CHAPTER ONE
VARIATIONAL CALCULUS

1.1. Introduction

The total elastic energy of a sample of a given material is obtained by inte-
grating the elastic energy density over the volume of the sample, taking into
account the surface contributions. In the simple case in which the sample is a
slab of thickness d, the total energy per unit area is given by

d/2
F:/ f(o,¢")dz + (1) +v(d2), (1.1)

—d/2

where ¢ characterizes the deformation, and ¢’ = d¢/dz is the equivalent of
the deformation tensor. In Eq. (1.1), f is the bulk elastic energy density and
¥(é1), v(é2) the surface energy density, with ¢1 = ¢(—d/2) and ¢2 = #(d/2).
According to general principles, the stable state is the one minimizing Eq. (1.1).
F which is given by Eq. (1.1) is the number associated to the function ¢(z),
i.e. a functional. It is a generalization of the concept of function, where to a
number corresponds a number.

The technique by means of which it is possible to find the function extrem-
izing Eq. (1.1) is analyzed in this chapter devoted to the variational calculus.

We shall consider first the standard problem, where ¢; and ¢o are fixed on
the boundaries. This corresponds to the case in which the surface contribution
are very large with respect to the bulk contribution in Eq. (1.1):
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2 An Elementary Course on the Continuum Theory ...

d/2
7>>/ f(¢,¢')dz.

—d/2

The more general case in which the two contributions are of the same order
will also be analyzed. This represents the so-called weak anchoring, where the
values of ¢; and ¢, depends on the bulk distortions. We shall consider then
cases in which f depends also on ¢, obtaining the new bulk differential equa-
tions. Special attention will be dedicated to well-posed and ill-posed problems.
An extension of the calculations to cases such as f = f(¢, ¥, ¢',1¢’), or to cases
in which ¢ = ¢(z, z) is also reported.

1.2. Standard Variational Problem: Strong Anchoring
Determine the function ¢(z) € Cy extremizing the functional
/2
P = [ 719(:), 6/ 2, (12
—d/2

and assuming the values
o(z = —d/2) = By, Bz = d/2) = Bs, (13)

on the boundaries. This case, in which the values of the unknown function
¢(z) are fixed on the border, is the so-called strong-anchoring situation.

Solution

Let ¢(z) € C} be the function minimizing Eq. (1.2) and satisfying the boundary
conditions (1.3), and ¢(z) € C, a function close to ¢(z) and satisfying the same
boundary conditions (1.3) (see Fig. 1).

From now on, ¢(z) close to ¢(z) means that

3(2) = ¢(2) — d(2) (1.4)

is a small quantity, i.e. |d¢(z)] < 1, Vz € [—d/2,d/2]. Since, for hypothesis,
¢(z) is the function minimizing Eq. (1.2), it follows that

Flp(2)] > Flo(2)].- (1.5)
Let us choose ¢(z) close to ¢(z), in the following way:
$(2) = $(z) + av(z), (1.6)
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Fig. 1. (z) is the function extremizing the functional F' and ¢(z), a function close to it.
In the strong-anchoring case under consideration ¢(+d/2) = ¢(+d/2), i.e. the arbitrary
function v(z), vanishes for z = +d/2.

where v(z) € C is an arbitrary function and « a small parameter. By using
Eq. (1.6), the functional Eq. (1.2) may be rewritten as

d/2 5 5
Flo(z)] = / o 1) #0002, 812) + el 215 2J. (17)

Equation (1.7) shows that F[¢(z)], considered as an ordinary function of the
parameter « for hypothesis, has to reach its minimum value for @ = 0. Hence,

d/2 B B
{d / f[¢(2)+av(2),¢’(2)+av’(2);Z]dZ} 0.  (18)

da —d/2

a=0
By using elementary theorems on the derivation of functions defined by means
of integrals, from Eq. (1.8) we obtain

d/2 8f8¢ af a¢/ B
/—d/g {87;68_0[ + 8_q5’8_a] a0 z=0. (1.9)

The quantities d¢/0a and ¢’ /Da may be easily evaluated from Eq. (1.6), and
they are found to be

o'

90 =v(z), B =v'(2).

Consequently, the condition (1.9) can be rewritten in the form

V2 rof of _
/d/2 |:8_QN5U(Z) + a—&v (2)|dz=0. (1.10)
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4 An Elementary Course on the Continuum Theory ...

Equation (1.10) tells us that ¢(z) minimizes F, if the first variation of F,

defined by
F
61F = (g—a> «,
a=0

vanishes Vv(z) € C;. On the other hand, since

L) = 4 [ 550 - | 2oL

v(z),

o a: log" dz 94
Equation (1.10) may be rewritten in the following manner:
/2 1d/2
/ [a—]f — ia—f} v(z)dz + [a—fv(z) =0. (1.11)
~d/2 L0 dz ¢/ 09" 1 a2

In the strong-anchoring case, the values of ¢(z = £d/2) are fixed. This
implies that not only ¢~5(z), but also all the ¢(z) have to satisfy the boundary
conditions (1.3). If we take into account Eq. (1.6), it follows that the function
v(z) has to satisfy the boundary conditions

v(z==4d/2)=0.
Consequently, Eq. (1.11) is simply written as
Y2 1of  d 9
/ [—Jf - ——f} v(z)dz =0, Vu(z)eC. (1.12)
—d/j2 L0  dz ¢

From Eq. (1.12), it follows that the minimizing function ¢(z) we are looking
for has to be a solution of the differential equation (Euler-Lagrange equation),

Y28 o, vae(-d/2,d/2), (1.13)

and to satisfy the boundary conditions (1.3). Since F' = f(¢, ¢'; z), Eq. (1.13)
is an ordinary differential equation of the second order, which has to be solved
with the boundary conditions (1.3). In the case in which f is of the kind

f = f(¢/7 Z) ’
i.e. independent of ¢, the quantity

_of
- o¢

m
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Variational Calculus 5

is independent of z, as it follows from Eq. (1.13). Furthermore, in the case in
which f does not depend explicitly on the z coordinate, the quantity

g2
p=dgs 1. (114)

is independent of z. In fact, if f = f(¢, '), from Eq. (1.14), it follows that

dp //a_f+ ,d Of df

P P Y
_ //a_f /ia_fiﬂ liﬂ//
=% TP oy 960 oy
_ | 20f Of] _
=9 {dzaqb’aqb} ’

because ¢(z) has to satisfy Eq. (1.13).

The calculations reported above show that the function extremizing the
functional Eq. (1.2) has to satisfy the Euler-Lagrange equation and the bound-
ary conditions (1.3). In order to know if the extremizing function, solution of
Eq. (1.13), minimizes or maximizes Eq. (1.2), it is necessary to evaluate the
second variation of F', defined as

1 (9%F )
= () o

and to analyze its sign. This will be done in Sec. 1.5.
As an example, let us consider the case in which

716,821 = 3 K(2)6” + U (), (1.15)

which will be widely analyzed in the following. In the continuum theory of ne-
matic liquid crystals (NLC), K (z) is a material parameter describing the elastic
properties of the medium. The second addendum describes the anisotropic in-
teraction between the liquid crystal and an external field. Hence, the function
U(z) takes into account the external field and some anisotropy of the liquid
crystal with respect to this field. If K (z) and U(z) are continuous functions in
the range —d/2 < z < d/2, the function ¢(z) extremizing Eq. (1.2), where f is
given by Eq. (1.15), is a solution of the Euler-Lagrange Eq. (1.13) satisfying
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6 An Elementary Course on the Continuum Theory ...

the boundary conditions (1.3). The bulk differential equation writes for the
present case as

LIK(:)0(2) - U(2)(z) = 0. (1.16)

The solution of Eq. (1.16) is a continuous function.

A simple analysis shows that all discontinuous functions ¢(z) are such that
F[¢] > F[¢], where ¢ is the solution of Eq. (1.16) with the boundary conditions
(1.3).

In fact, let ngﬁ be a discontinuous function of the kind shown in Fig. 2, in

the limit e — 0. Hence, the functional F[¢] can be evaluated as follows:

. z*—e/2 z"+€e/2 d/2
F[§] = lim Fl¢] = lim {/ fdz+/ fdz—i—/ fdz} .

=0 =0 (J—d/2 /2 “te/2
(1.17)
For —d/2 < z < z*—¢/2 and z*+¢/2 < z < d/2, the function ¢ is continuous.
Let us put
. z"—e/2 d/2
F,[¢] = lim / fdz +/ fdz p, (1.18)
€—0 —d/2 z*4€/2
@ (b)
¢ ¢
d)z (bz
Ad Ad

ge
?

-df2 z' d2 z -df2 z d2 z
Z-ep Z¥ep2

Fig. 2. (a) A function presenting a discontinuity in z* such that q;(zj_) —d(z*) =A¢, (b) a
continuous function ¢(z) such that lim¢_,o ¢(z) = ¢. Note that for z* — /2 < z < z* +¢/2,
#'(2) = Ag/e.

AN ELEMENTARY COURSE ON THE CONTINUUM THEORY FOR NEMATIC LIQUID CRYSTALS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/3557.html



Variational Calculus 7

which is a finite quantity. For all 2* —¢/2 < z < z* +¢/2, ¢' = A¢d/e, and
hence, Eq. (1.15) reads

F= %K(z) (#)2 + %U(z)qﬁg.

It follows that

2" +e€/2 1 A 2
lim fdz = lim <—<K>( ¢) > , (1.19)
e—0 2% —e/2 e—0 \ 2 €
where
1 z*+e/2
(K) = —/ K(z)dz
€ Jzr—e/2

is the average value of K (z) in the range z* — ¢/2 < z < z* + ¢/2, which is a
finite quantity. By taking into account Eqs. (1.19) and (1.18), F[¢] given by
Eq. (1.17) becomes
I S L O BN
FI61 = Ryl + ti (G2 (807)

which diverges in the considered limit. Hence,

Fig] > F(d],
showing that the function minimizing F[¢] given by Eq. (1.2) when f is of the
Eq. (1.15) kind, with K (z) and U(z) continuous, is a continuous function.

1.3. Standard Variational Problem: Weak Anchoring

Determine the function ¢(z) € C extremizing the functional

/2
Flo@) = [ 79G)6C K+ o) £ i), (120)
in which again, ¢1 = ¢(—d/2) and ¢2 = ¢(d/2). The functional of the present
problem contains, besides the usual part integrated over the thickness of the
sample d, two other terms depending only on the values of the unknown func-
tion at the boundaries +d/2. This corresponds to the so-called weak-anchoring
situation, in which the values of ¢(+d/2) are not fixed.

Solution

In the present case, ¢; and ¢2 cannot be considered fixed. If qs(z) is the
function minimizing the functional F[¢(z)] given by Eq. (1.20), a function ¢(z)
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8 An Elementary Course on the Continuum Theory ...

