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In this article we study the degree of LP-approximation {1 < p < +00) to the
unit, by multivariate variants of the Jackson-type generalizations of Picard, Gauss-
Weierstrass and Poisson-Cauchy singular integrals.

These results are extensions of those in the univariate case proved by the authors
in [2].
1 [Introduction

Let f be a function defined on R™ with values in R.
Let £ = (z1,...,Zm), h = (hy,..., hy) € R™. Let us denote

M@ => (=) (:) f(z +1ih), reN.

=0

We define the rth LP-modulus of smoothness over R™, 1 < p < +00, by
wr(£16)p = SUpLIARS (Ml o Ry 1R < 6,

where |h] = (Jhyl, |h2l, .. Bml), 6 = (61,...,6), |h] € 6 means |h;] < &,
i =1,m and

+o00 +o0 1/p
151w Ry = {/w /w |f<x1.,...,xm)|"dr1...dxm} ,

if 1 <p< +o0,
11l pew By = SUPLf (@1, -, Tm)ls 7 € R, i = T}, if p = +oo,

When f € L}, (R™) = {f : R™ — R, f is 2n-periodic in each variable and
1Al Rmy < +00}, the rth LP-modulus of smoothness is defined as above
2w
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using the definitions

n k. 1/p
”f”z,;,,(R’“}:{/ / !f(:cl,...,zm)}”dxl‘..dxm} , if1 <p < +oc,
-7 -7

HfHL,;"(R,,,) = sup{|f(z1,...,Twm)l; = € [-m, 7], i=1,m}, if p= +o0.

Next, for £ = (£1,...,§m) > 0 (ie. & > 0,1 = 1,m), we consider the
multivariate variants of the Jackson-type generalizations of Picard, Poisson-
Cauchy and Gauss-Weierstrass singular integrals introduced in (1] by

ntl +o0
nf(f, “m Z( 1 (n+l>/ .
H 2& k 1 —o%°

i=1

+o0 m
/ f@y+ Kty T + k) [ 71416ty . dtn,

o i=1

Quelfi2) == g:l(—l)k"“)/_i
e @0

/f(zlﬂ kt1,...,Tm + ktp)

m

) (GEZ )

1.=1

dt,...d

and

Wag(f52) = = - o Tf(—l)k("zl)/_:

ITecte)

m
flay +kty, o 2o 4 k) [[ e/ dty . dtm,
- i=]1

respectively, where C(¢;) = / (:“?/ﬁfdti, i=1m,z=(x1,...,2,) € R™,
0
Let us denote

2 T 2
Erf(z;) = —/ e~ tidt;, x;€R.
v Jo



We notice that

L™ e
— e MiliSigt =1,
2¢; /_w :

a’ fo; 2 ~1 T
N Z), &eR,&>0
/_, 2y g " (s) ¢ S

2
and that - tan~! g, Erf (_7r > tend to 1 as §; — 0.

The purpose of this article is to study the degree of LP-approximation
(1 < p € +00) to the unit, by the above singular integrals, extending those
results of the univariate case in [2].

2 Main Results

The first main result is

Theorem 2.1. Let X = L'(R™) (for P,¢), X = L3 (R™) (for W, Qng),
EER™ €>0,neN, feX.

Then
fn+1 m
If = PuePlix < |3 ("Zl)k!} wnat(fi€)x, €>0, 1)
o qm
/ (u+1)*te % dy
1f = We(F)llx < | 20— wnir(Fi6) 1 Ry
/ e ™ du
L 0
0<E<t, (2)
1f = @ne(Nlx < HK(n-&)] wna(fi8)x, €>0, (3)
ti=1
where

/& (u+ 1)7:-%-1 o o
K(n,&) = [‘/0\ —u?—+—1—du /tan £—1, 1=1,m.

Proof. Let f € X = L'(R™). We have
1 +oc
f@) - Prelfio) = 5 - [

[Jee) "™

i=1



+00o m
T ernare e et dm, (0

for all z = (xl,...,xm), t= (tl,...,tm), é = (fl,...,fm) € R™, § > 0.
This implies (reasoning as in the univariate case in [2, proof of Theorem
2.1))

+oo
”f—Pn,f(f)”Ll(Rm) m - /

H 2:)

+o0 m
/ w1 (£ 6(H/E) i@y [ [ 6715 dt1 - dim,
—oo i=1

where wﬂ+1(f;€(lt‘/£))Ll(RM) crwnp(fi 6 (Ital/6), - - agm(itml/gm))Ll(RM)'
By denoting A = Z It:|/& € R, we get

i=1

wn41(f; lt,)Ll(Rm) < W (f; /\é)Ll(Rm)
<(A+ 1)n+1wn+l(f;§)Ll(Rm)

m n+1
= <1+Z|tt'/£i> wn+l(f;§)Ll(Rm)
i=0

m n+l
< {H(l + Itzl/é):| Wn+l(f§§)L1(Rm)~
i=1

It follows that

_wn+l(f§§)L1(Rm) too
|
—oc

[ J 623
e

/ (1+Z|t,~|/§,~) [T %at, ... at
—00 i=1 i=1

< wn+l(f§£)L1(Rm) /+°°

nf - Pn.f(f)”LI(R_m) <

- m

[Tc2¢) *
i=1



+oo [ M ntl m
/ [H(l + 'til/ﬁi)} He"""/f'dtl ... dt
e 1=1 =1

= (see [2, proof of Theorem 2.1})

e

k=0

WnH(f?ﬁ)[,l(Rm),

which proves (1).
Then, for f € X = L1 (R™), we obtain

H 20(&:))

