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Comm. Math. Hth. 5: 28-38. 
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Reprinted from Lars V. Ahlfors: Collected Papers, Vol. 1, pp. xv-xix. 
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Ahlfors' Preface to his Collected Papers 

When first confronted with the prospect of having my collected papers published, 1 felt both awe 
and confusion, but I calmed down when I realized that the purpose was not to honor the author, 
but to be of service to the mathematical community. If young scholars of a future generation 
should desire to find out what some mathematicians of the twentieth century were up to, they 
would indeed have reason to be thankful if spared the need to seek this information from a multi­
tude of sources. 

As an introduction it seems polite and useful to begin with a brief outline of my life, especially 
as related to my professional activity. I was born the eighteenth of April 1907 In Hebingfors, 
Finland. My father was a professor of mechanical engineering at the Polytechnics! Institute. My 
mother died in childbirth when 1 was born. 

At the time of my early childhood Finland was under Russian sovereignty, but with a certain 
degree of autonomy, sometimes observed and sometimes disregarded by the czar who was, by 
today's standards, a relatively benevolent despot. Civil servants, including professors, were aUe to 
enjoy a fairly high standard of living, a condition that was to change radically during World War I 
and the Russian revolution that followed. 

As a child I was fascinated by mathematics without understanding what it was about, but I was 
by no means a child prodigy. As a matter of fact I had no access to any mathematical literature ex­
cept in the highest grades. Having seen many prodigies spoiled by ambitious parents, I can only be 
thankful to my father for his restraints. The high school curriculum did not include any calculus, 
but I finally managed to learn some on my own, thanks to clandestine visits to my father's engi­
neering library. 

I entered Helsingfors University in 1924 and soon realized how very fortunate I was to have two 
truly outstanding mathematicians as teachers, Ernst Undeldf and Rolf Nevanlinna. At that time 
the university was still run on the system of one professor for each subject. Fortunately, the need 
for more professors had become acute and Nevanlinna soon occupied the second chair in mathe­
matics. The elementary teaching was in the hands of two "adjunct professors" and several part-
time teachers with the title of "docent." There were essentially no courses on the graduate level; 
advanced reading was done under the supervision of Lindddf. 

Ernst LindeloT is rightly considered the father of mathematics in Finland. In the 1920s a// Fin­
nish mathematicians were his students. He was essentially self-taught and found much of his in­
spiration in the works of Cauchy. His worldwide reputation as a leading complex analyst was well 
founded, but when I knew him he had given up research in favor of teaching, at which he was a 
master. I still remember many Saturday mornings when I hid to visit him in his home at 8 AM. to 
be praised or scolded - as the case may have been. 

In the spring of 1928 I earned my degree of Til. kand," a title that was to be changed to the 
equivalent "fil. mag." at a public "promotion." In the fall term of 1928 Hermann Weyl was on 
leave from ETH in Zarich and Rolf Nevanlinna had been invited to take his place. At the urging of 
Undeief, my father agreed to let me go along to Zurich, no doubt at a nootrivial sacrifice. He may 
have been moved by the fact that he himself spent some time at ETH as a young man. This was my 
first trip abroad, and I found myself suddenly transported from the periphery to the center of 
Europe. 

Reprinted from Lars V. Ahlfors: Collected Papers, Vol. 1, pp. xi-xiv. 
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It was also my first exposure to live mathematics. Nevanlinna was a young man of 33 who had 
already won widespread acclaim, and I was a very immature 21. The course covered contemporary 
function theory, including the main parts of Nevanlinna's theory of meromorphic functions, and 
was essentially a forerunner of his famous "Eindeutige analytische Funktionen." Among other 
things, Nevanlinna introduced the class to Denjoy's conjecture on the number of asymptotic values 
of an entire function, including Carleman's partial proof. I had the incredible luck of hitting upon 
a new approach, based on conformal mapping, which with very considerable help from Nevanlinna 
and Polya led to a proof of the full conjecture. With unparalleled generosity they forbade me to 
mention the part they had played, and Polya, who rightly did not trust my French, wrote the 
Comptes Rendus note. For my part I have tried to repay my debt by never accepting to appear as 
coauthor with a student. 

With a small grant from a student organization I was able to follow Nevanlinna to Paris for three 
more months. There I discovered a geometric interpretation of the Nevanlinna characteristic, 
which, as it turned out, had been found independently by Shimizu in Japan. Nevertheless, this was 
the upbeat to an intense involvement with meromorphic functions. 

On my return to Finland I entered my first teaching assignment as lecturer (lektor) at Abo 
Akademi. the Swedish-language university in Abo (Turku). At the same time I began work on my 
thesis, which I defended in the spring of 1930. For formal reasons my degree of Ph.D. was delayed 
until 1932. 

During 1930-1932 I made several trips to continental Europe, including a longer stay in Paris, 
with a grant from the Rockefeller Institute. My name was becoming known, and I met many 
of the leading mathematicians. In 1933 1 was able to return to Helsingfors as adjunct professor. 
That same year 1 married Etna Lehnert. a girl from Vienna, who with her parents had settled first 
in Sweden and then in Finland. This was the happiest and most important event in my life. 

Our life in Helsingfors was pleasant, but uneventful. Quite unexpectedly I received a letter from 
Harvard University, which to me was hardly more than a name. It turned out that the Mathematics 
Department was looking for a young mathematician, and Caratheodory, whom I had met in 
Munich, had recommended me warmly. I was hesitant at first, but after persuasion by my sponsor 
W. C. GrausteinI agreed to a trial period of three years beginning in the fall of 1935. We found life 
in Cambridge very rewarding, although the social life seemed somewhat Victorian. However, the 
friendliness of my colleagues was absolutely disarming. I also found that my knowledge of mathe­
matics was still rather spotty, and I learned a lot during these three years. 

I was in for the surprise of my life when in 1936, at the International Congress in Oslo, I was 
told only hours before the ceremony that I was to receive one of the fust two Fields medals ever 
awarded. The prestige was perhaps not yet the same as it is now, but in any case I felt singled out 
and greatly honored. The citation by Caratheodory mentions explicitly my paper "Zur Theorte der 
Uberlagerungsflachen," which threw some new light on Nevanlinna's theory of meromorphic func­
tions. The award contributed in great measure to the confidence I felt in my work. 

In the spring of 1938 I had to decide whether to stay at Harvard or return to Finland, where I 
was offered a professorship at the University of Helsinki. LinddoT, who was already retired, urged 
me to return home as a "patriotic duty." In the end I think it was plain homesickness that decided 
my return, and back in Finland we enjoyed a very happy year together with our firstborn child. 

Alas, the happiness did not last. The war broke out, and it became clear that Finland would not 
be spared. My wife and children - the second a newborn infant - were evacuated and found 
refuge with relatives in Sweden. The university was closed for tack of male students, but otherwise 
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life went on. partly in ait-raid shelters. Because of an earner physical condition, I had never been 
called to military duty, and my only part in the war effort was is an insignificant link in a commu­
nications setup. 

Soon after the end of the Winter War, my family was able to return home and resume a seem­
ingly normal life. Politics in Finland took an unfortunate turn, however, and when Hitler attacked 
the Soviet Union in 1941 Finland was his ally. When the Russians were finally able to repulse 
the attack, Ihey could also Intensify the war in Finland with foreseeable results. The Finnish-
Russian war ended with a separate armistice in September 1944, whereupon Finland was able to 
expulse the German troops stationed there. The harsh terms of the armistice left Finland in a very 
difficult position. 

Although the uncertainty of the future and the suffering of the bereaved were on everybody's 
mind, the wartime was not a complete ion. It unified the nation and paved the way for a return to 
relatively stable conditions. Paradoxically, I was myself able to do a lot of work during the war, 
although without the benefit of accessible libraries. 

During the summer of 1944,1 received an offer from the University of Zurich. Because 1 saw this 
as my only opportunity to be reunited with my family and In view of the bleak future in Finland, 
I accepted in principle although for the moment I nw no physical possibility of following through 
the invitation. My health had declined, and, because I had no military duties, I was allowed to go 
to Sweden to recuperate. The problem was now to get from Sweden to Switzerland. By that time 
Finland was at war with Germany and, at least on paper, also with England. An appeal to the Ger­
man legation in Stockholm proved fruitless, but the British were willing to let us pass through 
Great Britain if an opportunity arose. The Swedes had organized some semiregular "stratospheric 
flights" on moonless nights from Stockholm to Prestwkk, Scotland. With the help of diplomatic 
channels we managed to be placed on the list of potential passengers. Obtaining permission from 
the British was still necessary and depended on the military situation. Unfortunately, when our 
low priority had made us eligible, the Battle of the Bulge put a temporary.stop to our hopes. But, 
finally, one day in March 194S we were told to be ready to leave, weather permitting. It is difficult 
to forget that flight. The plane was a reconditioned Frying Fortress, with perhaps a dozen passen­
gers. It was not pressurized, and breathing was accomplished by individual oxygen masks. Swim 
vests were worn by all. Our children, ages S and 6, were quite capable of understanding the impli­
cations of danger. 

We left Sweden with feelings of deep gratitude. Virtually penniless, we had been taken care of 
not only by close relatives, but also by mathematical colleagues, who made it possible to stay in 
Uppsala for months. I am forever indebted to Arne Beuriing, who showed what true friendship 
can be. 

An arduous train ride took us from Glasgow to London, where we had to wait several days for 
the Channel to be cleared for a ferry to Dieppe. Much of the time was spent in the London zoo, 
but the frequent explosions of V2 rockets made us wonder if this was wise. 

To cut a long story short, we were finally shipped to Paris, where the Swiss legation was unfor­
gettably helpful in securing lodgings in a luxury hotel - and in providing Swiss cigars to the station 
master. On arriving at the Swiss border, somewhat disheveled and apln penniless, we were met by 
the Red Cross, who lent us Swiss money. Although there was some rationing even in Switzerland, 
we were overwhelmed by the chocolates, cakes, and other foods, the Ukes of which we had not 
seen for years. 

The University of Ziirich was ready to begin the summer term. I was met by the Director of the 
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Mathematics Institute, Professor R. Fuetcr, in the single room that served as office for the institute 
and all the professors. My first disappointment came when I learned that I would be responsible 
for Descriptive Geometry, a subject that for some reason had survived in the Swiss high school and 
undergraduate curriculum. My second shock was that it was to be taught from 7 to 9 o'clock in 
the morning. 

Nevertheless, I slowly adjusted to my work, which even included some serious, although not very 
advanced, mathematics. Professor Fueter and his colleague Professor Flnsler were getting on in 
years, and it became clear that the reason for inviting me was that no competent native successor 
was in sight. I took over a class of students in their formative years, and I am happy to say that 
many have remained my friends and are now important mathematicians in their own right. 

1 cannot honestly say that I was happy in Zurich. The postwar era was not a good time for a 
stranger to take root in Switzerland. The whole nation, although spared from war, was in a state of 
suspension, with, understandably, quite a bit of xenophobia in the lower classes. My wife and I did 
not feel welcome outside the circle of our immediate colleagues. 

I was therefore very pleased when in 1946 I was asked if I would like to return to Harvard. My 
Swiss colleagues and the "Erziehungsdirektion des Kantons Zurich" did their best to persuade me 
to stay, but I was convinced that for the sake of my mathematical career I should go to America, 
and 1 was consoled when I learned that my teacher Rolf Nevanlinna had agreed to become my 
successor. This arrangement turned out to be a great success both for Nevanlinna and for the 
university. 