P (bZ
N ¢(Z) ///
, -1

¢1 - _ — o V(Z)
b | %

-df2 d/2 z

Fig. 3. ¢(z) is the function extremizing the functional F' and ¢(z), a function close to it. In
the weak-anchoring case, the values of the extremizing function on the boundaries are not
imposed. Hence, ¢(+d/2) # ¢(£d/2) and the arbitrary function v(z) does not vanish for
z = +d/2.

close to qz(z) can be of the kind shown in Fig. 3. By operating as in the Sec. 1.2,
let ¢(z) be the minimizing function, and ¢(z) = ¢(z) + aw(z), a function close
to ¢(z).

Now the values v(+d/2) are arbitrary. By indicating with ¢; = ¢(z =
—d/2) and ¢y = ¢(z = d/2), the values of the minimizing function ¢(z) at the
boundaries, we have

(1) = [d1 + av(—d/2)] and a(d2) = Y2[d2 + av(d/2)].

Consequently,

dyi(¢r) _dmddr _dn
da dTﬁw N d¢1v( 4/2),

dya(d2) _ dyadde _ dye
2ol R i), (1.21)

It follows that the quantity

/2
4 O{d / f[¢<z>,¢'<z>;z]dz+d7;fl)+d7jl(j2)} ,
a= a=0

e
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Variational Calculus 9

by taking into account Egs. (1.11) and (1.21), may be rewritten as

arl | (¥ 1of  d of

[E} az0 {/—d/2 [345 dz 8(;5’} v )dz}a—o
of dy2

@), )

of dn
* { (w)m " g,

Since ¢(z) minimizes F, we deduce that

v(—d/2)} . (1.22)

dF
5 F = <E>a_oa_0, Vu(z) € Cy.

Consequently, from Eq. (1.22), it follows that gzNS(z) is still a solution of the
differential Eq. (1.13), but now it satisfies the boundary conditions
0 d 0 d
OF dn o OF D (1.23)

BQS’ doy 0¢'  doo
for z = —d/2 and z = d/2, respectively.

In the particular case in which, for instance, y; = 0, the first boundary
condition appearing in Egs. (1.23) reads

a—‘f =0, (1.24)
¢’
for z = —d/2. This condition is usually called “condition of transversality.”

A boundary condition of this kind is present all the time if the value of the
function we are looking for is completely arbitrary at the border. This border
is called “free border.”

Since the bulk equation is the same obtained in the strong-anchoring case,
all the discussion concerning m and p remains valid in the present situation
(see Eq. (1.14)).

It is possible to derive the boundary conditions (1.23) in an alternative
way. To do this, we just have to remember that in our case, f = f(¢, ¢'; 2).
Therefore, the differential equation (1.13) is an ordinary differential equation
of the second order, whose general solution contains two integration constants
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10 An Elementary Course on the Continuum Theory ...

c1 and cp. Let us choose as integration constants, the values of the function
at z = —d/2, ¢1 = $(—d/2), and at z = d/2, ¢p2 = ¢(d/2). Hence, the general
solution of Eq. (1.13) is of the kind

¢ = ¢(¢1,b2; 2) - (1.25)

Substitution of Eq. (1.25) into Eq. (1.20) yields F' as an ordinary function of
¢1 and ¢ of the type

d/2

F[¢1,¢2]:/ F(B(1, 823 2), & (1, d2; 2); 2)dz + 71 (1) +72(2) . (1.26)

—d/2

The parameters ¢; and ¢ may be deduced by looking for the minimum of
F(¢1,¢p2). Thus, the actual values of ¢; and ¢2, which we call ¢; and ¢o, are

given by
aF(¢1a¢2) _ aF(¢17¢2)

—0. 1.27
0P 9¢2 ( |
The solutions of (1.27), gz~51 and q~52, minimize F(¢1, ¢2) if
2
( 0 F2) >0, (1.28)
a¢1,2 ¢1:($1,¢2:¢;2
and
o 2F 9°F *F_\’
s _ B >0. 1.29
(¢1,02) 91> Opo> (3(;5154252) or=b1,b2= ( !

Let us evaluate OF /0¢1, taking into account that ¢ and ¢, are independent
quantities, and hence, 9¢1/d¢2 = d¢2/0p1 = 0. Through Eq. (1.26), we obtain

6. = Do _d/2f[¢(¢1,¢2;z>,¢’(¢1,¢2;z>;z]dz+ ab (1.30)

Simple calculations give

o [ , U2 of(p,4';2)
— ;2)dz = AR
= /_d/Qf(qb,qﬁ,Z) . /_M S

d/2 of 0¢ of 8¢’
= aj dp O & ‘
/d/2 <8¢ O + GY 6¢1) z (1.31)
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Variational Calculus 11

By taking into account that

of o¢ _of d (96\ d [df 0¢ d af] 9¢
¢ 0p1  O¢/ dz (6751> Cdz [8_4#8751] - [Ea_qﬁ’]

dz
Eq. (1.31) may be rewritten as

o [? . W2 96 10f d of af a¢1Y?
il - 2)dz = | L 221y ) 7
091 /—d/2 16,45 2)dz /—d/2 01 {‘% dz aﬁbl} o {‘%' 6¢1:|—d/2

__ <a_f>
o' —d/2 ’

because ¢(z) is a solution of Eq. (1.13). Consequently, Eq. (1.30) is equivalent

v oF 9 d
oF _ <_f) L (1.32)
—d/2

g1’

091 o¢’ dey

A similar calculation gives

b d/2 af
9 " Ndy = [ 2L
S /d/2f<¢,¢,z> : (aqs,)d/g,

— [ 2L = 1.33
96 <a¢')d/2 " o (1:33)

Substitution of Egs. (1.32) and (1.33) into Eq. (1.27) yields

OF _ (3_f> Ldn g 5F<a_f) v B2 (13
—d/2 d/2

and hence,

g \9¢/ dpr 7 0ds  \ 9 dgs

The boundary conditions (1.34) coincide with the boundary conditions
(1.23) obtained above in another manner. The alternative way described now
may be very useful to analyze the stability of the solution of the Euler-Lagrange
equation (see Egs. (1.28) and (1.29)).

1.4. Mechanical Interpretation of the First Variation of
a Functional

Analyze the first variation of the functional

/2

Fl$(2)] = / F18(2), & (2); 2)dz, (1.35)

—d/2
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12 An Elementary Course on the Continuum Theory ...

in the strong-anchoring situation, in terms of virtual works. Generalize the
obtained result to the weak-anchoring situation.
Solution

As in the preceding sections, let ¢(z) be the function minimizing Eq. (1.35) and
#(z) = ¢(2) + av(z), a function close to ¢(z). As we have shown in Sec. 1.2,
the first variation of F is given by

/2
5iF = (dF) a= [ we.d 0,
0

)y L
where
¥o.059) = 5 - = (55)
and

3¢(2) = ¢(2) — ¢(2) = av(z) .

Let us imagine now that F is the free energy (per unit surface) of a physical
system characterized by the dynamical variable ¢(z). In this situation, &1 F
coincides with the work done on the system to evolve from ¢(z) to ¢(z). It
follows that U(¢,¢';z) is the bulk density of force. The condition 6;F =
0, Vdg(z) € Cy, gives

U(p,¢';2) = g—g - % (g—é) =0, Vze(-d/2,d/2). (1.36)

Equation (1.36) may be interpreted in the following manner: the stable state
is characterized by zero bulk density force (this is the D’Alembert’s principle).
In the situation of weak-anchoring, the functional is of the kind

/2
Flo(z)] = / F16(), & (2): 21z + 71 (1) +72(2)

—d/2

whose first variation is, as shown previously,

d/2
5iF = (dF) o= [ W60 200(:)dx + (12 + ma)oa + (1~ m)3o
0

da)y* L
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Variational Calculus 13

where
doy’ ol

P R
2= 7 b’ 2 o
The quantities ¢; and t2 may be interpreted as the forces transmitted by the
surfaces to the system, whereas m; and ms as the forces transmitted by the

t] = ﬂ my = (ﬂ> ; 5¢1 = Oé”()(*d/Z),
—d/2

)M . Oy = av(d)2).

system to the surfaces. In a situation of equilibrium
U(h,¢i2) =0, Vze(—d/2,d/2),

states that the bulk density of force has to vanish, as we have seen before.
Furthermore,
to+me=0 and t;—m; =0, (137)

whose physical meaning is simple: the forces transmitted from the system to
the surfaces have to be balanced by the forces originating from the surfaces.

We want to finish this section by considering the particular case in which
f = fl¢'(2);z]. As discussed in Sec. 1.2, in this situation, the quantity m =
0f/0¢" is independent of z. Consequently,

m:m1:<ﬁ> =<ﬁ> =ma,
00 ) _ass \OO' )y

and the “boundary conditions” (1.37) write
to+m=0 and t;—m =0,
giving
t1 +t2=0.

It follows that: if f = f[¢'(2); 2], the force transmitted across the sample is
constant, and the force originated by one surface is balanced by the other
surface.

1.5. Second Variation and Jacobi Equation
In the strong-anchoring situation, analyze the second variation of the functional

/2
Fl$(2)] = / F18(2), & (2); 2)dz, (1.38)

—d/2
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14 An Elementary Course on the Continuum Theory ...

in order to decide in what case the solution of the Euler-Lagrange equation
corresponds to a minimum or to a maximum of F[¢(z)].

Solution

Let ¢(z) be the function minimizing Eq. (1.38) and ¢(z) = ¢(z) + av(2), a

function close to ¢(z). As we have shown before,

dF 2 19 o

From Eq. (1.39), a simple calculation gives

d?F 2192 0? 0*
Tz = /_d/2 [#ﬁ(z) + 2a¢aj;/v(z)v'(z) + 8(;5’]; v'z(z)] dz. (1.40)

In the limit &« — 0, F(a)) may be approximated by

dF 1 (d?F\
F(a)—F(O)-‘r(%)Oa—‘ri(W)OO& + ...,

The quantities

dF 1 (d?F\
JlF— (@)0(1 and JQF— 5 (W)OOZ s

are called first and second variation of F', respectively. The Euler-Lagrange
equation, discussed in Secs. 1.2 and 1.3, has been obtained by imposing é; F' =
0, Yv(z) € Ci, which implies that (dF/da)y = 0. If ¢(z) is a solution of
the Euler-Lagrange equation, it extremizes F'[¢(z)]. In order to know if the
extremum is a minimum or a maximum, it is necessary to analyze the sign of
62 F, ie. of (d2F/da?)o. As well known if (d2F/da?)o > 0, ¢ minimizes F[¢],
and if (d?F/da?)y < 0, ¢ maximizes F[¢].

