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Fig. 1.4 R-L-C contour mapping of surface plasmon resonance of metal nanoparticle;

inductance and resistance stand for metal particle, capacitor represents surrounding
space.

[Kneipp et al., 2002], [Wei, 2003], and [Xu et al., 1999]. In this scenario,

the Raman signals can be maximized by adjusting angle θ until the spatial

position of the largest local field coincides with the exact position of the

analyte molecule.

To confirm the validity of the numerical calculations, we also estimate

the enhancement factor GR via analytical calculations. Since the metal

permittivity is negative in the optical frequency region and it is inversely

proportional to the frequency squared we can model a metal particle as

an inductance L. The interaction of a metal particle with EM field can be

then presented as excitation of R-L-C contour, which is depicted in Fig. 1.4.

Here, inductance L (with small losses described by resistance R) represents

the metal particle while capacitance C represents the surrounding space.

The resonance in R-L-C contour is analogous to the surface plasmon reso-

nance in a single metal particle.

The EM coupling between metal nanoparticles can be conceptualized

as arrays of R-L-C circuits across the inter-particle gap, with each element

i representing a resonance defined by local spacing δi (see Fig. 1.5). The

negative-valued permittivity of the metal (ε′m < 0) and the dielectric εd are

represented respectively by inductance R–L and capacitance C. The R-L-C

model suggests that the collective plasmon resonances of 2D nanoparticle

arrays are shifted toward lower frequencies (high L and C ) with increasing

γ, in accordance with our numerical calculations, involving metal nanopar-

ticle dimers [Hongxing et al., 2000] and chain of particles [Stockman and

Bergman, 2003]. In addition, the model agrees with the broadening of the

plasmon bandwidth that accompanies the red-shifting of frequencies.
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Fig. 1.5 Frequency-dependent plasmon response depicted as an array of R-L-C circuits.

The R-L-C model provides a theoretical framework for describing the

variation of EM field enhancement as a function of γ and εm. We first

consider the electric field distribution in a two-dimensional (2D) periodic

array of infinite metal cylinders arranged in a square lattice. This is essen-

tially a 2D problem, since the local field depends only on the “x”-, “y”-

coordinates in the plane perpendicular to the cylinder height. Therefore,

the obtained solution is a good approximation for periodic arrays of metal

nanodisks with high aspect ratio, since their electric fields and currents are

essentially confined within the surface (disk) plane.

The most interesting effects appear when particle diameter a = 2r is

much larger than the interparticle spacing δ so that the parameter γ � 1

(see Eq. (1.2)) resulting in large local fields. We superimpose the Cartesian

coordinate system onto the principal directions of the 2D array. To estimate

the local electric fields, we consider incident (macroscopic) electric fields E0

polarized along the “x”-axis of the 2D lattice and assume that the local

field E = Ex(y) has x component only, i.e. the electric field E is aligned

with E0. Using the central point between two particles as the origin, the

electric field within the array can be expressed as

Em (y) = E0
x0εd

xdεm + xmεd
, (1.3)

Ed (y) = E0
x0εm

xdεm + xmεd
, (1.4)

where εd is the dielectric permittivity between the particles, x0 = 2r+ δ is

the distance between the centers, xm (y) = 2
√
r2 − y2 (|y| < r), xm (y) = 0

(|y| > r) and xd (y) = x0 − xm (y). We can now calculate the average
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Fig. 1.9 (a) Conducting channels form macro-lattice in percolation metal-dielectric
composite; macrobonds are chains of metal granules that carry the current; average
distances between the macrobonds is the percolation correlation length ξp; (b)–(c) it is
enough to remove some few metal granules from the macrobonds to increase ξp twice;
on the scale much less than ξp the structure of the system does not change in transition
from a) to (c).

are connecting to the channels only at one point since they do not carry

the current. The conductance Σ of the metal chain, which is also known as

a macrobond, is inversely proportional to its size

Σ ∼ σmξ
−ζ
p , (1.12)

where the critical exponent ζ ≈ 1 for D = 2 and ζ ≈ 1.3 for D = 3. The

critical exponent ζ is larger than one when the arc length of the macrobond

is larger than its geometrical size.

When the metal concentration decreases to the percolation threshold,

the correlation length ξp increases, as it is illustrated in Fig. 1.9; the macro-

lattice of the percolation channels become more and more rare and the

conductivity vanishes. The behavior of ξp near the pc is approximated as

ξp ∼ |∆p|−ν
, (1.13)

where ν = 1.33 for D = 2 and ν ≈ 0.9 for D = 3 (see [Bergman and

Stroud, 1992], [Stauffer and Aharony, 1994], [Moukarzel and Duxbury,

1995], [Ballesteros et al., 1999], [Newman and Ziff, 2001], [Tomita and Ok-

abe, 2002], [Martins and Plascak, 2003], [Huinink et al., 2003], [Nishiyama,

2006]). The percolation system is homogeneous on the spatial scale larger

than the percolation correlation length ξp. Since the correlation length ξp

gives the spatial scale of inhomogeneity, we estimate the effective conductiv-

ity as σe ∼ Σ/ξD−2
p ∼ σmξ

−ζ
p /ξD−2

p ∼ σm |∆p|ν(ζ+2−D)
; the “macrobond”

exponent ζ is expressed in terms of the critical exponents t and ν defined

in Eqs. (1.10) and (1.13) as follows:

ζ = t/ν − 2 +D. (1.14)
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Fig. 1.10 (a) Large metal clusters are separated by dielectric gaps below the percolation
threshold; (b)–(c) it is enough to add just two metal granules to increase twice the cluster
size; on the scale much less than ξp, the structure of the system does not change in
transition from (a) to (c).

There is no “infinite” percolation cluster below the percolation threshold.

Yet, the system contains a lot of large metal clusters with the size increasing

when we approach pc from below the threshold. As a result, the effective

permittivity εe diverges at pc according to Eq. (1.11). The physical reason

for the divergence of εe is the existence of many conducting clusters which

stretch across the entire length of the system. Every channel of this type

contributes to abnormally large capacitance, and all of them are connected

in parallel as it is illustrated in Fig. 1.10. A typical size of largest clusters

is still given by percolation correlation length ξp (Eq. (1.13)) since the size

of the largest cluster is the inhomogeneity scale for the entire system below

Pc [Stauffer and Aharony, 1994]. The capacitance C between the clusters

in Fig. 1.10 increases with the correlation length as

C ∼ εdξ
s1
p , (1.15)

where εd is permittivity of the dielectric component and s1 is “interclus-

ter” exponent. The effective dielectric constant is expressed in terms of

intercluster capacitance as εe ∼ C/ξD−2
p ∼ εdξ

s1+2−D
p . By comparing this

estimate with Eq. (1.11), we obtain that “intercluster” exponent s1 is equal

to

s1 = s/ν − 2 +D. (1.16)

This picture also suggests that strong nonlinearity can occur in the dielectric

response when εe is large due to the large electric fields in the thin dielectric

barriers (see Sec. 3.6). Likewise, quantum-mechanical tunneling through

the barriers may become important near pc [Sarychev and Brouers, 1994].

We are now ready to consider the high-frequency properties of a per-

colation composite in the critical region near the percolation threshold.

According to the scaling theory, the system looks the same on the scales
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l < ξp regardless of the metal concentration p. It is impossible to de-

termine whether the system is below or above pc dealing with the frag-

ment of sizes l < ξp. This assumption, which is the core of the modern

theory of critical phenomena [Kadanoff et al., 1967], [Stanley, 1981], is

confirmed by all known experiments and computer simulations [Stauffer

and Aharony, 1994]. Thus, we assume that the conductance Σ of the fi-

nite cluster of size ξp (see Fig. 1.10) is still given by Eq. (1.12). The high

frequency conductivity σe (ω) of the composite depends on the intraclus-

ter conductance Σ and intercluster reactive conductance −iωC, that is

σe (ω,∆p) = F (Σ,−iωC) /ξD−2
p . Since we consider a linear system this

equation can be rewritten as σe (ω,∆p) = Σf1 (iωC/Σ) /ξD−2
p . By substi-

tuting here Eqs. (1.12) and (1.15) we obtain

σe (ω,∆p) = σm∆ptf

(
iεd ω

σm
∆p−(t+s)

)
, (1.17)

where f (z) is an analytical function.

For fixed ∆p and frequencies approaching zero, the effective conductivity

can be expand in series of ω. We obtain that f (z) = A+−B+z+C+z
2+ . . .

for ∆p > 0 and f (z) = −B−z+C−z
2+. . . for ∆p < 0, where the coefficients

A+, B+, C+ and (A− = 0) , B−, C− are different so that z = 0 is a branch

point. It follows from Eq. (1.17) that above the percolation threshold

σe (ω,∆p) = A+σm∆pt − iB+εd ω∆p−s; (1.18)

below the percolation threshold, σe (ω,∆p) ∼ −iεd ω |∆p|−s
and the ef-

fective permittivity is estimated as εe (ω,∆p) = i4πσe/ω ∼ εd |∆p|−s
,

which is in agreement with Eq. (1.11). Exactly at the percolation threshold

(∆p→ 0) , the effective conductivity σe does not vanish when the frequency

ω is finite. Therefore, the function f (z) in Eq. (1.17) is approximated as

f (z) ∼ zt/(t+s) for |z| → ∞ so the conductivity is described as

σe (ω, pc) ∼ σm

(
εd ω

σm

)t/(t+s)

(1.19)

and the effective dielectric permittivity is given by

εe (ω, pc) ∼ εd

(
εd ω

σm

)−s/(t+s)

. (1.20)