In the fall of 1946 I took up my duties at Harvard, where 1 was to stay until my retirement in 
1977 and as emeritus to this day. My relationship with Harvard, with both the administration and 
my friends in the department, has been singularly happy. I have enjoyed the many excellent stu­
dents Harvard has had to offer, many of whom I have watched become leaders in my own or some 
other field. Harvard has also offered me an optimal milieu for my research, and it has been a source 
of great satisfaction that the Mathematics Department has been able to maintain the high standards 
that have always been its hallmark. 

The annotations to my papers will serve as a running commentary to my scientific activity. I 
take this opportunity to thank Birkha'user Boston, Inc., for their wiHiagness to publish these col­
lected works, and above all my friend Gian-Carlo Rou for taking the initiative and supervising the 
editing of this book. 
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Caratheodory's Report on Ahlfors' work 
for Fields Medal at ICM in Oslo 1936 

LARS VALERIAN AHLFORS wurde in Helsingfors am iS. April 1907 
als Sohn des Professors fur Maschinenbau an dcr dortigen Tcchnischen 
Hochschule AXEL AHLFORS geboren. Nachdem er die »Nya svenska sam-
skolanc absolviert hatte, wurde er im Mai 1924 an der Universitiit Helsing­
fors immatrikuliert, wo er am 5. Marz 1928 »Filosofie kandidaU und am 
20. November 1930 »Filosofie licentiate wurde. Bci der solemnen Promo­
tion an derselben Universitiit wurde er am 31. Mai 1932 zum »Filosofie 
magisterc und »Filosofie doktor* promoviert. 

Von 1929—1933 war er Lektor der Mathetnatik an der Abo Akademie 
und seit Juni 1933 ist er Adjunkt der Mathetnatik an der Universitiit 
Helsingfors. Im akademischen Jahre 1935—1936 ist er beurlaubt worden, 
um an der Universitat Harvard Vorlesungen zu halten. Im Jahre 1936 
wurde er Mitglied der Societas Scientiarum Fennica. 

Wiederholt haben ihn Studienreisen ins Ausland gefiihrt: im Winter 
1928—1929 war er in Zurich, im Fruhjahr 1929 in Paris, im Sommer 1931 
in Gottingen und im Sommer 1934 in Munchen. 

Das akademische Lehrjahr 1931—1932 verbrachte er in Paris als 
>Intemational Research Council Fellow* der »Rockefeller Foundationc. 

AHLFORS ist einer der glanzendsten Vertreter der beruhmten Finn-
landischen Funktionentheoretischen Schule, die von ERNST LINDELOF ge-
grundet, seit dreifiig Jahren so viele wichtige Beitrage der Wissenschaft 
geschenkt und so zahlreiche grofie Mathematiker hervorgebracht hat. Er 
ist Schuler von ERNST LINDELOF und von ROLF NEVANLINNA. Untcr 
den Auspizien des letzteren ist seine Dissertation entstanden und die Ideen 
und Theorien von R. Nevanlinna haben weiterhin seine ganzc Entwickelung 
beeinflufit. 

Ausgegangen ist er von der Thcorie der meromorphen Funktionen, 
die er von Anbeginn mit originellen Methoden befruchtet hat. So konnte 
er einmal einen wichtigen Satz von HENRI CARTAN fur seine Zwecke be-
nutzen, und seine Dissertation »Untersuchungcn zur Thcorie der kon-
formen Abbildungen und der ganzen Funktionen* (1930) enthalt eine 
Methode fur die Hehandluog der konformen Abbildung des verall-
gemeinerten Streifens mit beliebig gekriimmten Randem, die so fort bei 
ihrem Erscheinen Aufsehen erregt hat. 

Die reifste Frucht, die das Studium dcr meromorphen Funktionen 
durch Ahlfors gezeitigt hat, findct man in seiner Arbeit »Uber eine 
Methode in der Thcorie der meromorphen Funktionen* (1935). Wenn 
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man diese Arbeit liest, so weiB man nicht, was mehr zu bewundern ist: die 
Kunst, mit der Ahlfors die ganze, groBe Nevanlinnasche Theorie mit 
wunderbarer Klarheit auf nur 14 Seiten auseinanderzusetzen versteht, oder 
die geniale Intuition von Rolf Nevanlinna, der zu einer Zeit, wo die 
geomctrischen Zusammenhange noch ganz versteckt lagen, nur solchc 
Begriffc entdeckt, ausgebildet und benutzt hat, die spater die einfachste 
geomctrische Deutung erfahren sollten. 

Bei dem EntschluB des Komitees, eine der Fields-Medaillen Lars 
Ahltors zuzuerkennen, ist aber vor alien eine andere Richtung seiner 
Arbeiten ins Gewicht gefallen. Das Studium der Riemannschen Flachen 
der Umkehrfunktionen von ganzen oder meromorphen Funktionen hat 
Ahlfors dazu gefiihrt, allgemeinere Eigenschaften von Uberlagerungsfliicheti 
zu betrachten. Es stelltc sich allmahlich heraus, da8 die fertige, un-
berandete Oberlagcrungsflache gewisse ganz allgemeine Eigenschaften 
besitzt, die man nur beobachten kann, wenn man sie gewissermaBen in 
statu nascendi als Grenze von berandeten, immer weiter um sich greifenden 
Oberlagerungsflachen betrachtct. Bisher war diese Entstehungsweisc einer 
Riemannschen Flache, die HERMANN AM AND US SCIIWARZ die Methode des 
01 flecks nannte, nur fur die Zwecke der konformen Abbildung und der 
Uniformisierungstheorie benutzt worden. Es blicb Ahlfors vorbehaltcn, 
asymptotische Gesetzc aufzustellen, in welchc der Inhalt der behandeteu 
Approximationsflachen, die Lange des Ramies dicscr Fliichcn und die 
charakteristischc Zahl der Grundflache cingehen. 

Die Arbeit »Zur Theorie der Uberlagcrungsflachcnc (1935), die diesen 
Untersuchungcn gewidmet ist, kann als das erstc Kapitcl eines neuen 
Zweiges der Analysis angesehen wcrden, fur welchen vicllciclit der Name 
»metrischc Topologic* der geeigncte ist. Die Oberlagerungsflachen sollen 
namlich allc auf einer Grund flache liegen, die gewisse metrische Eigen­
schaften hat. 

Den Gcbictcu auf der Gruiidflachc und ihrcn Kandcru werdeu in 
allgemeinster Weise gewisse Zahlen zugeordnct, die, wenn man sic als 
Inhalt und Iiinge deutet, einer isoperimetrischen Ungleichhcit genugen 
sollen. Diese scheinbar so wenig sagende Bcdingung ist aber hinreichend, 
um die Ahlforschc Theorie abzuleitcn. 

Die schonsten Anwendungen dieser Resultate bcziehen sich auf die 
Theorie der quasikonformen Abbildungen. Es zeigt sich z. B., daQ der 
Picardsche Satz schon fiir quasikonforme Abbildungen der dreifach punk-
tierten Kugel gilt, also eigentlich als Satz der metrischen Topologic 
angesehen werden muB. Wenn namlich eine Obcrlagerungsflache der 
Kugel auf die ganze euklidische Ebene quasikonform abgebildet wird, so 
gibt es in der F.bcne immer Folgen von konzentrischen Kreiscn, dcren 

12 



Bilder auf der kugcl folgcndc Eigenschaften haben: die Latigc des Randes 
dieser spharischcn mehrblattrigcn Flache dividiert durch ihren Gesamt-
flacheninhalt, konvergiert gegen Null. Nach der Ahlforschcn Theorie ist 
cs aber unmoglich, diese Bedingung zu befriedigen wenn drei Punktc der 
Kugcl von der Figur nicht uberdeckt werden diirfen. 

Noch merkwiirdigcr ist der Ahlforsche Scheibensatz, von dem cin 
partikularer Fall folgcndermaflen ausgesprochen werden kann: Die gauze 
.T3'-Ebene werde auf eine Riemannsche Flache der »«/-Ebene quasikonform 
irgendwie abgebildet. Man wahle drei bcliebige einfach zusammenhangende 
schlichte Gebiete der wv-Ebenc, die auQcrhalb cinander liegen. Dann hat 
die Riemannsche Flache die Eigenschatt, daO mindestens das eine ihrer 
Blatter auch das cine diescr drei belicbigen, aber fest gewiihlten Gebietc 
cnthalten muB. Oder mit anderen Worten: es gibt in der jry-Ebene minde­
stens ein Gebiet, das eineindeutig auf das eine oder andere der drei Gebicte 
der MV-Ebenc abgebildet wird. DaO man mit zwei Gebieten keinen der-
artigen Satz aufstcllen kann, zeigt schon die konforme Abbildung, die 
durch die Gleichung «> = sin s hervorgerufen wird. 

Est ist leider unmoglich, die ganze Tragweite der Ahllorsclieu Theorie 
in wenigen Worten verstiindlich zu machen; nach diesen wenigen Proben 
sieht man aber schon, dali es sich um eine ganz crstklassige Leistung 
handelt. 
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Ahlfors' Address as Honorary President 
at opening of ICM in Berkeley 1986 

I accept this great honor with a good conscience because I consider 
myself a link between this International Congress and the one in 1936, fifty 
years ago, the occasion on which the Fields Medals were given for the first 
time. I understand that my only duty here will be the pleasure of handing 
out the Fields Medals and the Nevanlinna Prize. 

At that time the circumstances were quite different; the idea of the 
medals had been approved in Zurich in 1932, but there had been no pub­
licity about it and when I arrived in Oslo I did not know that the Medal had 
become a reality, and if I had known it I would not have considered myself 
the right candidate. As a matter of fact, I had not been told anything 
officially until I entered the room where the opening ceremony would take 
place, but there I was shown a place somewhere in front, and I may have 
had my suspicions. Well, I had more than that. I had been warned before­
hand by somebody who by mistake congratulated me a day before. But up 
to that point it had been a secret at least officially, even to myself. There 
was no tradition to go by and no protocol to follow. As was mentioned 
here, two medals were given, one to me and one to Jesse Douglas, who was 
then at MIT while I happened to be a visiting lecturer at Harvard. In that 
way it so happened that both medals went to Cambridge, Massachusetts. 
Unfortunately Douglas could not accept his medal in person because ac­
cording to the Congress record he was too tired. I don't know, but maybe 
he had good reason to be tired after a long and strenuous journey. I would 
not expect that to happen today. His medal was then accepted by Norbert 
Wiener as representative of MIT. 

There are two traditions that go back to the very beginning. In the 
first place, the Committee to select the winners should consist of the top 
brass of contempory mathematics. In 1936 the members of that Committee 
were G.D. Birkhoff, Caratheodory, Elie Cartan, Severi, and Takagi. Truly I 
would call that a panel of Olympian heroes. And I think that this tradition 
has been continued at subsequent Congresses. The other tradition is that 
the works of the winners should be commented on by prominent persons 
in the field. In 1936 both prizes were explained by Caratheodory. 

As was mentioned there was no Congress until 1950, fourteen years 
later. On that occasion, which took place at Harvard, the medals were 
given to Atle Selberg and Laurent Schwartz, both known and admired by 
all mathematicians. From then on the Fields Medals have become more 
and more prestigious and it is a safe bet that many dream of getting it. 
Whether true or not that the existence of the medal has contributed to the 
phenomenal growth of mathematics both in quantity and quality during 
the last fifty years must remain anybody's guess. 

