
CHAPTER 1 

THE MATHEMATICS OF ELECTRICITY AND MAGNETISM 

As one proceeds further into the study of physics, mathematics becomes a more 
important tool in physical theory. Without a background in mathematical concepts 
we are limited in how we can describe, use and extend the results which we obtain 
from experiments. Thus in this first chapter we will introduce the important 
definitions and concepts of those topics in mathematics which are particularly 
necessary to describe the basic theories of electricity and magnetism. It turns out 
that the mathematics of vectors is particularly important because the fundamental 
experimental results which lead to the classical theory of electricity and magnetism 
can be expressed in terms of a few vector equations. 

Although we will emphasize vectors in our mathematical introduction, we will 
also introduce the other mathematical concepts, tensors and complex variables for 
example, which are useful in describing specific aspects of electromagnetic theory. 
We will also study the properties of different coordinate systems. 

It is not our intent to develop a comprehensive study of these mathematical 
topics. We wish only to introduce common mathematical techniques which are 
found to be particularly useful in electricity and magnetism. The reader is referred to 
the references at the end of the chapter for a more thorough discussion of this 
material. Students who have adequate knowledge of the mathematics can move 
directly to Chapter II where we begin the study of electricity. 

1-1: Scalars, Vectors and Vector Addition 
In classical physics many physical quantities can be represented by the 

mathematical quantities of scalars or vectors. It is important to understand the 
differences between these quantities. 

A scalar describes a physical quantity which can be completely denned by a 
single number only such as mass, time, temperature, electrical charge and potential 
energy. Scalar quantities obey the algebraic relationships of ordinary numbers. For 
example if a, b, and c are scalars then: 

a + b = b + a 
a + (b + c) = (a + b) + c 
ab = ba 
a(bc) = (ab)c 
a (b + c) = ab + ac 

(commutative law of addition) 
(associative law of addition) 
(commutative law of multiplication) 
(associative law of multiplication) 
(distributive law) 

(1-1) 
(1-2) 
(1-3) 
(1-4) 
(1-5) 

A vector quantity differs from a scalar quantity in that it must be defined by two 
quantities, one representing the magnitude of the quantity and the other representing 
the direction in which the quantity acts. Some examples of physical quantities which 
require representation by vectors are force, velocity (as distinguished from speed), 
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2 Intermediate Electromagnetic Theory 

and displacement (as distinguished from length). In the case of force, for example, 
we know that if it is acting on an object we have no way of estimating its effect 
upon that object unless we know both the magnitude and the direction in which the 
force is acting. In this text vectors are represented by bold face symbols (i.e. A, u>, 
V ) . 

Pictorially a vector may be represented by an arrow pointing in the direction of 
action of the vector and with a length proportional to the magnitude of the vector. 
In Figure 1-1 we show how this can be done. The vectors A and B are in the same 

•A V •// 
Figure 1-1: Representation of Vectors 

direction but of different magnitude. They are therefore not equal. The vectors C 
and D are of the same magnitude from the same point but again are not equal 
because they are in different directions. The vectors E and F are of the same 
magnitude and lie in the same direction. They are equal vectors, even though they 
do not share a common point. 

Vectors may be combined through addition. A geometric illustration of the 
addition of vectors may be made by use of the parallelogram rule which we illustrate 
in Figure 1-2. Given two vectors A and B the sum, which we call C, is given by 

Figure 1-2: Diagram for Vector Addition 

determining the diagonal of the parallelogram constructed as shown in Figure 1-2. 
We draw one side parallel to the direction of A and of length equal to the magnitude 
of A, which we denote as |A| or simply A. We draw the other side parallel to the 
direction of B and of length equal to the magnitude, |B|. We should note that this 
definition is more than a mathematical construct. We know that physical quantities 
represented by vectors combine in this way and our mathematical definition is 
intended to describe physical reality. For example, if A and B in Figure 1-2 
represent forces acting on a point object at the point O in the figure, then C will 
represent the magnitude and direction of the resultant force acting on the object, 
because forces act as vectors. 
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We find the magnitude and direction of C from the parameters of A and B. The 
magnitude of the vector is found from the cosine law: 

|C|2 = |A|2 + |B|2 - 2 |A||B|cos 7 = A2 + B2 - 2AB cos 7 
= A2 + B2 + 2AB cos (a + (3) (1-6) 

where we have used the fact that a + (3 = -K - 7. This latter expression is usually 
the most convenient one to use because it involves the angle between the vectors A 
and B which is often known. 

The direction of the resultant vector is found from the sine law: 
A _ _ B _ _ C 

sin a sin /3 sin 7 

thus, since we want a, 
sin a 

and the parameters of the vector C are determined. 
In the actual situation of working with vectors most often the vectors will be 

referenced to some specific coordinate system. The vector thus can be broken down 
into components which relate to the specific coordinate system used. If, for 
example, we have a vector A which is defined in the Cartesian coordinate system it 
can be represented as a sum of three vectors, Ax, Ay, and Az which are the 
components of A along the x, y and z axes as we have illustrated in Figure 1-3. 

sin f3 I = sin 7 £ = sin (a + j3) £ 

(1-7) 

(1-8) 

Figure 1-3: Cartesian Coordinate Representation of a Vector 

We will have cause to use what are called unit vectors. These are vectors of 
magnitude one which we represent by letters in bold face type and a circumflex such 

A A A A A 

as i, j , k or e z, e^, etc., and which we define according to the coordinate system 
being used. The advantage of using unit vectors is that it is a very simple way to 
separate the magnitude of the vector from its direction. 

For Cartesian Coordinates we define unit vectors lying along the x, y and z axes 
A A A 

as i, j and k respectively and we therefore can write the vector A as: 
A = Axi + Ayj + Azk (1-9) 

A A A 

[We note that this is not the only designation for the base vectors, i, j , and k one 
will find in the literature. Other common ones are: x, y, z and e x , e y, e z.] 
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The quantities Ax, Ay and Az are known as the components of the vector A and 
they can be found by using the angles a, 0 and 7 shown in Figure 1-3. These angles 
are known as the direction cosines of the line segment |A|. In this case the line 
segment represents the magnitude of the vector. Thus: 

Ax = A cos a (1-11) 
A y = A c o s / 3 (1-12) 
A z = A c o s 7 (1-13) 

The magnitude of the vector as can be seen from Figure 1-3 is given by: 

A = y/Al + A^ + Al (1-14) 

and the direction is determined by the direction cosines. 
Because the component approach to representing vectors is usually more useful 

than representing the vectors through its magnitude and direction we will take this 
approach in this text almost exclusively. Using components the addition of vectors 
is denned as follows: 

C = A + B (1-15) 

= (Ax i + Ayj + A z k) + (B x i + Byj + B 2k) (1-16) 

- (Ax + Bx)i + (Ay + By) j + (Az + Bz) k (1-17) 

= C x i + C y j + C z k (1-18) 
which means that: 

Cx = Ax + Bx (1-19) 
Cy = Ay + By (1-20) 
Cz = Az + Bz (1-21) 

Adding vectors becomes equivalent to adding ordinary numbers which means 
that vectors obey the regular rules of numbers addition. Thus: 

A + B = B + A (commutative law of addition) (1-22) 
A + (B + C) = (A + B) + C (associative law of addition) (1-23) 
A negative vector is denned as a vector whose magnitude is the same as the 

positive vector but whose direction is opposite. In our context vectors of negative 
magnitudes are not defined. Formally, in components, the negative of the vector 

A A A A A A 

A = Ax i + Ayj + Azk is — A — — Ax i — Ayj — Azk. 

1-2: Vector Multiplication 
Multiplication of the vector A by a scalar, c, is simply defined as the 

multiplication of the magnitude of the vector. Thus, if B = cA then: 

B = cAx i + cAyj + cAzk (1-24) 
Multiplication of a vector by a vector is defined to be consistent with the way 

that physical vector quantities interact. Experimental results indicate that physical 
vector quantities can combine with one another in two very different ways, one 
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resulting in a scalar and the other in a vector. Vector multiplication which results in 
a scalar is known as the scalar product or dot product and is defined as: 

A«B = ABcos</> (1-25) 
where tp is the angle between the two vectors. By definition the angle if) is lies in the 
range 0 <ip <ir. We note that the dot product is zero when ip = TT/2. 