Let us consider the case of strong anchoring, where v(—d/2) = v(d/2) = 0.
In this situation, the quantity

d/2 d/2
/ W (2)02(2) + 2h(=)0 (=)0 (2)]dz = / 9 h(2)0(2))dz

—d/2 —d/2 dz
= h(d/2)v*(d/2) — h(—d/2)v*(~d/2),
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Variational Calculus 15

is identically zero for every function h(z), because the function v(z) vanishes
for z = +d/2. It follows that d?F/da?, given by Eq. (1.40) can be written as

d*F (Y210, . f Pf
- = __J 2 ! !
da? /_d/g[ v g o

0¢° 0004 "
B d/2 an . ) an , azf 2
/d/2 [<@+h)v +2<6¢6¢,+h>vv erv ]dz
202 | e o2 f AN
/d/QW ! ”(6¢6¢'+h> (aqs'?) o

f N (PN,
+ (50 ) (55) @

The relation obtained, shows that, in the event in which the differential equa-

tion o2 52 ) 52 .
aTséJrh’: {8¢8‘2,+h} (ad);’;) , (1.41)

has a solution, it is possible to rewrite d?F/da? in the form

2
9% f f\"
/
v +<8¢8¢’+h> (W) v| dz, (1.42)
by means of which it is easy to deduce information about the sign of (d?F/
da?)g. Of course, Eq. (1.42) holds only in the case in which Eq. (1.41) can

be solved. Furthermore, in Eq. (1.41), the arbitrary function v(z) is absent.
Equation (1.41) may be rewritten as

O2f (2 ) 92 2
wf; (aTj;m)[Wf;,M] . (1.43)

Equation (1.43) is called Jacobi’s equation. When Eq. (1.43) admits solutions,
the sign of (d2F/da?), given by

er\ i e [, [ o 2\ ]
(W)O/d/z 09" ”+<a¢a¢'+h> (aqsfz) o

=5
(1.44)

dz.

d’F Y7 9%f
da? /d/g d¢'?
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16 An Elementary Course on the Continuum Theory ...

o)
96 1o—g

In this case, the analysis of the stability of the solution of the Euler-Lagrange

coincides with the sign of

equation is simple.
As an application, let us consider the case in which

[(6,852) = 3K6” + A7, (1.45)

where K and A are two positive constants. As we shall see in the chapters
devoted to the NLC, Eq. (1.45) represents the energy density of an NLC sub-
mitted to an external field, in the limit of small deformations. In this context,
K is an elastic property of the medium, and A depends on the applied field
and on the dielectric (or diamagnetic) anisotropy of the liquid crystal. Let us
suppose the anchoring is strong, and call ®; = ¢(—d/2) and &3 = ¢(d/2). In
this situation, the Euler-Lagrange equation relevant to this problem is

7K(]~5” + A(]E =0 )
whose solution is
¢(2) = crexp(z/l) + ca exp(—2z/1) (1.46)

where 12 = K /A, and ¢; and ¢y are two integration constants. They are given
by the boundary conditions

c1 exp(—d/2l) + caexp(d/2l) = P,
c1 exp(d/2l) + caexp(—d/2l) = 5.
A simple calculation gives
Dy exp(—d/2l) — Oy exp(d/20) Dy exp(—d/2l) — 1 exp(d/20)
T e e T T exp(—d/l) — exp(d]l)
Substitution of ¢; and ¢y into Eq. (1.46) yields

-« —®ysinh[(z —d/2)/l] + ®ysinh [(z + d/2)/]]
9(2) = sinh(d/1)

C1

. (1.47)

In order to know if Eq. (1.47) minimizes the functional F, given by Eq. (1.38),
we can use Jacobi’s equation. By taking into account that
>*f >*f *f

a¢,2 ) a¢2 ) and a¢/a¢

0,
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Variational Calculus 17

Eq. (1.43) can be rewritten as

KA+hW) = h?,
whose solution is . 00 /]
h(z) = VEALT P22/l 4] (1.48)

1—exp[2z/l+ (]
In Eq. (1.48), ¢ is an integration constant, not important in our analysis. Since
the Jacobi’s equation admits solutions, Eq. (1.42) holds. Furthermore, since

in the present case,
62
( lfQ) =K >0,
00" 9=4

by means of Eq. (1.44), we deduce that

d’F
— 0.
( do? >0 g
Consequently, Eq. (1.47) minimizes the functional (1.38), in which f(¢,¢’;2)

is given by Eq. (1.45).
In the event in which the anchoring is weak, it is possible to generalize

the above procedure. However, in general, it is simpler to study the ordinary
function F(¢1,¢2), as shown in Sec. 1.3. In fact, we have shown that it is
enough to analyze the sign of 92F/ d¢1% and

H(&h (52) =

)

9°F 0°F _( 9°F >2
I Oa® 0¢10¢2

for ¢1 = (51 and ¢2 = QEQ.

1.6. Well-Posed Problem: Different Approaches, Same Solution

Determine the function ¢(z) extremizing the functional

d
Flo(z)] = / SKG2(2)dz + W (o~ B, (1.49)

where K > 0, W > 0, ® is a constant and ¢ = ¢(d). Suppose that the
anchoring on the z = 0 surface is strong and such that ¢(0) = 0. Verify that
the different ways to solve the problem give the same extremizing function
¢(z). Furthermore, evaluate 6; F and o F.
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18 An Elementary Course on the Continuum Theory ...

Solution
(a) Direct way

According to this method, ¢(z) extremizing Eq. (1.49) is a solution of the
Euler-Lagrange equation

= _ 22 _ d 1.
96 dz 00 0, Vzelo,d], (1.50)
satisfying the boundary conditions
of dm of  dy
= d = 1.51
8q§’+dgb1 0 an 8q§’+d¢2 0, (1.51)

for z = 0 and z = d, respectively, as we have shown in the first part of Sec. 1.3.
In the present case, the first boundary condition (1.51) is substituted by

$(0) =0, (1.52)

as it follows from the strong-anchoring hypothesis at z = 0. Since f(¢,¢’) =
(1/2) K¢' % the main equations of the problem we are analyzing become

¢'(2)=0, 2€]0,d], (1.53)

and
K d)+W(p—-®) =0, z=d, (1.54)

and Eq. (1.52). The solution of Eq. (1.53) is

¢(2) = (¢ — ﬂ) +8,
where the integration constant ( is zero, as it follows from Eq. (1.52). By
inserting
~ z
3(z) = 0=, (1.55)

into Eq. (1.54), we obtain
K
Fia (p—@)=0,

which determines the other integration constant ¢ = qg(d) A simple calcula-
tion gives
w

:7@ 1.
T WK/ (1.56)
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Variational Calculus 19

The function extremizing Eq. (1.49) and satisfying the boundary condition
¢(0) = 0 is then Eq. (1.55), in which ¢ is given by Eq. (1.56).

(b)Method of the integration constants

According to this way, it is necessary to solve the Euler—Lagrange equation,
in which two integration constants are present (in our case, only one). After
that, we have to substitute into Eq. (1.49) the general solution obtained. In
this way, F' will be an ordinary function of the integration constants. They will
be determined by looking for the minimum of F. The solution of Eq. (1.53),
vanishing for z = 0, is given by Eq. (1.55), in which appears the integration
constant ¢. Substitution of Eq. (1.55) into Eq. (1.49) yields

F(y) = Lye Lw(e— ) (1.57)
PITgRTg T ' '
From Eq. (1.57), simple calculations give

dFF K &PF K

o W(o—® d —=—+W. L.

i ¢t (p—®) an a7 d + (1.58)

When we impose dF/dp = 0, Egs. (1.58) give again Eq. (1.56). Furthermore,
since d?F/dp* > 0, the obtained solution minimizes F(¢). The two methods
are, then, completely equivalent.
(¢c) Evaluation of the first and second variation of F

In order to evaluate 1 F' and 6o F, let us consider the function

¢(2) = (2) + %ozz2 : (1.59)

where ¢(z) is given by Eq. (1.55) in which ¢ has the value as in Eq. (1.56). By
substituting Eq. (1.59) into Eq. (1.49), routine calculations give

K (¢* 1 W 1 2
F(a):—<%+§a2d3+ad<p>+7<<p+§ad2—<l>> ,

from which we obtain

dFF K (2 w 1
@E<§ad3+<pd>+7<ga+§ad2¢)d2, (1.60)
and
d’F K
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20 An Elementary Course on the Continuum Theory ...

Furthermore, from Eq. (1.60) we have that

dF 1 /K w
— ) == +W)d? -
(i), =2 (o) (o~ )
which is identically zero in the case in which ¢ is given by Eq. (1.56). Conse-
quently, 61 F' and d2F are found to be

(51F: (6—F> O(:O7
d 0

(67

1 (d*F 1 K 3
o F == — 2= =+ W > 0.
2 2<da2>0a 6 <d+4 >a>

The circumstance 6 F > 0 tells us that the function ¢(z) minimizes F[¢]. We
can then conclude that in the case in which the problem is well-posed, the
different ways give the same minimizing function gzNS(z) This function is such
that §; F = 0. We remember that a problem is well-posed when the number
of boundary conditions is equal to the number of integration constants to be
determined.

1.7. Functionals Containing ¢"(z): Strong Anchoring

Find the extremizing function ¢(z) of the functional

/2

Flp(2)] =/ fle(2),¢'(2), ¢" (2)ldz, (1.61)
—d/2

where ¢' = d¢(z)/dz and ¢ = d?>¢(z)/dz?, in the hypothesis of strong anchor-

ing in which ¢(—d/2) = ®; and ¢(d/2) = Ps.

Solution

Functionals of the type (1.61) play an important role in some elastic problems,
in which the spatial variation of some physical parameter is very large near
the surface limiting the sample. In those cases, a description of the Landau—
Ginzburg kind for the elastic energy density is not enough. It is usually nec-
essary to introduce in the nonuniform part of the energy density, not only the
term proportional to ¢’ 2, but also a term proportional to ¢ ®. In order to find
the function $(z) minimizing functional (1.61), we can operate in the usual

manner. Let ¢(z) be a function close to ¢(z) of the kind ¢(z) = ¢(z) + awv(z),
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Variational Calculus 21

where v(£d/2) = 0 for the strong-anchoring hypothesis. Then, simple calcu-

lations give
dr _ (**7of of , Of .,
@/d/2|:6¢ Jra—(b, +a¢” :|dZ (1.62)

By taking into account that
or, (01 dof
B(;S’ B(;S’ dz 0¢'’

of o i (p2f _ 40 )
3(;5” - 3(;5” dz 3(;5” vdzz 3(}5” ’

expression (1.62) may be rewritten as

E/M <af daf+ d? af)vdz

da ) 45 \0¢ dz0¢ " d22 04"
af d of af 1
+ |:<8_¢/ — Ea(b”) v + 8¢”U :| _d/2 . (163)

Since we are considering the case of strong anchoring, v(+£d/2) = 0, whereas,
v'(£d/2) are arbitrary quantities. Consequently, the condition (dF/da)y =
0,Vu(z) € Cy gives

of dc‘)erd2 of

06  dz0¢ ' dz20¢"

=0, Vze (-d/2,d/2), (1.64)
and the boundary conditions

¢(—d/2) =1,  ¢(d/2) = P,

of _ of
(5(}5) —d/2 -0 <a¢”>d/2 v (1.65)

Equation (1.64) shows that in the event in which f = f(¢', ¢", 2z), the quantity

of  d of
o9 dz 0"’

is independent of z. This is a generalization of the quantity m introduced in
Sec. 1.2.
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22 An Elementary Course on the Continuum Theory ...