Today it is safe to congratulate the winners in advance and I use this 
occasion to offer them my sincerest compliments to their success. I share 
their feeling of pride and accomplishment and I know that their continued 
success is guaranteed. I also share the disappointment of the many who 
may feel that they have been passed by. I wish them better luck next time 
or, if there is not a next time, that posterity will prove them right and the 
Committee wrong. Thank you. 
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AN EXTENSION OF SCHWARZ'S LEMMA* 

LARS V. AHLFOKS 

I. THE FUNDAMENTAL INEQUALITY 

1. To every neighborhood on a Riemann surface there is given a map onto 
a region of the complex plane. For any two overlapping neighborhoods the 
corresponding maps are directly conformal.f We agree to denote points on 
the surface by ID, corresponding values of the local complex parameter by w. 

We introduce a Riemannian metric of the form 

(1) ds-l\dw\, 

where the positive function X is supposed to depend on the particular parame­
ter chosen, in such a way that dt becomes invariant. The metric is regular if X 
is of class C». In this paper we shall, without mentioning it further, allow X to 
become zero, although such points are of course singularities of the metric. 

It is well known that the Gaussian curvature of the metric (1) is given by 

(2) K - - X- ' - l logX, 

and that this expression remains invariant under conformal mappings of the 
w-plane. We are interested in the case of a metric with negative curvature, 
bounded away from zero. It is convenient to choose the upper bound of the 
curvature equal to —4. From (2) it follows that the corresponding X satisfies 
the condition 

(3) A log X g 4X:. 

When we set u — log X this is equivalent to 
(4) An £ .|,>.. 

The hyperbolic metric of the unit circle | <| < 1 is defined by 

(5) * - ( 1 - | I | » ) - I | * | 

and has the constant curvature —4. 
2. Consider now an analytic function »«/ (x) from the circle |*| <1 to a 

Riemann surface W. The analyticity is expressed by the fact that every local 
parameter w is an analytic function of t. To a differential element dt corre­
sponds an element dv> whose length does not depend on the direction of dt. 
The corresponding value of <fc-X|<fu/| «X,|<fa| is therefore uniquely de-

* Presented to the Society, September 8,1937; received by Ike editor* April I, 1937. 
t For tie definition of a Riemaaa tarhec iceT. Rad6, OUritn Btpif dtr Ritmantucktm FHltkt, 

Acta Sieged, vol. 2 (I92S). 

350 

Reprinted from Trans. Amer. Math. Soc., Vol. 43, No. 3 (1938), pp. 359-364. 
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360 L. V. AHI.KORS I M»y 

termined, and we have X.—X|w'(r)|. It is also seen that 11 = log X, satisfies 
the condition (4) whenever the given metric has a curvature g - 4 . An ex­
ception has to be made for the possible zeros of X,, corresponding to the zeros 
of X and u>'(z). 

THEOBEU A. / / the Junction n <-/(*) is analytic in \z\ < 1, and ij the metric 
(1) of W has a negative curvature S — 4 at every point, then the inequality 

(6) ds S da 

will hold throughout the circle. 
Proof: Choose an arbitrary R < 1 and set » - log R(R'-1 z\ *)-• for 11\ <R. 

We note that Av-4eu and consequently 

(7) M<> ~ v) £ 40'" - <")• 

Let us denote by £ the open point set in |z | <R for which u>v. It is 
clear that £ cannot contain any zeros of X,. Hence (7) is valid and shows that 
u—v is subharmonic in E. It follows that u — v can have no maximum in E 
and must approach its least upper bound on a sequence tending to the 
boundary of £. But £ can have no boundary points on \t\ — R, for i> becomes 
positively infinite as z tends to that circle, and at interior boundary points 
we must have « - » = 0 , by continuity. A contradiction is thus obtained, un­
less £ is vacuous. The inequality u £ » consequently subsists for all points 
with 11\ < R, and letting R tend to 1 we find u £ - log (1 - | z\ *) at all points. 
This is equivalent to (6). 

If IK is the unit circle and ds its hyperbolic metric, Theorem A is simply 
the differential form of Schwarz's lemma given by Pick.* 

3. Several generalizations of the theorem just proved suggest themselves 
at once. Since the only thing we need is to prevent the function u—v from 
having a maximum in £ , it is obvious that the assumptions on X can be con­
siderably weakened, without affecting the validity of the argument. We shall 
give below two such generalizations which are found to be particularly useful 
for the applications. 

THEOREM Al. Let X be continuous and such that at every point, either 
(a) the second derivatives of « - l o g X are continuous and satisfy (4), or (b) it 
is possible to find two opposite directions »»', n" for which du/dn'-\-du/dn" >0. 
Then the statement of the previous theorem is still true. 

Opposite directions in the w-plane correspond to opposite directions in the 
z-plane. At a maximum of u - v we have du/dn £ dv/dn in any direction, when-

* An account oi all cgucttiont related to Schwarz'i lemma will be found in K Nevanlinna. 
Eiitdtulift analylucke FunUiantn, Springer, 19Jo, pp. 45-58 
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19381 EXTENSION OF SCHWARZ'S LEMMA 361 

ever the directional derivative exists. For opposite directions dv/dn'+dt/dn" 
- 0 ; hence du/dn' +du/dn" £0 in case of a maximum. It follows that no 
maximum can be attained in points satisfying condition (b). 

We shall call ds' «A'|dw| a supporting metric of dj-X|du<| at the point 
vt if: (1) X' -X at u>0, (2) X' is defined and £X in a neighborhood of w,. 

THEOREM A2. Suppose that X is continuous, and that it is possible to fend a 
supporting metric, satisfying (4), at every point of W. Then the inequality (6) 
still holds. 

If « - » > 0 at xa, then u'—v will also be positive, and consequently sub-
harmonic, in a neighborhood of i«.* A maximum of u—v will a fortiori be a 
maximum of u'—v. Hence u—v can have no maximum in E. 

II. SCHOTTKY'S THEOREM 

4. As a first application we prove Schottky's theorem with definite nu­
merical bounds. 

THEOREM B. ///(<) is analytic and different from 0 and 1 in | t | <1, then 

(*) log|/(«)|<f :^(7 + log|/(0)|) 
I "~ 9 

hr\z\S8<\.\ 
Let fi-fi(») map the region outside of the segment (0, 1) onto the ex­

terior of the unit circle, so that w - • corresponds to f i - <*>, w 1 to f i - 1 , 
and w-0 to f, - - 1 . We also set J,(w) -f,(»-') and f,(w) -fi(l -u>). Clearly 
these functions define similar maps of the regions outside of the segments 
(1, oo) and (—oo,0). Explicitly, fi(») is obtained from the equation 
(9) r. + rr' - 4w - 2. 

We introduce the coordinates />i-|w|,p»-|w — 11 and divide the plane 
into regions 0 , :p ,£ l ,p ,^l ;n , :p ,S l , PiS/>»; H,: o,Sl, p,£p,. The metric 

(10) it, ! — ^ ' . -X< dw 
_ _ ._ 2(4 + log 1 ^ ) ' ' 

* «' conopoads to X' as • to k. 
t Schottky's original theorem n i purely qualitative. Numerical relations have beta ttudicd at 

great length, notably by OstrowaU (AWwa Mtr dtn Sdrtiy'tchtn Safe, Basel 1931, and Atymf. 
UHtckt AiKkittani it atuiuU* B*tn& timr FunUitn, 4it tit WtrU 0 und I nickt tnmntmt, Casa-
menlarii Mathematki Helvetia, voL 5 (1933)), but no simple inequality comparable with (8) haa 
ever been proved. 

Added in proof: Numerical bounds of the aame order of magnitude are found by A. Pfluger, 
Obtr Humuriukt Sehramitn im SdutHy'scktm Salt, Coraroentarii Mathematki Hehretki, vol. 7 
(I93S). Hii proof depends on the use of modular functions, while ours is strictly elementary. 
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362 L. V. AHLFORS (May 

is readily recognized as the hyperbolic metric of a half-plane with the con­
stant curvature —4. Computing the derivatives f,' (u>) we find 

xr' - 2(plP,)'"(4 + log | r . | ) , 
(11) Xf - 2p,p,'»(4 + log | f , | ) , 

X r ' - 2ptf,"«(4 + l o g | f , | ) . 

We now set <fa-X|rfu>| with X-X< in (1,. This metric is regular and satis­
fies condition (3) except at the singular points 0 ,1 , • and on the lines sepa­
rating the regions Q<. On these lines X is still continuous, as seen from (11) 
and the relations between f i, ft, and ft. 

Next we wish to show that condition (b) in Theorem Al holds on the 
singular lines. We consider the arc p\ - 1 , p»> 1 and choose «', n" as the outer 
and inner normals of the circle. The required condition is 

d a d X, 
— log X, 4- — - log X, = — log -- > II. 
dn dn dn Xt 

From (11) we obtain 

log — 
a X, 1 dn' f, I 

~dn~' ° * X^ = 7 ~ 4 + log'Tri I ' 
which is also equal to 

1 . . a*, 
• - - 2(4 + ,„g If, | ) - - - - . 

where 4>i - arg f t, <f> - arg w. For *i we have the simple relation cos *i — p, — pt, 
which for pi - 1 becomes cos *i - 1 —2 sin 0/2. Differentiating we find 

» — I I + csc — I , 
a* 2 \ 2 / 

and by use of the inequalities r /3S$S5ir /3 , |ft| >1 , wc are finally led to 
the desired result, 

a X , 1 . » ' " 
— log — > > (I. 
dn' X, 2 4 

By symmetry, the same must be true for the arc p» — 1, pi > 1. The trans­
formation w' - (1 — u1)"1 takes fti into Qi and ill into il,. Since the function X is 
invariant under the transformation we conclude at once that condition (b) 
will hold also on the line separating fit and Oj. 

From Theorem Al we can now conclude that w~f(z) satisfies the differ-
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cntial inequality \\dw\ £(1 — |x| *)~'|<»x|. Integrating, we find that the short­
est distance between the points/(0) and/(x), | t | - 0 , measured in the metric 
Js =--X|</w"|, cannot exceed (log ( l+0) / ( l -9)1/2. 

The shortest path between the circles pt — m and pi — J/, where It > w £ 2, 
is a segment of the negative real axis, whose length is found to be 

±| 0
 4 + '°E I fmC— *')\ 

2 °B 4 + log | f , ( - m ) | 

To simplify we introduce the lower and upper bounds | f i ( - A / ) | 24J/ , 
| f i ( - m ) | £Sm. Setting M = |/(z)| and m equal to the greater of the numbers 
|/(0) | and 2 we obtain 

4-f-log4M £ - - (4 + log 5m). 

4 + log4M < i l i ( 7 + log | / ( 0 ) | ) 

Here log 5m Slog 10 +log | /(0) | <3 + log |/(0)| and we find 

4 + log 

which is stronger than (8). 

III. BLOCK'S THEOREM 

5. Let v » / ( z ) be analytic in |z| <1 with |/'(0)| - 1 . Let B'~B'(J) be 
the l.u.b. of the radii of all simple (schlicht) circles contained in the Riemann 
surface W generated by/(x). Bloch's theorem is B-min B'>0. Landau has 
proved 2?>.396.* Grunsky and Ahlfors proved in a recent paperB<.472.f 

We show that the method developed in this paper gives an immediate 
proof of Bloch's theorem with a better lower bound for B. For an arbitrary 
point to on W let p(m) denote the radius of the largest simple circle of center m 
contained in W. It is clear that p(ro) is continuous, and equal to zero only 
at the branch-points. We introduce the metric <Jj»X|da'| with 

A 
(12) X « (p - p(»)) 

2o , "( .4 , -p) 

and w denoting the variable of the function plane (not the uniformizing 
variable). A is a constant satisfying the preliminary condition A1>B'. 