The dot product of two vectors, A and B, can be easily found when they are 
expressed in component form. Thus since 

A = A x i + Ayj + Azk (1-26) 

B = B X ? + B y j + B z k (1-27) 
the scalar product will be: 

A.B = (Ax i + Ayj + Azk )«(Bxi + By] + Bzk ) (1-28) 

A»B = AXBX IM + AxByi-j + AxBzi'k + AyBxj«i + AyByj-j + 

AyBzj «k + AzBxk«i + AzBy k-j + AzBzk«k (1 -29) 
A A A A A A A A 

The last expression can be greatly simplified. The scalar products i«j, i«k, j«i, j«k, 
A A A A 

k«i and k«j are all equal to zero because the angle between them is 7r/2. Similarly 
A A A A A A 

i*i, j«j, and k«k are all equal to one because the magnitude of each vector is one 
and the angle between them is zero. We therefore have only three non-zero terms 
and the dot product reduces to: 

A«B = AXBX + Ay By + AZBZ (1-30) 
We can find the magnitude of a vector by using the dot product. From Equation 

1-30 we have: 
A-A = A2 = Ax + A2 + Al= |A|2 (1-31) 

thus: 
A = |A| = v/A«A (1-32) 

Finally if we know A and B we can use the dot product to find the other 
parameters of the vectors. For example the angle between the vectors will be given 
by: 

c o s ^ _ A £ AA+AyBy+AA 

In Figure 1-4 we show a geometrical interpretation of the meaning of the dot 

O O' A 
Figure 1-4: Geometric Description of the Scalar Product A«B 
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product. The distance 0 0 is the projection of B upon A and it is given by the value 
of B cos tp. The projection distance times A is the dot product of the two vectors. 

Note that the dot product obeys the commutative and distributive laws of 
multiplication: 

A^B = B^A (1-34) 
A-(B + C) = A-B + A«C (1-35) 

but not the associative law, meaning that A*(B»C) ^ (A«B)«C because the dot 
product of a vector with a scalar is not defined. 

An important and commonly cited example of a scalar quantity derived from the 
dot product of two vectors is work. If an object is acted upon by a force, F, and is 
moved a distance, dr, then the work done by the force is defined to be 
dW = F(r)«dr. 

Vector multiplication which results in a vector is known as the cross product or 
vector product. It is defined as: 

C = A x B = ABsinV'n (1-36) 
where again tp is the angle between the two vectors and n is a unit vector pointing 
out of the common plane in which the vectors lie. We have illustrated the situation 
in Figure 1-5. 

AxB 

4 

A 

Figure 1-5: Illustration of the Vector Product C = A x B 

The direction of n is defined by the right hand rule convention. This convention 
says that if the fingers of the right hand curve in the same direction as the sense of 
rotation which would move A to B, through the smallest angle between them, then 
the thumb of the right hand points in the direction of positive n. We note that: 

A x B = - B x A (1-37) 
Again it is convenient to use components to find a general expression for the 

A A 
cross product A x B. In terms of our base vectors in Cartesian coordinates, i , j and 
A 
k the cross product is: 

A x B = (Ax i + Ayj + A z k) x (Bx i + Byj + B z k) (1-38) 
A A A A A A A A 

- AXBX i x i + AxByi x j + AXBZ i x k + AyBxj x l + 
A A A A A A 

AyByj x j + AyBzj x k + AzBxk x i 

+ AzByk x j + AzBzk x k (1-39) 
This expression can be simplified by using the following relationships: 
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A A 

i x i =0 A A A 

j x i = - k 
A A A 

kx i = j 

A A A 

i x j = k 
A A 
j x j = 0 
A A A 
k x j = - l 

A A A 

i x k = - j 
A A A 

j x k = i 
A A 
k x k = 0 

(l-40a) 

(l-40b) 

(l-40c) 

k / 

Figure 1-6: The Cross Products of the Unit Vectors 

Figure 1-6 can be used as a guide in determining the directions of the cross-
products of the Cartesian base vectors. The magnitude is always unity because the 
base vectors themselves always have magnitude unity. The cross product terms 
which are zero in Equation 1-40 are due to the fact that ip — 0. The terms which are 
positive use the fact that if) = -nil and the direction is positive according to the right 
hand rule. The terms which are negative mean that the direction indicated by the 
right hand rule is opposite to the sense of the vector. Applying Equation 1-40 to 
Equation 1-39 gives us: 

A x B = AxByk - AxBzj - AyBxk + AyBzi + AzBxj - AxBy k (1-41) 

= (AyBz - AzBy)i + (AZBX - AXBZ) j + (AxBy - AyBx) k (1-42) 
which can be represented by the determinant: 

A A A 

i j k 
A x B 

Bx By Bz 

Az 

B. 
(1-43) 

A geometrical interpretation of the cross product is that it represents the area of 
the parallelogram enclosed by the vectors A and B. To see this we note from Figure 
1-7 that the area of this parallelogram is given by the product of the base, in this 
case |A|, times the 

Figure 1-7: Geometric Definition of the Cross Product 
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height, h, which is |B| sin ip. Thus the area is AB sin ip which is also the magnitude 
of the vector C. The area vector S which is, in this case, equivalent to the vector 
product C has its direction defined by the right hand rule, meaning that it is in the 
direction the thumb would point if the fingers are curling from A to B. 

It should be noted that the vector product is not a "true" vector. For example, 
vectors under coordinate rotations maintain their properties, meaning that their 
magnitudes and directions do not change. Under some types of transformations, 
however, they do not maintain these properties. For example, if we make an 
inversion transformation, in other words transforming Ax —> — Ax, Bx —+ — Bx , 
and so on, then our new vectors will be A' = — A and B' = — B. We see, 
however, that the vector, C = A x B, does not transform under inversion like a 
vector, because: 

C = A' x B' (1-44) 
= ( - A ) x ( - B ) (1-45) 
= A x B = C (1-46) 

If it were a true vector then C would be equal to — C. Since it has different 
transformation properties than a regular vector, it is called a pseudovector or axial 
vector. Technically it is a second rank tensor, a mathematical quantity we will 
discuss later in this chapter. 

Other combinations of vector multiplication frequently occur. One possible 
combination is called the scalar triple product, which can be represented by a 
determinant as: 

Ax Ay Az 

A . ( B x C ) = Bx By Bz (1-47) 
Cx Cy Cz 

We have noted that A x B is a pseudovector because it does not change sign 
when its coordinates are inverted. We note also that Equation 1-47 defines a 
"scalar" A«(B x C) which does change sign upon inversion of the coordinates. Thus 
it does not act like a true scalar. It is called a pseudoscalar, also another form of a 
second rank tensor. 

Another possible combination is known as the triple cross product, which can 
be represented as: 

A x (B x C) = B (A«C) - C (A»B) (1-48) 
As a mnemonic device the above expression is often called the "BAC minus CAB" 
rule. 

Note that A x (B x C) / (A x B) x C, and thus the cross product, does not 
obey the associative law for multiplication. 

As in the case of the scalar product the definition of the vector product comes 
about because it describes mathematically what we determine through experiment. 
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One well known situation where vector quantities combine according to the vector 
product occurs in the case of a rotating wheel as illustrated in Figure 1-8. w 

Figure 1-8: Mirror Image Transformation of the Angular Velocity Vector 

By convention u>, the angular velocity, is a vector which points along the axis of 
rotation in a direction given by the right hand rule, meaning that if the fingers point 
along the direction of rotation of the rim then the thumb will point along the angular 
velocity vector. If a force, F, acts at a point on the perimeter of the wheel then it is 
found that the angular velocity will increase or decrease according to the equation: 

r x F = I dWDT (1-49) 
where I is the moment of inertia of the wheel. Thus the vector cv will change its 
magnitude due to a change in vectors operating at right angles to it. We note in 
Figure 1-8 that the mirror images of the vectors obey the expected rules for 
reflection. However, we see that the mirror image of w, denoted as o^i in Figure 1-
8, is not along the direction given by the cross-product of rM x FM which instead is 
the vector u/ in Figure 1-8. This is a good geometric description of how a 
pseudovector's behavior in reflection differs from a regular vector. 

One might naturally continue our discussion of vectors with the division of 
vectors. However, except for division by a scalar, we will not define vector division, 
since it has no application in the topics we will cover. 

Problem 1-1 
Given the vectors: 

- J B 
A A 

2i + j C = 
find: 

(a) A + B 
(f)B-C 

(c)A + B + C 

+ 2j + 2k 

(d) A«B (e) A«C ( b ) B + A 
( g ) A x B ( h ) B x A ( i ) A x C ® B x C 

(k) A»(B x C) (1) B«(A x C) (m) 0 ( A x B) (n) A x (B x C) 
(o) (A x B) x C (p) |A| (q) |B| (r) |C| 
(s) cos a where a = Z(A,B) (t)cos/? \J3 = Z(B,C)] 
(u) cos 7 where 7 = Z(A,C) (v) (A x B)»(A x C) 
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Problem 1-2 
Show that A x (B x C) = B(A»C) — C(A«B) by expanding the triple vector 
product in Cartesian Coordinates. 

