CHAPTER 1

THREE PICTURES IN QUANTUM MECHANICS

In quantum mechanics, we may adopt three different pictures, that is, the
Schrédinger picture, the Heisenberg picture, and the interaction picture to de-
scribe the dynamics of a quantum system. In fact, in the frame of classical
mechanics, the dynamics of a classical material point can be described by dif-
ferent methods. For example, a material point can be described by the time
development of a state vector with fixed coordinate vectors, or by the time
development of the coordinate vectors with the fixed state vector. The math-
ematical representations of these two descriptions are different, but these two
different descriptions give the same physical results. In quantum mechanics,
the three different pictures adopted to describe a quantum system indicate
that there exist three different ways of description. No matter which picture
is applied to depict a quantum system, the laws of motion of the micro-system
must be identical. This means that unitary transformation relations among
the three pictures must exist. Which picture we actually choose to describe a
quantum system depends on the characteristics of the system. Generally, we
would rather choose the picture in which the physical properties of a system
are more evident and the calculation are simple. In the following, we describe
these three pictures.

1.1 The Schrédinger picture

In quantum mechanics when we describe a micro-system such as an atom,
a system of an atom coupling to a single-mode field or two atoms interacting
with a bimodal field, we usually assume that a state of the system is described
by a state function |¥(t)). If the system is a single micro-particle, it can be
represented by a state function |¥(r,t)), here r is the space coordinate of the
system (micro-particle) and ¢ is the time coordinate. When the exact expression
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of the state function of the system is known at a given time, the time evolution
of the system can be deduced. For example, we can learn the probability of the
micro-particle at the position r at time ¢ which is defined by (¥ (r,¢)|¥(r,t)).
And the probability of finding the particle in a volume d®r = dzdydz about the
point r at time ¢ is (¥(r,t)|¥(r,t))d®r. Since the probability of the particle
over the space is equal to 1, the state function must obey the normalization
condition, i.e.,

/ (9 (r, )| (r, £)) dr = 1 (L1)

Another basic assumption in quantum mechanics is that the physical vari-
ables such as position, momentum or spin, are represented by operators. How-
ever, the property that any physical variable should be measurable requires
that the eigenvalues of the corresponding operator must be restricted to a real
number. Such operator is said to be Hermitian. An arbitrary Hermitian oper-
ator satisfies the following eigenvalue equation

Alun) = Anlun) (1.2)

Here the symbol |u,) is called the eigenfunction of the Hermitian operator A,
and A, is called the corresponding eigenvalue. An Hermitian operator has
three important properties: (1). its eigenvalues ), are real numbers, (2).
its two eigenvectors |u,) and |um,)(n # m) belonging to different eigenvalues
are orthogonal, (3). the eigenvectors of A form a complete set {|up,)}, this
completeness property allows the expansion of any state |¥(t)) of the system
by means of the eigenkets of A, namely

() = D Jun)(un|¥(8) = D Cn(t)|un) (1.3)

here
Cr(t) = (ual¥(t))

is the probability amplitude of the system characterized by |¥(t)) in the eigen-
vector set {|un)}. So we can utilize the linear superposition of the set of
eigenvectors {|u,)} to represent the state vector of the quantum system.
Inasmuch as the description of a micro-system (for example, a single Hy-
drogen atom) needs a lot of physical variables such as position, momentum,
angular momentum, energy, spin, etc., the question arises of the relationships
among the operators of these physical variables. The actual relations among
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physical variables are determined by the physical characteristics of the system.
In view of theoretical sense, there are two kinds of relations among arbitrary
operators. If two operators A and B have a common eigenvector set, they
satisfy the following commutation relation

[A,B]= AB—BA=0

we say that the operators A and B commutate. If operators A and B do not
have a common set of eigenvectors, A and B do not commutate. In this case,

[A, B] = iC (1.4)

where C may be a constant or another operator. The commutation relation
eq.(1.4) reflects the physical correlation between the physical quantities A and
B.

One of the main problems in quantum mechanics is how to determine the
dynamic behavior of a quantum system. In quantum mechanics, the time devel-
opment of the state vector |¥(t)) of the system is postulated to be determined
by the Schrédinger equation

., 0
iho |W(0) = HIW(2)) (15)

here H is an operator representing the energy of the system, which is usually
interpreted as the Hamiltonian of the system. Generally an arbitrary system
may be associated with a certain Hamiltonian. Thus the state vector |¥(t)) of
the system can be determined by (1.5) and the initial condition. Consequently
the time evolution of the system can be determined.