In the neighborhood of a branch-point a we have p - \w -a\. Let n be 
the multiplicity of a; then W|-(u>-a)"" is a uniformizing variable, and 

* E. Landau, Vbtr Jen Blockickcn Sal: und zvei ttruandU WeUkonitanlcn, MatbcraatUchc 
Zeitachrift, vol JO (1929). 

t L. V. AhlforjandHGninaky, t/»«fW«B/««jc««A:»«ta^,MathcmatbcheZtitschri/t, vol.42 
(1937). The result wai found independently by R M. Robert**] 
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364 L. V. AHLFORS 

the corresponding X( is determined from X,|<fifi| «A|<he|. We obtain 
X I - I » P I , , - " * / 2 W , - P ) , and it is seen at once that the metric is regular 
in case » - 2 and that Xi becomes zero in case n>2. 

We wish to apply Theorem A2 and therefore look for a supporting metric 
satisfying the requirements of that theorem. For a regular point lt>» the sur­
rounding circle of radius p(to«) must pass through at least one singularity b 
which is either a branch-point or a boundary point for the surface. We set 
p'-\w-b\ and define X'->4/[2p',',(i4,-p')l- This metric has the curvature 
- 4 for it is obtained from the hyperbolic metric of a circle by means of the 
transformation w' —wllt. In all points of our circle we have pip' by the defi­
nition of p. The inequality X' SX is therefore satisfied in a neighborhood of »• 
if the function tlll(Al-t) increases for <SP(»I) . Under this condition X' will 
be a supporting function of X, for at the center w. we have X' -X. The function 
l*i*{A*-l) is increasing as long as l<A*/3. Consequently all the conditions 
in Theorem A2 are fulfilled if we suppose that A*>3B'. 

Apply the theorem with z«0. Using the condition \du>/dt\^,~l we get 

(13) .1 £ WW-i*), 

where p% is the radius of the largest simple circle with center at the image of 
z =0. The function in the right member of (13) is increasing, and we can re­
place p. by B' obtaining A £2B'li*(.A*-B'). Letting A tend to OB')'" we 
finally get £'23"'/4. This implies that Bloch's constant B£3"V4>.433. 

On the other side, if we insert A*- (3B')"* in (13), lower and upper bounds 
for p« in terms of B' can be found. 

6. Landau has considered a closely related constant L. Let L' — L'(J) be 
the l.u.b. of the radii of all circles in the to-plane contained in the projection 
of W, that is, whose values are taken by the function w «/(*), |/'(0)| — 1. L 
is defined as the minimum of all such V. Clearly, L Js B. 

The method employed above is immediately applicable if we choose 
X - (2p log C/p)~x. This metric is regular at all branch-points, and when we 
replace p by the distance p' from a fixed boundary point, the curvature be­
comes - 4 . In order that the function X' thus obtained be a supporting 
function it is sufficient that i log C/l is increasing. This is true for t<Ce~l. 
We therefore choose C>eL', obtaining the inequality 1£2L' log C/L' 
as above. Letting C tend to tV we find L' 21/2 and hence Li: 1/2. 

This lower bound is the best known. It shows in particular that L>B.* 
HAXVAKD U m v m u n , 

CAMBUDCE, MAM. 

* In the other direction R. M. Robinson b u proved I . < . M 4 This result has not been pub­
lished. 
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QUASICONFORMAL REFLECTIONS 

BY 

LARS V. AHLFORS 

Htnmi Uni^nitj. Cilriaji. ««. . , VS.AV) 

Let £ be a Jordan curve on the Riemann sphere, and denote it* completmen-
tary components by Q, fl*. Suppose that there exists a sense-reversing quaaiconionnal 
mapping X of the sphere onto itselfs which maps Q on Q" and keeps every point on 
L fixed. Such mappings are called quasiconformal reflections. Our purpose is to study 
curves L which permit quasiconformal reflections. 

Let V denote the upper and V the lower halfplane. Consider a confonnal 
mapping / of V on fl and a confonnal mapping /* of V on Q*. Evidently, I'-'XI 
defines a quasiconformal mapping of V on 17* which induces a monotone mapping 
k-f-'l of the real axis on itseH. It is not quite unique, for we may replace / by 
fS and /* by /*S* where S and S* are linear transformations with real coefficients and 
possitive determinant. This replaces k by S*-'JW which we shall say is equivalent to 
k. Observe that ft, or rather its equivalence class, does not depend on X. It is also 
unchanged if we replace the triple (ft, L, ft') by • conformally equivalent triple 
(Til, TL, Til') where T is a linear transformation. 

The mapping / of V has a quasiconformal extension to the whole plane, namely 
by the mapping with values i/(l) for *€ V. It is known that quasiconfonnal map­
pings carry nullsets into nulbets. Therefore L has necessarily zero area. 

From this we may deduoe that k determines Q uniquely up to confonnal equi­
valence. In fact, let / , . /* be another pair of confonnal mappings on complementary 
regions, sitd suppose that /t~'/i "/*"'/ on the real axis. For a moment, let us write 
F for the mapping given by /(») in V and by A/(f) in V, and let Ft have the cor­
responding meaning. The mapping H-F;'ftp~'F. ia defined in V and reduces to 
the identity on the real axis. We extend it to the whob plinr by sitting H{z)-x 

(') Thw work n i MppOfisd by Uw Air Fore* OfHeo of Scientific Rnnrch. 

Reprinted from Acta Math., Vol. 109 (1963), pp. 291-301. 

14 



292 L. V. AMLfOM 

io U. Then F^BF-' is a quaaiconfocin»l mapping. It reduce* to /,/'* in ft and to 
l\l*'x in Q*. It ii thua conformal, except perhapa on L. Bnt a quasiconformal mapping 
which is conionnal almoit everywhere it conformal. Hence ft - Tf where T it a linear 
transformation 

What are the properties oi A! A necessary condition is that A can be extended 
to a quaaiconfonna! mapping of U on V, namely to /*~U/. This condition is also 
sufficient. To prove it, let g be a quaticonformal mapping of U on U' with bound­
ary values A. The function p*(z) - g(l), ■ defined in V', hat weak derivatives which 
satisfy an equation 

with | / i | < i < l (k constant). Set / i - 0 in V. Consider the equation 

F.-fiF. 

for the extended ft. An important theorem (see [1]), sometimes referred to as the 
generalized Riemann mapping theorem, assert* the existence of a solution F which 
is a homeomorphic mapping of the sphere. Because s is a solution in V and f* a 
solution in V it it possible to write F-f in U, F-ff in V, where / and/* a n 
conformal mappings. Clearly, 0 - / (17 ) and £}*-/*(£/*) are quaticonformal reflection! 
of each other. 

To sum up, we have established a correspondence between equivalence classes of 
boundary correspondences A, conformal mappings /, and carves L which permit a qua­
siconformal reflection. It it a natural program to try to characterize the possible A, 
/ and L in a more direct way. For boundary correspondences A this problem hat 
been solved; we shall have occasion to recall the solution. 

In Part I we solve the corresponding problem for L. It turns out that the curves 
which permit a quasiconformal reflection can be characterized by a surprisingly simple 
geometric property. (Partial results in this direction have been obtained by M. Tie-
nari whose paper [7] came to my attention only when this article was already written.) 

We have been leas successful with the mappings /, but in Part II we show, at 
any rate, that the mappings / form an opsn set. To understand the meaning of this, we 
observe that the mapping! equivalent to / are of the form TfS. To account for T 
we replace / by its Scbwarxian derivative «>-{/, i } . The Schwarsian of fS i»fiS]S*, 
and to eliminate 8 it is indicated to consider fdi* in its role of quadratic differential. 

If / is schUcht in U, Nehari [6] hat shown that | f | y ' < | - We take the least upper 
bound of |o>|y* to be a norm of o». In the linear space of quadratic differentials 
with finite norm, let A be the set of all a> whose corresponding / is schlicht and bat 
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a quuioonformtl axtenaioa. Wa ere going to ebow that A ia an open aet. For the 
significance of thia result in the theory of TeJchmuBer spaces we refer to the com­
panion article of L. Bare (4] in the next iaaue of thia Journal. 

Part I 

1. In 1956 A. Beurling and the author derived a neceeesary and sufficient con­
dition for a boundary A to be the reitriction of a qnaiiconformal mapping of U on 
itself (or on ita reflection 17*). Thia work is an essential preliminary for what follows. 

We recall the main result. Without loss of generality it may be eswimed that 
A(oo)-oo. Then * admits a quasieonformal extension if and only if it satisfies a 
(-condition, namely an inequality 

AJx + O-AJz) 
(I) 

which is to be fulfilled for all real z, I and with a constant g*0 ,°° . More precisely, 
if k has a K•quasieonformal extension, then (1) holds with a g{K) that depends only 
on K, and if (1) holds, then * has a £(p)-quaaioonlormal extension. 

The necessity follows from the simple obserration that the quadruple (z - t , z, 
x + t, «o) with cross-ratio 1 must be mapped on a quadruple with bounded crose-ratio. 
The sufficiency requires sn explicit construction. We set w[i)-u + iv with 

«(x) 

»(*) 

- [ lh{x + ty) + h(z-ty))dt. 

-fjh(z + ty)-k(z-W]dl. 
(2) 

It is proved in (2] that w(x) is Jf (g) quasiconionnal. 
I am indebted to Beurling for the very important obserration that the mapping 

(2) is ahw quasi-isometric, In the sense that corresponding nonenelidean element* of 
length hare a bounded ratio. This condition can be expressed by 

l».!<C(o)-. 
(3) 
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where C{g) depeod* only on p. Hie proof ia an immediate verification baaed on the 
estimate given in Lemma t& of the cited paper. 

2. Let £ be a Jordan curre through °o which admit! a quaaiconformal reflection. 
The complementary region* determined by £ are denoted by Q, Q*. and the reflec­
tion ia written aa z-»z*. We aaaume that the reflection ia -̂quaaiconformal. 

Constanta which depend only on K will be denoted by C(K), with or without 
subscript*. In different connections C(K) may hare different values. We emphasize 
that C{K) ia not allowed to depend on L. 

The shortest distance from a point z to L will be denoted by 6 it). 

LEMMA 1. The following estimate* hold for aUt in Ihe plant and all 2, on L: 

(»> <?(*)-•< V *C(K) 

(b, ^ ^ W 

(c) C(K)->< y& *C(K). 

Proof. If the cross-ratio of a quadruple ha* absolute value <1, then the croaa-
ratio of the image points under a X-qaaaiconformal mapping has an absolute value 
<C{K). This assertion is contained in [1], Lemma 16. It is a rather elementary 
mult. 

If |z* - z,| < I x - z,| we can apply the above remark to (»*, x.i^, » ) and conclude that 
| z -«J<C(£) | s*-s , | . Symmetrically. |x-r , |«: | i*-», | impUe* |z* - z,|<;C(jr)|i-i,|. 
In all circumstances (a) follows. 

From (a) we obtain 
|«-z*|<(C(Jr) + l ) | z -z , | -C 1 (X) |z -z , | 

and (6) follow* when |z-i,|-<5(»). Since d(z*)<|z-z*| the aecond inequality (e) 
follows from (6), and the first is true by symmetry. 