1-3: Fields 
Most generally, physical quantities are not restricted to having values just at 

specific points. Instead the most usual and useful situation is when the description of 
the physical quantity involves a complete mathematical description over all space. 
This description may be functional or simply numerical. Such a representation is 
called afield. 

Just as there are scalar and vector quantities there are scalar and vector fields 
which represent them. In Figure 1-9 we show how fields can be described through 

(a) (b) 
Figure 1-9: Diagrams of: (a) A Scalar Field and (b) A Vector Field 

diagrams. In Figure l-9(a) we use a topographical map as our example of a scalar 
field. On such a map the lines indicate points of equal elevation. Each point on the 
line has the same value and that value completely describes the quantity we are 
interested in, namely the elevation at any point on the map. 

In Figure l-9(b) we have used as our example the flow of fluid over an air foil. 
Now the lines mean something entirely different. Each line, called a streamline, 
represents a set of points where a vector will lie tangent to the line connecting the 
points and indicates the direction the fluid is flowing. The magnitude of the vector is 
represented by the closeness of the lines. The closer they are together the higher the 
strength of the vector field as we have noted in the figure. 

The field concept has shown to be a most successful way to describe and predict 
experimental physical phenomena. Our aim is almost always to find a mathematical 
function which describes any given physical situation and represents the impact of 
the physical entity over all space. When we do that we can plot the field, describe 
how it interacts with other fields or objects or interpret the source or sources of the 
field. If our field is scalar we would describe it in Cartesian coordinates as 
U = U(x,y,z). On the other hand if we have a vector field its description in 



The Mathematics of Electricity and Magnetism 11 

Cartesian coordinates would be A(x,y,z) = Ax(x,y,z)i + Ay(x,y,z)j + Az(x,y,z)k. 
A complete description of the gravitational field of the earth would enable us at any 
point to find the magnitude and direction of the force on an object from which we 
could determine its velocity and trajectory, a technique used to predict the motion 
of satellites, for example. This makes it unnecessary to calculate continually the 
force at each point using the distance between the earth and the object. Because the 
field concept with respect to the electric and magnetic field has led to substantial 
simplification we will use the field concept as we develop the theory of electricity 
and magnetism. In fact the action-at-a distance concept has no use when we 
investigate electromagnetic waves. 

1-4: Vector Calculus: The Gradient 
Our objective is to use the physical situation we are given to find the field which 

represents the physical phenomena demonstrated by our experiment. Thus at any 
given point in space we will have a complete mathematical description of the effect 
be it scalar or vector. Often these fields can be described by continuous functions 
whose derivatives or integrals are useful in obtaining new information. Therefore we 
often will apply the techniques of calculus to a given field representation. 

As a first example we will introduce the concept of the gradient. If we take a 
scalar function, U(x,y,z), there will be many occasions when we will want to know 
its directional derivative, dU/dl, where dl is the incremental distance along any line 
of arbitrary orientation. We know from calculus that the total derivative can be 
written as: 

d u = f d x + f d y + f d z d-50) 
From the form of the scalar product (Equation 1-30) we can see that Equation 

1-50 can also be written as the scalar product of two vectors. One, which we will 
call VU, given by: 

VU=£Uf J + fk (1-51) 
and the other, the distance increment, dl, given by: 

dl = dx i + d y j + d z k (1-52) 
We note that Equation 1-52 represents the increment of distance between a 

point on the surface U(x,y,z) = $ x and a point on the surface U(x + dx, y + dy, 
z + dz) — $2- Thus: 

dU = VU-dl = f dx + f dy + f d z (1-53) 

The vector described by Equation 1-51 can be represented as a combination of a 
vector operator and the scalar function U(x, y, z). By vector operator we mean in 
this specific case that it combines with other functions by differentiating them. It is 
not a multiplicative factor. We call V the del operator and it is defined as: 

V = I ' + 4 j + | k (1-54) 
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and the expression, VU, is called the gradient of the scalar field U. 
We will now show that the gradient has three important properties which can be 

derived from the equation: 
dU = VU«dl = |VU||dl|cos a (1-55) 

We have plotted in Figure 1-10 a scalar field described by the equation 
U(x,y,z) = $ for two different values of $ . For the range of values of x, y, z there 
will be a series of sheets of which in Figure 1-10 we illustrate only two. 

VU \ <fc 

Figure 1-10: Behavior of V U(x,y,z) 

The incremental change in U, moving from one sheet to the other, is: 
dU = U1(x,y,z)-U2(x,y,z) (1-56) 

We can see from Figure 1-10 that there would be an infinite number of paths going 
from the point A on U1(x,y,z) to the adjacent surface U2(x,y,z). 

We can show that: 
(a) | VU| is equal to the maximum value of the directional derivative dU/dl. 
This follows directly from Equation 1-55 above. Rewriting our equation (since 

|dl| = dl), we have: 
^ = |VU|cos a (1-57) 

The maximum value of dU/dl occurs when cos a = 1, which simply means that for 
this case dU/dl = | VU| and therefore | VU| is equal to the maximum rate of change 
of the directional derivative dU/dl. 

(b) The direction of VU is normal to the surface defined by the function, 
U(x,y,z) = $ . 

To show this we take two points, B and C, on the sheet U2(x,y,z) as noted in 
Figure 1-10. Because we are confined to that sheet, dU = 0 and thus Equation 1-55 
becomes: 

VT>dlBC = |VU||dlBC |cosa = 0 (1-58) 
Again since VU and disc are not in general zero at arbitrary points on the sheet 

this equation can only be true if cos a = 0, which only happens when a = TT/2. 
Thus VU must be perpendicular to U since dlec lies on the surface defined by 
U2(x,y,z). 
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From this result we can find a vector normal to any surface, represented by the 
equation U(x,y,z) — c = 0. Since VU is normal to the surface then the normal 
vector to that surface, usually defined as n, will be given by the expression: 

A VU 
|VU| (1-59) 

For the special case where dl lies along n, we can designate dl as the normal 
derivative, dn. From Equation 1-55: 

dU = VU«dl = VU'dn = VU«n dn (1-60) 
Thus: 

g = VU.S = V U . ^ = |VU| (1-61) 

which means that the magnitude of | VU| is equal to the normal derivative of U. 
(c) The direction of VU lies in the direction of the maximum rate of 

increase of U. 
We have shown that VU is along the direction of n. We have also shown that 

| VU| is the maximum value of dU/dl at any point on U. From Equation 1-57 this 
means that cos a is unity and its maximum value. Because the sign is positive VU 
must then be pointing in the direction of increasing U and be the maximum rate of 
increase. 

The gradient can be visualized in another way. Suppose you are climbing up the 
side of a hill and want to follow the gradient of the hill. If you are walking up the 
steepest direction at each point in your path up the hill you would be following the 
gradient of the surface of the hill. 

The gradient has another useful property. Suppose we integrate both sides of 
Equation 1-60 giving us: 

ft VU-dl = ft dU = U2 - Ui (1-62) 
On the right side of the equation we have what is known as a total integral whose 
value can be found simply by evaluating U at the end points. However on the left 
side we have a special type of integral known as a line integral. In general, given 
specific limits, this kind of integral will vary with the path of integration. However 
Equation 1-62 says that the value of the integral is independent of the path which 
means that in this restricted case the line integral is the same as the regular integral. 
Since this is not generally true it is worthwhile to investigate the meaning of 
Equation 1-62 more thoroughly. This will tell us more about the properties of the 
gradient. 
The line integral can be converted to a regular set of integrals by using components. 
For example, in Cartesian coordinates we have: 

/,A«dl = JJAdl cos a = /Ax(x,y,z) dx + /Ay(x,y,z) dy + /Az(x,y,z) dz (1-63) 
Here a is the angle between the direction of the vector field A and the line 
increment dl. 

We have illustrated in Figure 1-11 how the direction of the line and the vector 
field will vary over the path of integration. We can see that in general the form of 



14 Intermediate Electromagnetic Theory 

the line integral noted in Equation 1-63 is quite different than the scalar integral 
which would merely be J A dl. 

