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connection, that the points 0, 1, oo belong to 2. All invarisntly formulated 
results are of course independent of this hypothesis. 

The method we shall use is intimately connected with infinitesimal 
deformations of confonnal structure. However, there will be no need to 
mike this connection explicit. 

Given r€.B(T) we construct 

(7.1) / « ) ^ »(,)[-!.__-t--±ZZi]dxdy. 

The integral converges because the rational function in brackets has a third 
order zero at as and only simple poles at {, 0, and 1. It represents a con­
tinuous function in the finite plane. What is more, it satisfies a uniform 
Holder-type condition 

(7.2) | / t t i ) - / ( C . ) | g C | C . - C | l o g l / | C l - f c | , 
for instance for | d — { , | g 1/2. At oo it is of order 0 ( | C | log | { | ) . 

It is well known that / has locally square integrable distributional 
derivatives, and that 
(7.3) ft-l(f,-if,)-¥ 

almost everywhere (provided that we set r — 0 on 5). 

7.2. We shall prove: 

LXKXA 8. r€ N(T) if and only if / —0 on 3. 

The necessity is immediate. Indeed, for any fixed {€ 2 the bracketed 
expression in (7.1) is a holomorphic and integrable function F on Q. 
Therefore, yCN(T) implies 

rFdxdy — <eF,r> — 0, X 70 
and hence /(C) —0. 

To prove the sufficiency, let A be a C" function which vanishes in a 
neighborhood of 2. In addition we require that A and /Ai be bounded. 
Under these conditions, if Ft. A (a) Stokes* formula yields, with the help 
of (7.8), 

(7-4* C XFvdxdy—j f^Fdxdy C f>*Fdzdy. 

If we csn choose A, depending on a parameter, in such a way that A tends 
boundedly to 1 and /A, tends boundedly to 0, it will follow that <©F, *> — 0, 
and hence, by Lemma 7, that »€ N(T). 
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We are assuming that / —0 on 2. As before, t(t) denotes the distance 
from s to X We deduce from (7.2) that 

(7.5) | / |<C81ogl /» 

for 8 <» 8,, say. We choose 8. § «-». 
For the moment, let us ignore the condition that A be of clan Cm. 

Given c > 0, let A(<) be 0 for 0 ^ < § « , 1 for <g8<, and linear between « 
and it. We shall set 
(7.6) A(.)-A[(loglogl/8(s))-»] 

if ( < 8, and A(«) — 1 if 8 g 8». For < small enough, A will be continuous 
and identically sero near X 

If 8(f) were differentiable, the obvious inequality \t(*t)—8(s,)| 
Si I *i — *t | would yield 18« | ^ 1, and hence 

| A, | S €-'»-l(l°g1/8)-'(log log 1/8)-

in the part where A it not constant. Since (loglog 1/*)"' g8« for these 
values it follows that 

| A , | g 4rf-« (log !/»)-', 

and in view of (7. 5) we obtain | Xtf | :S 4Ct throughout O. The desired con­
clusion follows. 

The reasoning is completed by an obvious smoothing process, which we 
need not explain in detail. First, we replace 4 in (7.6) by a smooth mean 
value 8* obtained by convolution. In the relevant part of the plane 8* will 
satisfy the same Lipschits condition as 8. Secondly, A has to be replaced 
by a smooth function whose derivative is nowhere much greater than f1. 
With these modifications the argument goes through exactly as before. 

7.3. An alternative characterisation of N(T) is the following: 

LKKMA 9. ,€ N(T) if and only if f(At) - f ( s )A' ( s ) for all A € r. 

The condition means that f/ds is invariant, in which case / is said to be 
an inverse differential. 

The definition (7.1) of / shows that /(0) — 0. If the condition in the 
lemma is fulfilled it follows that /(AO) —0 for all A € r. But the points 
AO are dense on 2 and / is continuous. Therefore / vanishes on X and 
Lemma 8 shows that r€ N(T). 

Consider now the function 

(7.7) P,(.)- /(A«)A'( .)-»-/( i) . 
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By UM of (7. S) we obtain 

(7.8) ( P 1 ) , - r ( l f ) i ' ( f ) A ' ( f ) - » - r ( f ) - 0 

almoet everywhere; in particular, also on X Furthermore, the derivatives of 
PA are locally square mtegrable (except perhaps at A-'oo). It follow! that 
PA i> analytic, and if it vanishes on 1 it matt be identically aero. This proTet 
the lemma. 

A more detailed inTettigation of the singularities at oo and A-*oo shows 
that PA ia alwaya a quadratic polynomiaL It ia of aome intareat to note the 
formula 
(7.9) Fx . ( t ) -P^(Bf)B'( f ) - l + F,(a). 

7.4. The laat lemma leada immediately to the principal result: 

THSOEXK 4. If T it finitely generated, then 8 — O/T it of finite type. 