2. We introduce now the noneuclidean metrics d*-g{z)\dz\' ia il and il'. Ex­
plicitly, if z-z(C) ia a confonnal map of | { |<1 on Q we set 

p(z)|«fa|-{l-|C|«)->MC| 
The classical estimates 

t{x)<e (*)"»< 4d(») (4) 

follow by use of Schwarz' lemma and Koebe'a one-quarter theorem. 
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LBMMA 2. / / L paste* tkrcmih oo and permit* a K-qnatieonformal reflection, then it 
alto permit* a C{K)-oua*iconformal reflection with the additional property that eomtpondino 
eueUdean lint element* satisfy 

C,(X)-«H<|<b* | «?■(*) 1*1- (5) 

Proof. As shown in the introduction, the given A'-quasiconformal reflection in­
duces a A-qusaiconformal mapping of V on V* with a boundary correspondence h. 
This h must satisfy a o (£)-oondition of type (1). The Beurling-Ahlfors construction 
permits us to replace the mapping of U on V with a C (£)-quauoonfonnal mapping 
with the same boundary rallies, in such a way that it satisfies condition (3). It 
follows that the corresponding reflection about L is C(A')-quasiconformal and satisfies 

C,(*)-'p(2)| .fr|<e(i ,) |<fz , |<C,(A')e(2)|dz|. 

Use of (4) and (e) leads to the desired inequality (5). 
3. We are now ready to characterize the curves L in purely geometric form: 

T H E O B I M 1. A Jordan curve L through oo permit* a quaiioonformal reflection if and 
only if there exist* a constant C tuck that 

P^Pt<CP^Pt (6) 

for any three point* P,, Pv P, on L which follow each other in this order. 

Again, there is a more precise statement to the effect that C depends only on 
the K of the reflection, and vice versa. If L does not pass through oo condition (6) 
must be replaced by 

Pjt:t\P^C(P^Pt:Pj,). 

where (P„ P,) separates (P,, P4). 
4. Proof of the necessity. We follow the segment PxPi from P, to its last inter­

section with the subarc P^00 of L, and from there to the first intersection Pi with 
the arc PtP,oo. If J , , J ,

t >P I I ,
1 it is geometrically evident that 

P^,:P7,<PTP,:P[P, 

Therefore we may assume from the beginning that PXP% has only its endpoints on 
L. For definiteneaa, we suppose that the inner points lie in Cl. 

By Lemma 2 there exists a quasiconfonnal reflection which multiplies lengths at 
most by a factor C[K). Hence P, and P, can be joined in Q* by an arc y* of 
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length <C(K)P^P, The Jordan curve formed by P,P, and y' separates P, from 
oo. Hencv y* intersects the extension of P,P, over P, and we conclude that PtPt< 
length of y'<C(K)-}\Ft. 

5. Proof of the sufficiency. We shall use the notations 

a - arc P,P,. a - arc P,P|. 

/? = arc P,°°. /J'-arc Pi0 0-

Denote by d{a,P) and (f*(ct,/3) the extremal distances of a and /? with respect to 
Q and fl* respectively. With similar notations for a,fV one has the relations 

d[a,B)d{a\B)-d,{a,B)d'{a',fi')-\. 

In a conforms! mapping of fl on the hatfplane U with oo corresponding to oo, 
let Pi,Pt,P, be mapped on x,,x,, x, It is evident that d{a,f})~l if and only if 
i , - I , - ! , - ! , . Furthermore, the ratio | z , - z , | : | z t —z,| is bounded away from 0 and 
oo if and only if this is true of d(ot,f}) Consequently, in order to prove that the 
boundary correspondence induced by L satisfies (1) it is sufficient to show that 
<f(a,0)-I implies K{C)-i<id'{a,(3)<iK{C). 

Two elementary estimates are needed. We show first that d (at, f)) - 1 implies 

r\PtPft* C V . (7) 

Indeed, it follows from (6) that the points of 0 are at distance > C'1 • PtPt from Pt 

while the points of a have distance < C ■ PtPt from Pr If (7) were not troe, a and 
B would be separated by a circular annulus whose radii have the ratio e b . In such 
an annulus the extremal distance between the circles is 1, and the comparison prin­
ciple for extremal lengths would yield d(a,f})>\, contrary to hypothesis. Hence (7) 
must hold. If P, and P, are interchanged we have in the same way 

P~f',-P^Ft<Ct'". (8) 

Consider points Qi£a,Qt€B. By repeated application of (6) 

and with the help of (8) we conclude that the shortest distance between at and B is 
>C-te*"PtP,. To simplify notations, write d - P ^ , , I f , - C a \ i f , - C V * " « \ Because 
of (6), all points on a are within distance if, from P,. 

We recall that the definition of extremal length implies 
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where the infimam ia with respect to all arcs y that join a and /} within Q \ and 
Q ii any positive function for which the right-hand aide has a meaning. We chooee 
o - 1 in a circular disk with center P, and radiua Ml + M,, o - 0 outaide of that 
diak. Then \ro\ix\>Mt for all eurrea y. Indeed, this ie eo whether y atoya within 
the diak or contains a point on its circumference. We conclude that 

rf•<-•«>Mir^rJ,■s",(1+c,^", 

The same inequality, applied to a.', p", yields an upper bound for d* (a, (t), and our 
proof of Theorem 1 is complete. 

Part fl 
1. In the introduction we aaw that the boundary correspondences k give riae to 

eonformal mappings /, and with these we associated their Scbwarzian derivatives 
9 ~ {f> *}• The set of all such o> was denoted by A. We formulate a precise definition: 

The set A consists of all functions o>, holomorphie in V, such that the equation 
{/, t) - o> has a solution / which can be extended to a schBcht quaaieonformal mapping 
of the whole plane. 

Our purpose is to prove: 

THEOBCM 2. A M O» open subset of the Banack space of kolomorptne Inactions 
with norm ||e>||-sup I f ^ y * . 

We know already that all e>€A hare norm < | . It will follow that the norms 
are in fact strictly leas than |. 

2. It is a known result that A contains a neighborhood of the origin ([3], [6]). As an 
illustration of the method we shall foDow it is nevertheless useful to include a proof. 

LEMMA 3. A contains att function* a> with R f | < l -

Proof. Let n, and n, be linearly independent solutions of the differential equation 

normalized by r/[nt-ijiiji-1. It ia well known that / - i j , / » t satisfies {/,x}-f>. Ob­
serve that / may be meromorphie with simple poles, and that f + 0 at all other 
points! 
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It it to be shown that / is achlicht and hat a quasiconformal extenaion. To 
conatruct the extenaion we form 

1 1 n,(f) + (l-*)ni(*) V C U ' ! ' 

Because ijliji-ijjifr- 1 the numerator and denominator cannot vanish simultaneously. 
If the denominator Tanishes we s:t F- °°, and local assertions about F will apply 
to l/F. 

A simple computation which makes use of (9) gives 

r,/Fj - i ( x -i)%<f (2). 

Under the assumption | | ? | | < i we conclude that F is quasiconfoanal and ssnse-re-
rersing. The mapping t-+F{t) is quaaiconfonnal and sense-preserving in U*. 

Our intention ia to show that 

gives the desired extension. To see this it is sufficient to know that / can be ex­
tended to the real axis by continuity, that the extended function is locally achlicht 
at points of the real axis, and that it tends to a limit for z-*°° . Indeed, / will then 
be locally achlicht everywhere, and by a familiar reasoning is must be globally achlicht. 

The missing information is easy to supply under strong additional conditions. 
We suppose that o> is analytic on the real axis, including oo, where <f shall hare a zero of 
order >l (this means that the quadratic differential fdt* ia regular at oo). It is 
immediate that / and F agree on the real axis, and that they are real-analytic in 
the closed half-planes. It follows easily that / it locally achlicht. At oo the assumption 
implies that equation (9) has solutions whose power series expansions begin with 1 
and z respectively. Hence 

i j , - o 1 ! + 6I + 0(|»|-') , 
i j . - o . s + o. + Oflsj-i) 

with 0 , 6 , - 0 , 6 , - 1 . Substitution in (10) shows that 

' " o , l + 6,-1-0 (| s|-») 

and therefore / and F have the same limit o,/o, as z-+oo. 
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To prove the lemma without additional assumptions we use an approximation 
method. We can find a sequence of linear transformations S. such that the closure 
of S,U is contained in V and S,x-<-t for n-t-oo. Take f>.(s)-o>(S.z) Si(z)*. It 
follows by Sch wars' lemma that ||a>a||<||a>||. ttoreorer, a>. is analytic on the real 
axis and has at least a fourth order xero at °°. Consequently, there exist quasi-
conformal mappings /», holomorphie with {/„, 1} — e>. in V, with unifonnly bounded 
dilatation. A subsequence of the / . converges to a limit function / which is itself 
schlicht and quasiconformal, and which satisfies {/, i}-o> in U. This completes the 
proof. 

With suitable normalization* it is possible to arrange that /«->/, the mapping 
defined by (11). 

3. The method of the preceding proof can be carried over to the general case, 
although with some significant modifications. 

Suppose that ft € & and {/,, 1) - <p, We may assume that / , maps U on a region 
fl whose boundary L passes through °°, and we know that L admits a quasicon­
formal reflection u>-*w*-X(w). We choose X in accordance with Lemma 2. 

If B c? — y , H < e and {/, z}-a> the identity 

yi«Ms |{/./.}||/.IV<«. 

The non-euclidesn metric in il is given by 

and if we write / - / / t 1 we obtain 

|{/,u>}|< 4 te <«-)'. (12) 

If e is sufficiently small it is to be proved that / is schlicht and has a quasicon­
formal extension. 

We set f-{f, *>} and f-tj^'fj, where »j,, »h are normalized solutions of 

In close analogy with (10) we form 

where u>€fl and w'-X(v). Computation gives 
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F. _ X. t y (w - w'P 

Here | X*/Xi | < t < 1 because X is quasiconformal. To estimate the second term we 
have first, by (12), Lemma 1(6) and (4), 

\y\\w~w*\t<itC%. 

On the other hand, \Xi\ stays away from 0, for Lemma 2 gives 

C-*\dw\'i\du:'\*i2\Xi\\dw\ 

We conclude that | Fm/Fs | < k' < 1 provided that t is sufficiently small. 
4. We wish to show that 

I f(w) i n n 
' " \r{v') in O* 

is schlicht and quasiconformal. Again, the proof is easy under strong assumptions. 
This time we assume that L it an analytic curve, that f is analytic on L and that 
it has a fourth order zero at <x>. It is clear that we can prove / to be a quasicon­
formal homeomorphiam exactly as in the proof of Lemma 3. 

To complete the proof, let {-<u(u>) be a conforms! mapping of ft on |C|<1-
Let il, be the part of ft that corresponds to | t |<r„ , L, its boundary. Here {r,} is 
a sequence which converges to 1. 

A quasiconformal reflection X, across L, can be constructed as follows: If r}< 
|<o(u>)|<r, we define X,{u>) so that <o(u>) and <u(4.(u>)) are mirror images with respect 
to |C|~''«. If |a>(u>)|<ri we find w. so that (oiwj-rl'wiw) and choose X,(tc)-
X(w„). The definitions agree when |cu(tr)|«rl, and £„ is kept fixed. The dilatation 
of A, is no greater than the maximum dilatation of il. 