Figure 1-11: The Integrand A*dl Changes Along the Path of Integration 

Example 1-1 Integration of a Line IntegraI:Independence of Path 
As a simple example of a line integral we integrate the gradient of the function 

U = xy (1-64) 
along a series of paths. The gradient is: 

VU = y i + x ] (1-65) 
We will use the three different paths illustrated in Figure 1-12. Path (1) 

y 

Figure 1-12: Paths of Integration of a the Line Integral 

will be the straight paths (0,0) —»(1,0) —»(1,1). Path (2) will be the path y = x, and 
finally path (3) will be the parabola y — x2. All go through the end points (0,0) and 
(1,1). Over path (1) our integral will be: 

J$ VU-dl = J ^ y dx + f$x dy = 0 + / > = 1 (1-66) 
where we have used the fact that y = 0 on the line segment (0,0) —> (1,0) and x — 1 
on the line segment (1,0) —• (1,1). If we next go on to path (2) we have the integral: 
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Jo lxdx + Jo'ydy = + r 
2 

T 1 

2 ^ 2 = 1 

Next we can use path (3). Our integral then becomes: 

/0Vdx+/0V/2dy = x_ 
3 

n 1 

J 0 + 
y3/2 + \ + T = 1 

(1-67) 

(1-68) 

thus our integral is independent of the path chosen. (Note that this does not prove 
that the value of the integral is independent of all possible paths which can be drawn 
between the limits. However the fact that it works for these paths is a good 
indication that indeed our integral is independent of path.) This property means that 
if our integration takes us around a complete loop then our integral would be: 

f cVl>dl = 0 (1-69) 
This can be seen directly from our above integrals. On path (1) our value of the 

integral was 1. On path (2) it was also 1. If we were to do a complete cycle our 
sense of integration would be in the opposite direction along y = x and our value 
for the integral would be — 1 making the total value of the integral around the 
complete circuit zero. 

Now suppose we find the line integral of the vector function, F 
Now our integral will be: 

j^F-dl = J JV dx + jftx dy = 0 + / > = 1 
For the line y = x, our integral is: 

y2i + x j . 

(1-70) 

/0
1
);>dl = J0

1x2dx + J0
,ydy 

„2. 
J 0 + m; 3 ^ 2 I (1-71) 

5 + 3 15 (1-72) 

(1-73) 

Next we will use the line y 

Ji'FMl = JoVdx + JoV^y = [^ ] \ [ | ,»/> 
Thus this line integral is not independent of path and 

y'F'dl / 0 
The line integral of a vector function, F, will be independent of path if F is the 

gradient of a scalar function <j), in other words, whether or not F = V 0 . In this case 
then the integral is: 

/*F-dl = J2 V0-dl - J%d<P - 0(B) - 0(A) (1-74) 
In principle all we need to do is determine if the integrand is the gradient of 

some function and then evaluate the function at the end points. In reality, although 
there are many techniques to do this, it may be difficult to find the function. Note 

A A 

that there is no function, f, for which F = y1 i + xj is the gradient. We will see that 
the property of being independent of path has important implications. 

More generally we can say that the integral /A F dx + G dy is independent of 
path if there is a function P such that dV/dx = F(x,y) and dV/dy = G(x.y). 
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1-5: The Divergence of a Vector 
We have found the result of what happens when the del operator operates on a 

scalar field. Now we consider what happens when we take a del operation on a 
vector field. We have two possibilities; a dot product operation, and a cross product 
operation. Both are defined and find extensive use. 

We first discuss the dot product. If we have a vector field described by 
A A A 

A(x,y,z) = Ax(x,y,z)i + Ay(x,y,z)j + Az(x,y,z)k then we define the divergence of 
the vector field as: 

V*A = ( £ ' + ffi + |k)-(Axi + Ayj + Azk) 
_ SA* d^ dAz 
~ dx + dy + dz t-1 /:'-' 

Although this is a straightforward mathematical definition, to describe its physical 
meaning we introduce another physical quantity which is known as the flux. Given a 
vector quantity A, the flux, ty&, of the vector is defined to be: 

* A = /A-dS (1-76) 
where dS is the area increment vector through which the vector A "flows". Thus 
flux is the measure of the number of field vector lines which cut through per unit 
surface area. 

In order to carry out a surface integral we need to define a means to determine 
the direction of the area vector in a consistent manner. In addition it has to 
coordinate with the way we define the positive direction of the line increment on its 
boundary. [This becomes important when we discuss Stokes's Theorem in Section 
1-8 below.] If the surface is closed the traversal along the boundary is usually 
defined so that the area vector points in the direction of the outward normal of the 
surface away from inside of the surface. For a plane surface, or a surface which has 
no definable interior, this definition would make the direction of the area vector 
ambiguous. Therefore we relate the area vector to the positive direction of the line 
increment, dl, according to the right hand rule. 

'dS 

/ 

dl 
Figure 1-13: Definition of the Direction of the Area Vector 

In Figure 1-13 the directions of both the area vector and dl are indicated. If the 
fingers of the right hand curl along the direction dl then the thumb points in the 
direction of the area vector which represents that area lying inside the boundary. 
Otherwise the definition of the area vector is quite arbitrary and we can set the 
direction in a way which is most convenient for the parameters of the problem. 
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To see how flux relates to the divergence we select an example from fluid 
mechanics. Suppose we have a fluid of density, p, moving with velocity v through a 
surface of area dS, as indicated in Figure 1-14. If the fluid flows a distance dy in 

z 

Figure 1-14: Fluid Flowing Through a Surface 

time dt, in terms of the general velocity, v, we have: 

dy = v j dt (1-77) 
Then the incremental amount of fluid flowing past the surface is: 

A A 

dm = p dx dy dz = p dx(v«j dt) dz = pv(dx dz j) dt = pv«dS dt (1-78) 
Thus the total amount of fluid flowing through the surface each second is just the 
integral: 

¥=J>«dS (1-79) 
which very much looks like our flux equation. In this case the flux represents the 
rate of fluid flow: 

# F = / s P v d S (1-80) 
Here we identify the flux, \PF, as the flux of the vector field, pv which by 

Equation 1-79 also is equivalent to the movement of mass per unit time which flows 
through the surface. 

1-6: The Divergence Theorem 
We next show that the flux of a vector field is related to its divergence. Let us 

take the example of fluid flow again and generalize to the case where we have fluid 
flowing through the surface of a volume in an arbitrary direction. 

As before the measure of fluid flow is: 
A(x,y,z) = pv (1-81) 

Let us divide the region in which the fluid is flowing into an increment of 
volume of dimension AxAyAz as we have illustrated in Figure 1-15. We will 
determine the flux through the surface of the cube. At the surface designated as (1) 
in the diagram the coordinates are x, y and z and the flux is: 

A«AS= - Ay(x,y,z)AxAz (1-82) 
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z A* 

A — 

Figure 1-15: Flux Flowing through a Cube 

At the surface designated as (2) in the diagram the coordinates are x, y 
and the flux is: 

A«AS = Ay(x,y + Ay,z)AxAz 
Thus the change of flux through the surface is: 

A*A)y = [Ay(x,y + Ay,z) - Ay(x,y,z)] AxAz 

A*A)y 
which, as Ax, Ay, Az -

: [Ay(x>y+Ayg-Ay(x,y,z)lAxAyAz 

0, becomes: 

d*A ) = - ^ dx dy dz 

Similarly, through the other sides we will have, in the same way: 
d*A)x = t * d x d y d z 
d * A ) z = ^ d x d y d z 

and the total change in flux is given by: 

»A=(^ + t + t' 1 dx dy dz 

- A y , z 

(1-83) 

(1-84) 

(1-85) 

(1-86) 

(1-87) 

(1-88) 

(1-89) 

(1-90) = (V-A) AT 

but since we have defined flux as d\I/A = A«dS, we have the equation: 
$ A = / s A«dS = JT V«A dr (1-91) 

where the surface integral includes the entire closed surface. Equation 1-91 is 
known as the divergence theorem. 

To see what this means for a physical situation we will use our example of fluid 
flow once more. Our "flow vector" was shown to be A = p\. If the rate of fluid 
flowing into the surface is the same as the rate flowing out of the surface then the 
flux integral ^A»dS must be zero. Since we are talking about an arbitrary surface 
this also means that V»A is zero. If there is more fluid flowing out of the surface 
than flowing into the surface then §A«dS ^ 0 and therefore V«A ^ 0. 
Conservation of matter leads us to assume that the only way this situation could 
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occur is that there must be creation of fluid within the enclosed volume. For any 
vector field, therefore, a non-zero divergence means that there is a source of the 
vector field somewhere. 

