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Proof. Let x be an arbitrary element of F(a). Then 

x(l — b) = x — xb = x — xab = x(l — ab). 

From property 2 of S, 

y = x(l - b) = x(l - ab) e F(b) n F(ab); 

so y = yb = ya6. By applying 6 - 1 , y = ya. Since a; G F(a), x - y = xb € F(a). 
So F(a)6 < F(a). By the same argument but with 6 replaced by 6_1, F(a)6 - 1 < 
F(a). Applying b to the last inequality, F(a) < F(a)b, which completes the 
proof. 

The following lemma proves a very useful and somewhat surprising equality 
obeyed by the elements of S. 

LEMMA 2.2. The following three properties of elements a and b in S are equiv­
alent: P(l - a) < F(b); (1 - a)b = 1 - a; 1 - ab = (1 - a) + (1 - b). 

Proof. The equivalence of the first two properties, and their equivalence 
with the third property, may be inferred from the identity: 

l-ab=l-b + b-ab=(l-b) + (l- a)b. 

COROLLARY 2.1. // P(l - a) < F(b) and P(l - b) < F{a), then ab = ba. 

Proof. The hypotheses imply by Lemma 2.2 that 

1 - ab = (1 - a) + (1 - 6) = 1 - ba; 

and this in turn implies ab = ba. 

COROLLARY 2.2. If U is a subgroup of S such that P(l - a) < F(b) for 
every pair of elements a, b in U, then mapping x in U on 1 — x (in the ring of 
endomorphisms of P) is a homomorphism. 

This is an immediate consequence of Lemma 2.2. 

COROLLARY 2.2'. // a is an element in S and k an integer, then 1 — ak = 
fc(l - a ) . 

This is a special case of Corollary 2.2. 

LEMMA 2.3. For every a € S,o(a) = o(P(l — a)). 
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Proof. From property 1 of S, there exists an x € P such that x ( l — a) 
generates P ( l — a). Let o(P(l — a)) = r. If y € P, then 

yo r = y - y + yar = y - y(l - ar) = y - ry(l - a) by Corollary 2.2', 
= y since r = o (P ( l — a)). 

On the other hand xa* = x — ix(l — a), so that x = xax if, and only if, r | z. 
Hence o(a) = r = o (P ( l - a)). 

Since P is assumed to be a p-group for the prime p, S is therefore a p-group 
for that prime. 

LEMMA 2.4. //, for a and b in S, C is the subgroup of S generated by a and 
b, and i / P ( l - C) is the subgroup of P generated by all the P ( l — c) for c € C, 
then P ( l - C) = P ( l - a) + P ( l - b), and o{c) <max [o(o),o(6)] for every 
c € C. 

Proof It is clear that Q = P ( l - a) + P ( l - 6) < P ( l - C). Since 
x{\ - a)b = z ( l - a) + xa(l - b) - x( l - b), it follows that Qb < Q. Like­
wise we see that Qa < Q. It is clear now that both a and b induce the identity 
automorphism in P/Q; and this implies that all of C induces the identity on 
P/Q and that therefore P ( l - C) < Q. Hence Q = P ( l - C). For the re­
mainder of the lemma remember that, if a commutative p-group is the sum 
of 2 cyclic groups, the order of each of its cyclic subgroups cannot exceed the 
maximum of the orders of the 2 summands. From Lemma 2.3, the order of 
c in C equals the order of P ( l — c). Since, for every c € C, P ( l — c) is cyclic 
by property 1 of S, we can apply the previous remark to yield o(c) < 
max [o(a),o(6)]. 

D E F I N I T I O N . / / a and b are in S, we say a and b are disjoint elements, or 
just disjoint, when P ( l — a) n P ( l - b) = 0. 

C O R O L L A R Y 2.3. If C < S is the group generated by a and b, and if a and 
b are disjoint elements or o(a) ^ o(6), then o(ab) = max[o(a), o(b)\. 

Proof Assume by symmetry that o(o) < o(6). By Lemma 2.4, o(ab) < max 
[o(a), o(6)]. 

Case 1. o(a) < o(b). 
Then o(ab) < o(b). Since C is also generated by o and ab, o(b) < 

max [o(a),o(ab)\. But o(a) < o(6), so o(b) < o(ab). So o(b) = o(ab) = max 
[o(a), o(6)]. 

Case 2. a and 6 are disjoint. 
If o(a) < o(b), then o(a6) = max [o(a),o(6)] by Case 1. Assume therefore 

that o(a) = o(b). Since o and 6 are disjoint, P ( l - C) = P ( l - a) + P ( l - 6) and 
hence, by Lemma 2.3, o (P ( l - C)) = o(a) ■ o(b) = o(a)2. Since C is likewise 
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Section V 

We now turn to consideration of the norm N(G) of the group G. By The­
orem 1.1, we see that, if P, S is a norm pair, then P, S is a norm-like pair. We can 
there­
fore apply all results established in Sections II, III, and IV to norm pairs P, S. 
For example, where S is a member of the norm pair P, S and a £ S, o(a) = 
o(P(l - a)), and F(a) is normal in G. 

