1. Mathematical Preliminaries

For convenience, the mathematical concepts and results needed to study compara-
tive statics are summarized in this chapter. This is not intended as a comprehen-
sive treatment of these topics. It serves only as a concise summary and convenient
reference.

1.1 Differentiable Functions

If the function y = f(x, . x,) has continuous first-order partial derivatives
everywhere in its domain, we say fis C'. If all partial derivatives up to and
including order K exist and are themselves continuous functions, we say fis C*.

Example 1.1

For the case of n = 1, consider the function y = f(x) = x¥*. This function is a C?
function since f '''(x) is undefined at x = 0.

1.2 The Chain Rule

Suppose thaty = f(x,, . . ., x,) is a C' function. Furthermore, suppose that the x’s
are themselves C! functions of the variables a and b, i.e.,



2 Comparative Statics Analysis in Economics

x=x(ab),...,x,=x,(a,b).

y axl axn
Then S —fla_a + .., +f"g
dy axl axn

d = =f—+ ... —
and = =ha o Vg

where fj=0f/0x,,i=1,...,n.

Example 1.2

Suppose y = f(x,, x;) = x? + x,x, where x, = @ and x, = a + b. Then using the
Chain Rule, we obtain

4 x, + x,)2a) + x (D)

da
(202 +q+ b)(Za) +a?
= 4a’ + 3a* + 2ab

and %”E = (le + xz)(O) +x,(1) = a

Note that if we substitute x, = a® and x, = a + b directly into x? + x,x, we obtain
y=a*'+a+ab.

Computing dy/da and dy/0b directly yields gX = 4a’ + 34+ 2ab and
a

dy

% = a2, which are precisely the results obtained using the Chain Rule.
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1.3 Determinants

The determinant of the 2 x 2 matrix

a, a
11 4

A=

a4y a4y

denoted by |4 | is, l4] = a,, G, -a,, a,,. The determinant of the 3 x 3 matrix

a, 4ap 4ap
A=lay a, ay

as Qas das

is

1.4 Cramer’s Rule

Consider the system of equations
apx tapxtayx=>b

ayx tapx,tayx;=b,

Ay X, + a3 Xy + Ay X3 = by,
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a, 4ap A4

When |A‘ =|a, Gy QAp|# 0, theunique solution to this three-equation

as ds Qas;

system is:
by a, ay a, b aj; ag 42 Y
b, ay ay a, b, ay a1 ap D
by a; ayn _ a3 by, ay _ {9y axp b;
5= Y y
|4 || |4
1.5 Optimization, f: R~ R
Consider the following graph of the function y = f(x):
. ' —>
X A B C < F
Figure 1.1

Suppose fis C2. (We shall limit our discussions to consideration of maxima and
minima that occur within the interior of the domain of f)) Points A, B, C, are
local extrema. Points A and C are local maxima; point B is a local minimum.
Note that the slope of the tangent line is zero at each of these points. A necessary
condition for fto have a local maximum or minimum isf"(x) = 0. Any point
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where f'(x) = 0 is called a critical point. If, at a critical point x*, f” (x*) <0, then
x* is a local maximum. If at a critical pointx*, f“(x*) > 0, then x* is a local
minimum. Note that these are sufficient conditions.

1.6 Optimization, f: R* - R
Suppose y =f(x,, x,) is a C? function. A necessary condition for a local maximum
or minimum at xl', xz') is
o _
ox,

at this point. This implies that the tangent plane at (xl', X,y ') is horizontal.

of
=0 g 7h0
2

As before, any point where f, = f, = 0 is a critical point. To distinguish local
maxima from local minima, form the Hessian matrix of second-order partial
derivatives

Hz[f“ f}
f2l f22

If, at a critical point, f;, <0 and |H | > 0, then this critical point is a local
maximum, in which case we say that the Hessian matrix is negative definite. If,
at a critical point, f;, > 0 and |H| > 0, then this critical point is a local minimum
and the Hessian matrix is positive definite. These are the higher dimensional
analogs of the single variable results discussed in Section 1.5. A local maximum
and a local minimum of a function of two variables are depicted in Figures 1.2
and 1.3.
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Tangent Plane
N

Figure 1.2

Figure 1.3

Example 1.3.

Consider the function

y =f(xl, xz) = 10x, + 12.1\:2 ~ xl2 - 6x22.
We find the critical point(s) by solving

£=10-2x,=0, £,=12-12x,=0

implying that the unique critical point of fis at x, =5, x, = 1. Noting that
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H -2 0
1o -12
with -2 =f, <0 and | H| =24 > 0 establishes the point (5, 1) as a maximum of
f- At (5, 1) the graph of this function looks like Figure 1.2.

1.7 Constrained Optimization, Two Variables, One Constraint

Consider the problem of finding the extrema of f(x,, x,) subject to g (x;, x,) =0
where f and g are C2. The function fis called the objective function and g is
called the constraint. We are in search of the maxima and minima of £, given that
our search must be restricted to the set of points satisfying the equation
g (x;, x,) = 0. To solve the problem, form the Lagrangian function

X5 Xy 7») = f(xl, xz) + Xg(xl, xz).

The variable A is called the Lagrange multiplier. The first-order necessary
conditions for a maximum or minimum are

Li=fi+Xg, =0
Ly=f,+Ag,=0 (1)
L,=g(x,x)=0.

To distinguish maxima from minima, form the Bordered Hessian matrix
Ly Ly &
H=1p Ly g&|
&g & 0
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At any point where (1) holds, if |H| > 0, then f has a maximum subject to

g (x,,x,)=0. If, at any point where (1) holds, |H| <o, Jf has a minimum subject
to g (x,, x,) = 0. Again, these are sufficient conditions.

Example 1.4

Consider

Maximize xix,
X 1 x2

subject to x, + 2x, - 6 =0.
Writing

— 2 _
L(xl, X5 X) = XX, + )»(xl + 2x, 6)

the first-order necessary conditions for a maximum are
L=2xx,+A=0

L=x3+2\A=0

L,=x,+2x,-6=0.

Solving, one obtains x, =4, x, = 1, A =-8. Form the Bordered Hessian

2XZ 2x1 1
H= 2x1 0 2
1 2 0

which, when evaluated at x, = 4, x, = 1 yields
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B
—_— 00 N
N O o
S N -

with |H| >0, implying (4, 1) is a constrained maximum of x}x,. In solving this
problem, we found the point on the line x, + 2x, = 6 where the value of x1x, is
largest.