Here we have emphasized the physical meaning of Equation 1-91. However, the 
divergence theorem is also useful in applied mathematics because it is a way to 
evaluate either surface integrals or volume integrals. Usually the surface integral is 
the more difficult because it is a two-dimensional scalar product. In Figure 1-16 

Figure 1-16: Evaluation of a Surface Integral can be Done by Converting the 
Integral over a Surface to a Two-dimensional Integral over the x-y Plane 

we indicate geometrically how a surface integral may be evaluated. An integral over 
the surface would be 

/A«dS = J A dS cos a — /A-n dS (1-92) 
As we noted in Section 1-4 we know that the normal to the surface is along the 

gradient. If the surface is written in the functional form U(x,y,z) - c = 0 then the 
normal vector to the surface at any point can be written as: 

A V U 
n = fvuf (1-93) 

and our surface integral becomes: 
/A.dS = / A . | ^ d S (1-94) 

if we take the projection of the surface onto the x-y plane, as we have illustrated in 
Figure 1-16, we would have: 

ay * ay i au i 
U ds = k- m dS = £.*<_ dxdy 

thus: 
|VU| 

dz 
dS = 

ay 
dz 

dS = 
IVUI 

|9U7az|dxdy 
and the final form of the integral is 

/A.dS = / A'VU 
|dU/dz| dxdy 

dS (1-95) 

(1-96) 

(1-97) 
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Thus we have converted our surface integral into an integral in the x-y plane. If 
it is more convenient to use projections upon other planes the equivalent 
expressions would be: 

/A-dS = / A-VU dydz = / A-VU dxdz (1-98) |dU/3x| u> ^ - J \d\J/dy\ 

In some situations this process makes finding of the surface integral easier. 
However, in many cases the integrals represented by Equations 1-97 and 1-98 still 
will not reduce to common integrals and nothing is gained in the transformation. 

Example 1-2: Surface Integration 
In order to show how a surface integral can be evaluated we will take a 

A 

relatively simple situation and take the flux of a vector field, A = xi, intersecting 
with a surface defined by the plane U = x + y + z— 1 = 0 and the x-y, x-z and y-z 
planes such that x < 0, y < 0, z < 0, as shown in Figure 1-17. 

z 

A 

Figure 1-17: The Vector Field, A = xi , Intersects the Plane U = x + y + z — 1 

The parameters of the equation are: 
VU = i + j + k (1-99) 
A«VU = x (1-100) 
V A = 1 (1-101) 

We will project the sloping surface onto the x-y plane. Thus we use: 
\dWdz\ = 1 (1-102) 

Getting the equation: 

/A#dS = / i & K d x dy = / x dx dy (i-103) 
Thus: 

1 1 v 1 

/ ™ d x d y = / x d x / d y = ^ x - x 2 ) d x = ^ ( M 0 4 ) 
1 1 0 0 0 

The value of the surface integrals on the other three surfaces is zero. For the x-y 
plane and the x-z plane the integrals are zero because the terms A and dS are 
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perpendicular to one another on those two planes. The value o f the integral on the 
y-z plane is zero because x = 0 and thus A = 0 on that surface. W e must include 
the entire surface in our surface integration, which w e have done . 

W e use the divergence theorem to check our answer. Thus : 
1 i_x l - x - y 

J r V « A AT = / d x dy dz = / d x f dy J dz (1-105) 

J r V A AT = / k l - 2x + x2) dx = 2 x 2 ~*~ 6 (1-106) 

and our answers are consistent, showing for this specific example, at least, that the 
integral / V ' A d T is equal to the surface integral, /A»dS. The fact that V*A ^ 0 
means that the field has a source somewhere within the volume. 

1-7: The Curl of a Vector 
We next consider how the del operator combines with a vector using the cross 

product. Using the determinant representation of a vector product (Equation 1-43) 
we have: 

V x A d_ 
dx 

A 

j 
d_ 
dy 

A 

k 
d_ 
dz 
A z 

(1-107) 

(3A; 
dx ) i 

dAy 

V ax 
( t)* (1-108) 

^x ^ y 

_ (dhz _ 3 M * , (SAK 
— \dy dz ) ' "+" V dz 

We call this function the curl of A. 
To get some idea of what this quantity means in a physical situation we examine 

the two vector fields: 

A i = - y i + x ] (1-109) 
and 

A 2 = x i + y j (1-110) 
which we plot in Figure 1-18. 

From the definition of the curl and the divergence, operating upon A, we have: 

* * A, - ( ^ - 3?) t+(«&.-$-)) 
+ ( ^ " f ) t 

= ( 0 - 0 ) i + ( 0 - 0 ) j + ( l + l ) k 

V x A, = 2k 
dA,„ <9A,, My dAlz 

dx "•" dy + dz 0 V«Ai 

Using these same operations on A2 , we have: 
V x A2 = 0 

(1-111) 

(1-112) 

(1-113) 

(1-114) 

(1-115) 
and, 
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V-A2 = 2 (1-116) 

\ * / 

/ 

• * — » - * 

(») 

\ 

(b) 
Figure 1-18 Plot of: (a) A1 = — y i + x j and (b) A2 = x i + y j 

Thus Aj has a curl and no divergence and A2 has a divergence but no curl. 
From Figure 1-18(a), the plot of A l s it is evident that what this means physically is 
that the curl is related to the circulation of the vector field about a point. Using the 
analogy of fluid flow again it is a measure of the vortices which may occur in the 
field. Indeed the name curl is a description of what is happening to the field meaning 
that the field lines curve. In some texts, especially European ones, V x A is called 
rot A also a descriptive term for what the term describes physically. 

From Figure 1-18(b) since there is no vortex motion one would expect the curl 
of the field to be zero and it is. The divergence of the field is not. Again the term is 
very descriptive. The field diverges as we move away from the origin, and the 
nature of the field indicates that there must be a source somewhere in order to 
create the flow as diagrammed. This situation would be what would occur if a point 
source of fluid is flowing out in all directions from the origin onto an infinite smooth 
plane. 

1-8: Stokes's Theorem 
We will now show that the curl is related to another vector quantity. Given the 

vector field: 

A = Ax(x,y,z)i + Ay(x,y,z)j + Az(x,y,z) k (1-117) 
we will evaluate the surface integral of its curl on the surface, U(x,y,z) — 0 for a 
specified region on that surface. In Figure 1-19 we illustrate the region and we will 
show that the surface integral of the curl of A in that region is related to the line 
integral of A around the perimeter of that region. 
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x A 

Figure 1-19: The Vector Field A Intersects the Surface U(x,y,z) = 0 

First we take the projection of the area of the region onto the x-y plane, as 
illustrated in Figure 1-19, and then divide this area into infinitesimal increments of 
area of dimension AxAy as shown in Figure 1-20(a). We will take the line integral 
about one of the increments as noted in Figure l-20(b). 

(a) (b) 
Figure 1-20: (a) The Projection of S on the x-y Plane; (b) an Increment of the 

Surface has been Enlarged Showing the Direction of Integration 

The integral for the incremental area will be given by: 
&A.dl - J > x dx + JB

CAy dy + /C
DAX dx + J > y dy (1-118) 

In this case because the line vector and the field vector lie in the same direction cos 
a = 1 and the line integral and the ordinary integral become the same thing. 

Using the mean value theorem the integrals in x are: 
Xf Ax dx ~ Ax(Xl,y,z)Ax (1-119) 

J*c
DAxdx = - Jo Axdx ~ - Ax (x2,y + Ay,z)Ax (1-120) 

where xx and x2 are mean values of x within the intervals and where the minus sign 
comes from the fact that the line segment vector points in the negative x direction. 
Thus the sum of the two integrals is: 

XfAxdx + /«?Axdx ~ [Ax(xx,y,z) - Ax(x2,y + Ay,z)] Ax (1-121) 



24 Intermediate Electromagnetic Theory 

Taking a Taylor Series expansion of the last term in the brackets we have: 

Ax(x2,y + Ay,z) ~ Ax(x2,y,z) + 8 A x (g'y ' z ) Ay + • • • (1-122) 

and we have: 

JA
BAX dx + /c°Axdx ~ [Ax(Xl,y,z) - Ax(x2,y,z) - ^ § ^ Ay] (1-123) 

as Ax and Ay —> 0, xj —> x and x2 —> x. Thus in this limit: 

A Axdx + / c Axdx -^ - ^ Ax Ay (1-124) 

We can go through this process for the other pair of integrals and we will get: 

JB
CAy dy + /D

AAy dy ~ Ay(x + Ax,yi,z)Ay - Ay(x,y2,z)Ay (1-125) 

^ Ay(x,yi,z)Ay + dAy<™**> AxAy - Ay(x,y2,z) Ay - > ^ * Ax Ay (1-126) 
where we have taken the limits Ax —> 0, Ay —> 0, meaning that yi —> y and 
y2 —> y. Thus: 

fAxAyA-dl = ( ^ " f O A x Ay = (V x A)z ASZ (1-127) 
Note that we have evaluated the integral on one of the squares. If we add up all 

of the contributions we can see from Figure 1-21 that the integrals along adjacent 
lines will cancel because the value of the integrals on the common line are equal but 
have opposite signs. If we add up the integrals along the strip Ax wide the only 
integrals which are not canceled are the ones on the boundary along dli and dln 

because on those lines there are no adjacent cells. By adding up the integrals from 
all the cells we are left with only the line integrals on the boundary of the curve. 
Thus: 

00 

Lim E fA A A*d , i = §c A # d l = k V x A«dS (1-128) 
Ax,Ay ^ (h t l j A x A y J c" JSz V ' 
Similar expressions will result when the same process is used for the x-z plane 

and the y-z plane. When added to the above expression we will have the equation: 
/ S V x A»dS = fcA«dl (1-129) 

where S and C are the actual surface and line. 
This is called Stokes's Theorem. Physically it means that the circulation (i.e. 

curl) of a vector on the surface which is enclosed by a curve can be determined by 
evaluating the line integral of that vector on that that curve. Not only does this 
theorem have wide application in physics it also is a very effective way to evaluate 
difficult surface integrals. Regardless of the nature of the surfaces the term, $.A«dl, 
is the same. Therefore, we are led to the non-intuitive result that / V x A«dS must 
have the same value for all surfaces bounded by the curve as long as they are 
continuous. 

