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or equivalently by

(4.31)

= (i) (#59).

But they can also be defined in terms of their Fourier series, at first for 0 <
z < 1 by B,(z) = B,.(z), where B, (z) is the one-periodic function

Bn(z) := —2n 'Z C°S(2’(r::k n/2)  (zeRn > 2). (4.32)

This led Butzer et al [17] to define the Bernoulli functions B, (z) for a € C,
firstly for Re a > 1 by Ba(z) = Ba(z) on 0 < z < 1, where
. cos(2mkz — am/2)
= - 1 4.
B (z) M (a +1) g @k , (xeRRea>1), (4.33)

have period 1. The B,(z) are then extended in a suitable way to = € Rf and
R~. They can also be extended (noting (4.31)) beyond the line Re a = 1 to
the whole a-plane C as well as to complex z = z, via the contour integral

Fla+1) evs _

B,(z) := - @ d .

(2) i / g dw (x € Q) (4.34)
c

for z € C\Ry, at first for e z > 0, where C denotes the positively oriented

loop following Defintion (4.18), and then for any z € C\R; by

m—1
Bo(z—m):=Ba(z) —a Y _(z—k-1)*"1, (4.35)

k=0

where Re z € (0,1), 2 ¢ R, m € N. The B,(z) are now holomorphic functions
of a € C for z € C\Ry .
B, (2) can also be represented as a Weyl integral

Ba(z) = -r(—a) / () (4.36)

for e @ < 0 and Re z > 0. This integral suggests that the fractional Weyl
derivative of order a of the generating function f,(y) = (ye®)/(e? — 1) at
y = 0, equals

Ba() = oo DS f2(9)lymo = (%) T () o (4.37)
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for m — 1 < Rea < m. It is the counterpart of formula (4.31) in the fractional
instance.

The foregoing Bernoulli functions can be connected in an interesting way
with Liouville-Griinwald derivatives. Indeed, given such a derivative D®f €
L}, 1 < p < oo of order a, then the B,(x) may be used to recapture f(z)
itself from

2
T a 1
f(z)= 2a @1l / D®f(z U)Ba(U/27r)du+% / flu)du.  (4.38)

It is due to the fact that the function 1, {z) of (3.13), which is associated with
the Weyl-fractional integral, can be represented in an interesting fashion in
terms of Ba(z) i. e.

—(2m)*

VYalz) = et D)

The connection (4.39) was noted in the particular case @ = n € N by Samko
et al [153]. The result (4.38) follows from Theorem 3.4.

N (2—27:{) . 0<z <2 (4.39)

4.7 Ordinary and partial differential equations and other applica-
tions

There exist a variety of papers dealing with applications of fractional calculus
to (ordinary) differential equations of fractional order, the first discussion of
which goes back at least to L.O’ Shaughnessy (1918) and E.L. Post (1919).
See especially the monographs by Miller-Ross [121], Samko et al {153, pp.
795-872], and the work of M. Fujiwae (1933), E. Pitcher and W.E. Sewell
(1938), G.H. Hardy (1945), J.M. Barret (1954), M.A. Al-Bassam (1966), M.M.
Dzherbashyan and A.B. Nersesyan (1968), L.M.B.C. Campos (1990), D. Del-
bosco and L. Rodino (1996). See e.g. the recent N. Hayek et al [69] and the
literature cited there. An algorithm for the numerical solution of nonlinear
differential equations of fractional order was developed by K. Diethelm and
A.D. Freed [40,41].

As to the partial differential equations there also exist a large number of
publications. For some earlier material see Oldham-Spanier [133, pp. 197-218]
and for more recent results Rusev et al [150], and especially the succeeding
chapters of this volume.

Thus H. Berens and U. Westphal already in 1968 7] considered the Cauchy
problem for the generalized wave equation

Ed;w(a:,t) +oD]w(z,t) =0 (z,t>0;0<y<1)
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where (D] is the Riemann-Liouville fractional differentiation operator applied
with respect to t and suitably restricted to functions of L?(0, o). The solution
has the form w(zx,t) = [W,(z) f](t), where {W.(z); z > 0} is a (Cp)-semigroup
in L?(0, c0).

In the particular case v = 1/2 it can be given explicitly as (W1 5 (z) f](t) =
(z/V/4r) - fot f(t — wyu3/%exp(—x*/4u)du with f € LP(0,00). The proofs are
carried out by precise applications of semigroup theory and Laplace transform
analysis.