Note that they both depend on frequency despite the fact that σm and εd

are frequency independent. This dependence is due to the ramified R− C

circuits existing in the composite near the percolation threshold.
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We consider now a composite made of two dielectrics with permittivities

εd and εm. If we assume that both εm, εd > 0 and |εm| � εd; then all the

above scaling formalism can be applied to this problem, and we obtain for

p = pc that the effective dielectric constant is equal to

εe (ω, pc) = Aεd

(
εd

εm

)−s/(t+s)

, (1.21)

where the coefficient A > 0. We suppose now that εm < 0 and |εm| � εd;

then, we can still use Eq. (1.21) obtaining

εe (ω, pc) = Aεd

[
cos

(
πs

t+ s

)
+ i sin

(
πs

t+ s

)](
εd

|εm|

)−s/(t+s)

. (1.22)

This implies that the composite, where both components are lossless (Im εd

= 0 and Im εm = 0), has the effective loss at the percolation threshold

(Im εe > 0). This puzzling result becomes clear when we realize that the

EM energy can accumulate in the composite. The effects of the energy

accumulation in metamaterials and the corresponding gigantic local fields

will be discussed in the following chapters.

Equations (1.20) – (1.22) give properties of a percolation composite not

only at p = pc but also in some vicinity of the percolation threshold, where

the scaling parameter |z| = ω |εd ∆p−s| / |σm∆pt| > 1 (see Eq. (1.17)). In

the opposite case |z| � 1 the crossover occurs to the “static” behavior,

given by Eqs. (1.10) and (1.11).

The scaling for the percolation conductivity was suggested in the pi-

oneering papers by Straley, Efros, Shklovskii, Bergman, and Imry [Stra-

ley, 1976], [Straley, 1977], [Efros and Shklovskii, 1976], [Bergman and

Imry, 1977]. The scaling also follows from the real space renormaliza-

tion group developed for percolation composites in [Stinchcombe and Wat-

son, 1976], [Sarychev, 1977], [Reynolds et al., 1977], and [Bernasconi,

1978]. Before any scaling was introduced, A.M. Dykhne proved [Dykhne,

1971] the exact result εe =
√
εdεm for p = pc for two dimension self-

dual percolating systems. Equation (1.21) reproduces this important re-

sult since for D = 2 the critical exponents are equal to s = t = 1.3.

It also follows from Eq. (1.17) that the loss tangent δ, which is defined

as tan δ = Im[εe]/Re[εe] = −Re[σe]/ Im[σe], is a function of the scaling

parameter z only. The loss tangent obtained in computer simulations in
[Vinogradov et al., 1988] is shown in Fig. 1.11. We see that the data ob-

tained for various metal concentrations and frequencies collapse to a single

curve as expected from the scaling theory.
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Fig. 1.11 Loss tangent δ = Im [εe (∆p, ω)] /Re [εe (∆p, ω)] for three dimensional
metal-dielectric percolation composite as a function of the scaling parameter z =
∆p (ωεd/4πσm)1/(s+t). Circles, triangles, and filled circles on the curve correspond
to ∆p = 0.32, 0.16, and 0.08, respectively.

The scaling can be also used to derive the explicit equation (so-called

parametric equation) for the effective conductivity. The form and the order

of the parametric equation both depend on the critical exponents s and t .

In the three-dimensional case, we can approximate the exponents as s ' 1

and t ' 2. Then, the parametric equation reduces to the simple cubic

equation

h+ αx2∆p = βx3 (1.23)

where x =
√
σe (∆p, ω) /σm and h = (−iωεd/ (4πσm))1/3; α and β are nu-

merical coefficients on the order of one. We assume that ∆p� 1 and |h| �
1; then it is easy to check that Eq. (1.23) reproduces the asymptotic behav-

ior for ∆p > 0, ∆p < 0 and ∆p = 0 given by Eqs. (1.10), (1.11), and (1.19),

respectively. Indeed, at the percolation threshold (∆p = 0) Eq. (1.23) gives

x = (h/b)
1/3

, that is σe ∼ σm (εdω/σm)
2/3 ∼ σm (εdω/σm)

t/(t+s)
(recall

that we approximate the exponents as s = 1 and t = 2). Above the threshold

(∆p > 0) when ∆p� |h|1/3
, Eq. (1.23) gives x ∼ ∆p, σe ∼ σm∆p2. Below

the threshold, when ∆p < 0, |∆p| � |h|1/3
, we obtain x ∼

√
h/ |∆p| and,

therefore, σe ∼ h/ |∆p| . Thus we obtain the conductivity and permittivity

of metal-dielectric composites can be found form the solution to the cubic

equation (1.23) that holds in the entire range of concentrations and frequen-

cies. In two dimensional case, where the critical exponents t = s ≈ 4/3, the

parametric equation takes more complicated form than Eq. (1.23). Yet, it is

still algebraic equation that can be easily solved. The parametric equations

for percolating systems were first suggested in [Vinogradov et al., 1988].