We have noted that both the divergence and the curl provide a physical 
description of any vector field. They give us information about the sources of the 
field and the behavior of the field lines in any region within the field. One would not 
be surprised then to know that it can be shown that if the curl and divergence of the 
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field are given then the field is uniquely determined, provided the field is well 
behaved on the boundary of the region and at infinity. This fact is known as 
Helmholtz's Theorem. Thus finding the divergence and the curl of a vector field 
becomes very important, as we will illustrate throughout the text, to the 
understanding of the properties of vector fields. 

1-9: Derivatives of Scalar and Vector Products 
Since there are several varieties of vector products there will be combinations of 

derivatives which one has to take into consideration. The gradient is defined only 
when it operates on a scalar. Thus it can operate only upon the product of two 
scalars or upon the vector dot product. The gradient of the product of two scalars U 
and V is: 

VUV = UVV + VVU (1-130) 
and the gradient of the dot product of two vectors A and B is: 

V(A'B) = A x (V x B) + B x (V x A) + (A«V)B + (B-V)A (1-131) 
The divergence is defined only when it operates upon a vector and thus can be 

used only with the vector product or the product of a vector and a scalar. For these 
two situations we have: 

V«(UA) = U(V'A) + A«VU (1-132) 
V - ( A x B ) = B - V x A - A ' V x B (1-133) 

Similarly the curl is defined only when it operates on a vector. Thus, it can be 
used only with a scalar times a vector or with the cross-product. In these two 
situations we have: 

V x ( U A ) = U ( V x A ) - A x VU (1-134) 
V x (A x B) = (B«V)A - (A-V)B + A(V«B) - B(V-A) (1-135) 

These relationships can be derived in a straightforward manner by using the 
vector operations as they have been defined. Note, however, that the rules for 
vector derivatives are quite different from the analogous scalar derivatives. 

1-10: Higher Derivatives 
We need to consider also the many ways we can arrange the gradient, the 

divergence and the curl to make second derivatives. For those operations which are 
defined all have important applications in physics. It turns out that it is not necessary 
to go to third derivatives. 

The possible second order derivatives are as follows: 
(a) Gradient of the gradient ~ V(VU) 

This is not defined because the gradient can operate only on a scalar. 
(b) Gradient of the divergence ~ V(V»A) 

This is defined through the operations already defined above (Equation 1-31): 

V<V-A)-(£t+#+#)(fc + $ + fH (..136, 
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(c) Gradient of the curl - V ( V x A) 
This is also not defined because the gradient can only operate on a scalar. 

(d) Divergence of the gradient ~V«VU (usually written as V2U) 
Using our definitions of the gradient and the divergence operations we have: 

V - V U = ( | i + | j + |fe>(fi+fi + f k ) (1-137) 

V'VU = 0 + §£ + 0 = V2U (1-138) 
The operator, V2, is an important differential operator of physics and comes up 

often enough so that it has been given a special name. It is known as the Laplacian 
operator. 
(e) Divergence of the divergence ~ V*(V«A) 

This is not defined because the divergence can only operate on a vector. 
(f) Divergence of the curl — V*V x A 

Using the operations we have defined above: 
d* 

V ' V x A ( # + # + # ) • 

($-£)t+(fc+ £)! + (£ + $)*] <'-139> 
'9Aj _ 

dy dz 

When written out this becomes: 

dxdy 
V ' V X A : + 

92AX d2Az 

+ 
32AV d2A 

dzdy - ^ = 0 (1-140) dxdz dydz dydx ~ dzdx 

Here we have used the fact that the order of differentiation makes no difference. 
Thus all terms cancel out regardless of the nature of A as long as it is a continuous 
function. This important identity is useful in simplifying vector expressions and we 
will have occasion to use it often. 
(g) Curl of the gradient - V x VU 

Using the determinant representation of the curl we have: 

V x VU 

V x V U : *( d2\J 
\dydz 

<
•-

JL JL 
dx dy 
dU 8U 
dx dy 

dzdy) + J 

A 

k 
d 
3z 
9U 
dz 

( a2u _ d2v\ 
\ dzdx dxdz J 

-I _ k \dxdy 

(1-141) 

(1-142) dydx) - ° 
where we have again used the fact that the order of differentiation makes no 
difference. This is another important identity used to simplify vector expressions. 
(h) Curl of the divergence - V x (V«A) 

This is not defined because the curl can only operate on a vector. 
(i) Curl of the curl - V x V x A 

This is determined by taking the curl twice. 
(j) The Laplacian of a vector. 

This is denned by the relationship: 

file:///dydz
file:///dxdy
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V x V x A = V(V«A) - V 2 A (1-143) 
By rearranging terms we have: 

V2A = V (V»A) - V x V x A (1-144) 
The terms on the right are defined in (b) and (i) above and are determined by 

just carrying out the operations. The resultant term represents the Laplacian of the 
vector. It should be noted and emphasized that only in Cartesian coordinates is the 
Laplacian of the vector given simply by the Laplacian of the components of the 
vector. Thus: 

V2A(x,y,z) = [V2Ax(x,y,z)]i + [V2 Ay(x,y,z)] j + [V2Az(x,y,z)] k (1-145) 
but in polar coordinates (defined in the next section), for example: 
V2A(r,0,</>) ^ [V2Ar(r,0,0)] e \ + [V2A^(r,^,0)] £0 + [V2A^(r,0,4>)] e^ (1-146) 

because, as we will show below, the derivatives of er, e# and e^ are not zero. 

Problem 1-3 
Find the expressions for V(V*A) and V x (V x A) in Cartesian coordinates. 

1-11: Curvilinear Coordinates 
The symmetry of a given problem may be such that Cartesian coordinates would 

lead to an overly complicated expression or an unusual solution. Indeed the problem 
may not have solutions which can be expressed in closed form. Changing the 
relevant equations to another coordinate system may lead to a significant 
simplification of the problem. Therefore we would like to find out what form basic 
equations have in other coordinate systems. 

In addition to making our problem simpler it is also useful when the equation, 
V2ip + k2^ = 0, when transformed to another coordinate system, makes the 
equation separable. There are eleven different coordinate systems for which this is 
true, elliptic and parabolic coordinate systems, for example, but, for the situations 
we will encounter in this text, only two coordinate systems in addition to Cartesian 
coordinates are needed, namely cylindrical coordinates and spherical coordinates. 

For Cartesian coordinates we have chosen our coordinates to be x, y and z and 
A A A 

our base vectors, as we have noted, are the unit vectors, i, j and k, which lie on the 
x, y, and z axes respectively. We define the base vectors in a similar manner for 
other coordinates. For cylindrical coordinates our coordinates are p, <j> and z and 
our base vectors are the unit vectors ep, e ,̂ and ez which are defined in Figure 1-
21. For spherical coordinates our coordinates are r, 8 and <j> and our base vectors 
are the unit vectors er, e# and e^ which are defined in Figure 1-22. We have made 
these choices for our coordinates so that there will be a minimum of ambiguity 
between them. The variables in equations will always indicate what coordinate 
system they have been referenced to. Although some other texts define the base 
vectors differently ours is by far the most common convention but the student 
should be aware that there are other conventions in current use. 
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We will first study the cylindrical coordinate system. In Figure 1-21 we have 

\ P(p,(p,z) 

Figure 1-21: Geometric Description of Cylindrical Coordinates 

illustrated the way the variables and base vectors are defined geometrically. In terms 
of the Cartesian coordinates the cylindrical coordinates are: 

P \ /x 2 + y2 

* = t a n - i ( j ) 

(1-147) 

(1-148) 

(1-149) 

(1-150) 
(1-151) 
(1-152) 

z = z 
The reverse transformation is given by: 

x = p cos (j> 
y = p sin <j) 
z = z 

A A A 

The unit vectors, expressed in terms of i, j and k are: 
A £ . ^ ^ A A 

ep = cos <f> i 4- sin cj> j i = cos § ep — sin (j) e^ 
j = sin (j> ep + cos (j> e^ 
k = ez 

One of the great advantages of the Cartesian coordinates is that the base vectors 
are constant vectors. Note that some of the base vectors in cylindrical coordinates 
are not constant. For example, 

-jf= - s i n ( / » i + c o s ^ j = e ^ ; -^ •. 