This investigation of the fractional wave equation, which is discussed brief-
ly in Samko et al [153, p. 865], seems to be unknown among mathematical
physicists and physicists. Of the literature they cite, it is generally restricted
to the standard works of Oldham-Spanier [133] and Ross [144]; sometimes Ross
[146], McBride-Roach [115] and Nishimoto {124, Vols. I and II] are also added
(see e.g. H. Beyer and S. Kempfie [8]).

Explicit solutions of fractional wave and diffusion equations were given
by Schneider and Wyss [157], Hilfer [77], B.J. West et al [171] and R. Metzler
and Nonnenmacher [119], in terms of Fox functions (see A.M. Mathai and R.K.
Saxena [112]). F. Mainardi in a series of papers studied especially the fractional
diffusion equation, based on Laplace transforms and special functions of E.M.
Wright-type (cf. Kiryakova [91]; see [110], and El-Sayed [49] for a semigroup
approach. Schneider [156] and Hilfer {80,81] established the relation between
fractional diffusion and stochastic processes, master equations and continuous
time random walks.

A review of the early contributors of the applications of fractional calculus
to the theory of wviscoelasticity has been given by R.L. Bagley and P.J. Torvik
[5]. In later papers these authors and R.C. Koeller [94] show the connection
between fractional calculus and Abel’s integral for materials with memory and
that the fractional calculus constitutive equation allows for a continuous transi-
tion from the solid state to the fluid state when the memory parameter varies
from zero to one. In particular, Koeller continued the Bagley-Torvik work
and Yu. N. Rabotnov’s (1980) theory of hereditary solid mechanics using the
method of integral equations (instead of Laplace transforms); it leads to re-
sults expressed in terms of the Mittag-Leffler function which depends on the
fractional derivative parameter in question. See especially R. Gorenflo and F.
Mainardi ([64]) in this respect. Chapters VII and VIII in this volume give a
review of more recent work on viscoelasticity and rheology. As to statics and
dynamics of polymers, Douglas [43] has emphasized the appearance of frac-
tional integral equations for surface interacting polymers and other systems.
See also Chapter VI of this volume.

Of recent increasing interest in the area of fractals and nonlinear dynamics
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are fractional dynamical systems. Such systems can be discussed in the frame
of abstract ergodic theory as flows or semiflows on measure spaces involving
fractional time derivatives. They are related to problems of time irreversibil-
ity and ergodicity breaking. For literature in this respect see e.g. R. Hilfer
([78,79}), H. Hayakawa, [69].

A new class of phase transitions, called anequilibrium transitions, has re-
cently been introduced by R. Hilfer [73]-[75]. It characterizes each phase tran-
sition by its generalized noninteger order and a slowly varying function (in
the sense of E. Seneta, see e.g. Jansche [84]) Thermodynamically this charac-
terization arises from generalizing the classification of P. Ehrenfest (1933) to
noninteger orders A > 1 but also A < 1.

In the setting of Hamiltonian chaotic analysis anomalous kinetics of par-
ticles has been studied by G.M. Zaslavsky in real systems. Such systems have
fractal sets of islands or tori (cylinders) in the phase space, and these sets
are responsible for the anomalous kinetics. In this respect a new fractional
Fokker-Planck-Kolmogorov equation describes the particle kinetics; it can be
considered as a new universal scheme for those processes where chaotic dy-
namics meet strongly correlated ballistic dynamics similar to the Lévy flights.
See [180] and its literature as well as Chapters IV and V of this volume for
more information on this subject.

5 Integral Transforms and Fractional Calculus

5.1 Fourier transforms

The Fourier transform of a function f : R — C, defined by

FI®) = o) = \/%_ﬂ / fw)e*vdu, veR, (5.1)
R

is a powerful tool in the analysis of operators commuting with the translation
operator (see e.g. {25]). Its inverse is given by

f(@) = FHA ) / A w)evdy

for almost all z € R, if f and f" belong to L'(R). Two of the basic properties
of the Fourier transform are

FIf™(w) = ()" v), veR (5.2)
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[F A @) = Fl(~iz)" f(2)](v) (5.3)

valid for sufficiently smooth functions f; (5.2) holds if, for example, f € L}(R)N
ACTTYH(R) with f(™ € L!(R), while for (5.3) it is sufficient that f as well as

loc

z™ f(x) belong to L'(R). The convolution theorem
FIf * g)(v) = F[f](v) Flg](v) (5.4)
holds, for example, for f,g € L'(R), where

(f * 9)(z) = \/—12_; Z f(z - w)g(u)du. (5.5)

The fractional integral _o IS f of (1.12) is such a commuting operator. The
counterpart of (5.2) reads for such operators (see e.g. [147, p. 32}