After a harmless linear transformation which throws a point on £„ to oo the 
part of the theorem that has already been proved can be applied to Q„. It it to 
be observed that g»>g where p.|<*u>| is the noneuclidean metric in ft,. Therefore y 
satisfies 

l y l ^ e o . O c ) 1 

with the same e as before. Hence there exists a quasiconformal mapping /, of the 
whole plane which agrees with / on ft, and whose dilatation lies under a fixed bound. 
A subsequence of the /» tends to a limit mapping / which is schlicht, quasiconformal, 
and equal to / in il. The theorem is proved. 
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FINITELY GENERATED KLEINIAN GROUPS.* 

By LAM V. AHIFOM. 

1. Introduction. 1.1. Let r be a group of linear transformations 

ct + d 

of the extended complex plane. A point r, it called a limit point of r if it 
is an accumulation point of points A*u A € r, tome some «,. The set of limit 
points will be denoted by 2(r ) , or by 2 when it is clear to what group we 
are referring. 

2(r) is a closed set, and invariant under I"; we denote its complement 
by O —n(r) . As soon as O(r) is not empty we aay that r is discontinuous, 
and n(r) is its set of discontinuity. It is easy to classify all groups for which 
2 is void, consists of a single point, or of two points. All other discontinuous 
groups will be called Kleinian groups. In other words, a Kleinian group is a 
discontinuous group with more than two limit points. In this paper r will 
always denote a Kleinian group. 

For Kleinian groups the images Ai„ ACT, of any point t, accumulate 
toward all of 2. It is an immediate consequence that 2 is a nowhere dense 
perfect set, and that every nonvoid closed invariant set includes 2. 

A Kleinian group which leaves a circle invariant is said to be Fuchsian. 
The set of limit points lies on the invariant circle. If 2 is the whole circle 
the Fuchsian group is of the first kind. If not, 2 is nowhere dense on the 
invariant circle, and the group is of the second kind. 

The flxpoints of non-elliptic transformations in r lie on 2. There are 
always infinitely many hyperbolic or loxodromk transformations, and their 
flxpoints are dense on 2. The fixpointa in O belong to elliptic transformations, 
and they are isolated. 

1.2. In order to study the action of T on Q we consider the quotient 
space 8 — tt/T. It has • natural complex structure such that the projection 
map *•: n - » 8 is holomorphic. Thus, the components £< of 8 are Biemann 

Kwxlvod October JO, 1M1. 
* Thlt work was supported (ia part) by tha Air Fores OOe* of BeteatiSe Bemrch. 
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surfaces. We shall write fk — w'Si. In general, the fl« are not connected, 
and we denote the components of 0, by CUi-

With any Kleinian group r we have thus associated the decompositions 
n — U n, — U n ( ) and 5 — U S,. Each n, is invariant under the full group 
r, and the boundary of tl( is all of X. The components CU, are ramified 
covering surfaces of St whose branch points are elliptic fizpoints. 

The projections of the branch points will be denoted by p». They are 
isolated, and with each pk there is associated an integer mk g 2, the order of 
the corresponding elliptic transformation. We say that S has a signature 
I — {pt,mk). S together with its signature is denoted by S(l), and S,(I) 
has a similar meaning. 

We shall say that S is of finite type if there are finitely many com­
ponents Si and points p», and if each St can be obtained from a compact 
surface by omission of a finite number of points. When this is so it is con­
venient to let Si denote the compact surface, and to regard the omitted points 
as points ;>» with m» — oo. It will be clear from the context when Si should 
be interpreted in this manner. 

1.3. The main result to be proved in this article is the following 
statement: 

If r it finitely generated, then S is of finite type. 

This is known for Fuchsian groups, but to the author's knowledge there 
is no proof in the published literature. A proof is contained in a manuscript 
of Nielsen and Fenchel, where the result is obtained at the end of a pene­
trating study of Fuchsian groups. Recently, L. Bers has found a short proof 
by variational methods, the same that have proved so useful in the theory of 
Teichmiiller spaces.1 

My task has been to show that Bers' method can be extended to arbitrary 
Kleinian groups. The main difficulty was the correct formulation and proof 
of a crucial lemma, which is to be considered the core of this paper. We have 
formulated it in two parts, as Lemma 8 and Lemma 9. 

In the last section we prove some results on functions groups, that is, 
groups with an invariant region. These were the results that gave the initial 
impetus to this study. 

1.4. Perhaps of greater interest are the theorems I have not been able 
to prove. For instance, it seems very likely that the set 5 for any finitely 
generated group r has zero area, but I cannot prove it. 

1 Unpublished. 
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Any Tfl»ini«ti group can be extended to a corresponding group of Mobius 
transformations in the Poincarg half-space. If T is finitely generated it seems 
plausible that the Poincart group has a fundamental polyhedron with only 
• finite number of vertices on 2. Again, I cannot proTe this, but if this is 
so I am able to show that 3 has indeed zero measure. 

2. The Poincari metric. 2.1. Each component niy carries a Poincari 
metric ds — p\<U\ with constant negative curvature equal to — 1, and such 
that tit) is complete in this metric. The metric is unique, and therefore 

(2.1) P(At)\A'(t)\-p(z) 

for all A € r which map tlti onto itself. We shall consider p on all of (1, 
defined in each O,,. Then (2.1) holds for all A € r. 

The projection w induces a corresponding metric p\<H\ on 5. Here C 
is a local parameter on S, and p is determined by p | <H | — p\ dz |. At the 
branch points dt/ds — 0, and we see that p becomes infinite at the points pt. 

If S( is compact the Gauss-Bonnet formula yields 

(8.2) x ( S i ) + 2 ( l - i - ) - l f p'dxdy, 

where x(3i) is the Euler characteristic. The formula remains valid for any 
Si(I) of finite type, provided that x(<̂ <) >* " l e characteristic of the compact 
surface and the infinite signatures are included in the sum. To prove (2.2) 
for this case requires knowledge of the asymptotic behavior of p at the punc­
tures. If the omitted point corresponds to {— 0 this behavior is given by 

(2.3) log; l o g U | - I o g l o g ( l / | £ | ) + 0 ( 1 ) , 
a classical result 

An immediate consequence of (2.2) is that 

(2-4) x ( S . ) + 2 ( 1 - — ) > 0 . 

This rules out certain possibilities. Without insisting on the details, we 
conclude that Si cannot be a sphere with certain low signatures, nor can it 
be a torus without signature. 

A more careful analysis of the possible cases shows that (2.4) can be 
shar|>ened to 

x W + 2 ( 1 - - £ - ) & 1/12. 

This is important because it shows that S u of finite tyye if and only if it; 
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total Poincari area is finite. The conclusion uses the elementary fact that a 
■ingle surface with finite Poincmrt ares is necessarily of finite type. 

2.2. We show next that the points p» with m»—oo correspond to 
parabolic fixpointa. Since the result does not require 8 to be of finite type, 
let us merely assume that S<—5<—{p*} where 8t is a Siemann surface 
and pk € Si. 

LBMMA 1. There exists a parabolic transformation i t e r with the 
following property: If the linear trantformation V it such that TJ-lAiJJ% 
— * -f 1, then Of contains a set {t | Im Us > c) and »•(»)-► p» when t € tU 
approaches the fixpoint tk — V<n in such a way that ImUt-*<*>. 

We remark that A* can of course be replaced by any conjugate trans­
formation B-'AJi with B € I", in which case *» is replaced by Btt. The 
set {» | Im Ut > 0} is a disk or a halfplane whose boundary passes through i». 
It follows that there are at most two p% which correspond to the same s*. 

For the proof of the lemma we may regard p» as the center of a punc­
tured disk A C S(, represented by 0 < | ( | < 1, and we may assume that no 
point in A has a signature. Let A be a component of »"*(A). It is clear 
that the cover transformations of A over A are generated by a single trans­
formation A € r which is not elliptic. 

If ^ is hyperbolic or lozodromic we can take it to be of the form 
As — let, | h | yt 1. In terms of s — log ( the projection * induces a one-one 
correspondence s — s{s) between the halfplane Res < 0 and A which satisfies 
s{s -f 2*t) — fci(i). Because 0 is a limit point it is not in A, and therefore 
the distance from t(s) to the boundary of A is at least | *(s)\. With this 
information Koebe's one-quarter theorem easily yields 

|s-(.)|/|s(f)|g2/|Be«|. 

Integration from s to s + 2»t along a vertical line gives 

| k g | » | | 5 4 * / | B t « | . 

But this is absurd, for | Res | can be chosen arbitrarily large. 
We conclude that A is parabolic, for instance At — t + 1. In this case 

t(t + Zri) — *(«) -\-1 and it is elementary to deduce that 

e x p ( 8 « t ) - { + a, + o1/C-r-- • •, 
from which 

(8-5) ' ( « ) - £ + 0(|{|-') 
and, for later use, 
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(8.6) di/dt-tWJ-'+OdCl-'). 
It is immediate from (2.5) that n< contains a halfplane y > c, and that 
y ->» implies «•(*) -»p». This is the assertion of the lemma when U is the 
identity, and the general case follows by application to the group XJ-XTU. 

8.3. We shall use (2.6) to deriTe the asymptotic behavior of 0 in 
terms of the uniformizer {. Because « | d * | — p | d ( | we obtain, with the 
help of (8.8), 
(2.7) log, loglog(l/ |C|) + 0 ( 1 ) . 

In the derivation of this formula we have assumed that U is the identity, but 
it is easy to see that it remains valid as soon as the fixpoint is at 00. 

In case of a finite fixpoint we make the transformation s — Uw. The 
Foincari metric in f/'Hl is given by p,(v)\dw\—p(t)\dt\. It is for p, 
that (8.7) is valid, while (8.5) is applicable to w in the place of s. We have 
logp — logp,—\og\U'(w)\—logp, + Hog\v\ + 0 ( l ) , f o r since Deo is 
finite, w*0'(w) has a finite limit when » - » « . It follows that 

log* l o g l o g ( l / | { | ) + 2 1 o g | l o g { | + 0 ( l ) . 

The expression on the right is not single-valued, but we may conclude that 

(2.8) logP-loglog(l / |C|) + 0 ( 1 ) 

when t approaches the fixpoint in an interior angle. 

2.4. The coefficient of the Poincari metric decreases when the region 
increases (this is essentially Schwars' lemma). Denote the euclidean distance 
from * to 2 by 8(s). If we compare Q with the circle about < of radius &(*) 
it follows at once that p{t) ^ 2 8 ( i ) - \ In case Q« is simply connected and 
does not contain so an opposite inequality can be obtained by use of Koebe's 
one-quarter theorem. One finds under these circumstances «(*) ^J8(*)-*. 

In the general case we use the majorisation BCD, , where O, is the 
sphere punctured at three points i^t^tt^X We have p^p,, and p, can 
be estimated by means of (8.3). It follows that 

log»(«) ^ - l o g I « - « . I - log log ( l / | s - i . |) - 0(1) 

in a neighborhood of *,. It is not hard to see that the remainder is uniformly 
boanded when s, varies but stays away from i„ *,. If 5 is assumed to be 
compact we conclude that 

(2.9) l og*^— logj—loglog(l/a) — 0(1) 
for sufficiently small i. 
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3. Quadratic dlfsraatiaJa. 8.1. In all that follows a dominant role 
ia played by the quadratic differentials on O. A quadratic differential is a 
holomorphic function ^ on O which satisfies the functional equations 

(3.1) •\MfM'(.)«-e>(f) 

for all A € r. More accurately, the quadratic differential is the invariant 
expression ^ d»', but it is convenient to use the same term for the coefficient $. 