However all other derivatives of the unit vectors are zero. 
The element of length in cylindrical coordinates is: 

dl = dpep + p d<f> e^ + dz ez 

The elements of area are: 
dAp = p dcp dz 
dA,* = dp dz 

e ,̂ — -sin</>i +cos</> j 

ez = k 

cos <f>\ — sin <j>; j A 

- e „ 

(1-153) 

(1-154) 

(1-155) 

(1-156) 

(1-157) 

(1-158) 
(1-159) 
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dAz = p dp d<p 
and the element of volume is: 

dr — p dp dcj) dz 
The expressions for the vector derivative operators are: 

The gradient: 

The divergence: 

The curl: 

V x A = ( l 

VU=fep + If^ + fg z 

V-A 
P dp yPAp)+

 P d(j) 
3A0 . 1 . , 1 &A^ 
dp + iA0+i p d<f> + 

dkz 

dz 
dA7 

dAz 
dA<f, 
dz 

dz 

+ 

which can also be represented by the determinant: 
A A 

I d_ d 
P 

V x A 

Ap pfy 

A 
e z 
d_ 
dz 

Az 

(1-160) 

(1-161) 

(1-162) 

(1-163) 

(1-164) 

(1-165) 

(1-166) 

The Laplacian is given by: 

™ = H('f) + ?iF + l ¥ <'-'«> 
The expressions above can be derived in many ways and a more thorough 

discussion can be found in the references noted at the end of the chapter. One 
method is to use the chain rule for derivatives. Thus, in terms of p, <f> and z, the 
partial of x is: 

d _ dp d_ d<t> _a_ . dz d 
dx dx dp 

since p — \/x2 + y2 we have 
dp 
dx 

+ dx d<j> dx dz 

__ x _ pCOS < 

since cp = 
d± _ 
dx — 

also; 

Therefore: 

Similarly: 

( x 2 _j_ y 2 ) l / 2 

tan -1 ( x ) w e ' i a v e 

_ /y_\ i y _ p s i n < 

cos <p 

^x2> 1 + (y /x) 2 
xi + yl 

1 = 0 

ik =cos ^ i 
d • , d 

dj=sm<Pdp-

sin i; 

P 
_d_ 
d<t> 

s in i) 

P 

(1-168) 

(1-169) 

(1-170) 

(1-171) 

(1-172) 

(1-173) 
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and 
JL _ A 
dz dz 

Therefore from these expressions the gradient, 

vu = £ f + f? + ffc dx 

(1-174) 

(1-175) 

becomes: 
V U = [(cos 4> I - ^ ^ ) u ] (Sp cos <f> - e> sin <j>) 

+ [(sin <j> | + ^ ^ ) u ] (gp sin * + e 0 cos <j>) + § Sz (1-176) 

which reduces to Equation 1-164 above. A similar process will yield the other 
equations. 

Spherical coordinates, whose geometry is illustrated in Figure 1-22, are defined 
as: 

r = i/x2 + y2 + z2 

cos ^x 2 + y2 + z2 

(1-177) 

(1-178) 

(1-179) 

P(r,8,cp) 

Figure 1-22: Geometric Description of Spherical Coordinates 

Conversely the Cartesian coordinates in terms of the spherical coordinates are: 
x = r sin 0 cos 4> (1-180) 
y = r sin 0 sin <j> (1-181) 
z = rcos0 (1-182) 

The unit vectors are: 

er = sin 0 cos <j> i + sin 0 sin <j> j + cos 0 k 

i = sin 6 cos ^ er + cos 0 cos (j) eg — sm<j) e^ 
A A A A 

eg = cos 0cos </> i + cos 0 sin <j> j — sin 0 k 

(1-183) 
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j = sin 9 sin <j> e r + cos 6 sin <j> eg + cos <p e. 

e^ — — sin (j> i + cos <j> j k = cos 9 e r — sin 9 e6 

(1-184) 

(1-185) 

Again all of the base vectors are not constant: 
der 

dr = 0 dS ± dr _ u dr 
de A A • A 

-To = cos 9 cos 0 i + cos 6 sin $ j — sin 9 k 

:0 
A 

ee 
dea A A A A 

-jo = — sin 0 cos <j> i — sin 0 sin >̂ j — cos 0k — — er 
d8, £ 0 

A A A 

= — sin 0 sin 0 i + sin 0 cos </> j = sin 0 e„ 

de 
der 

d0 
deo A A 

—e = — cos 0sin </> i + cos 9 cos 0 j d(j> 

ded 

cos 0 e„ 
A 

sin^j d , = — cos <£ i — sin <j> j = — sin 9 er — cos 9 eg 

The element of length in spherical coordinates is: 
dl = dr e r + r &9 eg + r sin 0 d(j) e^ 

Similarly the elements of area are: 
dAr=r2sin6>d0d4> 
dA# = r sin 0 Acj> dr 
dA ,̂ = r dr d0 

and the element for volume is: 
dT = r2drsin<9d0d</> 

The vector derivatives are as follows: 
The gradient is: 

T7TT * A 1 d\J A 1 

The divergence is; 

V'A = J | (r2Ar) + p4^ | (sm 0A,) + ^ 
The curl is: 

£*„ 

d<t> 

V x A l (s in0A^)-^f]A
r + 

rsine [ae 

Again we can use the determinant notation; 
r sin 0 e, 

l 

l ( ^ ) - ^ 

V x A = 

The Laplacian is; 

r2sin e 

A 

e r 

a_ 
dr 

A 
ree 

d_ 
de 

d_ 
d<j> 

Ar TAQ r sin 9 A^ 

(1-186) 

(1-187) 

(1-188) 

(1-189) 

(1-190) 

(1-191) 

(1-192) 

(1-193) 

(1-194) 
(1-195) 
(1-196) 

(1-197) 

(1-198) 

(1-199) 

4, (1-200) 

(1-201) 
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V2TT - 1 9. (2 9U\ _ J _ _3_ ( ™ a 9U\ 
V U - r2 dr {T dt ) + r2sin 0 89 \Sm ^ 80 ) + 

1 
r2sin26> 9tf>2 (1-202) 

It is instructive to see how the expressions for certain functions differ according 
to what coordinate system is being used. In Figure 1-23 we illustrate one way to 

P(x,y,z) 

Figure 1-23: The Definition of the Position Vector 

express the displacement vector, which is also the convention we will use in this 
text. Because it often is not convenient or possible to use the origin as the reference, 
we define the position vector to be: 

R = ( x - x ' ) i + ( y - y ' ) j + ( z - z ' ) k (1-203) 
Here the coordinates x,y,z refer to a region where the observer is located who is 

recording data at a point, P(x,y,z), which we call the field point. The coordinates x', 
/ and z' refer to a region where the effects being observed are generated from. A 
point in this region, P(x',y',z') is therefore called a source point. For example, if we 
were studying the motion of an object in the earth's gravitational field,P(x,y,z) 
would be a point in the object and P(x',Y,T!) would be a point on the earth. 

We now explore the applications of the vector operator upon this representation 
of distance. As a first example we find the gradient of the term 1/R. In Cartesian 
coordinates we have: 

I _ 1 
R 

The gradient is: 
V^x-x')2 + ( y - / ) 2 + (z-z')2 

;-l/2)2(x-x/)i+(-l/2)2(y-y/)j+(-l/2)2(z-z/)k 
[(x-x')2+(y-y)2+(z-z')2]3/2 

_ R__ _ £ R 
~ R3 "~ R2 

Note that if we assumed that r was constant and r1 varied then: 

(1-204) 

it) 
(1-205) 

(1-206) 

(1-207) 

where V means differentiation with respect to the primed coordinates. 
To use the other coordinate systems we need to take into consideration that the 

base vectors change as we move from R to R'. They point in one direction along r 
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A A A 

and in another direction along r whereas the vectors i, j , and k always point in the 
same direction. 