In the case in which not only the values of ¢(z) are fixed for z = +d/2,
but also its derivatives ¢'(z), Eq. (1.64) has to be solved with the boundary
conditions

¢(=d/2) = 01, ¢'(=d/2) =P}, and ¢(d/2) =Dz, ¢'(d/2) =25,

instead of using (1.65).

It is also possible to obtain a generalization of the quantity p introduced in
the same Sec. 1.2. With this aim in mind, let us consider the general case in
which

f = f[z,qﬁ(z),qb'(z),qb"(z)]

and evaluate df /dz. Simple calculations give

daf 3f of ,  Of v OF .
- = a¢¢ 5% Tag?" (1.66)
From the Euler-Lagrange equation (see Eq. (1.64)), one obtains
,0f d [(of d (of
s @) o

By substituting Eq. (1.67) into Eq. (1.66), we find

df 3f d of d (of nOf m Of
& ¢—[(a—¢>a(a¢~ﬂ+¢a—w g (168)

Now, if we take into account that

A (L T(0FN d [9F\] .. 0f
d {¢ K%) Bz (awﬂ o aqs"}
L T(OfN d (0f\] . . d[[of\ d (of
~\(55) & ()| o | (55) = (530

0 0
+¢”Ia(§/ +¢//_ (aé;)

OFN A (OF\] . wOf . Of
% K%) B (aqs")] e T ey

it is possible to rewrite Eq. (1.68) in the form
PR A A TR

AN ELEMENTARY COURSE ON THE CONTINUUM THEORY FOR NEMATIC LIQUID CRYSTALS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/3557.html




Variational Calculus 23

From Eq. (1.69), we derive that in the case in which f does not depend explic-
itly on z, the quantity

_ | (OF d (0f n OFf
T=—f+¢ |:<3_¢’> T dz <a¢//>] —¢ ({9(;5"7 (1'70)

is constant with respect to z, i.e. dr/dz = 0. A simple analysis shows that =

reduces to p when f is independent of ¢”. This result is in agreement with the
one obtained in Sec. 1.2.
If f is of the kind

[0 88" = 5K&” + K",

with K and K* position independent, the quantity 7 introduced above reads
1 12 | / / % 1 % 1 11?
—m = Ko+ SKTG - ¢l (K¢ - K9]~ K76

_ 7%K¢I2 . %K*¢//2 +K*¢I¢I”,
i.e. in the form ) .
T = 2}'(45/2+ §K*¢//2 7K*¢I¢III'
For this special case also p is constant. It is given by

M:_K¢,+K*¢,N.

1.8. Functionals Containing ¢"(z): Weak Anchoring

Determine the function ¢(z) extremizing the functional

/2
F[¢(2)]:/ flo(2),¢'(2), 8" (2)]dz + 11(¢1, 91) + 72(d2, ¢5), (1.71)

—d/2
where 61 = ¢(~d/2), 62 = 3(d/2), ¢ = ¢/(z = —d/2), and ¢ = /(= = d/2).

Solution

This section is a generalization of Sec. 1.3 devoted to the weak anchoring. Let

¢(z) be the function minimizing Eq. (1.71) and ¢(2) = ¢(z) +av(z), a function
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close to ¢(z). Hence,

An Elementary Course on the Continuum Theory ...

(

d

2

).

(1.72)

(1.73)

(1.74)

dn _ 00941 | On 94
da  0¢1 Do 0¢) O«
_om (L) O
B aqﬁf’( 2) T\ 2)
A similar relation is valid for dvs/da. Consequently, by using Eq. (1.63) we
obtain
LA TR AN A
da ~ J_4s\06 ~ dz0¢' " 42 04"
of d of of Y2
= — v+ v
a¢/ dz a¢// a¢/l _d/2
On (Y On (A Dy (A Ore
oo (-5) va (5) vae (5) + 2
The condition (dF/da)g = 0,V v(z) € Cs then gives
of dof  d* of
96 dz0d dz28¢”—0’ Vze (=d/2,d/2),
with
(P _dorN, o
o9’ dz 09" dp1
of [ on
— = = — 2
a0 oo, 0, z d/2,
and
AN
o9’ dz 0" Opy
of 372 - -
RYT 6@5’270’ z=d/2.

The boundary conditions (1.73) and (1.74) are obtained by taking into account
that v(£d/2) are independent of v'(£d/2), as it is easy to verify by considering

the following example. If

v(z) = Qsin[(22/d)? — 1],
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Variational Calculus 25

where €2 is a constant, we have
v(=d/2) = v(d/2) =0,

and 4 4
v'(—d/2) = —EQ, v'(d/2) = EQ

This means that a relation of the kind v'(—d/2) = Av(—d/2) does not exist.

The boundary conditions (1.73) and (1.74) may be also obtained by follow-
ing the way discussed in Sec. 1.3. According to this way, the functional F' is
considered as an ordinary function of the integration constants of the solution of
the Euler—Lagrange equation. Let us indicate by ¢(¢1, ¢2, p1, p2; 2) the general
solution of Eq. (1.72), where ¢1 2 = ¢(Fd/2) and p12 = ¢'(z = Fd/2) are the
new integration constants. By substituting ¢(¢1, ¢2, p1,p2; 2) into Eq. (1.71),
F will be an ordinary function of ¢, ¢2,p1 and ps2, namely

d/2
F(¢17¢27p1ap2) = /d/2f[¢(¢1,¢27Z),¢/(¢1,¢2’Z),(]5"(451,(;52,2);2)](12

+71(¢1,p1) +72(P2,p2) - (1.75)

The actual values of ¢; 2 and p; 2 are determined by looking for the minimum
of Eq. (1.75). Hence, the integration constants are obtained by solving the
systems of equations

9P _OF _oF _OF

0¢1  O¢2  Op1 Op2

where ¢1, ¢2, p1 and py are linearly independent, i.e.

o6 _ 061 _ 0%n

- - =0,
¢y Op1  Op:
and similar. From Eq. (1.75), we obtain
oF 9 4/ v 371
— = O, ¢ 2)dz + —— . 1.76
dp1 O /d/2 16,4, ¢%2) 091 (1.76)

The first addendum of Eq. (1.76) may be rewritten as

b d/2 d/2 8f
- / //, d — —d
S /_dﬂf(qs,qs,qs ;2)dz /_d/25¢1 :

_ [ (0f 06 0f 8¢/ Of 99"
- /d/z (%871 "0 061 " 007 6¢1) &
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26 An Elementary Course on the Continuum Theory ...

Simple calculations give

of o¢ d (df ¢ d¢ d [ of
¢’ 01 dz (875’8751) ¢y dz (@) ’

of E)¢”_ d [ of 0¢' d¢p d of 0 d? f
99" D ‘E{  9¢1 dz (aqs")] " 961 dz?( ¢”> ‘

0P’ 0p1  0¢p1 dz
Consequently, we have

b d/2
! A d
ol DR OUREE S

_ [P [of _d (OfN & (0F\] 99,
/_,m {8(;5 T i (8(;5’) T (8(]5”)} 261
af d (8f\] 90 9 of
+{[3¢’ dz<a¢~ﬂ 6¢1+a¢16¢'}_d/z' (70

Since ¢ is, for hypothesis, the solution of Eq. (1.72) and the integration con-
stants are linearly independent, Eq. (1.77) is equivalent to

o [Y?2 . af d of
— - 2)dz = - _
O /d/2 f(8: 4,97 2)dz (5(}5’ dz a¢">d/2 7

and Eq. (1.76) becomes

O __(U_doy L ow
d/2

A1 ¢ dzd¢" o1

If we impose the condition 0F/9¢1 = 0, we obtain the first of the boundary
conditions (1.73). To proceed, let us consider now 9F/9p;. It is given by

oF 9 4/2 ro 871
a._ T a_ ) ) ) d + 9
o~ | PRCTREE

where the first addendum is equivalent to

o [? of
v /oo, dz =
Op1 /d/2 1, ¢, 6" 2)dz (345 > d/2

AN ELEMENTARY COURSE ON THE CONTINUUM THEORY FOR NEMATIC LIQUID CRYSTALS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/3557.html




Variational Calculus 27

as it is easy to show with calculations similar to the previous one. Conse-

quently,
o __(a) Lo
Op1 0¢") 42 Op1°

Now if we put 0F/dp; = 0, we obtain the second of the boundary conditions

(1.73). In a similar manner, it is possible to obtain the boundary conditions
(1.74).
Let us consider the simple case in which

f=11d'(2),¢"(2); 2.

In this situation, as we have shown in Sec. 1.7, the quantity
of d (of
=—— 4 — , 1.78
P="00 T @ <a¢") (1.78)

is independent of z. Hence, instead to solve Eq. (1.72), it is possible to solve
Eq. (1.78) with respect to ¢(z). The integration constants are then deduced

by the boundary conditions (1.73) and (1.74), which in the present case reduce

to
o of o
/’L1+a¢1 ) a¢,,+ap1 ) ( )
at z = —d/2, and
Oy of [ Oy
u2+a¢2—0, 8q§”+6p270’ (1.80)

at z = d/2. In Egs. (1.79) and (1.80), u1 = pu(z = —d/2) and pe = p(z = d/2).
Since in the case we are examining p is constant across the sample, p1 = po.
Hence, from the boundary conditions (1.79) and (1.80), we obtain

o 0 _
g1 Op2
stating that the action of the surface at z = —d/2 over the medium is balanced

by the surface at z = d/2.

1.9. Functional with Discontinuous Extremizing Function
Show that the extremizing function ¢(z) of the functional
/2
Fo@) = [ 1004 @53lde 40, h) b dh), (8D
—d/2

is, in general, a discontinuous function.
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28 An Elementary Course on the Continuum Theory ...

