the region 
[xn, xn+i]. Thus 

( (pl+1 = e ^ - f c ' ) ^ , 

Let cn = 0™ /</>"• From (4) and (5) we obtain respectively 

Using (7), (9) can be written as 

An » J.n "r £ C n j 
0!! 

or, using (8), 

Cne yl fn^n) = ^ n U ^n^n) ~r £ C n ; 

rnC2 + (tV2*< - r „ < e i 2 W - 1) cn + r-^2*' = 0. 

Solving for cn we have 

_ (1 + rr'ei2kl - <V2fc') ± VE 
cn — — , 

2rn 

(7) 

<t>-+1 
1 = rncn +1 —— , (8) 

. n + l ^ n + 1 

^ = ^ ^ r - + ^ - (9) 
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where 

A = (tV2fc i - rnr'ne
i2kl - l ) 2 - 4rnr'ne

i2kl 

= (t2ei2kl - rr'ei2kl - l ) 2 - 4rr'ei2kl. 

(d) The necessary condition for a stable wave to exist in the infinite 
periodic field is 

oo where Si is real and independent of n. If this were not so, when n 
one of 0" and 4>+ would be infinite. From (7), we see that 5\ = 5 — kl 
Prom (6), we obtain 

1 + t2ei2fci _ r r / e i2fci = t 

= t[ei{kl~s) +ei(-kl+s)]. 

Substituting r' = —r*t/t* in the above equation and using rr* +tt* = 1, 
we obtain 

2tt* cos S, teikl + t*e~ikl 

which means 
telM + t*e 

2tt* 

-ikl 
< i . 

or, using the definition of t, 

cos (2<5e + kl) + cos (2£0 + kl) 
l+cos[2(J e -<5 0 ) ] 

COS (i5e + SQ + kl) 

< 1 , 

i.e.. 

cos(Se - S0) 
< 1. 

In general, only some of the values of A; satisfy the above inequality, 
i.e., only energy values in certain regions are allowed while the others are 
forbidden. Thus we obtain the band structure of energy levels. 

(e) In metals, the distribution of positive ions is regular and so the 
conduction electrons move in a periodic potential, (d) Shows that the 
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electron waves can only have certain k values, corresponding to bands of 
electron energies. 

1066 

You are given a real operator A satisfying the quadratic equation 

A2 - 3A + 2 = 0. 

This is the lowest-order equation that A obeys. 

(a) What are the eigenvalues of A! 
(b) What are the eigenstates of Al 
(c) Prove that A is an observable. 

(Buffalo) 

Solution: 

(a) As A satisfies a quadratic equation it can be represented by a 2x2 
matrix. Its eigenvalues are the roots of the quadratic equation A — 3A + 2 = 
0, Ai = 1, A2 = 2. 

(b) A is represented by the matrix 

HID-
The eigenvalue equation 

G!) CM:) 
then gives a — 1, b = 0 for A = 1 and a = 0, b = 1 for A = 2. Hence the 
eigenstates of A are (J) and (1) . 

(c) Since A = A+, A is Hermitian and hence an observable. 

1067 

If | -0q) is anY eigenstate of the electric charge operator Q corresponding 
to eigenvalue q, that is to say, 

Q\^q)=<l\^q), 
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the "charge conjugation" operator C applied to \tpq) leads to an eigenstate 
| ip-q) of Q corresponding to eigenvalue — q: 

c | v , > = IV'-,>. 

(a) Find the eigenvalues of the operator CQ + QC. 
(b) Can a state simultaneously be an eigenstate of C and of Q? 

(Chicago) 

Solution: 

(a) Let 

Then 

(CQ + QC) \1>q)=qC\1>q)+Q\1>-q) = q\il>-q)-q\il>-q) = 0. 

Thus the eigenvalue of the operator CQ + QC is zero. 
(b) As C is the charge conjugation transformation, CQC~X = —Q, or 

CQ + QC — 0, i.e., C and Q do not commute (they anticommute) they 
cannot have common eigenstates. (Unless q = 0, in which case it is quite 
meaningless to introduce charge conjugation.) 

1068 

A quantum-mechanical system is known to possess only two energy 
eigenstates denoted |1) and |2). The system also includes three other ob-
servables (besides the energy), known as P, Q and R. The states |1) and 
12) are normalized but they are not necessarily eigenstates of P, Q or R. 

Determine as many of the eigenvalues of P, Q and R as possible on the 
basis of the following sets of "experimental data". [Warning: one data set 
is unphysical.] 

( a ) ( l | P | l ) = l /2 , ( l | P 2 | l ) = l /4 . 
(b) (11 Q 11> = 1/2, ( l | Q 2 | l ) = l /6 . 
( c ) < l | f l | l ) = l, ( l | f l 2 | l ) = 5/4, ( l | f l 3 | l ) = 7 / 4 . 