Lemma 5.1. If f € L'(R) and 0 < Re a < 1, then
FloooI2 fl(v) = ()~ f(v). (5.6)

Indeed, changing the order of integration,

N 1 -N N-t
/ ee 2 (@)™ s = s / &=t f(t)dt N/ e~y gy
-N ~00 —N-—-t

N-t

N
L —ity —iyv, a—1
e /e Ft)dt / e—wrya-lgy
N

0

But for any fixedv #0, 0 <Rea <1,
o
/ e~Wrya1gy = (iv)~*T(a). (5.7)
0

Here the Fourier integral on the left is to be understood in the sense of a
principal value. Hence, taking the limit above for N — oo, there results (5.6).
Thus the action of fractional integration under Fourier transforms is reduced
to dividing the Fourier transform by (iv)“.

Equation (5.6) cannot be extended to values Re a > 1 immediately since
the left-hand side of (5.6) may then not exist even for very smooth functions,
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e.g. f € Cg§°, the space of all infinitely differentiable functions with com-
pact support in R. Indeed, for @ = 1, _If(z) = f_zoo f(u)du, so that
—ool} f(x) — const. as T — oo, implying that F[_.,I! f] does not exist in the
usual sense (see e.g. [153, p. 139]).

If @ > 1 take a non-negative function f € C§° to be positive on some
interval [a,b]. Then for z > b

b
a 1 a— : (1“ - a)a — ("B - b)a
—ooIg; f(.’l,‘) 2 F—(&j /(.’L‘ - 'U,) lf('u)du 2 argnélslb f(u) F(a T 1) )

so that _oI2 f(z) ~ Cz®~!/T(a) as £ = oo, implying again that F[_.,I%f]
does not exist in the usual sense. Thus one can only expect to extend (5.6) to
all a with Re a > 0 for a special class of functions f.

For this purpose, let S = S(R) be the space of Schwartz test functions,
i.e., those f(z), ¢ € R which are infinitely differentiable and rapidly decreasing
together with their derivatives as || — oo, thus

lim (1+23)™f0)(z)=0, allm>0,j>0.
|z]—=00

S(R) is a topological vector space, the topology being given by the family of
seminorms || f||j,m = supgeg |(1+22)™ fU)(z)|; it is metrizable and is complete
(thus a Frechet space). Now let ¥ = ¥(R) be the space of functions f € S
which are equal to zero at the point z = 0 together with their derivatives,
ie, ¥ :={feS; f¥O0) =0 ke Ny} Then the Lizorkin space ® is
the space of functions in S the Fourier transforms of which belong to ¥, thus
®={f; fe€S, f"e€¥} Infact,® may be characterized as the space of
f € S which are orthogonal to all polynomials:

/ukf(u)du =0, keN, (5.8)
R
since [ e7%u f(u)du = i*v2r(f*)®(0) = 0.
Now if f belongs to ®, then equation (5.6) is indeed valid for all Re a > 0.
Let us establish it for 1 < Rea < 2. Indeed,

N t
M@ F w2 fl0) = Jim [ e [ (6w )
N N-u
= lim e~ f(u)du / y*temWdy.

N-ooo
—00 0
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If Rea # 1, integration by parts yields

N
(0)0(@) Flco 2 fi(v) = Jim (NN / (1= ) Flw)dut

N—-u

N
(a——l)/f(u)e'““du- / y* Ze~WVdy}.

0

The first term on the right tends to zero by (5.8) (noting L’Hospital’s rule),
while in the second one can pass to the limit directly since Rea < 2. Noting
(5.7), this yields T'(@)F[-coI® f](v) = (& — 1)I'(a — 1) (iv) ~* f*(v), as required.
The case o = 1 is simple, since, by (5.8),

N
—iuv _ ,—ivN
Fleltfl) = Jim [ S f(u)du = = ()

For the case Rea =1, a # 1, i.e.,, a = 1 + @9, 9 # 0, which is quite technical
(see [153, p. 149)).

As to the fractional counterpart of (5.2}, we have, by Lemma 5.1 and (5.2)
for sufficiently smooth functions f, for example, f € S (n = [Re a] + 1),

FlowDg I0) = FloooIz™* fM(@)](v) = (i0) "~ (F M) (v)

= (iv) ") (Gv)" fA(v) = (i)* A (v).
Let us finally remark that there exists a fractional Fourier transform F, of
order «, introduced by N. Wiener (1929). It is a unitary integral transform
on L?(R), the eigenvalues and eigenfunctions of which are, respectively, e~ *"*

and the normalized Hermite functions h, (n € Ny). It is defined for all a € R
by the limit in L?(R)-norm

N
Fof() =limy0 / Ko (-, u) f(u)du,
N

where
Aqexp (lg—z cota) exp (—% + %cota) ad{lrleZ}
Ka(v,u) = { §(u —v) a € {2nl;l€Z}
d(u+v) a € {2nl+mlel}
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and A, = exp[—i (¥sgn a — £)]/+/2n|sinql.