Solution

In this case, the bulk equation is

of d of
= Vz e (=d/2,d/2
96 dzog O 72 (TA/d/2),
as it follows from Eq. (1.72). Its general solution is of the kind
¢ = ¢(Cla €255 Z) )
where ¢; and ¢y are two integration constants. The boundary conditions are
af om o
— =0 — =0 1.82
AR T (152
at z = —d/2, and
8f 02 072
— =0 =0 1.83
o0 "5 =" g (15

at z = d/2, as it follows from boundary conditions (1.73) and (1.74). Hence,
the integration constants ¢; and cy have to satisfy four conditions. This is in
general, impossible. Consequently, the function ¢(z) extremizing Eq. (1.81) is
usually a discontinuous function.

This case deserves a deep analysis, since it is rather important in the theory
of elasticity of NLC, in connection with the so-called K33 problem. Let us
suppose that in Eq. (1.81), f(¢,¢’) and (¢, ¢') are of the kind

1 N
[(6.¢) = 5K¢" + H(9) and 5(6,¢') = Kog,

where H(¢) is connected to the interaction of the NLC with an external field,
K is the usual elastic constant and K is a surface-like elastic constant (usually
indicated by K13). Let us suppose, furthermore, strong anchoring on z = +d/2,
ie.

o(—=d/2) =0, o(d/2)=9. (1.84)

In this particular case, the functional (1.81) reads

Fl¢] = / v [%qu'? - H(qb)] dz + K®¢'(d/2).

—d/2
The relevant Euler-Lagrange equation is

K¢’ — % 0, (1.85)
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a) é b)
b@

|
® Ad
=

® ;Atb

-

-df2 d2 z d/2-€ d/2 z

Fig. 4. Solution of the Euler-Lagrange equation connected to the functional F[¢] and the
discontinuous function ¢. The discontinuous function ¢ is a solution of the Euler—Lagrange
equation in the bulk, but presents a surface discontinuity at the border A¢ of (a). The
discontinuous function q; is obtained as the limit for € — 0 of the continuous function shown
in (b).

whose solution, satisfying boundary conditions (1.84) can be easily determined.
In all this analysis, K does not play any role, since it is absent from Eq. (1.85)
and from the boundary conditions (1.84).

Let us indicate by ¢(z), the solution of Eq. (1.85) with Eq. (1.84). We want
to show that a discontinuous function ¢, coinciding in the bulk with a solution

of the Euler-Lagrange equation, ¢, is such that
F[4] < F[g)].

To do this, let us consider the situation shown in Fig. 4, where ¢ — 0 and A¢
is the surface discontinuity.

In the bulk, i.e. Vz € (—d/2,d/2 —€), ¢(z) = (Z(z), whereas in the surface
layer z € (d/2 —¢€,d/2), ¢/ ~ A¢p/e and ¢ ~ ®. It follows that F[¢] is given by
the following limit

d/2—€ 1 d/2 A
lim / [—Kgbﬂ +H ]dz—i—/ [ +H(¢)] dz+K<I>—¢
=0 | J_ g2 (2 d/2—c
d/2—e 1
= lim / [ }
e—0 7[1/2 2
d/27€ 1
= lim / [ }
e—0 7[1/2 2
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The relation obtained shows that

F[§] = F[¢] + lim Fp,

where the divergent part Fpp is given by

K K
2—6(Aq§)2 + ?qu.

Fp reaches its minimum value for

Fp =

Ap=——07
b= 70,
whose value is

. K K?

In the limit ¢ — 0, Fp — —o0, and also F[¢] whereas F[¢] is a finite quantity.

Hence F[¢] < F[¢], and the function minimizing functional (1.81) presents a
surface discontinuity.

1.10. Ill-Posed Problem: Different Approaches,
Different Solutions

Determine the function ¢(z) extremizing the functional

d
Floe)) = [ GK6% @)+ 3 W o -2+ Rog'ld),  (156)

by supposing that for z = 0 the anchoring is strong, and ¢(0) = 0. In
Eq. (1.86), K > 0, W > 0, ® is a constant and ¢ = ¢(d). Solve the prob-
lem in the direct way and by means of the alternative manner, in which F' is
considered as an ordinary function of the integration constants. Furthermore,
evaluate the first and second variation of F'.

Solution
This problem is similar to the one presented in Sec. 1.6.

(a) Direct way
The Euler—Lagrange equation connected with the bulk part of F[¢(z)] given
by Eq. (1.86) is ¢”'(z) = 0, whose solution is

by ==L,
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where ¢ and [ are two integration constants. They have to satisfy the bound-
ary conditions

$(0) =0,
K¢ (d)+W(p— @)+ K¢'(d) =0,
Kp=0,

due to the strong-anchoring case at z = 0, and to the fact that v(d) and
v'(d) are independent quantities (see Egs. (1.83)). These are three boundary
conditions, two integration constants. The problem cannot be solved. The
solution minimizing Eq. (1.86) does not belong to the Cj-class.

(b) Method of the integration constant

The function ¢(z) = (/d)z satisfies the boundary condition ¢(0) = 0, due
to the strong-anchoring condition. By substituting it into Eq. (1.86), one has

K +2K W
F(p) = TSOQJr?(SD*‘I’)Q- (1.87)

This means that F' is an ordinary function of the integration constant ¢. From
Eq. (1.87), we obtain

dF K +2K

= W(p—@
d*’F K +2K
- a "

By putting dF(y)/dp = 0, we derive

W + (K +2K)/d

® (1.88)

Equation (1.88) in the case K = 0 reduces to Eq. (1.56). Furthermore,
d*F/dg? > 0.
(¢) Evaluation of the first and second variation of F

Let us consider the following function ¢(z) near to ¢(z):

(=) = 3(2) + %az2 . (1.89)
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By substituting Eq. (1.89) into Eq. (1.86), one obtains

F(a) = F(0) + @ | K+ 3K

7 o+ W(p—2)

(67

&2 K+3K 3
FL_W

T+ a?, (1.90)

where

K+2K , W )
=2 90+2(s0 )=,

coincides with F'(¢) given by Eq. (1.87). From Eq. (1.90), we derive

S

which is different from zero if ¢ is given by Eq. (1.88). It follows that the func-
tion ¢ = (¢/d)z, with ¢ given by Eq. (1.88), does not minimize the functional
(1.86). It is, among the solutions of the Euler-Lagrange equation, the one
minimizing F[¢]. But other functions, which are not solutions of the Euler—
Lagrange equation, ¢, are such that F[¢,] < F[d)].

In order to find the solution of the proposed problem, let us consider the
functional

F(0)

K + 3K
d

o+ W(p—2)

)

d
F* = /0 [%Kgb’? + %K*qﬁ”Q dz + %W(ap — )2+ Ko¢' . (1.91)
One observes that F™* reduces to F' given by Eq. (1.86) when K* — 0. We
can easily find the function minimizing F*. It depends on K*. The function
minimizing Eq. (1.86) is then found by performing the limit K* — 0 of the
function minimizing Eq. (1.91). As discussed in Sec. 1.8, the Euler-Lagrange
equation of the functional (1.91) is

K*¢" —K¢' =0. (1.92)

The quantity K*/K = b? is the square of a length. At the end of the calculation
we will perform the limit b — 0. The solution of Eq. (1.92) is

¢(z) = Asinh(z/b) + Bcosh(z/b) + Cz/b+ D, (1.93)
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where the integration constants A, B,C' and D are determined by means of
the boundary conditions (1.73) and (1.74). Since for z = 0, ¢(0) = 0 due to
the strong anchoring, the boundary conditions for the present case read

#(0) =0 and ¢"(0)=0, (1.94)

at z =0, and
(14 R)¢(d) — b2 (d) + %(go—@) —0 and B2¢"(d)+Ro(d) =0, (1.95)

at z = d, where R = —K /K and L = K/W. Substitution of Eq. (1.93) into
Egs. (1.94) and (1.95) yields

R d/b

B=D=0, A= manamn

and
1+R b

¢
(1+ R)?2+d/L— R?*d/bcoth(d/b) L’
where coth(d/b) = 1, since the case that is interesting in our analysis is the
one in which d/b — co. It follows that ¢(z) given by Eq. (1.93) reads
R sinh(z/b) C

- d —. 1.96

1+ R sinh(d/b) | b (1.96)
As underlined above, d/b > 1, and hence sinh(z/b)/ sinh(d/2b) is practically
zero in the “bulk”, i.e. in the range 0 < z < d — b. In this range, ¢(z) is well
approximated by

C:

P(z) =

whose extrapolation value at z = d is
d
(d)y=C-.
¥'(d) = C5
On the contrary, the true surface value given by Eq. (1.96) is
1 d
=——0C-.
1+R b
It follows that the “subsurface discontinuity” is
¢(d) — ¢"(d) = —R¢(d) .

The solution is the one shown in Fig. 5.

¢ = ¢(d)
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$@)

(1+R) ¢(d)
¢ (d)

0 db d z
Fig. 5. Discontinuous and continuous (¢*) functions minimizing the functional F. The
continuous solution has been obtained by considering the generalized functional F'*, where
a term in ¢'’2 has been introduced.

We stress that in the limit b — 0 (or K* — 0), the function minimizing
Eq. (1.81) coincides with ¢*(z) (which is a solution of the Euler-Lagrange
equation connected to Eq. (1.86)), Vz € [0,d) and presents a surface discon-
tinuity A¢ = —R¢(d). This discontinuity coincides with the one evaluated
in Sec. 1.9. However, in the limit b — 0, the function minimizing Eq. (1.86)
abandons the set of the functions of Cy-class in (0, d).

1.11. Functionals Depending on Two Functions ¢(z)

and ¥ (z)
Determine the functions ¢(z) and ¥(z) € C1 minimizing the functional
d/2
R R RO (ORTORUCTE TN K

in the strong-anchoring case in which

P(—d/2) =1,  $(d/2) =2,  Y(=d/2)=T1,  P(d/2)=T>.
(1.98)
Generalize the analysis to the weak-anchoring case.

