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S(x,y,jlx,y)).

% associativity of addition
-S(x,y,u) | -S(y,z,v) | -S(u,z,w) | S(x,v,w).
-S(x,y,u) | -S(y,z,v) | -S(x,v,w) | S(u,z,w).

% Addition is well defined.
-S(x,y,u) | -S(x,y,v) | EQUAL(u,v).

% equality axioms

EQUAL(x,x) .

-EQUAL(x,y) | EQUAL(y,x).

-EQUAL(x,y) | -EQUAL(y,z) | EQUAL(x,z).

% equality substitution axioms
-EQUAL(u,v) | -S{(u,x,y) | S(v,x,y).
-EQUAL(u,v) | -S(x,u,y) | S(x,v,y).
-EQUAL(u,v) | -S(x,y,u) | S(x,y,v).
-EQUAL(u,v) | EQUAL(j(u,x),j(v,x)).
-EQUAL(u,v) | EQUAL(j{x,u),j(x,v)).
-EQUAL(u,v) | EQUAL(g(u),g(v)).

% commutativity of addition
-S(x,y,z) | S(y,x,2z).

% multiplication by 0
P(0,x,0).
P(x,0,0).

% closure for multiplication
P(x,y,f(x,y)).

% associativity of multiplication
-P(x,y,u) | -P(y,z,v) ) -P(u,z,w) | P(x,v,w).
-P(x,y,u) | -P(y,z,v) | -P(x,v,w) | P(u,z,v).

% distributive laws

-P(x,y,vi) | -P(x,z,v2) | -S(y,z,v3) | -P(x,v3,v4) | S{vi,v2,v4).
-P(x,y,v1) | ~P(x,z,v2) | -S(y,z,v3) | -S(v1,v2,v4) | P(x,v3,v4).
-P(y,x,v1) | ~-P(z,x,v2) | -S(y,z,v3) | -P(v3,x,v4) | S(v1,v2,v4).
-P(y,x,v1) | -P(z,x,v2) | -S(y,z,v3) | -S(vi,v2,v4) | P(v3,x,v4).

% Multiplication is well defined.
-P(x,y,u) | -P(x,y,v) | EQUAL(u,v).
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% equality substitution axioms

-EQUAL(u,v) | -P(u,x,y) | P{v,x,y).
-EQUAL(u,v) | -P(x,u,y) | P(x,v,y).
-EQUAL(u,v) | ~P(x,y,u) | P(x,y,v).
-EQUAL(u,v) | EQUAL(f(u,x),f(v,x)).
-EQUAL(u,v) | EQUAL(f(x,u),f(x,v)).

end_of_list.
list(sos).

% The square of every x is x.
P(x,x,x).

% Denial: there exist elements that do not commute.
P(a,b,c).
-P(b,a,c).

end_of_list.
Proof of theorem 3

1 [] s(0,x,x).

2 [] s(x,0,x).

3 [1 s(g(x),x,0).

5 [1 s(x,y,j(x,y)).

6 [ -s(x,y,w) | -8(y,z,v) | -S(u,z,w) | S(x,v,w).
7 [1 -s(x,y,w) | -8(y,z,v) | -S(x,v,%) | S(u,z,w).
19 [] p(0,x,0).

21 [] P(x,y,f(x,y)).

22 [} -P(x,y,u) | -P(y,z,v) | -P(u,z,w) | P(x,v,w).
23 (] -P(x,y,v) | -P(y,z,v) | -P(x,v,w) | P(u,z,w).
24 [] -pP(x,y,v1) | -P(x,2,v2) | -S(y,z,v3) | -P(x,v3,v4)

| S(vi,v2,v4).

25 [J -P(x,y,v1) | -P(x,2,v2) | -S(y,z,v3) | -S(vi,v2,v4)
| P{x,v3,v4).

27 [ -P(y,x,v1) | ~-P(z,x,v2) | -S(y,z,v3) | -S(v1,v2,v4)
| P(v3,x,v4).