(MIT) 
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Solution: 

We are given three observables P, Q, R, which satisfy the Hermiticity 
(n\P\m) = (m\P\n)*, and that the mechanical system has a complete 
set of energy eigenstates |1) and |2). 

(a) The completeness of the two states and the "experimental data", 
give 

P | l ) = i | l ) + a | 2 ) , 

where a is a constant to be determined. The orthogonality of the eigenstates 
and the Hermiticity of P give 

( l | P | 2 ) = i ( l | 2 ) + a 2 (2 |2) = a*. 

So we have 

P | 2 ) = a * | l ) + / ? | 2 ) , 

where (3 is to be determined. Then 

P 2 |1) = P ( P |1)) 

= i P |1) + aP |2) = (1/4 + a*a) |1) + (a/2 + a/3) |2>. 

As P 2 | l ) = \ according to experiment, a*a = 0 and hence a = 0. 
Therefore, 

i.e., at least one of the eigenvalues of P is 1/2. 
(b) Let 

Q|l) = i | l ) + 7 | 2 ) , 

where 7 is to be determined. By a similar procedure, we get 7*7 = 1/6 — 
1/4 < 0. So this data set is unphysical and the eigenvalue of Q could not 
be determined. 

(c) As (1 | i l | l ) = 1, we can write 

P | l ) = | l ) + A | 2 ) , 
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where A is to be determined. Then 

<1|J2|2) = <1|2> + A*<2|2) = A', 

showing that 

fl|2) = A*|l)+7,|2>. 

where 77 is to be determined. Consider 

/?2 |1) = .R|1) + A#|2) 

Then 

we have 

and so 

and 

= |1) + A|2)+AA*|1) + Ar?|2). 

( l | f l 2 | l ) = l + AA* = ^ 

AA* = -
4 

A = - exp(i5), 

R\2) = \e-iS\\)+r1\2), 

,R2 |1> = 1 1 1 > -H- I (1 -h 77) e i 5 | 2> . 

It follows also 

i ? 3 | l ) = ^ | l ) +l-(l+T1)e
i5R\2) 

= | | l ) + | e « | 2 ) + i ( l + r 7 ) | l > 

+ \{\+ri)r)e
ii\2). 
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Experimentally (11 R3 |1) = \. Thus f + \ (1 + v) = f, giving 77 = 1. 
Hence on the bases |1) and |2) the matrix of R is 

1 | e - j 

i e « 1 

To find the eigenvalues of R, solve 

1 - A \ e~iS 

\ei& 1 - A 
= 0, 

i.e., (1 — A)2 — 7 = (1 — A — \) (1 — A + h) = 0, and obtain the eigenvalues 

of i ? - 2> 2-

1069 

For a charged particle in a magnetic field, find the commutation rules 
for the operators corresponding to the components of the velocity. 

(Berkeley) 

Solution: 

Suppose the magnetic field arises from a vector potential A. Then the 
velocity components of the particle are 

Hi = Pi/m- qAi/mc. 

Hence 

[Vi, Vj = —=• p.-I A- P--±A-
c c 

m2c 

ihq 
/ ,£jjkBk, 
k=i 

where £ijk is the Levi-Civita density, use having been made of the corre­
spondence rule pi —» 4 ^ . 
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1070 

Using the coordinate-momentum commutation relation prove that 

y ^ (En - E0) \{n | x 10)2 = constant, 

where En is the energy corresponding to the eigenstate |n). Obtain the 
value of the constant. The Hamiltonian has the form H = p2/2M + V {x). 

(Berkeley) 

Solution: 

As 

we have 

and so 

Hence 

H = p2/2M + V(x), 

[H, X) = JM b 2 . x] = -ihp/M, 

[[H,x},x] = -^[p,x} = -h2/M. 

h2 

(m\ [[H, x], x) 1™-) = - ^ 

On the other hand, 

{m\\[H, x], x] \m) = (m\ Hx2 - 2xHx + x2H \m) 

= 2Em {m \x2 | m) - 2 (m | xHx \ m) 

= 2EmYJ\{m\x\n)\2 -2YiEn\(m\x\n)\2 

n n 

= 2Y/(Em-En)\(m\x\n)\2. 

In the above we have used 
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H \m) = Em \m), 

(m | x2 | m) = YJ (m | x | n) (n | x \ m) 
n 

= £ | < m | x | n ) | 2 

n 

{mIxifx Im) = /J(7Ti|xH \n){n\x\m) 
n 

— 2_. &n (m\x\n)(n\x\ m) 
n 

= Y,EnVjn\x\n)\*. 
n 

Equating the two results and setting m = 0, we obtain 

Y/(En-E0)\(n\x\0)\2 = h2/2M. 
n 

1071 

(a) Given a Hermitian operator A with eigenvalues an and eigenfunc-
tions un(x) [n = 1, 2, . . . , N; 0 < x < L], show that the operator exp(iA) 
is unitary. 