Indeed, all relation* /(As) —f(*)A'(») are conaeqnencea of the corres­
ponding relations for the generators. On the other hand, each relation ia 
equiTalent to the raniahing of the coefficients of PA, and thus to three linear 
conditions on r. For a finitely generated group the apace B(T)/N(T) has 
thus finite dimension. By Lemma S and Theorem 8 thia means that Q*(T) 
ia finite dimensional, and hence the same ia true of Q (r) . We apply Theorem 
1 to conclude that 8 ia of finite type. 

8. Invariant regions. 8.1. It ia possible to obtain more precise infor­
mation by adding the hypothesis that one or several tk are connected, and 
hence invariant under the full group r. Such groups have been called function 
groups.* 

The fact that all invariant regions CU have the same boundary 3 does not 
by itself preclude the existence of any number of such regions. However, 
the existence of nonelliptic fixpoints does impose a severe restriction. The 
following theorem was communicated to me by E. Accola. 

THIOSXK 8. There are at most two invariant region* Qj, and if there 
are two they are limply connected. 

For the simple proof, which is purely topologies!, we refer to a forth­
coming article by Accola. 

8. 2. If r is finitely generated we are able to prove a more precise result: 

•L. Ford, AutoBorphle Function* (tat •&, Chaise*, IW1), p. 64. 
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TsaoaxK 6. Suppose that n, and O, art invariant rtgiont for the finitely 
generated group T. Then 8 — O/T hat only the component* 5, — 0,/T and 
Sj — n,/T. Moreover, S, oni S, are AomeomorpAte «pt<A uomorpftie n^naiurM. 

Since r is finitely generated we need not distinguish between Q(T) and 
G*(r). We shall denote by Qi the snbspace of quadratic differentials that 
vanish outside of tb- The main part of the theorem is an easy consequence of 

LEIOLL 10. / / n, is connected, then dimQ^tdimQ,. 
Indeed, under the hypothesis of the theorem the lemma yields dim^i 

-+- dim Qt 5S dim Q :S 2 dim Qx. Hence dim0, ^dim^D «nd by symmetry 
dim Qi — dim Qt. Furthermore, dim Q — dim & -f- dim Qa, and this shows 
that there is no room for a third component. If we can show that 8t and 8t 
have the same signature it will follow, by the formula for the number of 
linearly independent quadratic differentials, that they have the same genus. 

The points with finite signature arise from elliptic fixpoints, and it is 
easy to see that each elliptic transformation must have one fizpoint in O, 
and one in Q, (the simplest way to see this is by oonformal mapping of O, 
and (lt on the unit disk). It is therefore evident that the points with finite 
signature can be matched in pairs, in such a way that corresponding points 
hare the same signature. 

The facts for points with infinite signature are quite similar. We know 
by Lemma 1 that any such point, whether on 8t or 8„ determines a class of 
conjugate parabolic transformations. In the present situation the converse 
is also true. Let i E T b e parabolic We map Oj conformally on the unit 
disk D and use the construction in 6.1 to determine an isomorphic mapping 
of r on a Fuchsian group 0. The image B of A is necessarily parabolic. 
In the elementary case of a Fuchsian group it is quite evident that B corres­
ponds to a point on 8, with infinite signature (M. Heins has proved this for 
arbitrary Fuchsian groups) .* Moreover, non-conjugate transformations corres­
pond to different points. It follows that the points with infinite signature 
are indeed in one-one correspondence. 

8.3. It remains to prove Lemma 10. Let us denote by Q'l the space 
of quadratic differentials which vanish on O,. Given ^ € Q\ we form r — $p*, 
which is a Beltrami differential, and construct 

*!£. Haiaa, "Oa Ftteaaold groapa that contain parabolic transformations " [Con­
tribution* to function tneoru), Tata Institute, Bombsj, 1M0. 
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(8.1) ty(0- f r(l) (!-<)-*dsdy 
./Q-Oi 

for (C Oi, One verifies that 8$ is a quadratic differential. Because r is 
bounded the integral is majorized by 

which ia a multiple of S({)"". Since Oi is simply connected 8(C)*1 is com­
parable with i ( { ) (we are assuming that oo € 3 ) . It follows that 5^G Qx. 

We shall show that the antilinear mapping 8: (Ti->Ci is one to one. 
Assuming that 0,1, oo € S we construct, as in 7.1, 

(ID /«)—^w^-A--?^ 
If fy-0 we see by comparison with (8.1) that f"({) - 0 in Of Hence 
f({) is a quadratic polynomial in (V Its behavior at « shows that it is in 
fact a linear polynomial, and because it vanishes at 0 and 1 it reduces 
identically to zero. By continuity / — G on 2, and we conclude by Lemma 8 
that K t f ( r ) . Since v — fo1 this gives ■£ — 0, and we have proved that 5 
is one to one. 

We emphasize that the connectedness of Qt is essential for the proof. 
If Oi were not connected we could merely conclude that / is a quadratic poly­
nomial in each component, but not necessarily the same in all components. 
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