Solution

To find the differential equations satisfied by ¢(z) and (z) we just have to
generalize the procedure used in Sec. 1.2, in which F' = F[¢] only. Let ¢(z)
and 9 (z) be the functions minimizing F[¢, 1| given by Eq. (1.97), and

$(z) = ¢(2) + av(z),  ¥(z) = ¥(2) + Pu(z), (1.99)
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two functions close to @(z) and ¥(z). In Eq. (1.99), o and § are two small
parameters and v(z) and u(z), two arbitrary functions belonging to the C;-
class. The boundary conditions (1.98) imply that

v(£d/2) = u(+d/2) = 0. (1.100)

Since ¢(z) and (z) minimize F[¢, ], we have that F[¢,] > F[p,], or in
terms of o and [, as it follows from Eq. (1.99),

F(a, 8) > F(0,0).

oF oOF
(a—a>o,0 - (%)w =0, (101

for all v(z) and u(z) of the Cj-class. Routine calculations give

This implies that

OF /‘W of /‘“2 [81‘ d¢p  Of 6¢’}
= ——dz = — + — | dz

8_(1_ —d/2 8(1 a —d/2 8_¢Ba 8_¢’8a
_ [ Tof of
= /d/2 {8—(]51;(2) + a_qs'” (z)] dz

42 r9f  d of of 4/2
= ————vzdz—i—{—vz} .
/d/z 55 g O g0 a
By imposing Eq. (1.101) and taking into account Eq. (1.100), one derives that
the functions extremizing Eq. (1.97) are solutions of the differential equations

of dof _, . 0of dof

96  dzo¢ MY By T dow

(1.102)

for —d/2 < z < d/2. In the strong-anchoring case, the solution of Eq. (1.102)
have to satisfy the boundary conditions (1.98).

From Eq. (1.102), we derive that if f is independent of ¢ or 1, the quantity
Of/0¢" or Of /0y’ is z independent. Furthermore, if f does not depend explic-
itly on z, there exists another first integral which corresponds to the quantity
p introduced in Eq. (1.14). In fact, the quantity

of of

P=¢la—¢,+¢law,

—f, (1.103)
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is such that
dp_ gl 0, dof) , 0F dof 0f 9f
¢ [ 96 " dza¢'] Ve T aw | Tas T ax
since ¢(z) and ¢(z) are solutions of Eq. (1.102). Hence, if f does not depend

explicitly on z, dp/dz = 0, i.e. p is constant across the sample.
In the case of weak anchoring F[¢(z),1(z)] is of the kind

/2
/ F16(2), 6 (2), (=), ¥ (2); 2ldz

—d/2

Flo(z),(2)] =
+y1(d1,91) + v2(2,92) (1.104)

where ¢1 = ¢(—d/2), ¢2 = $(d/2), 1 = ¥(~d/2) and g5 = (d/2).
Let us suppose again that ¢(z) and (z) are the functions extremizing

Fl¢(z),¢(z)], of the kind Eq. (1.99). Since
N(d1,91) = [ B+ aw(=d/2), i + Bu(~d/2)] |

one obtains 5 oy 5
71 71 1 V1
= = _y(-d/2).
90~ 06, 0o 06, Y2
Similar expressions are obtained for 0v,/983, 0v2/0a and 0v2/98. It follows
that from Eq. (1.104), 61 F = (0F/da)o,00c + (0F/08)0,00 is found to be

_ a2 of d of of d of

of _on o o]
+a{_a¢,+a¢2]d/gv(d/2)+[ a¢,+a¢1}_d/2v( d/Z)}

o om o om]
+ﬂ{ + ]d/2u(d/2)+[ a¢’+a¢1]d/2u( d/2)}.

L0y Ot

By imposing, as usual, Eq. (1.101) for all v(z), u(z) belonging to the C;-

class, from the previous expression for d; F', we obtain again the bulk equations

(1.102), and the boundary conditions

_Of [ om _ 0 L om _
o’ ’

(1.105)

+ Mg, L0
Op1 oY O
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for z = —d/2 and

o " 0ps 0 O Oy

0f [ On _, OF  Om (1.106)

for z = d/2. Hence, the functions ¢(z) and v (z) extremizing Eq. (1.104) are
solutions to the ordinary differential Egs. (1.102) and they satisfy the boundary
conditions (1.105) and (1.106).

As an example, determine the functions ¢(z) and v¥(z) extremizing the
functional

d/2
F = / [EKW + ik sin®(1)¢'> — Kqsin?()¢' | dz, (1.107)
7(1/2 2 2

where K > 0 and ¢ > 0, in the strong-anchoring case in which Eq. (1.98)
holds. Since f does not depend on ¢, the quantity df/0¢' is z independent.
It is given by

g—;; = Ksin®¢¢ — Kqsin®¢ = K(¢' — q)sin’¢ = KB,

where B is a constant. Hence,
(¢ —q)sin®*¢ = B. (1.108)

Furthermore, by taking into account that f does not depend explicitly on z,
the quantity p introduced in Eq. (1.103) is also z independent. In the present
case, p given by Eq. (1.103) reads

p= 5" +sin? ys'?),
that we rewrite in the form
P2 +sin®g’” = A%, (1.109)
where A2 = p/K > 0. It follows that the functions extremizing Eq. (1.107)

in the strong-anchoring case (Eq. (1.98)) are solutions of the differential
Egs. (1.108) and (1.109).
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1.12. The Junction Problem

Determine the function ¢(z) extremizing the functional

0 (%)
Flér(2), éa(2)] = / falba(z), Sh(2)ldz + / Fl1(2), 44 (2)dz

+ M{¢2(0), ¢1(0)] , (1.110)

where f;[¢:(2),d';(z)] are the bulk energy densities of the two media. Fur-
thermore, M [¢2(0), ¢1(0)] takes into account the localized interaction between
the medium 2 with the medium 1 at the interface localized at z = 0. Let
$2(2) = ¢(z < 0) and ¢1(z) = B(z > 0) be the functions extremizing F given
by Eq. (1.110). By operating in the usual manner, we consider a function ¢(z)
close to ¢(z) given by

$2(2) = da(z) + ava(2), 2<0

~ (1.111)
$1(2) = ¢1(2) + avi(z), z2>0,

where the arbitrary functions v;(z) € Cy in general are different for z = 0 :
v1(0) # v2(0). This follows from the fact that ¢(z) is, in general, discontinuous
for z = 0. By substituting Eq. (1.111) into Eq. (1.110), and deriving with
respect to a, one obtains

dF [ [0f, d Of “Tofi dofi
o 7/700 [%%8¢§] vg(z)der/O [ymaa%} v1(2)dz

Ofs  OM . 0Ofs
i (8% i 8752) )= I g )
ofi oM . O0f1
+ (6@5'1 + ?ﬁ) v1(z) + ZthC}O a0, v1(2). (1.112)
Since (dF/da)o = 0, Vv;(z) € C1, we deduce that
0fy d 0fs ofi  dofi _
56~ zoe =0 ™ 5o~ dag — O (1.113)

for —oo < z < 0 and 0 < z < o0, respectively. They have to be solved with
the boundary conditions

0f M o O ow

+ 2 S22, 1.114
26, 962 96, o (1114)
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at z =0, and
lim 2(’;?2 =0 and lim % =0. (1.115)
Let us consider now the particular case in which
1 2
fil$i(2), 9(2)] = 5 Ko (2) + Hilgu(2)], (1.116)
and .
M]¢:(0), $1(0)] = 58[¢2(0) — ¢1(0)]*. (1.117)

Expression (1.116) for f; is the usual one used for NLC. Expression (1.117)
for M concerns a situation in which the media 1 and 2 tend to be oriented
at the same angle ¢ at the interface. 3 is a measure of the localized surface
interaction. By means of Egs. (1.116) and (1.117), Egs. (1.113) become

dH2 dHl
—= — Ky =0 and — — K¢} =0,
s 20 o 197

which are equivalent to

1 1
G Kedh — Ha(d2) =pr and SK09) — Hi(d1) =p1, (1.118)

where ps and p; are two integration constants. As we have discussed in Sec. 1.2,
Egs. (1.118) hold because z does not enter explicitly into f;. Furthermore, in
the present case, the boundary conditions (1.114) read

Kogy + B(d2—¢1) =0  and  Ki¢h +B(¢2— 1) =0,  (1.119)

at z =0, and
lim ¢5 =0 and lim ¢} =0. (1.120)
Z—>00

Z—r00
From Eqgs. (1.119), it follows that K2¢5(0) = K1¢}(0), i.e. the torque is contin-
uous at z = 0, even if q~5 has a discontinuity point at z = 0. From Egs. (1.120),
we derive that for z — —o00, ¢2(2) tends to a constant value ¢o__,
z — 00, ¢1(2) tends to ¢1__. Consequently, from Eqgs. (1.118), we can deduce
that for the integration constants p;(i = 1,2), the expressions

and for

A simple analysis shows that ¢;  are given by
dHi(¢i.) _
doi., '
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In fact, if ¢, =0 and ¢; = ¢;_, F is given by

F(¢a.,61.) / Ha (6o, dz+/ Hy(ér)dz.

It follows that the extrema of F', given by

OF (¢o,d1..) [ dHa(¢a.,)
0o B /_oo deo. dz,

OF (¢2,,,%1..) [ dHi(¢1..)
01, /0 dér,, dz,

coincide with the extrema of Ha(¢s, ) and of Hi(¢1_). By substituting
Eq. (1.121) into Egs. (1.118), we obtain

2
{2) = | ()] — Hul6e), (1122
in the hypothesis that ¢2_ < ¢1... The solutions of Eq. (1.122) are

L 5
5:0) [ {Hiloi(2)] - Hil¢:.))

=Zz.

The value of ¢;(0) can be found by means of the boundary conditions
(1.119), that rewrite in the form

V2K {Hz[$2(0)] — Ha[o]} + Bl#2(0) — ¢1(0)] =
V2K {H1[61(0)] — Hi[g1.]} + Bl#2(0) — ¢1(0)] =

by taking into account Eq. (1.122) (see Fig. 6).

There are problems in which ¢ has to be continuous at the interface be-
tween the two media. For instance, if ¢ is an electrical potential, it has to be
continuous at the interface between the two dielectric media. This case can
be analyzed by means of the equations reported above, performing the limit
8 — .
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$ ()

- o
$,0)

Ad

,(0)

0 Z

Fig. 6. Profile of the extremizing functions of a functional relevant to a junction of the kind
considered in the text. Note that ¢1(0) # ¢2(0). Only in the case of M — oo, ¢1(0) = ¢2(0).

However, if ¢ is continuous at the interface, the functional (1.110) reads

Fléi(z / falda(2), 6 (2); 21z + /Ooofl[qsl(z),qsa(z);z]dz

with the condition
¢1(0) = $2(0) . (1.123)

From Eq. (1.123), it follows that the arbitrary functions appearing in
Egs. (1.111) are such that

v1(0) = v2(0) = v(0).

Consequently, dF'/da given by Eq. (1.112) becomes

dF [ [0f, d Of “Tofi dofi
<8f2 — 5f1> v(0) — lim 0f afl
¢y 0} ST 0G| e 067

From the condition (dF/da) = 0, Yv;(z) € C1, we derive again for the bulk
Eq. (1.113) and the boundary conditions (1.114), and furthermore

Ofa  0f1
0%, E)QS’

=0. (1.124)
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Hence, the boundary conditions (1.114) are in this case substituted by
Egs. (1.123) and (1.124).

