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For 1 <k <m,let

) ail (t) a12(t) et Q1p (t)
A= @y (V) apa(t) - @)
anl(t) anZ(t) et ann(t)

So,
det A - trace(A’A™!) = det A; + det Ay + -+ - + det Ay,

On the other hand, by definition,

d
a(detA) = ;_t( Z (—1)"(”1"'1’")111,,,(t)azpz(t)---anpn(t))

(p1-Pn)

Z (_l)r(Pl-“pn) (Z a1p, (t) . a’;cp;, (t) v a'npn(t))
k=1

(P1++pn)

— Z( Z (_l)r(lepn)alpl(t)...a;cpk(t)...anp"(t))

k=1 \(p1-pn)
= detA; +det A5 + ---+ det A4,.

Hence we have proved that

%(det A) = det A - trace(4’ - A71).

1110

Let V be the vector space of polynomials p(z) = a + bz + cz? with real
coefficients a, b, and ¢. Define an inner product on V by

1
(pg) = %/;lp(:c)q(m)d:c.

(a) Find an orthonormal basis for V consisting of polynomials ¢o(z), ¢1(z),
and ¢2(z), having degree 0,1, and 2, respectively.

(b) Use the answer to (a) to find the second degree polynomial that solves
the minimization problem

iy [ 11<p(w) — o%)%da.

(Courant Inst.)
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Solution.
(a) Since 1,z,z?% is a base of V, we can orthonormalization 1, z,z? to get
an orthonormal basis

bo() =1, ¢1(a) =3z, ¢ale)= __\/_5+% )

of V with degree 0, 1 and 2 respectively as usual.
(b) Let

po(z) = cogo(2) + c161(2) + c2¢2(2) €V (ci € R)

and
go(z) = &° — po(z)
such that go(z) is orthogonal to V, that is
(z® - po(z), 4i(2)) =0 (i =0,1,2).

Then for any p(z) € V,

2|z® — p(z)I?

= 2|z® — po(2) + po(z) — p(z)|?
2|go(z) + po(z) — p(z)|*.

1
/ (p(z) - 2°)%dz
-1

Since (go(z), po(z) — p(x)) = 0,
1
/_ (9(&) — 2 = 2Uao(e)]* + 2Ipo(z) ~ P&

It follows that .
iy [ (ole) =) = 2ao(o)f"
Since (go(z), ¢i(z)) = 0 if and only if
(2%, ¢i(2)) = (po(2), i(®)) = i (=0,1,2).

U
By an easy calculation, we get co =0, ¢c1 = 3§ and c; = 0. Hence po(z) = %:c
and go(z) = z° — 2z. Obviously,

/ (=3 - —:c)zda: = —1—%
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Thus, when p(z) = %:c,
]

/ 11(p<w) — o*)da

is minimal, and
1
8
3 3\2 —
;Iémf_l(p(:c) z°)4dz = 75

1111

Suppose that 4 is an n x n matrix and that

T1 n
= E y Y= : s y*=(y1)""yn)~
Tn Yn

Suppose that all the entries of 4, z, and y are real.
(a) Show that there exist numbers a and b so that

det(A + sxy*) = a + bs.

(b) Show that if det(A) # 0 then a = det(A4) and b = det(A4) - y* A~ 1z.
(¢) Is it true that a = 0 if det(4) = 07
- (Courant Inst.)
Solution.
(a) Directly,

det(A4 + szy*)
a11+ST1yY1 - Gin + 5T1Yn
= det cee ce ces
Ap1 + 8TpY1 ¢ dpn + STpYn
@11 Gin
— det cen ces “es
Qp1 **° Qan
T s Ty aii ot Qin
+s- det . 2% . .?n + det asi s a3n
ap1  ***  COpp '

an1 crr Gap



