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Suppose V is a finite dimensional vector space over a field K, T : V —

V a linear map such that the minimal polynomial of T coincides with the
characteristic polynomial, which is the square of an irreducible polynomial in
K[T)]. Show that if %', > and W are any three non-zero vectors in V, then at
least two of the three subspaces spaned by the sets {T" %@ }i>0, {T% 7 }i>0 and
{T*®W}i>o coincide. - -

(Stanford)
Solution.

V can be viewed as a module over the polynomial ring F[A] simply by
f(A) -z = f(T)-(z) for any ¢ € V, f(A) € F[A]. Let {uy,uz,---,un} be a base
of V over F, A = (aij)nxn be the matrix of T relative to the base. In general,
a normal form for AI — A in M, (F[)A]) has the form

diag{1,---,1,dy(A),---,d,(N)}

where the d;(A) are monic of positive degree and d;(A)|d;(A) if ¢ < j. By
the structure theory of finite generated modules over P.I.D., there exist (i =
1,2,--+,8) € Vsuch that V = F[A]-21®F[A]-22®- - - @ F[)A]-z, where Ann(z;) =
(di(A)). Here, according to the assumptions, the minimal polynomial m(A) of
T is det(AI — A), so

m(A) = d,(A) = det(AI — A).

Hence s = 1 and

V = F[A]- z1 = F[A)/(m(}))
is cyclic. Since m(A) is the square of some irreducible polynomial, V = F[)]- 2,
has exactly two non-zero submodules. Obviously, the three subspaces gener-
ated by the sets {T" %' }i>o, {TiV}iZO and {T* W }i>0 are non-zero submodules
of V over F[)]. So at least two of them coincide.
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Let V be a finite dimensional vector space over € with basis {v1,+-,v5}.
Let o be a permutation on {vy,- - -, v, } and thus induce a linear transformation

A on V. Show that A is diagonalizable.
(Harvard)



Solution.
By re-ordering the elements vy, vs,- -+, vy, We assume that

o= (V1 i) Wig41 Vi) (V41 Un), (<81 <t <+ <t < n),

when o is expressed as the product of disjoint cycles (This decomposition may
have l-cycles). Let W; be the subspace of V' generated by {V;;_, +1,---,v;;}
for j =1,2,---,s4+1 (ip = 0,%,41 = n). Then the W; are invariant subspaces
of Aand V = Wi @ Wo @ --- @ W,;1. Let M; be the matrix of AIWJ. :
W; — W; relative to the base {v;,_, 41, -+, v;;} of W; over €. Then M =
diag{M,, -, M, 1} is the matrix of A relative to the base {vy,vs,--+,v,}. So
it suffices to prove that every M; is diagonalizable.

Hence, without loss of generality, we may assume that o is the n-cycle
(v1,v2,+*, Vy). The matrix of A relative to the base {v1,v2,-:-,v,} is

0 1 0 --- --- 0
0 0 1 - v 0
O |
1 0 0 -~ 0 O

It is easy to see that the minimal polynomial of M is A" — 1, and thus M is
diagonalizable.
This completes the proof that A is diagonalizable.
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Let V be a finite dimensional vector space over the field of rational numbers.
Suppose T is a non-singular linear transformation of V such that T-* = T24T.
Prove that 3 divides the dimension of V, and prove that if dim V' = 3, then all
such T"s are similar.

(Harvard)
Solution. '

Since T-! = T2 + T, T is annihilated by the polynomial A3 + A% — 1.
Obviously, A3+ A% — 1 is irreducible over the field @ of rational numbers. Thus
A3+ 2% — 1 is the minimal polynomial m(}) of T'.

Now let n be the dimension of V over @), A be the matrix of T relative to

n—s

—
some base of V, diag{1,---,1,d1(A),---,ds(A)} be the normal form for AT — 4