28 [] -P(x,y,w) | -P(x,y,v) | EQUAL(u,v).
31 [J -EQUAL(u,v) | -P(x,y,u) | P(x,y,v).
34 [] P(x,x,x).
35 [] P(a,b,c).
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[J -P(b,a,c).

(hyper,34,27,34,5,5]
(hyper,34,27,19,5,5]
[hyper,34,27,19,5,1]
[hyper,34,27,19,5,5]
[hyper,34,27,19,5,2]
{hyper,35,27,34,5,5]
(hyper,35,25,34,5,5]

101 [hyper,35,23,35,34]
104 [hyper,35,23,21,21]
108 [hyper,35,22,34,35]

152 [hyper,108,25,36,5,5] P(a,j(b,c),j(c,c)).
161 [hyper,108,23,21,21] P(f(x,a),c,f(x,c)).
173 [hyper,39,24,39,5,34] S(j(x,x),j(x,x),j(x,x)).

P(j(x,x),x,j(x,x)).
P(j(0,%),x,3(0,x)).

P(j(0,x),x,x).

P(j(x,0),x,j(x,0)).

P(j(x,0),x,x).

P(j(b,a),b,j(b,c)).
P(a,j(b,a),j(c,a)).

P(c,b,c).

P(f(x,a),b,f(x,c)).

P(a,c,c).

185,184 (hyper,45,28,44] EQUAL(j(0,x),x).
190,189 (hyper,51,28,50] EQUAL(j(x,0),x).

204 [hyper,82,22,34,82) P(j(b,a),j(b,c),j(b,c)).
209 [hyper,96,23,96,34] P(j(c,a),j(b,a),j(c,a)).
213 [hyper,104,23,21,34] P(£(b,c),a,f(b,a)).

240 [hyper,173,7,3,3] 8(0,j{x,x),0).

267 [hyper,240,27,19,152,5,demod, 185] P(a,j(b,c),0).

303 [hyper,240,7,5,5,demod,185] S(x,x,0).

312 (hyper,303,7,5,5,demod,190] S(j(x,y),y,x).

317 [hyper,303,6,5,5,demod,185] S(x,j(x,y),y).

325 [hyper,312,27,209,96,303] P(c,j(b,a),0).

326 [hyper,312,27,204,267,5,demod, 190] P(b,j(b,c),j(b,c)).
342 [hyper,325,25,101,317,5,demod, 190] P(c,a,c).

353 (hyper,342,22,161,213] P(f(b,a),c,f(b,a)).

359 [hyper,326,25,34,317,317] P(b,c,c).
364,363 [hyper,359,28,21] EQUAL(f(b,c),c).

404 [hyper,353,28,161,demod,364] EQUAL(f(b,a),c).

459 ([hyper,404,31,21] P(b,a,c).
460 [binary,459,36] .

THEOREM 4:

assign(max_weight,20).
list (axioms).

% condensed detachment
-P(x) | -P(e(x,y)) | P(y).

end_of_list.
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list(sos).

%

the formula XGK

P(e(x,e(e(y,e(z,x)),e(z,y)))).

%

the negation of PYD, which is a known single axiom

-P(e(e(e(a,a(b,c)),c),e(b,a))).

end_of_list.

