
CONVERGENCE OF GENERALIZED SINGULAR INTEGRALS 
TO THE UNIT, MULTIVARIATE CASE 

George A. Anastassiou and Sorin G. Gal 
Department of Mathematical Sciences, The University of Memphis, 

Memphis, TN 38152, USA 
E-mail: anastasg@msci.memphis.edu, ganastss@memphis.edu 

Department -of Mathematics, University of Oradea, Str. Armatei Romane 5, 
3700 Oradea, Romania 

E-mail: galso@math.uoradea.ro 

In this article we study the degree of Lp-approximation (1 < p < + oo) to the 
unit, by multivariate variants of the Jackson-type generalizations of Picard, Gauss-
Weierstrass and Poisson-Cauchy singular integrals. 
These results are extensions of those in the univariate case proved by the authors 
in [2]. 

1 Int roduct ion 

Let / be a function defined on R m with values in R. 
Let x = (xi,... ,xm), h = (hi,... ,hm) € R m . Let us denote 

t=0 ^ ' 

We define the rth Lp-modulus of smoothness over R m , 1 < p < -f-oo, by 

Wr(/;<5)p = sup{| |A;/(-) | |L P ( R m ) ; \h\<6}, 

where \h\ = ( |/ii | , | /i2 | , . . . , |/im |)» <5 = (<5i,. • • ,<5m), \h\ < 6 means \h,\ < 6{, 
i = l ,m and 

U+ OO r + OO -\ l / P 

. . . / \}(xl,...,xm)\vdxl...dxm\ , 
if 1 < p < -foo, 

11/11 ^ ( R m ) = s u p { | / ( x i , . . . , i m ) | ; x, € R, i = T~m}, if p = +oo. 
When / 6 L^{Rm) = {/ : R m -> R; / i s 2?r-periodic in each variable and 

| | / | | L P (p_m) < +oo}, the rth /^-modulus of smoothness is defined as above 
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using the definitions 

. . . / \f{xu...,xm)fdxl...dxm\ , i f l < p < + o c , 

ll/llLj,(R-») = s uP{t / ( a ; i . - - - . xm)l; %i € [-7r,7r], i = T~m}, if p = +00. 

Next, for £ = (£ i , . . . , £ m ) > 0 (i.e. ^ > 0, i = l ,m) , we consider the 
multivariate variants of the Jackson-type generalizations of Picard, Poisson-
Cauchy and Gauss-Weierstrass singular integrals introduced in [1] by 

rj (%)*-. \ " - » 

/

+00 n» 

/ ( i 1 + / c t 1 , . . . , x m + fc«Tn)J]e-lt'l/«"dt1...dtm, 

nk t a n UJJ 
/"* / (x i H fc«!,..., xm + ktm) 

... j dtx...dtm, 

Utf + S?) 
1 = 1 

and 

w-̂ (/;«) = = -m-^ D-D*^! 1 ) f 

/
jr m 

/(an + * t i , . . - , x m + ktm) Yle-t'^dti... dtm, 
y»7T 

respectively, where C(£,) = / e~ti^'dtl, i = l ,m, x — ( x i , . . . , x m ) £ R m . 

Let us denote 
2 Z"1' 1 

Erf(xi) = —= / e '<rfti, Xi e R. 
V* Jo 
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We notice that 

_L [+°° 

r du 

-\ti\/C. dU = 1, 

/ " 
J - i 

2 t c2 = / tan ( — ( | ) , & € R, fc > 0 -„*? + # ^"" U J ' 
2 7T / 7T \ 

and that — t a n - 1 —, Erf I — I tend to 1 as £, —» 0. 
The purpose of this article is to study the degree of Lp-approximation 

(1 < p < +oo) to the unit, by the above singular integrals, extending those 
results of the univariate case in [2]. 