T H E O R E M 5.1. The norm N(G) of the group G is contained in the third 
center Z3(G) of G. 

Proof. It follows directly from the definition of the norm that all subgroups 
of N(G) are normal in N(G) which is, therefore, commutative or hamiltonian. 

Case 1. N(G) contains an element of infinite order. 
In this case, the norm and center of G are the same (see Baer [1, 3]), and 

the theorem is trivially true. 
Case 2. N(G) is commutative and contains no elements of infinite order. 
Then N(G) equals the direct sum of Np, where Np is the p-component of 

N(G), i.e., Np is that subgroup of the norm consisting of all x 6 N(G) whose 
order is a power of the prime p. Consider the prime p. Np is a characteristic 
subgroup of N(G), and N(G) is characteristic in G\ so Np is normal in G, 
and G induces a group of automorphisms Sp on Np. Np, Sp is a norm pair. 
Np < Z(G), or, by Theorem 1.1, Np has bounded order. In the latter case we 
can apply Theorem 4.2 to yield Np = F3. But F, is precisely the intersection of 
P with the i t h member of the ascending central series of G, and therefore Np is 
contained in Z${G). Since p was chosen arbitrarily and N(G) equals the direct 
sum of the Np, N(G) < Z^{G), which completes Case 2. 

Case 3. AT(G) is hamiltonian. 
By a well known theorem hamiltonian groups are the direct sum of three 

groups: a commutative group all of whose elements have odd order, a commuta­
tive group all of whose nonzero elements have order 2, and the quaternions; see 
Zassenhaus [1]. So again the norm of G is the direct sum of its p-components, 
but, different from Case 2, A^ is not commutative. N2 is, in fact, the direct sum 
of the quaternions and a commutative group all of whose nonzero elements have 
order 2. JV2 contains a unique nonzero element w such that w = 2x for some 
x € iV2. (w) is therefore a characteristic subgroup of iV2. Since AT2. is normal 
in G, (w) is normal in G. Adding this to the fact that o(w) = 2 shows that 
w € Z(G). Baer [2] proved that when the norm of a group is hamiltonian, the 
following four statements must hold: G contains no elements of infinite order; 
G contains no elements whose order is divisible by 8; all elements of G whose 
order is divisible by 4 are of the form z + v, where v commutes with every 
element in Af2 and z € Af2 with o(z) = 4; all elements of G whose orders are 
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not divisible by 4 commute with every element in A^. Hence, if the commutator 
[a, x] = — a — x + a + x for some a € G and some x € N2 is different from 
0, a = z + v, where v commutes with N2 and z £ N2 with o(z) = o(x) = 4. To 
see this, recall the structure of N2. Therefore, when [a, x] ^ 0 for a € G and 
x (z N2, there exists & z € N2 such that [a, x] = (2, x] = w. Since we established 
earlier that w £ Z(G), N2 < ^ ( G ) . We can apply the argument of Case 2 to the 
complement of N2 in N(G) to show that the complement is contained in Z${G). 
Since N(G) equals the direct sum of A^ and its complement, N(G) < Zs(G), 
and the proof of the theorem is complete. 

Since the norm N(G) as the intersection of all normalizers of all subgroups of 
G is a normal subgroup of G, G induces a group of automorphisms on 
N(G). 

T H E O R E M 5.2. The group of automorphisms induced by the group G on its 
norm is nilpotent of class 2. 

Proof. Let S denote the group of automorphisms induced by G on N(G). 
If N(G) contains an element of infinite order, then N(G) = Z(G) (see Baer 
[1, 3]); then 5 = 1 , and there is nothing to prove. Assume that every element 
in the norm of G has finite order. 

Case 1. N{G) is commutative. 
Then N(G) equals the direct sum of Np. For the prime p, let Sp = all a 6 S 

such that a = 1 on Nq for every prime q ^ p. Np is a characteristic subgroup 
of N(G) for every prime p, and N(G) is characteristic in G; so Np is normal in 
G. By using Lemma 1.1, we have Sp is precisely the group of automorphisms 
induced by G on Â p. Np, Sp is a norm pair and therefore, by Theorem 1.1, is 
a norm-like pair. If Np < Z(G), Sp = 1. If Np is not contained in the center 
of G, then Np has bounded order by Theorem 1.1, and we can apply Theorem 
4.2 to obtain Sp is nilpotent of class 2. Using Lemma 1.1, we see that S is the 
direct product of its p-components Sp, and therefore S itself must be nilpotent 
of class 2. 

Case 2. Af(G) is hamiltonian. 
Recall the structure of hamiltonian groups stated in Case 3 of Theorem 5.1 

to see that N(G) is again the direct sum of Np. For p ^ 2, we can argue as 
in Case 1 to obtain Sp is nilpotent of class 2. Let C = the centralizer of N2 in 
G. Since N2 is a normal subgroup of G, C is normal also. Let Q be the quater­
nions. Using Baer's result on groups with hamiltonian norm cited in Case 3 of 
Theorem 5.1, we see that G = Q + C. C l~l Q = 2Q. 52 is isomorphic to G/C = 
(Q + C)/C is isomorphic to Q/QflC = Q/2Q = the 4-group. So S2 is commu­
tative. Since commutativity was not needed in the proof of Lemma 1.1, we can 
again apply Lemma 1.1, to obtain S equals the direct product of Sp. Since Sp 
is nilpotent of class 2 for p ^ 2, and since S2 is commutative, S is of class 2. 