For o = 7 /2 we obtain the classical Fourier transform F and for o = —m/2
its inverse transform F~!. For a = nn/2, n € Z, we have F™, the nth power
of F. F, satisfies the index law F,Fgf = Faqgf forall f € L*(R). The
inverse of F, is F_.,. This transform is of interest in sampling theory of signal
analysis in case the samples are not equally spaced apart but are irregular.
It is of primary interest in the case of complex valued functions. See e.g. B.
Bittner {9] and especially the literature cited there. For sampling theory itself
one may consult Higgins [71] and Higgins-Stens [72].

5.2 Mellin transforms

The Mellin transform of f : Rt — C, defined by
x

M[fW](5) = fau(s) = /u"_lf(u)du (s =c+it) (5.9)

0

for f€ Xe:={f: Rt = C, [Ifllx. = [y |f(uw)luc"'du < oo}, for some c € R,
has its inverse given by

c+ico

f@ = MUROI@ = 5 [ fu@ads,  (510)

c—10Q

provided f3, € L*({c} x iR). The Mellin convolution of f and g is given by

T . zy . du
o = —)glu)— 5.11
(f 0 9)(z) / £(2) )% (5.11)
provided it exists, and the associated convolution theorem reads for f,g € X,,
[f 0 gl (s) = [FIM(5)glra(5)- (5.12)
For the Mellin differential operator ©., defined for ¢ € R by
0:f(z) =zf'(z) +cf(z), zeR, (5.13)

in case it exists, and that of order n € N iteratively by Olf := ©.f, O7f =
0.(0771f), one has for s =c +it, t € R,

(02 flM(s) = (—it)" fR(s) (5.14)
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provided f € AC.'(Ry) N X, and O%f € X.. See especially [23] and the
literature cited there for the foregoing approach to Mellin transforms.
Whereas this is the natural operator of differentiation in the Mellin setting,

for the classical nth order derivative D7 f(z) we have

(Z1)"T(8) ,n
I(s —n)

provided f € AC*7}(R,) and D¥f € X,y r_n for k=0,...,n. Now for the

loc
classical fractional integral on R, , given by

MIDEf)(s) = “mr—<" fau(s — n), (5.15)

oI2f(z) = F(l;l—) [@-wet (5.16)
0
one has
Mz F@N(6) = 2= o+ o) (5.17)

if f € Xetneo and ¢+ Re a < 1. In fact, formally

e 00 z dy ) . O
M5 / 1" y>y](s)—M[m (g0 0 H)@)I(s),

where go(z) = I'(a) !(z — 1) 127 (see [147, p. 43] ) with M[g.(2)](s) =
I'(1-s)/T(1-s+a), Res < 1. Now M|z f(z)](s) = fa(s+a) so that (5.17)
follows since

I'l-s—a)

rl-(s+a)+a fhuls +a).

M[z%(ga © )(2)(8) = [ga © flMs(s + ) =

As to the fractional derivative on RY, one has by (5.15) under suitable condi-
tions

(=D"T'(s)

MoDZf1(s) = (s~ )

MBI %fl(s=n) (n-1<Rea<n). (5.18)

Hence by (5.17)

Mop2f)(s) = SRR = g

s —a).
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By applying the functional equation

rQA-(s—a)) =

s
I(s —a)sinm(s — a)

as well as ditto for o = n, then

MoD211(8) = (~1"T () g =gy o (s =)
(5.19)
_ sinws T(s)
" sinw(s — @) ['(s ~ a) fials — )

Sufficient conditions for the validity of (5. 19) in casen —1 < Re a < n are, for
instance, that c+ n—Rea < 1, f € AC{; (Ry) and DX¥f € X 41 _we o for
k =0,...,n. Note that (5.19) reduces to (5.15) for @ = n. Thus the factor
(sinws)/sin7(s — @) is a replacement for (—1)™ in the fractional case.