2 Main Results 

The first main result is 

Theorem 2.1. Let X = L'(Rm) (for Pn<i), X = L^(R m ) (for WnX,Qn.i), 
( e R m , ( > 0 , n 6 N , / a . i 

Then 

\\!-PnAf)Wx< 

11/ - wnA(f)\\x < 

\\f-Qn,df)Wx < 

n + 1 fc! 
fc=0 

r+oo 

JO 

^ + i ( / ; ( ) x , £ > 0 , (1) 

■ + ! » - « e~u du 

\ e-u'du 
Jo 

rn 

wn+l( / ;O iJ l f (R" ' ) ' 

. J = I 

^ n + i ( / ; O x , ^ > o , 

(2) 

(3) 

where 

Proof. Let / € X = L^R™). We have 

1 /"+0° 
/ ( i ) - p n i € ( / ; i ) = - s r - - / 

n<%) 

/ t an" 
& 

i = 1, m. 

t = i 
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/

+ oo "* 

(_1)n+i A7+1/(x) Yl e-^'^dh ... dtm, (4) 
0 0

 ! = i 
for all x = (xu...,xm),t = (tu... ,tm), £ = ( f r , . . . , U ) € R m , £, > 0. 

This implies (reasoning as in the univariate case in [2, proof of Theorem 
2.1]) 

1 f+oc 

l l / - ^ n , ? ( / ) | | L 1 ( R m ) < - 7 S / 

t = i 

/

+00 m 

"n+i(f\tt\t\/0)LHR~)Tle-ltil/ti'dti...dt„ 
■°° t = i 

where w n + i ( / ;^ ( | t | /0 ) L i ( Rm) ■-■■■ vn+i(f\Si(\ti\/ti) ?m(l*ml/$m))ii(Rm)-
m 

By denoting A = ^ P |*» l/C* € R, we get 
i = l 

Wn+l(/; | t | )L i (Rm) < Wn+l(/;AOLi(Rm) 

<(A+l)n + 1u;n + 1( /;O i l (Rm ) 

i = 0 

< 
n n + l 

ri(i+iM/o 
t = i 

w n+ l ( / ; 0 L i (R» 

It follows that 

11/ - ^n.c(/)||L.(Rm) < 
^ + i ( / ; O i i ( R m ) /-+ 0° 

< 

/ n«<) 
r + oo / m \ n + 1 m 

• ' - 0 0 \ i = l / i= l 

wn+i(/;Oz.i(R-.) /-+0° 

fl(2^) 
/ 
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f 
J —r 

i n + l 

IK1 + IW&) Y[e-^i'dt1...dtri 
U=i 

= (see [2, proof of Theorem 2.1]) 
n + 1 / . 1 

lk=0 

OJn+l{f;0[J(R (K-»)' 

which proves (1). 
Then, for / 6 X = Ll

2w(Rm), we obtain 

f(x)-Wnt(f:x) = — -1 f 

i = i 

/

7T " 1 

(_l)n + l A ? + l / ( l ) J J e - t ? / « ? d t l . . . d t m i ( 5 ) 
-"■ i = l 

for all x = ( x ! , . . . , x m ) , i = («i , . . . ,£m ) , £ = (£ i , . . . , £ m ) , & > 0, i = hm. 
Reasoning exactly as in the univariate case in [2, proof of Theorem 2.1], 

(5) implies (for 0 < & < 1, i = - l ,m) 

Wn+i(/;0^n(R">) r 
l l / - ^ n . € ( / ) I U < 

n(2c,fe)) / 

Jo 0 

4 oo 

n( i+t</^) 
. t=i 

n + l 

Y[e-t2<^dt1...dt„ 
t = i 

/ - too 
/ (u + l ) n + 1 e - u ' du 

e~tt du 
vn+i{f;Ox, 

which proves (2). 
Finally, for x,t,Z € R m , ( > 0 , / e X = L\v(Rm), we get 

/ ( I ) - Q „ . « ( / ; I ) = 

i = i 
n r t a n 

i r 
_ 1 7T \ J -7T 

Zi 6 
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/ 
J —7T 

w (-ir+iAr+i/(x) d<i.. .dtv (6) 

t = i 

which implies (see the univariate case [2, proof of Theorem 2.1]) 

where K(n,£i) = 

11/ - Q„.«(/)IU < 

T/«' ( u + l ) " + 1 

ft *(".&) 

/ /o " 2 *- 1 
The theorem is proved. 
The second main result is 

Lt=i 

du 

<*>n+i(/;0*> 

/ t an —, z = l ,m. 
Si 

D 

Theorem 2.2. Le< X = P ( R m ) (/or PnJ, X = Lp
2ir{Rm) (for Wn^,QnJ, 

£ € R m , 0 < & < 1, i = T~m, n € N, 1 < p < +oo, - + - = 1, f eX. 
P a 

Then 

11/ - P„.€(/)IU < (^-J llsll™ ( R + )«„+ , ( / ;0x, 

w/iere $(u) = (u + l ) " + 1 e _ u / 2 , u € R+, 

ll/-Wn,€(/)lk< ' ^ 
7T 

29 / JO 

o < e < i, 
Wiere /i(u) = (u + l ) n + 1 e _ u 2 / 2 , 

du w n +i ( / ;Ox-

| | / - Q „ . € ( / ) | | X < n^PK^) 
.1=1 

where Kp(n,£i) = 
f /■«/£. 