1.13. Generalized Junction Problem
Determine the function ¢(z) extremizing the functional

d
Flo) - | [§K<z>¢'2+§v<z>¢2 dz, (1.125)

in the case in which K (z) or U(z) presents a discontinuity point p in [0, d]. Dis-
cuss then the case in which K(z) or U(z) are continuous functions presenting
a sharp variation localized in a very small range € around p. Show that in this
case the problem can be easily solved by using the continuity of the function ¢

and of K (z)¢' for z = p, and neglecting the abrupt variation of U(z) or K(z)
over e.

Solution

This problem is a generalization of the one presented above. The special form
for f used in Eq. (1.125) is useful to analyze real problems important in the
physics of liquid crystals. In the following, we shall present particular cases
before to derive general conclusions. The first example is not really connected
with a generalized junction problem, but it is presented to facilitate the un-
derstanding of the following cases.

1.13.1. First example

Determine the function ¢(z) extremizing the functional (1.125), by assuming
U(z) =Up, K(z)=K,

with free anchoring for z = 0 and strong anchoring for z = d,where ¢(d) = ®.
In this case, the Euler-Lagrange equation is

K¢" —Uyp =0, (1.126)
which has to be solved with the boundary conditions

¢ (0)=0, o(d)=9. (1.127)
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The first condition is the transversality condition for the present case (see
Eq. (1.24)). A general solution of Eq. (1.126) is

¢(z) = Acosh(z/A) + Bsinh(z/)), (1.128)

where we have put A™! = /Up/K. The integration constants A and B in
Eq. (1.128) are determined by conditions (1.127). Simple calculations give
B =0, A= ®/cosh(d/)). Hence, the function ¢(z) we are looking for is

~ _cosh(z/))
9(z) =2 cos(d/\)

which is, obviously, continuous in [0, d].

1.13.2. Second example

Determine the function ¢(z) extremizing functional (1.125) when K(z) = K
and (see Fig. 7(a))

Uy, 0<z<
U(z) = {00 - ;2 (1.129)
) P>z )
with the same boundary conditions of the first example.
In this case, the functional (1.125) reads
Pr1 1 41
F :/ [§K¢32 + §Uo¢§] dz+/ §K¢’22dz, (1.130)
0 P

where ¢1(z) = ¢(z) for 0 < z < p, and ¢2(z) = ¢(z) for p < z < d. This
problem is similar to the junction problem analyzed above, where no conditions

U2 @ ¢@ (b)

U

® —

|
|
!
| |
] |
1 i
1 I
L ) ]

p d z p d z

Fig. 7. (a) Discontinuous U(z). (b) Discontinuous extremizing function relevant to the
functional (1.125), when the border at z = 0 is free and the one at z = d imposes strong
anchoring at ¢(d) = ®.
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44 An Elementary Course on the Continuum Theory ...

at z = p are imposed. Hence, the point z = p has to be considered as a free
border. In this case, the minimization of Eq. (1.130) gives

K¢ — Uy =0 and K¢h =0,
with the boundary conditions
¢1(0) =0, ¢i(p) =0, ¢5(p)=0 and ¢(p)=2. (1.131)

The second and third boundary conditions represent the transversality condi-
tions at the border at z = p. ¢1(2) is now given by

¢1(z) = Acosh(z/\) + Bsinh(z/)\),
where \~! = /Uy /K, and ¢2(2) by

a2 = 222 )4 ().

By imposing the boundary conditions (1.131), one obtains
A=B=0 and p2(l) =D.
Hence, the function extremizing Eq. (1.130) is the discontinuous function
¢(z)=0, for 0<z<p and d(z)=, for p<z<d,
shown in Fig. 7(b).

1.13.3. Third example

Determine the function ¢(z) extremizing the functional (1.125) when K (z) =
K and (see Fig. 8(a))

U(z)=qu(z), p<z<p+te

Since in this case, U(z) is continuous in [0,d], the function extremizing
Eq. (1.125) is continuous too, as we have discussed at the end of Sec. 1.2.

AN ELEMENTARY COURSE ON THE CONTINUUM THEORY FOR NEMATIC LIQUID CRYSTALS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/3557.html



Variational Calculus 45

U@ (a) $(2) (b)
U, o
(P+€)
oM —
P pre d =z p p+e d z

Fig. 8. (a) Function U(z) presenting a sharp variation localized over € around p. (b) Ex-
tremizing function. Note that ¢(z) is continuous, with its first derivative ¢, for z = p and
z = p + €. The boundary conditions at z = 0 and z = d are as in Fig. 7.

In this case, the functional (1.125) may be rewritten in the form
‘11 1
? 2
Flo) = [ |5Kof + 5000t a:

0

PR o 1 ) 41 e
+ K¢ + —u(2)p”| dz + K¢, | dz, (1.132)

.12 2 e |2

where
$1(2), 0<z<p

p(z) =14 ¢(z), p<z<p+e
b2(2), pH+e<z<d.

Since ¢(z) has to be continuous in [0, d], we have that
¢1(p) = ¢(p) and p(p+e) =da(p+e).
By minimizing (1.131), we obtain
K¢ —Uppr =0, K¢" —u(z)p=0 and K¢y =0, (1.133)
with the boundary conditions

¢1(0)=0, ¢1(p)=¢"(p), ¥(pt+e)=drlpte), ¢2(d) =2, (1.134)

the second and third of which follows from Eq. (1.124) written for the present
case. We have now three differential equations of second order and six bound-
ary conditions. The problem is well-posed and it can be solved. The solution
will be a continuous function of the kind shown, schematically, in Fig. 8(b).
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Let us consider now the second equation of Egs. (1.133). From it we have

o2 = o),

and hence, integrating between z = p and z < p + ¢,
z u Zl
40— 90 = [ U o0 = wip. ). (1.135)
P

where 9(p, z) is a continuous function. By putting z = p + ¢, Eq. (1.135)
becomes

'(pte)=¢(p) +v(p,p+e). (1.136)

Furthermore, from Eq. (1.135), integrating again from z = p to z < p + €, we
have

o)~ 0(0) =9 — )+ [ T y(p, )

and in particular,

pte
plp+e) —olp) = ¢ (p)e+ / Y(p,2')dz" . (1.137)
P

In the case in which e is negligible with respect to the other lengths present
in the problem, i.e. p and d, we can perform the limit ¢ — 0, and forget the
region over which the U(z) variation takes place. In this case, from Egs. (1.136)
and (1.137), we obtain

. / 7
lim ¢"(p +€) = ¢'(p) (1.138)
and
lim (p +¢) = @(p) .- (1.139)

Hence, in the case under consideration, if € < p and € < d, we can find ¢;(z)
and ¢2(z) by minimizing the functional

PIL . . 1 d1 5
F:/ ~K¢| + ~Uy¢? dz+/ K dz,
o |2 2 , 2

in which the U(z) variation is neglected, and imposing the boundary conditions
#1(0) =0, ¢2(d) = @, and furthermore

o1(p) = d2(p),  Pi(p) = Ph(p), (1.140)
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following from Eqgs. (1.138) and (1.139), and from the second and third of
conditions (1.134). In the special case we are considering, ¢1(z) and ¢2(z) are
solution of the first and third differential Eq. (1.134). Hence,

¢1(z) = Acosh(z/N),

or2) = 220 ) i),

which satisfy the ¢} (0) = 0 and ¢2(d) = ®. By means of Egs. (1.140), we find
then

. A
~ Xcosh(p/)\) + (d — p)sinh(p/N)’
Acosh(p/A)

92(p) = Acosh(p/X) 4 (d — p)sinh(p/X) °

Hence, we can conclude that in the case in which K (z) = K and U(z) is of the
kind shown in Fig. 8(b), the solution of the problem can be found neglecting
the region over which U(z) changes rapidly. The limiting solution is obtained
by imposing the continuity of ¢ and ¢’ at the “discontinuity” point z = p,
where U(z) begins to change.

1.13.4. Fourth example

Determine the function ¢(z) extremizing the functional

d
1
F= / §K(,z)gzs'gdz, (1.141)
0
when K (z) is the discontinuous function (see Fig. 9(a))

{Kh 0<z<p

K =
) Ky, p<z<d,

(1.142)

by supposing strong anchoring for z = 0 and z = d, where
#(0) =0, d(d)=9. (1.143)

The given functional, taking into account function (1.142) may be rewritten
as

1 2 dq 2
F:/ — K¢} dz+/ —Koyph dz, (1.144)
0 2 o 2
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K1
Kol O —
| | i
p d z p d z

Fig. 9. Discontinuous K(z) function (a), and relevant tilt angle minimizing the functional
(1.141) (b). The solution refers to the case in which for z = 0 and z = d the anchoring is
strong and such that ¢(0) = 0 and ¢(d) = .

where ¢1(z) = ¢(z), for 0 < z < p, and ¢2(2) = ¢(z), for p < z < d, without
any conditions at z = p. The point at z = p has then to be considered as a
free point.

By minimizing Eq. (1.144), we obtain

7(0)=0 and 5(0) =0, (1.145)
with the transversality conditions at z = p that in the present case read

Bi(p) =0,  dhlp) =0. (1.146)

The solution of Eqs. (1.145) satisfying boundary conditions (1.143) and (1.146)
is the discontinuous function

d(z)=0, for 0<z<p, and ¢(z)=®, for p<z<d,

shown in Fig. 9(b). This solution is identical to the one deduced in the second
example, where U(z) was the discontinuous function (1.129).

1.13.5. Fifth example

Determine the function ¢(z) extremizing the functional (1.141) when the func-
tion K (z) is of the kind

Ky, 0<z<p
K(z)=qQk(z), p<z<p+e
K, pte<z<d,
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that is, it changes abruptly from K; to K3 over e. Discuss then the case in
which ¢ — 0. Consider again the boundary condition of the fourth example,
where ¢(0) = 0 and ¢(d) = ©.

Since in this case, K(z) is a continuous function, the function minimizing
the functional (1.141) is continuous too. Hence, by minimizing the functional
(see Eq. (1.132)),

r1 2 pheq 2 d 1 2
F :/ ~ K¢ dz+/ —k(2)¢ der/ K¢y dz. (1.147)
0 2 o 2 pte 2
We have to take into account that
$1(p) =w(p) and  p(p+e)=galp+e),

which represent the continuity of ¢(z) at z = p and z = p + e. By operating
in the standard manner from Eq. (1.147), we obtain for the bulk equations

Kif =0, SL)@(2)] =0, and Kagf =0, (1.148)
with the conditions
K191(p) = k(p)¢(p)
Ko+ g (o +€) = Kady(p+0). (1.149)
From Egs. (1.148) and the conditions (1.149), we derive that
Ki1¢'(p) = k(p)¢'(p) = k(p+e)¢'(p+€) = Kadh(p+e€) =c,  (1.150)

stating that K (z)¢'(z) is constant across the full range [0, d] (see Fig. 10(b)).