The projection map induces a corresponding quadratic differential on S, 
namely by the relation +dtl — i df. At a point pk with finite signature, let 
the projection be given by ( — »" in local coordinates. Then ^ — 0 ( | { \~*'"m), 
and since «\ ia single-valued it has at moat a simple pole at p». Conversely, 
if + has at most a simple pole, then + is holomorphic. 

As soon as 5 is not compact the class of all quadratic differentials on (1 
is too extensive to be useful. We shall consider the following restriction: 

(Q) f \t\dxdy <ao, 
•so/r 

(Q*) I ♦ I — « ' ( » » ) • 

Observe that the integral in (Q) is meaningful because of (3.1). The 
quadratic differentials which satisfy these conditions form linear spsces which 
we denote by Q(T) and Q*(T) respectively. 

In terms of 4 condition (Q) becomes 

(3.2) fa\i\4t*,<m. 

Similarly, (Q*) yields \ + \—0{p'). In both esses + has at most a simple 
pole at points with infinite signature. In fact, for Q this follows directly 
from (3.8), and for Q* we may use (8.3) to deduce that + — 0 ( | { | - ' ) in 
terms of a local variable, and hence that the singularity is at most a simple 
pole. 

We shall let Q(S) and Q*{8) denote the spaces formed by all * for 
«U Q(T) and +£Q*(r) respectively. If S is of finite type these spaces are 
identical, and we conclude: 

LKMMA 2. If S is of finite type the spaces Q(r) and Q*(r) are 
identical and of finite dimension. 

The dimension over the complex numbers is 3g-\-n — 31c where g is the 
sum of the genera of the surfaces Si, n is the total number of points with a 
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signature, and k is the number of components. It follows from condition 
(8. 4) that there are non-sero quadratic differentials on each St. 

3.2. We have just proved one part of the following result, which is 
particularly important for our purposes: 

THEOREM 1. The space Q(T) is finite dimensional if and only if S is 
of finite type. 

If there are infinitely many Si, all of finite type, it follows from the 
remark above that 0(T) has infinite dimension. Suppose now that one Si 
is not of finite type. If Si has infinite genus there exist infinitely many linearly 
independent square integrable first order differentials $t on St. If they are 
multiplied by a fixed one, 09, the 0*0; are linearly independent quadratic 
differentials, and they are integrable. Assume next that 8t has finite genus. 
Then it can be imbedded in a compact Riemann surface St. If 5< — Si is an 
infinite point set we can find infinitely many quadratic differentials on St 

with distinct simple poles on S{ — S,. Their restrictions to S( are integrable 
and linearly independent. Finally, if S« — Si is a finite set there must be 
infinitely many p» on Si, and we can find infinitely many quadratic differ­
entials with distinct poles among the p*. Thus, whenever S is not of finite 
type, Q(T) has infinite dimension. 

4. Beltrami differentials. 4.1. We regard Q(r) as a Bauach space 
with the norm 

and Q*(r) as one with the norm 

One of our aims is to determine the conjugate space of Q(T). Several charac­
terizations will be obtained, and their comparison will contribute to our 
knowledge of Kleinian groups. 

4.2. Choose an arbitrary <f,0£Q(r), not identically zero, and define 
a measure on 5 — n/r by dm — | <f,t | dxdy. Evidently, a quadratic differential 
* belongs to Q(r) if and only if $/>„ is of class Ll with respect to this 
measure. Therefore, every linear functional ou Q(T) can be represented as 

f «V'|«Vt | Pdxdy 
JO.IT 
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where $ is a bounded measurable function on 8. We may define B as an 
automorphic function on O, and we find that r—fV» |f^,|/J satisfies the 
equations 
(4.1) > ( i « ) i ' ( i ) / i ' ( » ) - » ( i ) 

for all A € I\ Such functions are called Beltrami differential*; we emphasise 
that r has to be bounded and measurable. We hare prored that tftrj linear 
functional on Q(T) is of the form 

(4.2) f «V<faa> 
JOIT 

where r is a Beltrami differential. 

4.8. Let B(r) be the linear space of Beltrami differentials, normed by 
| v |„, and let Jf(T) denote the subspace of those v which satisfy 

(4.3) f eWrdy —0 
•JaiT 

for all ^ € Q(r). Our result can be stated as follows: 

L n o u 3. The conjugate space of Q(V) can be identified with 
B(T)/N(T). 

Clearly, any characterization of N(T) will therefore be a characterization 
of the conjugate space of Q(T). 

6. The Fuchsias case. 5.1. Many problems in the theory of Kleinian 
groups can be reduced to the corresponding problem for Fuchsian groups. 
We shall therefore begin with a study of the Fuchsian case. 

To emphasise the distinction, Fuchsian groups will be denoted by the 
letter 0. We assume that 0 is discontinuous and acts on the unit disk 
D — [x | 1t1 < 1), but it need not be of the first kind. We shall constantly 
disregard the outside of D. Therefore, we shall set 8(0) —D/O, and the 
notations Q(0) and Q*(G) will refer to quadratic differentials in D. The 
corresponding remark applies to the spaces B(0) and N(0). Obserre that 
, ( a ) _ » ( l _ | . !•)-«. 

We shall make frequent use of the known representation formula * 

(5.1) + ( C ) - 3 » - , J ^ ( i ) ( l - | s | « ) » ( l - « ) - « < f e < f « 

* U Ahlfors, " 8OB< remarks oa TsiehmSller's spacs of Ritauan surfaces," inuli 
of JTsMOTMriot, TOI. 74, No. 1, 19S1, p. 176. 
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which ia valid aa aoon at 4 U holomorphic in D and 

(5.2) r i* iu—if i* )* fe*<«-

This condition is obviously fulfilled when «\€ Q*(Q). 
The identity 

(5.3) f ll-iCl-dx^-wa-UI')-' 

will also be needed. 

5.2. With an; Beltrami differential r 6.8(G) we associate 

(5.4) TrUJ-Sw-'J ;(,)(1-Wdxdy. 

A simple computation shows that TV is a quadratic differential, and by use 
of (5.3) we conclude that 7V€ Q*(Q). In the opposite direction, <f>€.Q*(0) 
can be mapped on T*$ — £(1 — | » |')« —4*p'€ B(G). Formula (5.1) 
takes the form TT*4> — 4>, or TT* — 1. The operator T* is of course 
meaningful also when *€ Q(O), but then we can no longer assert that T*+ 
belongs to B(G). 

As an abbreviation we introduce 

(5.5) <*,»>- f + dxd9, 

and we use this notation as soon as the integral on the right is absolutely 
convergent. One verifies at once that 
(5.6) <*, !••♦,> - <*, r*ts1>-

ss Booms *j€ <>(G), *,€ (?*(G) or vice versa (the bar stands for the complex 
conjugate). 

Even more important is the following identity: 

LBMMA 4. <*, r*IV> — <*, r> /or * € Q(G), rtB(G). 

Both sides of the identity represent absolutely convergent integrals, and 
by (5.6) the left hand side can be replaced by <3V, T*+y. By virtue of 
(5.1) the equality <2V, T**>- — <*, »> is equivalent to 

f +(0(1 —It I1)'** f »(s)(l-«)-«4r<Jy 
JDIQ JO 

- f ♦«>(! —IClT^tf i f r(s)(l-iC)-<fe<Jjr, 
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an identity which ia proved by subdivision into "fundamental regions" and 
sabaeqaent changes of the integration variables. The absolute convergence 
justifies the procedure. 

5.8. Let A(D) be the space of holomorphic functions which are ints-
grable over D. For F € A (D) the Foincare series 

(5.7) %F(x) - 2 F(At)A'(z)* 
AtO 

converges and represents an element of Q(Q). In fact, one obtains 

(5.8) \9Fl^fB\F\dxd9. 

It is also easy to verify that 

(5.9) <«F,V>— f F,dxdy. 

5.4. We now deduce the most important result in this direction, which 
is due to L. Berg: * 

THBOBIM 2. The mapping T: B(G)-*Q*(G) it a surjection with 
kernel N(O). Therefore, the conjugate space of Q{0) can be identified 
with Q*(G). 

That the mapping is onto follows from TT* — I. Another way of 
expressing Lemma 4 is to say that r—T*Tr(.N{Q). Therefore, Tr —0 
implies » € N (Q). To prove the converse, let F be the function Sir'1 (1 — sf) ~* 
with fixed {€ D. The definition (5.4) of T, together with (5.9) gives 

Tv(CV -<9F,y>t 

and hence ►€ N(Q) yields Tr —0 as asserted. 
Specifically, we have shown that every coset of N(G) in B(G) contains 

an element T*+ with <t>€Q*(Q), namely for ? —TV. This is of course the 
only element with this property, for T*4>tN(G) implies $ — TT*+ — 0. 

5.5. As an immediate corollary we obtain: 

LEMMA 5. Every + € Q(G) can be written in the form »F with F € A(D). 

Indeed, it follows from (5.8) that 6 maps A(D) onto a closed subspace 
of Q(G). If it were not all of Q(G) we could find * € Q*(G), not identically 
xero, such that <ef*,r**> —0 for all Ft A(D). By (5.9) this gives 

* Orel commuiilcatioa. 
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/ . 
FT*+dadf — 0. 

D 

We choose agaia **(•) — aV^l —*£)-« and obtain *(C)—0, contrary to 
assumption. 

5.6. There is a generalisation of Lemma 5 which will be of importance 
when we pass to the case of Eleinian groups. Let 0 , be an arbitrary subgroup 
of 0. For any fe€ Q(G) we construct 

(6.10) • * . ( * ) - 2 * ( A s ) A ' ( s ) ' 

where the summation is now over a set of lepreaentatJTee of the left coasts 
of (?„ one from each ooaet Because fe is a quadratic differential with respect 
to 0, the choice of representatiTes k irrelevant, and one finds that 1•«•% | 
S I ♦• I- Equation (5.9) is replaced by 

(611) <«•**-> -<♦*»> , 

▼slid for all *C.B(G). It is to be observed that the first inner product is 
orer D/0, the second orer D/G+ 

Larnti 6. Every +£Q(G) eon be vriiU* at «*, vith «%€ Q(G,). 

Again, if this were not true we could find «SE <?•((?), «tyt0, such that 
<«.*, TV> — 0 for all *. € Q(G). According to (8.11) thk gives <** I"»*> 
— 0 for all «s* and hence «\>—0, a contradiction. 

6. The general case. 6.1. We return to the case of an arbitrary 
Eleinian group r, except that we shall assume w to be a limit point. This 
minor restriction has the advantage that the Poincare series 

(6.1) « F ( s ) - 2 ^ ( 4 s ) 4 ' ( s ) « 
4<r 

remains holomorphie for any FiA(Q), that is, whenever F is holomorphie 
and integrable in O. It is clear that 9F enjoys the same properties as in the 
Fuchsian case. 

We shall show that the conclusion in Theorem 2 as well aa Lemma 5 
Temain valid. As far as the conjugate space is concerned it is quite dear 
that we may restrict our attention to a tingle component Qy of O and replace 
r by the subgroup ty which leaves 0« invariant. It amounts to the same 
thing if wo assume from the beginning that O is an invariant region with 
respect to r, but not necessarily the whole set of discontinuity. 

Let i—«(C) be a conforms! mapping of D » ( ( | | ( | < 1 ) onto the 
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universal covering surface of O. We introduce a Fuchsian group 0 as follows: 
B € 0 if and only if there exists A(.T such that 

(6.2) - ( B t ) - ^ - ( { ) . 

It is evident that A is uniquely determined, and the mapping A-*B is a 
surjectiTe homomorphism whose kernel we denote by 0,. 