/ (- 1)n+lAn+lf He ‘?/5?dtl,..dtmy (5)
i=1

f(@) = Wae(fiz) =

forall z = (z1,...,Zm), t = (t1,.. s tm)s £ = (&1, Em), & > 0,1 = 1, m.
Reasoning exactly as in the univariate case in 2, proof of Theorem 2.1},
(5) implies (for 0 < & <1,i=1,m)

- Wae(Pilx < om0, /0 ’

Tece)
’"‘;] m n+l

/ [H(Ht,/@)} [Te /%ty ... dtm
0 lica i=1

+ oo
/ (u+ )" He ¥ dy
< 20 Wn+l(f§§))(y

" 2
[ e ¥ du
0
which proves (2).

Finally, for z,t,6 € R™, £ >0, f € X = L} (R™), we get

F(&) = Quelfsz) = ! ) /



dty ... dtm, (6)

m

R [GER )

i=1

/ (-1)"+1art f(z)

which implies (see the univariate case [2, proof of Theorem 2.1])

If = Que(Hlix < []‘[ K(n, e,-)} wn1(£3€)x,

i=1

1=1,m.

T/ (y 4 1)+ n
here K(n,§&;) = du| /tan~1 —,
where K(n,¢&;) /0 2 /tan 3

The theorem is proved. ]
The second main result is

Theorem 2.2. Let X = LP(R™) (for P,¢), X = L} (R™) (for Wy, Qn.e),

_ 1
£€R"‘,0<£¢Sl,i=1,m,neN,1<p<+oo,5+—=1,feX.

q
Then

m/q
1 = PaglOllx < (2) 7 lo1 e o605,

where g(u) = (u + 1)"Hle %2 4y e Ry,

™

/g LA m
Ilf - Wn,ﬁ(f)“X < {( Q_Q) llhllby(R+)//(; € du} wnt1(fi€) x,
0<¢<,

where h(u) = (u + 1)+l /2,

I = Qe < [H Kp(n,en] enalf3Ex, 0SEST,
t=1 ’

= /€, 1/p
where K, (n, &) = [(u+ DY+OP /(42 4 1)]du/ tan™? il .
P 0 &

1

Proof. Let first f € X = LP(R™) 1+1 = 1 and denote C (§;) = 1 (4§i>p/q
| 'p g AR AT
By (4) and similarly with {2, proof of Theorem 2.2], we obtain

m +o0
1f - Puc(HIE < [[Cr1(6) /
=1 —o0



400 m p
/ [wn+1(f;|t[)x He—lt‘l/(2£‘)} dty...dt

oo i=1

m +o0
HZQCI (Ewk 1 (F; f/X/O

(n+1)p

=1

i=]
9 m/q +oo
- (5) WP (FiE)x [ / (u+1)("+”"e-"“/2du]
0

which implies the first estimate in the statement.

1 1
Now, let f € X = L} (R™), ;+ i 1. By (5) and by the proof of

Theorem 2.2 in the univariate case in [2], we obtain

m

m

If = Wag(HIP < (H[ch(&)}> WP (f:6)x
i=1

(n+1)p

/ / [H(ti/§,+1)} [Je 67/t ... dt,
0 0 i=1

=1

)= e (V%) (5(5:2))"

Reasoning as in the univariate case (see [2, proof of Theorem 2.2]) we get

7\ /9 T 2 ™
Hf"Wn,g(f)“xS[(\/%) g,/ [ e du} w1 (fE)x

where h(u) = (u + 1)PFle ¥ /2, '
1 1
Finally, for f € X = L}, (R™), , + p = 1, by (6) and by the proof of
Theorem 2.2 in [2]) we obtain (omitting the details)

If — Que(N)lik
m w /& T
< (H [ [ 02 4 1)du ED W1 (F1)x
0

i=1

where
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which proves the theorem. a
The last main result deals with the uniform convergence.

Theorem 2.3. Let X = L®(R™) (for Pr¢), X = LL(R™) (for Wy e, Qne),
EER™, 0<&<1,neN, feX. Then

1= FagOllx < |3 ("7 )| wnnrioin, €30
L=
- 0+oo , m
(u+1)"e ¥ du
Ilf = Wae(f)llx < g L S— wne1(f;€)x, 0<€<1,
/ e " du
L 0
If = Qne(Hlix < [H K(nyfz)} w1 (f;i8)x, £€>0,
i=1

where K(n,&;) is given in Theorem 2.1.

Proof. By (4), (5), (6) and reasoning exactly as in the proof of Theorem 2.1,
we easily obtain the statement of the theorem. a

Remark. Theorems 2.1-2.3 show us that while the generalized operators P, ¢
and W, ¢ give very good estimates (such that if £ — 0, ie. & — 0,i=1,m,
then P, ¢(f) — f, Wae(f) — f), for the generalized operator Qn¢(f) in
general this does not happen, because when & — 0, we have K,(n,§;) — +o0,
forall 1 <p < +oo0.

However, under some smoothness conditions on f, (as for example if

okt f
dzk ... drky
ki + ...+ kmy, ki € NU{0}, : = 1,m) and reasoning as in the univariate
case [2], we easily obtain that P, ¢(f) — f,as £ — 0.

< M on R™, for all (k] € {0,1,...,n + 1}, where |k| =
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