It is very important to choose an appropriate picture in studying the dy-
namic behavior of a quantum system. In quantum mechanics, one important
picture is the Schrodinger picture. The key point of this picture is that the
state vector |¥(t)) describing the dynamic behavior of the system changes con-
tinuously according to the Schrédinger equation from an initial state |¥(to))
to a final state |¥(t)) at time ¢, but the operators of physical variables (such
as H, P,r) are time-independent. In order to distinguish this picture from
others, the subscript (or superscript) S is used to indicate that the operators
and the state vectors are in the Schrodinger picture. Thus we write Hs , gs
ps , |¥s(t)) and the like. In general, if the subscript or superscript of picture is
not explicitly written, we mean that the quantities are in the Schrodinger pic-
ture. Inasmuch as physical quantity Ag is time-independent in the Schrédinger
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picture, the eigenvectors of Ag are stationary (time-independent). Therefore,
in the Schrédinger picture the eigenvectors of an arbitrary Hermitian operator
can form a fixed basis vectors to describe the state vector of the system. That is
to say, the basis vectors are stationary and the dynamical state vector changes
in time in the Schrédinger picture. From the Schrodinger equation (1.5) and
the state vector |Wgs(to)) of the system at time ¢; , the state vector |¥Ug(t)) at
time t can be obtained as

[¥s(2)) = Ut t0) s (to)) (1.6)

where U(t,tp) is a time evolution operator which depends on the Hamiltonian
of the system. Substituting (1.6) into (1.5), then

]
at

Since [Ws(to)) is arbitrary, the time evolution operator obeys

H2U(t,20)[Ws (to)) = HsU(t, to) s (t0)) (17)
h 2 Ut to) = HeU(t, to) (1.8)
at '’ o

Integrating the above equation, gives
ot
Ul(t,to) = exp —%/Hg(t’)dt’ (1.9)
to

Here H is a Hermitian operator, so U(t, o) is a unitary operator. If the system
is conservative and Hgs is explicitly independent of time, then equation (1.9)
reduces to

Ul(t,to) = exp [—%Hg(t - to)] (1.10)

Inserting (1.9) or (1.10) into (1.6), the state vector of the system at time ¢ can
be obtained. Thus, at time ¢ the probability of the system in the eigenket |uy,)
of the operator A gives

[{un|¥s(2))[* = [(un|U(t, t0) [¥s (to)) | (1.11)
and the expectation value of As at time ¢ is

(A)s = (¥s(t)|As|¥s(2)) (1.12)
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It must be mentioned that when the two Hermitian operators A and B do not
commutate (shown in equation (1.4b)), which means that they do not have
the same eigenket set, then the physical quantities represented by A and B
can not be measured simultaneously. In this case, the mean-square deviations
or fluctuations (AA)? = (A%) — (A4)2 and (AB)? = (B?):— (B)? satisfy the
inequality

(A (aB)? 2 Z[(O)F (1.13)

where
(©)=(¥()[C¥() (1.14)
(A4)° = ((2)| 472 () — (W (0] A|9 () (1.19)

The inequality (1.13) is called the Heisenberg uncertainty relation. It expresses
a fundamental relation between quantities corresponding to noncommutative
operators. If (C) = 0, namely C=0, then A and B commute. In this case,
the physical observables A and B can be measured simultaneously and both
have precise values. If operator A is the coordinate operator g and B is the
momentum operator p, then the commutation relation between ¢ and p is

g, p] = ik (1.16)
correspondingly, (1.13) may be written as

(Ap)*(Aq)? 2 ;h* (1.17)

NI

This is the well-known Heisenberg momentum-position uncertainty relation.
When A is the z-component L, of angular momentum and B is the y-
component L, , the commutation relation between L, and L, gives

(Lo, Ly] = thL, (1.18)
Evidently
(AL (AL,)? > J#[(L.)P (119)

Equation (1.19) is the uncertainty relation of £ — y components of the angular
momentum, so that the product (AL;)?(ALy)? is determined by the expecta-
tion value (L,).



