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where the d;(A) are monic of positive degree and d;(A)|d;(}) if ¢ < j. By the
irreducijblity of d,(A) = m()) = A3 + A% — 1, we have

di(d) =de(A) = =d,(A) = A®+ A2 - 1.
Since det(AI — A4) = dy(A)---d,(A),
3.5 = deg(det(A\ — A)) =n.

Thus we have proved that 3 divides the dimension of V.
If dimV = 3, then AI — A is equivalent to diag{1,1, A% + A2 — 1}. The

01 0
rational canonical form for A (or T') is ( 00 1 ) . It follows that all the
1 0 -1
T’s are similar when dimV = 3.
1108

Let F, be a finite field with ¢ = p" elements, where p is a prime. Let
II : F; — F,; be the Frobenius automorphism II(z) = z?. Prove that II
considered as a linear map over F), is diagonalizable if and only if n divides
p" — 1. (Here is a misprint. It should be “n divides p —1”.)
(Harvard)
Solution.
It is wellknown that F, C F, is a Galois extension with

Gal(F,/F,) = {1,II,112, .., 1"~ 1}

By the Normal Base Theorem, there exists a u € F, such that {u, II(u), I%(u),
-++,II""(u)} is a base for F, over F,. When II is considered as a linear map of
F, over F,, the matrix of II relative to the base {u, II(u), I?(u),---, 1"~ (u)}
is

o 1 0 -+ 0
6o 0 1 --- 0
o o o0 .- 1
1 0 0 .- 0
The normal form for AE — M is diag{1,---,1,A" — 1} and the minimal poly-
nomial m(A) of M is A" — 1 = det(AE — M).
Suppose that II is diagonalizable as a linear map over F,. Then m(A) =
A" — 1 has no multiple root, and all the roots of A —1 are in F,. On the other
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hand, all the root of A —1 forms a subgroup of F; = F,\{0}. Thus n divides
p—1.
Conversely, if n divides p — 1, A™ — 1 has no multiple root and
M —1=(A-1)-(A—a?) (A —a?¥)-.. (A = aln~V9)
where d = a;;f-l and a is the generator of the group F,. Hence M is similar
to diag{1,a%,---,a(® 19} in M,(F,). So I is diagonalizable as a linear map
over F,.

1109

Let A(t) be a non-singular matrix whose elements are differentiable func-
tions of real variable t. Let A’(t) denote the matrix formed by the derivatives
of the elements. Show that the derivative of the determinant det A satisfies

gt—(det A) = det A - trace(4’- A71).

(Harvard)
Solution.
Let
au(t) am(t) e Q1p (t)
A(t) — a21(t) azz(t) ce Q2p (t)
anl(t) anz(t) *e* Qpn (t)
Then
ayy(t) aa(t) - a:m (t)
Al(t) — a’IZI(t) a’,22(t) e aZn(t)
an1(t) anz(t) -+ ana(?)
and
A An - Am
A = (det 4)1 Ay Ay -- Apo
Aln AZn e Ann

where A;; is the algebraic cofactor of a;;(t). Hence

det A-trace(4'A™Y) = ) al;(t)Ay; + > ahi(8) Az + -+ D an () Anj

j=1 j=1 j=1

2D a4 = > (Z aﬁf(t)Aij) -

J