Proof of theorem 4

) -P(x) | -P(elx,y)) | P(y).
[) P(e(x,e(e(y,e(z,x)),e(z,y)))).
{] -P(e(e(e(a,e(b,c)),c),a(b,a))).
[hyper,2,1,2] P(e(a(x,e(y,e(z,e(e(u,e(v,z)),e(v,u))))),ely,x))).
[hyper,4,1,2] P(e(e(e(e(x,e(y,z)),e(y,x)),e(z,u)),u)).
{hyper,5,1,5] P(e(x,x)).
[hyper,6,1,2] P(e(e(x,e(y,e(z,2))),e(y,x))).
[hyper,9,1,5] P(e(x,e(e(e(y,e(z,u)),e(z,y)),e(u,e(x,e(v,v)))))).
[hyper,9,1,2) P(e(e(x,0(x,y)),y)).
[byper,9,1,5) P(e(e(x,x),e(y,y))).
[hyper,9,1,2) P(e(e(x,e(y,e(e(z,e(u,e(v,v))),e(u,2)))),e(y,x))).
[byper,14,1,9) P(e(x,e(y,e(y,e(x,e(z,2)))))).
{hyper,14,1,2] P(e(e(x,e(y,e(e(z,e(z,u)),u))),e(y,x))).
[hyper,15,1,2] P(e(e(x,e(y,e(e(z,2),e(u,u)))),e(y,x))).
[hyper,23,1,4] P(e(x,e(y,e(y,x)))).
[hyper,61,1,2] P(e(e(x,e(y,e(z,0(u,e(u,z))))),e(y,x))).

344 [hyper,25,1,14] P(e(x,e(y,e(y,e(x,e(e(z,e(z,u)),u)))))).
607 [hyper,81,1,2] P(e(e(e(x,e(x,y)),e(y,2)),z)).

940 [hyper,344,1,4] P(e(x,e(y,e(e(z,e(z,y)),x)))).

978 [hyper,940,1,607] P(e(e(x,e(x,y)),e(z,e(z,y)))).

992 [hyper,940,1,5] P(e(e(x,e(x,y)),e(e(z,e(u,y)),e(u,z)))).
993 [hyper,940,1,4] P(e(x,e(e(y,e(z,e(u,e(u,x)))),e(z,y)))).
1008 [hyper,978,1,4] P(e(x,e(y,e(y,e(e(z,e(u,x)),e(u,2)))))).
1693 [hyper,992,1,25] P(e(e(x,e(e(y,e(y,x)),z)),e(u,e(u,2)))).
1597 [hyper,993,1,81] P(e(e(e(x,e(x,y)),e(y,0(z,e(z,u)))),u)).
4308 [hyper,17,1,1008] P(e{e{e(x,y),e(e(y,e(x,2)),e(u,u})),z)).

12 [hyper,17,1,978) P(e(e(x,0(y,e(z,2))),e(u,e(u,e(y,x))))).

4326 [hyper,17,1,2] P(e(e(e(x,y),e(e(y,e(x,e(z,2))),u)),u)).
4706 [hyper,4312,1,25] P(e(e(x,e(x,e(y,z))),e(z,e(y,e(u,u))))).

11 [hyper,4312,1,4] P(e(x,e(e(y,z),e(e(z,e(y,x)),e(u,u))))).

5248 [hyper,4326,1,1593] P(e(e(e(e(x,e(x,y)),2),e(y,e(u,u))),2)).
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5255
5354
5357
5627
5730
5897
6338
6373
6945
6951
7300
7445
7688
9403
9647
9908
10860
10996
11273
11323
15435
21396
28393
28395

(hyper,4326,1,12] P(e(x,e(e(y,e(e(z,2),e(y,x))),e(u,u)))).
(hyper,4711,1,4326] P(e(e(e(x,e(y,y)), ,e(z,e(x,2))),e(u,u))).
[byper,4711,1,1587] P(e(x,e(y,e(z,e{z,e(y,x)})))).
(hyper,5248,1,4308] P(e(e(e(x,y),e(x,e(y,e(z,2)))),e(u,u))).
[hyper,5255,1,27) P(e(e(x,e(e(y,y),e(x,2))),2)).
[hyper,5354,1,4706) P(e(e(x,e(y,x)),e(a(y,e(z,2)),e(u,u)))).
[hyper,5627,1,5730] P(e(e(x,y),e(x,e(y,e(z,2))))).
[hyper,6338,1,6338] P(e(e(x,y),e(e(x,e(y,e(z,2))),e(u,u)))).
(hyper,6373,1,27] P(e(e(x,e(y,e(z,2))),e(x,y))).
[hyper,6945,1,5897] P(e(e(x,e(y,x)),e(y,e(z,2)))).
[hyper,6951,1,6945] P(e(e(x,e(y,x)),y)).

