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7. Conclusions

In this paper we have developed a methodology for the designing of control charts

for data having a symmetrical and leptokurtic distribution. We show that this kind

of approach is particularly useful when one wants to implement dispersion control

charts such as standard deviation or range control charts. The method proposed

in this paper allows the quality practitioner to compute “classical” control charts

without the use of complex numerical algorithms. The suggested method is so simple

that it can be easily programmed into a spreadsheet such as Excel. We also prove

that the distributions of the shifted and transformed data can be computed exactly,

but this is not the case for the OC and ARL curves which have been obtained by

simulation only.

Appendix

How to Test the Skewness and the Kurtosis

The method which is developed in this paper can only be applied if, in theory, the

data have a symmetrical leptokurtic distribution. Therefore, in pratice, we need

one test to ensure that the distribution of the data is significantly symmetrical, and

another test to ensure that the kurtosis of the distribution is significantly positive.

In other words, if γ1 = µ3/µ
3/2
2 and γ2 = µ4/µ

2
2 − 3 are the skewness and kurtosis

coefficients of the data, we have to solve the two following hypothesis tests

HS0 : γ1 = 0

HS1 : γ1 6= 0
and

HK0 : γ2 = 0

HK1 : γ2 > 0

Our method can be applied if hypothesis HS0 and HK1 are accepted. In order

to solve the two hypothesis tests above, we suggest the use of an approach which is

usually dedicated to test the normality assumption of a data set:

• Compute an estimate for µ

µ̂ =
1

n

n∑
j=1

xj

• Compute estimates for µk, k = 2, 3, 4

µ̂k =
1

n

n∑
j=1

(xj − µ̂)k

• Compute estimates for γ1 and γ2

γ̂1 =
µ̂3

µ̂2
3/2

and γ̂2 =
µ̂4

µ̂2
2 − 3

• Compute the standardized statistics

δ̂1 =
γ̂1√
V (γ̂1)

and δ̂2 =
γ̂2√
V (γ̂2)
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• with

V (γ̂1) =
6n(n− 1)

(n− 2)(n+ 1)(n+ 3)

V (γ̂2) =
24n(n− 1)2

(n− 3)(n− 2)(n+ 3)(n+ 5)

• The hypothesis HS0 will be accepted with a confidence level 1− α if −Φ−1(1 −
α/2) < δ̂1 < Φ−1(1− α/2).

• The hypothesis HK1 will be accepted with a confidence level 1 − α if δ̂2 >

Φ−1(1− α).

The symmetry of the distribution can also be tested using the following non-

parametric scheme:

• Enumerate the number θ̂ of data which are less than or equal to µ̂.

• The hypothesis HS0 will be accepted with a confidence level 1 − α if B−1

(α/2, n, 0.5) < θ̂ < B−1(1−α/2, n, 0.5), where B−1(α, n, 0.5) is the inverse cum-

mulative function of the binomial distribution.

Proof of Eqs. (3) and (4)

The moments of order s of the random variable Y can be easily computed using

Eq. (1) assuming g(Y ) = sinh−1(Y ), i.e.,

ms(Y ) = µs(Y ) =
1

2s
√

2π

∫ +∞

−∞
exp(−z2/2)[exp(z/b)− exp(−z/b)]sdz

In particular, for s = 2, 4, we have:

µ2(Y ) =
1

2
[exp(2/b2)− 1]

µ4(Y ) =
1

8
[exp(8/b2)− 4 exp(2/b2) + 3]

We deduce the moments of order s = 2, 4 of the random variable X = dY :

µ2(X)
def
= µ2 =

d2

2
[exp(2/b2)− 1] (15)

µ4(X)
def
= µ4 =

d4

8
[exp(8/b2)− 4 exp(2/b2) + 3]

and then:

γ2(X)
def
= γ2 =

µ4(X)

[µ2(X)]2
− 3 =

exp(8/b2)− 4 exp(2/b2) + 3

2[exp(2/b2)− 1]2
− 3 (16)
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If we define u = exp(2/b2), then Eqs. (15) and (16) become:

µ2 =
d2(u − 1)

2
(17)

γ2 =
u4 − 4u+ 3

2(u− 1)2
− 3 (18)

We notice that Eq. (18) can be markedly simplified after some basic calculus:

γ2 =
1

2
(u− 1)(u+ 3) (19)

The solution for u in Eq. (19) is u =
√

2(γ2 + 2) − 1, and we then deduce the

value of b (Eq. (3)). Finally, using Eq. (17) we have d (Eq. (4)).
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