The equation 
(6.3) * ( { ) - * ( . ( f ) ) . ' ( C ) , 

sets up a one-one correspondence between quadratic differentials with respect 
to 0 and r. One verifies that Q(V) corresponds to Q(Q) and Q*(T) to 
Q*(0). A similar correspondence between B(T) and B(O) is defined by 

(6.4) J({)-,(.(C))='(C)/«'(C). 
The identity 

(6.5) f <t»dxdy— i +rd(dv Jair JDIO 

prevails. We conclude: 

THEORBV 3. The conjugate space of Q(T) has a canonical identifica­
tion with Q*(r). 

6.2. For the counterpart of Lemma 5 it is also true that it suffices to 
consider a component fly and the corresponding subgroup r(). To see this, 
let 0 4 denote the theta-operator with respect to r(/. If ^ — SlfF in iUt with 
F€A(OD), extend F to all of Q by setting F — 0 outside of 0^. At the 
same time <p is extended to all of fk as a quadratic differential. It follows 
that <t>-m&F in (U, and this is what we wish to prove. It is therefore no 
restriction to assume again that O is an invariant region for r. 

LxvicA 7. Every <££ Q(G) can be written as 0F with F€A(a). 

We use the same notations as before. By Lemma 6 it is possible to write 
f — 0,4, with +,ZQ{G0). The relation 

(6.6) ♦ . ( { ) - * ( - (« ) - ' ( { ) ' 

defines F uniquely, and one verifies that 0o<MC) — * ' ( • ({))«•' (t)\ *Qd this 
makes 4 ■̂  QF, 

7. Direct characterization of N(TT). 7.1. In this section we shall 
derive some results which, as far as we are able to judge, cannot be obtained 
by reduction to the Fuchsian case. It will be convenient to assume, in this 
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connection, that the points 0, 1, oo belong to 2. All invarisntly formulated 
results are of course independent of this hypothesis. 

The method we shall use is intimately connected with infinitesimal 
deformations of confonnal structure. However, there will be no need to 
mike this connection explicit. 

Given r€.B(T) we construct 

(7.1) / « ) ^ »(,)[-!.__-t--±ZZi]dxdy. 

The integral converges because the rational function in brackets has a third 
order zero at as and only simple poles at {, 0, and 1. It represents a con­
tinuous function in the finite plane. What is more, it satisfies a uniform 
Holder-type condition 

(7.2) | / t t i ) - / ( C . ) | g C | C . - C | l o g l / | C l - f c | , 
for instance for | d — { , | g 1/2. At oo it is of order 0 ( | C | log | { | ) . 

It is well known that / has locally square integrable distributional 
derivatives, and that 
(7.3) ft-l(f,-if,)-¥ 

almost everywhere (provided that we set r — 0 on 5). 

7.2. We shall prove: 

LXKXA 8. r€ N(T) if and only if / —0 on 3. 

The necessity is immediate. Indeed, for any fixed {€ 2 the bracketed 
expression in (7.1) is a holomorphic and integrable function F on Q. 
Therefore, yCN(T) implies 

rFdxdy — <eF,r> — 0, X 70 
and hence /(C) —0. 

To prove the sufficiency, let A be a C" function which vanishes in a 
neighborhood of 2. In addition we require that A and /Ai be bounded. 
Under these conditions, if Ft. A (a) Stokes* formula yields, with the help 
of (7.8), 

(7-4* C XFvdxdy—j f^Fdxdy C f>*Fdzdy. 

If we csn choose A, depending on a parameter, in such a way that A tends 
boundedly to 1 and /A, tends boundedly to 0, it will follow that <©F, *> — 0, 
and hence, by Lemma 7, that »€ N(T). 
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We are assuming that / —0 on 2. As before, t(t) denotes the distance 
from s to X We deduce from (7.2) that 

(7.5) | / |<C81ogl /» 

for 8 <» 8,, say. We choose 8. § «-». 
For the moment, let us ignore the condition that A be of clan Cm. 

Given c > 0, let A(<) be 0 for 0 ^ < § « , 1 for <g8<, and linear between « 
and it. We shall set 
(7.6) A(.)-A[(loglogl/8(s))-»] 

if ( < 8, and A(«) — 1 if 8 g 8». For < small enough, A will be continuous 
and identically sero near X 

If 8(f) were differentiable, the obvious inequality \t(*t)—8(s,)| 
Si I *i — *t | would yield 18« | ^ 1, and hence 

| A, | S €-'»-l(l°g1/8)-'(log log 1/8)-

in the part where A it not constant. Since (loglog 1/*)"' g8« for these 
values it follows that 

| A , | g 4rf-« (log !/»)-', 

and in view of (7. 5) we obtain | Xtf | :S 4Ct throughout O. The desired con­
clusion follows. 

The reasoning is completed by an obvious smoothing process, which we 
need not explain in detail. First, we replace 4 in (7.6) by a smooth mean 
value 8* obtained by convolution. In the relevant part of the plane 8* will 
satisfy the same Lipschits condition as 8. Secondly, A has to be replaced 
by a smooth function whose derivative is nowhere much greater than f1. 
With these modifications the argument goes through exactly as before. 

7.3. An alternative characterisation of N(T) is the following: 

LKKMA 9. ,€ N(T) if and only if f(At) - f ( s )A' ( s ) for all A € r. 

The condition means that f/ds is invariant, in which case / is said to be 
an inverse differential. 

The definition (7.1) of / shows that /(0) — 0. If the condition in the 
lemma is fulfilled it follows that /(AO) —0 for all A € r. But the points 
AO are dense on 2 and / is continuous. Therefore / vanishes on X and 
Lemma 8 shows that r€ N(T). 

Consider now the function 

(7.7) P,(.)- /(A«)A'( .)-»-/( i) . 
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By UM of (7. S) we obtain 

(7.8) ( P 1 ) , - r ( l f ) i ' ( f ) A ' ( f ) - » - r ( f ) - 0 

almoet everywhere; in particular, also on X Furthermore, the derivatives of 
PA are locally square mtegrable (except perhaps at A-'oo). It follow! that 
PA i> analytic, and if it vanishes on 1 it matt be identically aero. This proTet 
the lemma. 

A more detailed inTettigation of the singularities at oo and A-*oo shows 
that PA ia alwaya a quadratic polynomiaL It ia of aome intareat to note the 
formula 
(7.9) Fx . ( t ) -P^(Bf)B'( f ) - l + F,(a). 

7.4. The laat lemma leada immediately to the principal result: 

THSOEXK 4. If T it finitely generated, then 8 — O/T it of finite type. 

Indeed, all relation* /(As) —f(*)A'(») are conaeqnencea of the corres­
ponding relations for the generators. On the other hand, each relation ia 
equiTalent to the raniahing of the coefficients of PA, and thus to three linear 
conditions on r. For a finitely generated group the apace B(T)/N(T) has 
thus finite dimension. By Lemma S and Theorem 8 thia means that Q*(T) 
ia finite dimensional, and hence the same ia true of Q (r) . We apply Theorem 
1 to conclude that 8 ia of finite type. 

8. Invariant regions. 8.1. It ia possible to obtain more precise infor­
mation by adding the hypothesis that one or several tk are connected, and 
hence invariant under the full group r. Such groups have been called function 
groups.* 

The fact that all invariant regions CU have the same boundary 3 does not 
by itself preclude the existence of any number of such regions. However, 
the existence of nonelliptic fixpoints does impose a severe restriction. The 
following theorem was communicated to me by E. Accola. 

THIOSXK 8. There are at most two invariant region* Qj, and if there 
are two they are limply connected. 

For the simple proof, which is purely topologies!, we refer to a forth­
coming article by Accola. 

8. 2. If r is finitely generated we are able to prove a more precise result: 

•L. Ford, AutoBorphle Function* (tat •&, Chaise*, IW1), p. 64. 

14 



488 LABS T. AHLF0B8. 

TsaoaxK 6. Suppose that n, and O, art invariant rtgiont for the finitely 
generated group T. Then 8 — O/T hat only the component* 5, — 0,/T and 
Sj — n,/T. Moreover, S, oni S, are AomeomorpAte «pt<A uomorpftie n^naiurM. 

Since r is finitely generated we need not distinguish between Q(T) and 
G*(r). We shall denote by Qi the snbspace of quadratic differentials that 
vanish outside of tb- The main part of the theorem is an easy consequence of 

LEIOLL 10. / / n, is connected, then dimQ^tdimQ,. 
Indeed, under the hypothesis of the theorem the lemma yields dim^i 

-+- dim Qt 5S dim Q :S 2 dim Qx. Hence dim0, ^dim^D «nd by symmetry 
dim Qi — dim Qt. Furthermore, dim Q — dim & -f- dim Qa, and this shows 
that there is no room for a third component. If we can show that 8t and 8t 
have the same signature it will follow, by the formula for the number of 
linearly independent quadratic differentials, that they have the same genus. 

The points with finite signature arise from elliptic fixpoints, and it is 
easy to see that each elliptic transformation must have one fizpoint in O, 
and one in Q, (the simplest way to see this is by oonformal mapping of O, 
and (lt on the unit disk). It is therefore evident that the points with finite 
signature can be matched in pairs, in such a way that corresponding points 
hare the same signature. 

The facts for points with infinite signature are quite similar. We know 
by Lemma 1 that any such point, whether on 8t or 8„ determines a class of 
conjugate parabolic transformations. In the present situation the converse 
is also true. Let i E T b e parabolic We map Oj conformally on the unit 
disk D and use the construction in 6.1 to determine an isomorphic mapping 
of r on a Fuchsian group 0. The image B of A is necessarily parabolic. 
In the elementary case of a Fuchsian group it is quite evident that B corres­
ponds to a point on 8, with infinite signature (M. Heins has proved this for 
arbitrary Fuchsian groups) .* Moreover, non-conjugate transformations corres­
pond to different points. It follows that the points with infinite signature 
are indeed in one-one correspondence. 

8.3. It remains to prove Lemma 10. Let us denote by Q'l the space 
of quadratic differentials which vanish on O,. Given ^ € Q\ we form r — $p*, 
which is a Beltrami differential, and construct 

*!£. Haiaa, "Oa Ftteaaold groapa that contain parabolic transformations " [Con­
tribution* to function tneoru), Tata Institute, Bombsj, 1M0. 
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(8.1) ty(0- f r(l) (!-<)-*dsdy 
./Q-Oi 

for (C Oi, One verifies that 8$ is a quadratic differential. Because r is 
bounded the integral is majorized by 

which ia a multiple of S({)"". Since Oi is simply connected 8(C)*1 is com­
parable with i ( { ) (we are assuming that oo € 3 ) . It follows that 5^G Qx. 

We shall show that the antilinear mapping 8: (Ti->Ci is one to one. 
Assuming that 0,1, oo € S we construct, as in 7.1, 

(ID /«)—^w^-A--?^ 
If fy-0 we see by comparison with (8.1) that f"({) - 0 in Of Hence 
f({) is a quadratic polynomial in (V Its behavior at « shows that it is in 
fact a linear polynomial, and because it vanishes at 0 and 1 it reduces 
identically to zero. By continuity / — G on 2, and we conclude by Lemma 8 
that K t f ( r ) . Since v — fo1 this gives ■£ — 0, and we have proved that 5 
is one to one. 

We emphasize that the connectedness of Qt is essential for the proof. 
If Oi were not connected we could merely conclude that / is a quadratic poly­
nomial in each component, but not necessarily the same in all components. 

HiBviiD UNirasnr. 