[hyper,7300,1,5357] P(e(x,e(y,e(y,e(x,e(e(z,e(u,z)),u)))))).
[hyper,7300,1,2] P(e(e(x,e(y,e(e(z,e(u,z)),u))),e(y,x))).
[hyper,7445,1,4] P(e(x,e(y,e(e(z,e(y,z)),x)))).
[byper,9403,1,607] P(e(e(x,e(y,x)),e(z,e(z,y)))).
[hyper,9647,1,4] P(e(x,e(y,e(e(e(z,e(u,x)),e(u,2z)),y)))).
[hyper,7688,1,2] P(e(e(x,e(e(y,e(x,y)),z)),2)).
(hyper,10860,1,4711] P(e(a(e(x,y),e(y,x)),e(z,2))).
[hyper,10996,1,7300] P(e(e(x,y),e(y,x))).
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(hyper,10996,1,992] P(e(e(x,e(y,e(e(z,u),e(u,z)))),e(y,x))).

[hyper,11323,1,9908] P(e(e(e(x,y),e(y,e(x,2))),2)).
[hyper,15435,1,11273] P(e{x,e(e(y,z),e(z,e(y,x))))).
[hyper,21396,1,4) P(e(e(e(x,e(y,z)),z),e(y,x))).
[binary,28393,3] .

THEOREM 5:

assign(max_weight,20).
list(axioms).

% condensed detachment
~P(x) | -P(i(x,y)) | P(y).

end_

of_list.

list(sos).

% formula suspected of being a single axiom
P(i(i(i(x,y),2),i(i(z,x),i(u,x)))).

% the negation of a known single axiom

~P(i

(i(a,b),i(i(b,c),i(a,c)))).

end_of_list.
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Proof of theorem 5

00 -P(x) | -PU(x,y)) | P(y).

0 PEGEUEGx,Y),2),i(i(2,x),i(v,x)))).

(0 -P(i(i(a,b),i(i(b,c),i(a,c)))).

(hyper,2,1,2] PG GEEGE(x,y),1(z,y)),i(y,0)),i(v,i(y,w))).
{hyper,4,1,4] P(i(x,i(i(y,2),i(z,i(y,2))))).

(hyper,5,1,2] P(i(i(i(i(x,y),i(y,i(x,y))),2),i(u,2))).

12 [hyper,7,1,2] P(i(x,i(i(i(y,i(z,y)),2),i(u,2)))).

15 [hyper,12,1,2] P(A(i(1{1 G (x,i(y,x)),y),i(z,y)),u),i(v,u))).
99 [hyper,15,1,4] P(i(x,i(i(y,2),i(u,i(y,2))))).

101 [hyper,99,1,99] P(i(i(x,y),i(z,i(x,y)))).

126 [hyper,101,1,2]) P(i(i(i(x,i(y,z)),y),i(u,y))).

132 [hyper,126,1,2] P(i(i(i(x,y),i(z,i(y,n))),i(v,i(z,i(y,u))))).
166 [hyper,132,1,101] P(i(x,i(y,i(z,2)))).

172 [hyper,166,1,166) P(i(x,i(y,y))).

174 [hyper,166,1,2) P(i(i(i(x,i(y,y)),2),i(u,z})).

175 [hyper,172,1,172] P(i(x,x)).

176 [hyper,172,1,2] P(i(i{i{x,x),y),i(z,y))).

177 [hyper,176,1,2] P(i(i(i{x,y),x),i(z,x))).

182 [hyper,176,1,4) P(i(x,i(y,i(z,y)))).

186 [hyper,182,1,2] P(i(i(i(x,i(y,x)),2),i(u,2))).

187 [hyper,177,1,2] P(i(i(i(x,y),i(y,2)),i(u,i(y,z)))).