w n +i ( / ;Ox , 0 < 4 < i , 

/ r ' [ (u+ l ) ( n + 1 ) p / (u 2 + l ) ]du/ tan- 1 J 
JO ?i 

Proo/. Let first / € X = L?(Rm) , - + - = 1 and denote C^f.) = T ~ V (— 
P a U (2^ , )P V 9 

By (4) and similarly with [2, proof of Theorem 2.2], we obtain 

p/« 

11/ -p„,«(/) i i^<n c i^) / 
i=i j-°° 
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/

+oo 

-oo ^+i(/;|t|)*IKIM/(2C,) 
IP 

!=1 

dt i . . . dtr, 

< t[i2c^y^n+i(i-0x 
i = l 

+ 0 0 

n ( i + ^ -, (n + l)p 

]]e-(-p/(2Wdti...rft„ ■f 
Jo 

( n\ m/q r ,.+00 

which implies the first estimate in the statement. 
Now. let / € X = L ^ ( R m ) , - + - = 1. By (5) and by the proof of 

Theorem 2.2 in the univariate case in [2], we obtain 

1/ - w„,?(/)llp < (f[[2C2m) «%+i(f;Ox 
u = l 

pit /»7T 

Jo Jo ii(w&+1) 
.1=1 

(n+l)p 

ne-«?"/(2«?)dt1...dtm, 

where 

C2«i) = W&KVTV r a r e ; , 
Reasoning as in the univariate case (see [2, proof of Theorem 2.2]) we get 

1/9 
\f-Wns(f)\\x< ( I \ A / 9 fTT 

w„+i ( / ;Ox . 

where/i(«) = ( u + l ) n + I e " , i 2 / 2 . 
1 1 Finally, for / € X = L j , (R m ) , ^ + -_ = 1, by (6) and by the proof of 
p g Theorem 2.2 in [2]) we obtain (omitting the details) 

\\f - Qn,df)\\x 

<-U 
i = l 

/ ^ *([u+ l ] ( n + l , p / (u 2 + l ^ d u / t a n " 1 j 
Jo s 

w£+i(/;Ox. 
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which proves the theorem. □ 
The last main result deals with the uniform convergence. 

Theorem 2.3. Let X = L°°(Rm) (for PnJ, X = L%(Rm) (for Wn,(,Qn,t), 
£ 6 R m , 0 < £ < 1, n € N, / e X. Then 

I I / - P „ , « ( / ) I U < 

11/ - Wnt(f)\\x < 

Wf-QnM)\\x< 

Lfc=o v ' 
r r+°° 

/ ( u + 1 ) 
Jo 

^ n + i ( / ; O x , £ > o , 

n+le~u du 

Jo 
du 

wn+i(/;Ox, o < e < 1, 

n^(n,^,) 
Li=l 

w„+i( / ;Ox, £ > 0 , 

where K(n,£i) is given in Theorem 2.1. 

Proof. By (4), (5), (6) and reasoning exactly as in the proof of Theorem 2.1, 
we easily obtain the statement of the theorem. □ 

Remark. Theorems 2.1-2.3 show us that while the generalized operators Pn^ 
and Wn£ give very good estimates (such that if £ -♦ 0, i.e. & —► 0, i = l ,m, 
then Pn,z(f) ~* /> Wn,f(/) -~> / ) , for the generalized operator Qn^(f) in 
general this does not happen, because when & —» 0, we have Kp(n, &) —► +oo, 
for all 1 < p < +oo. 

However, under some smoothness conditions on / , (as for example if 
31*1/ 

1 < M on R m , for all \k\ € {0, l , . . . , n + 1}, where \k\ dx\l ...dx$ 
ki + ... + km, ki € N U {0}, i = l ,m) and reasoning as in the univariate 
case [2], we easily obtain that Pn,t{f) —» / , as £ -+ 0. 
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