Observe that the fractional integral defined by (5.16) is not the natural one
connected with a possible generalization of the differential operator given via
(5.14) to the fractional case in the sense that one is the inverse to the other (in
the sense of Theorem 11 of [23]). What would be needed is a fractional integral
which is the true counterpart of the new differential operator (5.13), at first
in the particular case @ = n. In this respect see also the theory of fractional
powers of some classes of operators, including Riemann-Liouville and Weyl
fractional integrals, via a Mellin transform approach due to McBride [114].
Rooney [143] presented an approach v1a Mellm multipliers.

The fractional integral T'(a) —ooI2 f( fo el f(z—u)du, Rea > 0is
the Mellin transform of f{z —u). Applymg the inverse Mellin transform M1,
we deduce the following integral representation of the function f(z) in terms

of its fractional integral, namely

Re a+ioco
Flo—u) = % / T(a) —ooI®f(z)u"da (5.20)
Re a—ioco

provided, for fixed z € R and some ¢ > 0, the function ['(a)_ .12 f(z) belongs
to L!({c} x iR) with respect to .
This formula may be regarded as another integral counterpart of the Taylor
series expansion of f(z — u). Further, taking z = 0, we have
1 Re a+ico
fc)=5r [ D@ el f@,u e (> 0),

27
Re a—ico
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This implies that f(z) can be recovered from the values of its fractional inte-
grals _ oI f(z) taken at only the one point z = 0 if these are known for all a
on the vertical line Re a = const > 0.

5.3 Laplace transforms and characterizations of fractional deriva-
tives

The Laplace transform of a locally integrable function f : Ry — C, defined by
o0
£if1(6) = £265) = [ e fupau (5.21)
1]

is another powerful tool in solving differential and integral equations of frac-
tional analysis. In this framework it is appropriate to assume that the integral
in (5.21) converges absolutely in the complex half-plane Re s > 0. If, in addi-
tion, f is of bounded variation in a neighbourhood of some x > 0, then there
holds the inversion formula

o+ioco

L:"l[f[/;\](x) — PVL. / e”fé‘(s)ds - f(Il? + 0) + f(III - 0) (z_ > 0)
2m ‘ 2
(5.22)
for each fixed ¢ > 0. The associated convolution relation is given by
(F29)@) = [ £z - wtu)du (5.23)
0

the transform of which is £[f ® g](s) = L[f](s)L[g](s). Thus the transform of
the fractional integral oI2 f, Re a > 0, namely the Laplace convolution

e [ 107
is given by, noting L[z§ ™! /T(a)](s) = s~ for Rea > 0,

LIz f1(s) = s7*L[f](s), (5.24)

valid for sufficiently good functions.
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As to fractional differentiation, first recall that for n € N

[ " Al(s) = s"Lf)(s) - Zs"ﬂ"* (0+), (5.25)
so that

LloDz fl(s) = [—- oIz f](s)

n—1
= s"LloI2™ f}(s) k;) i Py OI" *f(0+) (5.26)
n—1
= s*L[f](s) — Z s¥ oD271kf(04+) (n—-1<a<n).
k=0

If, however, one would work with definition (1.26) of fractional differentiation,
ie. oD2f :=¢ IP~ f(™)(z), then

n—1
LoD, fI(s) = s*LIfl(s) = Y s* 1K fB(04) (n-l<a<n). (527)

k=0

The essential difference between the expansions (5.26) and (5.27) is that the
former involves the fractional derivatives ¢ D2~ 1=%f(0+) (k = 0,1,..,n — 1),
whereas the latter involves only the integer derivatives f*)(0+).

G. Doetsch {42, p. 163fL.] defines the fractional derivative as the solution
g of the integral equation

oI%9(c) = / (z ~ u)*g(u)du = f(z)

in case it exists. Let us denote it by §DSf. Then there holds the following
connection between the three definitions: Let f,g € Lio.(Ry) and let their
Laplace transforms converge absolutely for each s with Re s > 0. Then the
following three assertions (i) - (iii) are equivalent forn —1 < a < n:

(i) s*f7(s) =gr(s) (Res>0),
(W) 9= ¢DZ/f,

(i1z) di:,;[olf“’] f are locally absolutely continuous on [0, 00) and equal to zero
atz =0 fork=0,1,... ,n—1, together with D3 f = g.
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Each of these assertions is implied by the following sufficient condition:

(iv) f*®)(x) are locally absolutely continuous on _[(_)‘,loo) and equal to zero at
z=0fork=0,1,...,n—1, together withoD_f = g.

For functions belonging to LP(R, ), 1 < p < o0, these concepts can be re-
lated to the Marchaud-type derivative considered in Section 3.5; cf. Theorems
3.8-3.10.
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