204 [hyper,187,1,2) P(i(i(i(x,i(y,z)),i(u,y)),ilv,ilu,y)))).
226 [hyper,204,1,2] P(i(x,i(i(i(i(y,2),u),2),i(y,2)))).

228 [hyper,204,1,2] P(i(i(i(x,i(y,2)),i(u,i(z,v))),i(w,i(u,i(z,v))))).
229 [hyper,226,1,226] P(i(i(i(i(x,y),2),y),i(x,y))).

232 [hyper,229,1,2] P(i(i(i(x,y),i(i(x,y),2)),i(u,i(i(x,y),2)))).
290 [hyper,232,1,186] P(i(x,i(i(i(y,i(z,y)),u),u))).

292 [hyper,232,1,177] P(i(x,i(i(i(y,2),y),y))).

293 [hyper,232,1,176) P(i(x,i(i(i(y,y),z),2))).

294 [hyper,232,1,174] P(i(x,i(i(i(y,i(z,2)),u),u))).

301 [hyper,232,1,126] P(i(x,i(i(i(y,i(z,u)),2z),2))).

308 [hyper,292,1,292] P(i(i(i(x,y),x),x)).

310 [hyper,308,1,2] P(i(i(x,i(x,y)),i(z,i(x,y)))).

311 (hyper,293,1,308] P(i(i(i(x,x),y),y)).

313 [hyper,290,1,311] P(i(iti(x,i(y,x)),2),2z)).

315 [hyper,294,1,313] P(i(i(i(x,i(y.y)),2).2)).

317 [hyper,301,1,315] P(i{i(ilx,ily,z)),y).y)).

319 [hyper,317,1,2) P(i(i(x,i(y,i(x,2))),i(u,i(y,i(x,2))))).
324 [hyper,310,1,310) P(i(x,i(i(y,i(y,2)),i(y,z)))).

326 [hyper,324,1,324) P(i(i(x,i(x,y)),i(x,y))).

bW N
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336 (hyper,326,1,204] P(i(i(i(x,i(y,z)),i(u,y)),i(u,y))).

342 [hyper,326,1,187] P(i(ili(x,y),i(y,2)),i(y,2))).

347 [hyper,326,1,132] P(i(i(i(x,y),i(z,i(y,w))),i(z,i(y,u)))).

351 [hyper,342,1,2] P(i(i(i(x,y),i(z,x)),i(u,i(z,x)))).

378 [hyper,351,1,326] P(i(i(i(x,y),i(z,x)),i(z,x))).

380 [hyper,351,1,229] P(i(x,i(y,i(z,x)))).

415 [hyper,380,1,2] P(i(i(i(x,i(y,i(z,w))),2),i(v,z))).

428 [hyper,415,1,326] P(i(i(i(x,i(y,i(z,0))),2),2)).

432 [hyper,428,1,2] P(i(i(x,i(y,i(z,i(x,u)))),
i(v,i(y,i(z,i(x,u)))))).

470 [hyper,319,1,2] P(i(x,i(i(y,z),i(i(i(z,u),y),2)))).

472 [hyper,319,1,326) P(i(i(x,i(y,i(x,2))),i(y,i(x,2)))).

474 [hyper,470,1,470] P(i(i(x,y),i(i(i(y,2),x),y))).

485 [hyper,474,1,380) P(i(i(i(i(x,i(y,2)),u),2),i(x,i(y,2)))).

503 [hyper,474,1,310] P(i(i(i(i(x,i(y,2)),u),i(y,i(y,2))),
i(x,i(y,2)))).

511 (hyper,474,1,177] P(i(i(i(i(x,y),2),i(i(y,u),y)),i(x,y))).

514 [hyper,474,1,126] P(i(i(i(i(x,y),2),
1Gw,idy,v)),y)),ilx,y))).

921 [hyper,228,1,2] P(i(x,i(i(i(y,2),u),i(z,w))).

925 [hyper,921,1,921] P(i(i(i(x,y),2),i(y,2))).

930 [hyper,925,1,2) P(i(x,i(i(x,y),i(z,y)))).