K@) @ ¢@ (b)

K4 o
b(p+e)

Kz ¢ (P

P pre d z p Ppte d z

Fig. 10. (a) Function K(z) presenting an abrupt variation localized over e. (b) Function
minimizing the functional (1.141). The boundary conditions at z = 0 and z = d are as in
Fig. 9.
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50 An Elementary Course on the Continuum Theory ...

From this result, we have in particular that

showing that .
/ /
¢'(p)=7-  and so(p+€)=?2-
Consequently,
lim ¢'(p +€) # ¢'(p) -
e—0
This result shows that in the limit € — 0, ¢’ is discontinuous at z = p.
From Eq. (1.150), we have furthermore

e(2) = ¢(p) = c/z % : (1.151)

and in particular

e dz
w(p+€)—s&(p)=6/ %-

From Eq. (1.151), we deduce that
lim o (p +€) = ¢(p) -

We can then conclude that ¢1(z) and ¢2(z) appearing in Eq. (1.147) may be
deduced, in the case in which e is negligible, by minimizing the functional

Pl e 41
F:/ — K¢} dz+/ — K¢, dz, (1.152)
0o 2 o 2

by imposing the continuity of the function at z = p, i.e. ¢1(p) = P2(p), and
the continuity of K¢} (p) = K2¢45(p), as it follows from Eq. (1.150).

In this case, we obtain for the functions minimizing Eq. (1.152), and satis-
fying the above conditions

where

as it is easy to verify.
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1.13.6. Conclusions

From the examples considered above, we can conclude that if K(z) or U(z)
change abruptly over a range €, negligible with respect to the lengths present
in the problem, it is possible to solve the problem in an approximated manner.
To do this we have to impose the continuity of ¢ and of K¢’ at p, where the
variations occur, and neglect the above-mentioned sharp variations.

1.14. Functional F[¢] in the Three-Dimensional Case

Determine the function ¢(z,y, z) € Cy extremizing the functional

0¢p 0¢ 0
Flo(ww2) = [[[ ot 50 50 Sy lar,  (1s)

where 7 is a volume limited by a closed surface ¥ over which ¢(z, y, z) assumes
the value ¢(z,y,2) = ®(X), independent of the bulk values of ¢(z,y,z €
7). This case corresponds to the strong-anchoring situation. Generalize the
analysis to the weak-anchoring case.

Solution

Let us indicate by g?)(sc, Yy, z) the function extremizing Eq. (1.153) and assuming
over X the value ®(%),

d(z,y,z € X) = d(X), (1.154)

imposed by the strong anchoring. A function ¢(z,y, z) close to ¢(z,y, z) is of
the kind

¢(@,y,2) = $(x,y,2) + av(z,y, 2), (1.155)
where, as usual, « is a small parameter and v(z,y, z) € Cq. This function, in
the strong-anchoring case, vanishes over X:

v(z,y,2€X)=0.

As in the one-dimensional case, the differential equation satisfied by qs(x, Y, 2)
is obtained by

dF
_— | = . 1.1
(da)o 0, Vou(z,y,2) € Ch (1.156)
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52 An Elementary Course on the Continuum Theory ...

To simplify the notation we indicate by z;, ¢« = 1,2, 3, the coordinates x,y, 2
and by 9; = 0/0z;. Routine calculations give

da ///f (@e), O wildr
- [ [Foe+ e
sl v

where the Einstein’s convention has been used. By observing that

of . . (of N\ . of
30:9) " = (a@-@ ) i 5 0)

Eq. (1.157) may be rewritten as

dF ///[ a¢)}”d7+ Eyi%vdg, (1.158)

where we have used the Gauss theorem. In Eq. (1.158), v; are the Cartesian

components of the surface geometrical normal to d¥. By imposing Eq. (1.156),
Vo(z;) € C; such that v(z; € ) =0, from Eq. (1.158) we derive that

of 5 _0f
9¢ " 9(0:i9)
The differential Eq. (1.159) defines the function ¢ extremizing F' given by

Eq. (1.153). The actual ¢(x;) satisfies the boundary condition (1.154).
In the case of weak anchoring, instead of the functional (1.153), it is nec-

=0, Vz; €T. (1.159)

essary to consider the quantity

Floteo) = [[ [fioten.ai0.aidr + § sloteiaz,

where y[¢(z; € X)] represents the surface contribution to F. In this case, we
can still use the parametrization (1.155), but v(z; € £) # 0. By taking into
account that

o= f 25 | P,
P

do < 06 90"
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Eq. (1.157) writes in the present case as

///[ % zqs)] vdr *f( <af¢>+a_;)”d2'

Since dF/da = 0, Yv(x;) € Cy, we derive again Eq. (1.159) which has to be
solved with the boundary condition

of +@ 0, Vae¥,

0(0i¢) 09
due to the fact that v(z; € X) is an arbitrary quantity.

1.15. Dirichlet Problem

Determine the function ¢(zx,z), which in the region —d/2 < z < d/2 and
—o0 < z < 00, minimizes the functional

d/2 o 1
o(z, 2)] / / ~(V¢)2dadz, (1.160)
d/2J—oc0

and on the boundaries located at z = £d/2 assumes the values ¢(z, —d/2) =
®_(z) and ¢(z,d/2) = &, (z). Consider, in particular, the case in which

P, <0
P_ = = 1.161
(1) = B4(2) {%’ " (1.161)
Solution
In the present case
dp 09 1|/0¢ 06\ >
1 (ogegeime) =3 |(5) () ]
Consequently, Eq. (1.159)
0% 029
902 + 22 = 0, V(z,z) € [(—o0,00),(—d/2,d/2)]. (1.162)

It follows that the function extremizing Eq. (1.160) is a harmonic function,
which satisfies the boundary conditions

d(x,—d/2) =P_(z) and ¢(x,d/2) = Py(x). (1.163)
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To find the solution of Eq. (1.162) satisfying Eq. (1.163), we expand ¢(z, z) as
follows:

(z, 7) = / [a(k)e = 4 B(k)es <] dk, (1.164)
where a(k) and B(k) have to be determined by means of Eq. (1.163). By
substituting Eq. (1.164) into Eq. (1.163) and exploiting the orthonormality of
ikx

the set of functions €***  one obtains

() =5 / e (2)dr = a(k)e ™ + (k)b 2,

— 00

T o

I, (k) 1 /00 eiikxq)_%(a?)dx _ a(k)ekd/2 _,'_ﬁ(k)e,kd/g7

— 00

where I_(k) and I, (k) are known functions of k. From these equations for
I (k), we deduce for (k) and B(k) the expressions

I+(k)ekd/2 I (k)efkd/2

alk) = 2 sinh(kd) ’
_ I_(k)er/? — I (k)ekd/?
Alk) = 2 sinh(ljd)

By substituting Iy (k) into Eq. (1.164), we obtain

002 = [ [6ule =\ 20e) + G (o — o DO, (L165)

where the kernels G4 (z — 2/, z) are given by

, 1 /°° ik(w_w/)sinhk(zid/@
— = i— L —— .
Gelw—alz)=+5" | snh(kd) Ok

An integration allows to put G4 (z — 2/, z) in the form

_ 1 cos(mz/d)
2d cosh[r(x — 2')/d] F sin(nz/d)

Gi(z—1',2) (1.166)

Expression (1.165), in which G (x — 2/, z) are given by Eq. (1.166), represents
the general solution of our problem.
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Let us consider now the simple case in which ®4 () are given by Eq. (1.161).
In this case Eq. (1.165) reads

d(x,z) = Py / Gi(z—2',2)+ G_(xz — 2, 2)|dz’

+‘1)2/ [Gi(z —2',2)+G_(z — 2, 2)|dx’ .
0

Since G4 (x — 2/, z) are given by Eq. (1.166), we have

, ;1 cos(rz/d)cosh(n(z —2')/d)
Gi(z—2,2)+G_ (x—2',2) = dcosh2(71'(517 —2')/d) — sin®(wz/d) )

which is even in z, as required by the present problem because ®_ (z) = & (),
and hence ¢(z, z) = ¢(x, —z). By taking into account that

1 /0 cos(mz/d) cosh[m(z — a’)/d] dz’

Ji(z,z) = d oo cosh?[w(z — z') /d] — sin®(nz/d)

{g — arctan [%] }

(i, 2) = 1/000 cos(mz/d) cosh[m(x — 2')/d] 4o’

3=

d cosh?[mr(x — ') /d] — sin® (7z/d)
= % {g + arctan [%] } , (1.167)

we obtain that in the present case, ¢(z, z) is given by
gZS(:I,‘,Z) = (I)ljl(:E,Z) +61)2].2(:1:72)7 (1168)

where j1,2(z,2) are given by Eq. (1.167). By substituting Eq. (1.167) into
Eq. (1.168), we have finally, for ¢(z, z) the expression

sinh(mc/d)) '

cos(mz/d) (1.169)

1 1
oz, 2) = §(<I>1 +@5) + ;(@2 — &) arctan (
The function ¢(z, z) given by Eq. (1.169) is a harmonic function which satisfies
the boundary conditions (1.161). In the bulk, i.e. for —d/2 < z < d/2, ¢(z, z)
passes, in a continuous manner, from ®; to ®, (Fig. 11).
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¢ (x)

d

Fig. 11. Solution of the Dirichlet problem for the boundary conditions ¢(z, +d/2) = ®1, = <
0 and ¢(z,+d/2) = P2, x > 0, for z = +d/2. Note that ¢(z,z) varies in a region whose
thickness is of the order of d, where d is the width of the band (—d/2 < z < d/2).

-d/f2

Fig. 12. The dashed region represents the zone in which is localized the variation of ¢(x, z) for
the Dirichlet problem. Note that for z = +d/2, ¢(x, +£d/2) present two discontinuity points.
When ¢ represents an elastic deformation, the discontinuity points are called dislocations
and the dashed region, wall of constraint.
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Let us consider the straight-line at z = 0, and analyze the x dependence of
¢(z,0). A simple analysis shows that for small z, i.e. |rz/d| < 1, Eq. (1.169)

reads
T

d )

that is ¢(x,0) changes linearly with . The spatial variations, along x, of

$(,0) = £ (1 + 2) + (5 — 1)

¢(z, z) is localized in a region whose thickness is of the order of d. For a
generic z coordinate, the thickness of the regions is of the order of d cos(rz/d).
We can then conclude that the discontinuity of the surface values of ®(x)
induces a “wall” in which ¢(z, z) depends on both the coordinate (x, z) of the
kind shown in Fig. 12. The thickness of the wall for z = +d/2 is zero, due to
the strong-anchoring hypothesis.
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