(b) Conversely, given the matrix Umn of a unitary operator, construct 
the matrix of a Hermitian operator in terms of Umn. 

(c) Given a second Hermitian operator B with eigenvalues bm and eigen-
functions vm(x), construct a representation of the unitary operator V that 
transforms the eigenvectors of B into those of A. 

(Chicago) 

Solution: 

(a) As A+ = A, A being Hermitian, 

{exp(iA)}+ = exp(-iA+) — exp(-iA) = {exp (iA)}-1. 

Hence exp(iA) is unitary. 
(b) Let 

^ r a n — Umn + ^nm = Umn ~r [U )mn i 
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I.e., 

c = u + u+. 
As U++ = U,C+ = C. Therefore Cmn = Umn + U*m is the matrix 

representation of a Hermitian operator. 
(c) The eigenkets of a Hermitian operator form a complete and orthonor-

mal set. Thus any | um) can be expanded in the complete set \vn): 

\um) - ^ I Wfe> {Vk I Um) = 5 3 \vk) Vkm , 
fe fc 

w h i c h defines VfcTO, 

Similarly, 

Hence 

or 

i.e., 

Vkm = f v*k (x) um (x) dx. 
Jo 

\Vn) = 5 3 \uj)(uj\vn) 
3 

= 5 3 IUJ) (Vn IUJ)* 

3 

3 

3 

») = E E i«>) Kk v«™ = E K > <w. 
3 k j 

V+V = l, 

v+ = v~\ 
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showing that V is unitary. Thus V is a unitary operator transforming the 
eigenvectors of B into those of A 

1072 

Consider a one-dimensional oscillator with the Hamiltonian 

H = p2 /2m + mw2x2/2. 

(a) Find the time dependence of the expectation values of the "initial 
position" and "initial momentum" operators 

XQ = x cos wt — {p/muj) sin wt, 

Po = P cos wt + mux sin wt. 

(b) Do these operators commute with the Hamiltonian? 
(c) Do you find your results for (a) and (b) to be compatible? Discuss. 
(d) What are the motion equations of the operators in the Heisenberg 

picture? 
(e) Compute the commutator [po, XQ\. What is its significance for mea­

surement theory? 
(Princeton) 

Solution: 

(a) Making use of the relation 

7t-m[LH]+m' 
we have 

—i—- = — [(a;) cos wt, H] — LJ{X) sin ut 
at in, 

1 
ih 

^ - sin wt, H 
mw 

(p) 
cos wt 

m 
— — [x, H] cos wt — w(x) sin wt 

ih 

[p, if] sin wt (p) cos wt = 0 , 
mw ih m 
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d(po) 1 
dt ih 

[(p) cos wt, H) — {p)tJ sin ujt 

4- — \muj(x) sin u)t, H] + mJ2{x) cos uit 
in 

1 
= — [p, H] cos ut - w(p) sin wi 

in 

mu + -—- [x, H] sin wt + muj (x) cos u>t = 0. 
in 

Thus the expectation values of these operators are independent of time. 
(b) Consider 

\xo, H] = \x, H] cos ojt '•—- sin ujt 
mo) 

ihp 
= — cos ut + injjx sin ut, 

m 

[po, H\ = [p, H] cos uit + mcj [x, H] sin ujt 

= —ihmu>2x cos wt + ihusp sin u>t. 

Thus the operators XQ,PQ do not commute with H. 
(c) The results of (a) and (b) are still compatible. For while the ex­

pressions for XQ and po contain t explicitly, their non-commutation with H 
does not exclude their being conserved. In fact 

dx0 l r , dx0 

dpo 1 r „ , , dpQ 

showing that they are actually conserved. 
(d) In the Heisenberg picture, the motion equation of an operator is 

1 BA 
dA/dt=rn[A,H] + - . 

Thus the motion equations of xo and po are respectively 

dxo/dt = 0, dpo/dt — 0. 
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(e) Using the expressions for XQ and po, we have 

[Po , %o] = [p c o s ut + mux sin uit, XQ] 

= [p, XQ] cos uit + [x, XQ] mui sin uit 

p, x cos uit sin uit 
muj 

+ x, x cos uit sin uit 
mui 

cos uit 

mui sin uit. 

= [p, x] cos2 u)t — \x, p] sin2 uit 

= - [x, p] = -ih, 

as [a;, x] = [p, p] = 0, [a;, p] = ih. 
In general, if two observables A and B satisfy the equation 

[A, B] = ih, 

then their root-mean-square deviations AA, AB, when they are measured 
simultaneously, must satisfy the uncertainty principle 

AA • AB > ^ . 

In the present case, the simultaneous measurements of position and 
momentum in the same direction must result in 

Ax • Ap> 
h 

The relation shows 

^jA~4s[A~p~l>h/2. 

It is a relation between possible upper limits to the precision of the two 
quantities when we measure them simultaneously. 