939 [hyper,930,1,474] P(i(i(i(i(i(x,y),i(z,y)),w),x),
iGilx,y),i(z,y)).

944 [hyper,930,1,2] P(i(i(i(i(i(x,y),2),i(v,2)),x),i(v,x))).

1005 [hyper,944,1,326] P(i(i(i(i(i(x,y),2),i(u,2)),x),x)).

1009 (hyper,1005,1,514] P(i(i(i(i(i(x,i(i(y,2z),u)),
i(y,2)),v),2),i(y,2))).

1196 [hyper,432,1,326] P(i(i(x,i(y,i(z,i(x,u)))),
i(y,i(z,i(x,u))))).

2020 [hyper,1009,1,511] P(i(i(i(x,i(i(i(y,2),y),u)),
i(i(y,2),y)),y)).

2106 (hyper,2020,1,939] P(i(i(x,y),i(i(i(x,2),x),y))).

2115 (hyper,2106,1,930] P(i(i(i(x,y),x),i(i(x,2),i(u,2)))).

2150 [hyper,2116,1,503] P(i(x,i(i(x,y),y))).

2151 [hyper,2115,1,485] P(i(x,i(y,i(i(x,2),i(u,2))))).

2439 [hyper,2150,1,2106] P(i(i(i(x,y),x),i(i(x,2),2))).

2460 [hyper,2150,1,474] P(i(i(i(i(i(x,y),y),2),x),i(i(x,y),y))).

2509 [byper,2151,1,925]) P(i(x,i(y,i(i(i(z,x),u),i(v,u))))).

2546 [hyper,2439,1,485] P(i(x,i(y,i(i(x,2),2)))).

2552 (hyper,2439,1,2] P(i(i(i(i(x,y),y),i(x,2)),i(u,i(x,2)))).

2607 [hyper,2546,1,925] P(i(x,i(y,i(i(i(z,x),u),u)))).

3233 [hyper,2552,1,326] P(i(i(i(i(x,y),y),i(x,2)),i(x,2))).

3285 ([hyper,3233,1,2607] P(i(x,i(i(i(y,i(i(x,2),2)),w),u))).
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3288 (hyper,3233,1,2609] P(i(x,i(i(i(y,i(i(x,2),2)),u),i(v,u)))).

3290 [hyper,3233,1,21581] P(i(x,i(i(i(i(x,y),y),2),1i(u,2)))).
3335 [hyper,3285,1,378] P(i(i(i(x,i(i(i(y,z),uw),w)),y),y)).

3339 [hyper,3285,1,336] P(i(i(i(x,i(i(i(y,i(z,w)),v),v)),2),2)).

3379 [hyper,3290,1,472) P(i(i(i(i(x,y),y),2),i(x,2))).
3618 [hyper,3335,1,2460] P(i(i(x,i(i(i(x,y),2z),2)),
i(iGi(x,y),2),2))).

5069 [hyper,3288,1,347) P(i(i(i(x,i(i(i(y,2),w),w)),v),i(z,v))).

5152 [hyper,3339,1,939) P(i(i(x,y),i(i(i(z,i(x,u)),y).y))).
7789 [hyper,5069,1,939] P(i(i(i(x,y),2),i(i(i(u,x),2),2))).
10734 [hyper,3618,1,5152] P(i(i{(i(i(x,y),i(x,2z)),y),y)).

10828 [hyper,10734,1,7789] P(i(i(i(x,i(i(y,2),i(y,w))),2),2)).
11223 [hyper,10828,1,939] P(i(i{(x,i(y,z)),i(i(y,x),i(y,z)))).
11723 [hyper,11223,1,2151] P(i(i(x,y),i(x,i(i(y,2),i(u,2))))).
15438 [hyper,11723,1,3379] P(i(x,i(i(x,y),i(i(y,=z),i(u,2))))).
20335 [hyper,15438,1,1196] P(i(i(x,y),i(i(y,z),i(x,2)))).
20344 [binary,20335,3) .
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