We can connect and sharpen Theorems 5.1 and 5.2 with the following 
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theorem. 

T H E O R E M 5.3. Where N(G) is hamiltonion, N(G) < Z2(G) if and only if 
the group of automorphisms S induced on N(G) by G is commutative; where 
N(G) is a commutative group containing no elements of infinite order and 
2N2 = 0, N(G) < Z2(G) if and only if S is commutative. 

Proof. Assume N(G) is hamiltonian. By Theorem 3.1, Np < Z2(G) if and 
only if Sp is commutative for p ^ 2. For p = 2, Sp was shown to be commutative 
in Case 2 of Theorem 5.2, and Np < Z2{G) was shown in Case 3 of Theorem 5.1. 
Since 5 equals the direct product of Sp, and N(G) equals the direct sum of Np, 
the first part of the theorem is established. Now assume N(G) is commutative 
and contains no elements of infinite order and that 2N2 = 0. S2 thus contains 
elements of maximum order. If 52 contains 2 such which are disjoint, then, by 
Lemma 4.1, N2 = F2 = Z2(G) n N2; this in turn implies, by Theorem 3.1, that 
S2 is commutative. If 52 does not contain 2 elements of maximum order which 
are disjoint, then all A^(l — a) are equal for a ^ 1 6 52, since 2N2 = 0. Then 
N2(l - S2) < F(S2) = Z(G) n P. This implies, by Corollary 3.1, that S2 is 
commutative. N2(l — 52) < Z(G) is equivalent to N2 < Z2(G). Therefore, in 
either case, N2 < Z2(G), and 52 is commutative. For p / 2, Np < Z2(G) if and 
only if Sp is commutative, by Theorem 3.1. So again 5 is commutative if and 
only if N(G) < Z2(G). 

By examining the proof just completed and by recalling that, by Baer 
[1, 3], if the norm contains an element of infinite order, then the norm equals 
the center, we see there is only one obstacle to the theorem: N(G) < Z2(G) if 
and only if 5 is commutative. This obstacle is the prime 2 and the restriction it 
imposes on the sufficiency of the desired theorem. This restriction is exemplified 
by Theorem 3.1. 

Section VI 

Theorem 1.1 establishes that norm pairs P, S are norm-like pairs and, if 
5 / 1,P has bounded order. A trivial example of the converse is provided by 
the norm-like pair P,S with 5 = 1 . Theorem 6.1 gives sufficient conditions for 
norm-like pairs to be norm pairs. 

T H E O R E M 6.1. If P, S is a norm-like pair such that P has bounded order 
pm with p j= 2 and such that S contains elements of maximum order which are 
disjoint, the P, S is a norm pair. 

Proof. The problem is to construct a group G such that P < N(G), P is 
normal in G, and G induces exactly the group of automorphisms 5 on P. If 
5 = 1, let G = P. If 5 / 1,5 contains 2 elements of maximum order which 
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are disjoint. From Lemma 4.1 and the second remark of Section IV, there exists 
an x € P such that x(l - c) generates P(l - c) for every c € S. By the first 
remark of Section IV and Lemma 2.3, S is a commutative group of bounded 
order, and therefore S has a basis bi. Let G be the group formed by adjoining 
Xi to P with the following properties: Xi induces bi on P, Xi + Xj = Xj + Xi, and 
pmXi = i ( l — bi). G contains P as a normal subgroup, and induces exactly S as 
automorphism group on P. Therefore, we need only show that P < N(G). The 
general element of G has the form y + a with y € P and a a finite sum of Xi, 
where a given Xi may occur more than once. If a € G induces the automorphism 
a on P, then a + y = y + o + j/(l - a) since P is commutative. Since pmP = 0 
and p is not divisible by 2, 

pm(a + y)=pma+pmy + y(l - a) + 2y(l - o) + • • • 
+ (pm - l)y(l - a) = pma + (pm - l)pm /2 • j/(l - a) = pma. 

By Corollary 3.2, 

1 - cd = 1 - c + c - cd = (1 - c) + (1 - d)c = (1 - c) + (1 - d) 

for every c and <i in S. Therefore, if a = Xi + ■ ■ • + £*, 

pma = i ( i _ 6,) + • • • + x(l - 6fc) = s( l - n , bi). 

and the automorphism a = Ylt^i since Xj induces bi. Since x(l - a) generates 
P(l - a) and pma = pm(a + y), P(l - a) < (a + y). Since a + y was a general 
element of G, we have, for every z € P and every w € G, 2(1 — w) = 2 — w — 
z + w € (w). This is equivalent to P < N(G) since every element of G has 
finite order. 
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