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hand, all the root of A —1 forms a subgroup of F; = F,\{0}. Thus n divides
p—1.
Conversely, if n divides p — 1, A™ — 1 has no multiple root and
M —1=(A-1)-(A—a?) (A —a?¥)-.. (A = aln~V9)
where d = a;;f-l and a is the generator of the group F,. Hence M is similar
to diag{1,a%,---,a(® 19} in M,(F,). So I is diagonalizable as a linear map
over F,.

1109

Let A(t) be a non-singular matrix whose elements are differentiable func-
tions of real variable t. Let A’(t) denote the matrix formed by the derivatives
of the elements. Show that the derivative of the determinant det A satisfies

gt—(det A) = det A - trace(4’- A71).

(Harvard)
Solution.
Let
au(t) am(t) e Q1p (t)
A(t) — a21(t) azz(t) ce Q2p (t)
anl(t) anz(t) *e* Qpn (t)
Then
ayy(t) aa(t) - a:m (t)
Al(t) — a’IZI(t) a’,22(t) e aZn(t)
an1(t) anz(t) -+ ana(?)
and
A An - Am
A = (det 4)1 Ay Ay -- Apo
Aln AZn e Ann

where A;; is the algebraic cofactor of a;;(t). Hence

det A-trace(4'A™Y) = ) al;(t)Ay; + > ahi(8) Az + -+ D an () Anj

j=1 j=1 j=1

2D a4 = > (Z aﬁf(t)Aij) -

J
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For 1 <k <m,let

) ail (t) a12(t) et Q1p (t)
A= @y (V) apa(t) - @)
anl(t) anZ(t) et ann(t)

So,
det A - trace(A’A™!) = det A; + det Ay + -+ - + det Ay,

On the other hand, by definition,

d
a(detA) = ;_t( Z (—1)"(”1"'1’")111,,,(t)azpz(t)---anpn(t))

(p1-Pn)

Z (_l)r(Pl-“pn) (Z a1p, (t) . a’;cp;, (t) v a'npn(t))
k=1

(P1++pn)

— Z( Z (_l)r(lepn)alpl(t)...a;cpk(t)...anp"(t))

k=1 \(p1-pn)
= detA; +det A5 + ---+ det A4,.

Hence we have proved that

%(det A) = det A - trace(4’ - A71).

1110

Let V be the vector space of polynomials p(z) = a + bz + cz? with real
coefficients a, b, and ¢. Define an inner product on V by

1
(pg) = %/;lp(:c)q(m)d:c.

(a) Find an orthonormal basis for V consisting of polynomials ¢o(z), ¢1(z),
and ¢2(z), having degree 0,1, and 2, respectively.

(b) Use the answer to (a) to find the second degree polynomial that solves
the minimization problem

iy [ 11<p(w) — o%)%da.

(Courant Inst.)