To find out what R would look like in the other coordinate systems it is 
convenient to start with the expression in Cartesian coordinates and use the unit 
vector transformations Equations 1-153 through 1-155 and Equations 1-183 
through 1-185. Thus, since in Cartesian coordinates: 

R = (x - x ' ) i + (y - y0 j + (z - z') k 
in cylindrical coordinates R becomes: 

R = (p cos (f> — p'cos <j)')(cos <j> ep — sin <j) e^) + 
(p sin (j> — p'sin ft)(s\n (j>ep+ cos <f> e^) + (z — z!) ez 

which reduces to: 
R = [p - p'cos(<f> - ft)] ep + p'sin(<j) - ft) e^ + (z - z!) ez 

In spherical coordinate the expression for R is even more complicated: 
R = [r — r'sin 9 sin 9'cos(<p — ft) — r'cos 0 cos 9'] e r 

+ r1 [sin 9 cos 9' — cos 6 sin 9'cos(<t> — ft)] eg 
+ r'sin 0'sin(<£ — ft) e^ 

Let us find the divergence of R in Cartesian coordinates. Then: 

= 1 + 1 + 1 = 3 
Now lets try this with cylindrical coordinates: 

i i / „ D x , 1 dR ,̂ dRz 

p dp yp^p)+
 P d<t> + dz 

+ ( y - y ' ) j + ( z - z ' ) k 

V«R = 

P dp 

(1-209) 

(1-210) 

(1-211) 

(1-212) 

(1-213) 

(1-214) 

(1-215) 

= }[^" 

pp'cos(4> - ft)} + 
l-^[p>sm(ct>-ft)} + £(z-z!) (1-216) 

p'cos(^) - ft)] + \ p'cos(<t> -<£ ' )+ 1 = 2 + 1 = 3 (1-217) 

Similarly, if we used spherical coordinates we would obtain the same answer. 

Problem 1-4 
Find the gradient and Laplacian of the following scalar fields: 

(a) U(x,y,z) + 2xy + y2 

(b) U(x,y,z) = 2xyz 
COS (ft 

,2 (c)\J(p,ftz) 

(d)U(r,0,<£) 
Problem 1-5 
Show that: 

(a) (A«V)r 
(b) V(A-r) 

p° 

r2sin 9 cos </> 

A 
A 

(c)VU(r) = f § 
where A is a constant vector 

dU A 
dr e r 
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(d) V(A«B x r) = A x B where A and B are constant vectors 
Problem 1-6 
FindU(r)ifV'U(r)r = 0 
Problem 1-7 
Find the divergence of the following functions: 

A A A 

(a) A = x i + y 3 j - 2zk 
(b) A = x2 i - y2 J + 2xyz k 
(c) A = p2sin <j> ep + cos cj> e^ + ez 

, , > . s i n <b A c o s d> A n A 

(d) A = - ^ er - —f- eg + r cos 0 e^ 
Problem 1-8 
Find the curl of the following functions: 

A A A 

(a)A = x i + y j + z k 
A A A 

(b)A = yzi + x z j + x y k 
(c) A = p cos <f> ep + p sin (j> e^ + p2 ez 

(d) A = cos <f> er + sin <j> eg + r cos 0 e^ 
Problem 1-9 
Find j^A'dl along any of the paths defined below if A = 2xy i + 2x2y j : 

(a) (0,0) —• (1,0) -^ (1,1); on the x-axis and then parallel to the 
y-axis 

(b)(0,0)-^(l , l )alongx = y 
(c) (0,0) -»(1,1) along y = x2 

Problem 1-10 
A A A 

Given the vector field, A = xy i + 2yz j + 3xz k, find its line integral around the 
triangle (0,0,0) -> (0,2,0) -»• (0,0,2) -»• (0,0,0). Verify the answer using Stokes's 
Theorem. 
Problem 1-11 

A A 

Find the line integral of the vector field, A = yi — xj, moving clockwise on the 
curve x2 + y2 = 1. Check by using Stokes's Theorem. 
Problem 1-12 

A A A 

The vector field, A = xyi + 3yj + xzk, intersects the surface defined by the 
function x + y + z = 1 and the coordinate planes. Find the flux through the surface 
using the surface integral and check using the divergence theorem. 
Problem 1-13 

A A A 

Find the flux of the field, A = xi + 2yj + zk, through the hemisphere given by the 
equations x2 + y 2 + z2 — 1, z > 0, using both the surface integral and the 
divergence theorem. 
Problem 1-14 
Show that V*r = V ' R = 3 for spherical coordinates. 
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1-12: Tensors and Matrices 
Many types of physical phenomena require more designation than just a 

magnitude, such as scalars, or magnitude and direction such as vectors. For 
example, force in a material applied along the x-axis may also create stresses along 
the y- and z-axes. We have no way of describing this through the vector description 
and instead need to invoke the properties of a mathematical entity which we call a 
tensor. 

To introduce tensors we will define them by their transformation properties. 
Thus a tensor is any quantity which transforms from one coordinate system (x, y, z) 
to another (x', y1, z!) as: 

T y k = E i E j E k - • • QlCjmCkn- • -Tlmn... (1-218) 

The number of subscripts defines the rank of the tensor. For example, for a 
tensor of rank zero we have: 

T' = T (1-219) 
which means that there is no transformation at all. It is a pure number and thus a 
scalar. 

A tensor of rank one transforms as: 
TJ = E jQj Tj (1-220) 

We will see that vectors transform in this way and thus vectors are technically 
tensors of rank one. 

A tensor of rank two transforms as: 
TJj = ElEmCilCjmTlm (1-221) 

Tensor interactions are fairly common. In addition to stress, which we have 
already mentioned, the quantities of moment of inertia and dielectric polarization 
and index of refraction require tensors to describe their properties most generally. 
Linear or vector approximations are usually made, however. They are easier to deal 
with. 

Usually, a tensor of rank two is adequate to describe most natural phenomena. 
Thus the term tensor usually refers to a second rank tensor. 

A common method of working with tensors involves using matrices to represent 
the transformation equations. We will therefore summarize the properties of 
matrices and show how they are applied to tensors. 

Simply defined a matrix is an array of numbers which are arranged in rows and 
columns and which obey certain rules of algebra. We represent a matrix by writing 
the array in brackets. For example, a general matrix, a, is written as: 

an a12 ••• a ln 

a2i a22 ••• a2n 

.^ml 3m2 

(1-222) 
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The entity, a, is referred to as an mxn (m by n) matrix or a matrix of size m by n. 
The elements of the matrix are the ay and by convention i refers to the row and j to 
the column. 

If we have two matrices, a and b, the sum, c, is defined to be the matrix whose 
elements are cy = ay + by. This means that matrix addition has meaning only if a 
and b are the same size. Thus c = a + b is written as: 

en 
c 2 i 

C12 

C22 

Cml C m 2 

C m 

C2n 

c m n 

an + b n 
a2i + b2i 

ai2 
a 22 

bn 
b22 

am 
a2n 

bm 

"t>2n 

" bmn 

(1-223) 

aml + bmi am2 + bni2 • • • at 

From this definition we can see that the matrices obey the commutative and 
associative laws of addition. Thus: 

a + b = b + a (1-224) 
a + (b + c) = (a + b) + c (1-225) 

Subtraction is defined in the same way. Thus if c = a — b then cy = ay — by. 
Multiplication by a scalar c = ka means that each element of the matrix is 

multiplied by the scalar, k, and the elements of c are cy = kay. 
The product of a and b, c = ab, has components defined as: 

Cij = Ekaikt>kj (1-226) 
The matrices a and b do not have to be the same size. However the number of 

columns of a has to be equal to the number of rows of b or the product of the two 
matrices is not defined. This means also that ab is not necessarily equal to ba. It is 
possible that one product exists but not the other. To illustrate the process of 
multiplication we take the two general 2 x 2 matrices, a and b: 

(1-227) 

(1-228) 

a = 
an a n 
a2i a22 

b = 
5 " 

bn b n 

_b2i b22 
The different products are: 

ab = 
a n b n + a x 

a 2 ibn + a 2 

2^21 a n t 

2^21 a2 i t 
>12 + ai2b22 

»12 + a22b22 

ba (1-229) 
bnan + bi2a2i bna12 + b12a22 

b2ian + b22a2i l^ia^ + b22a22 
As we can see, in general, no element of either matrix is the same. 

[Multiplication of matrices can be remembered by noting that the product en is 
found by multiplying each element of the first row of a by the corresponding 
element of the first column of b. Similarly, c2i is the product of each element of the 
second row of a by the corresponding element of the first column of b and so on 
until each element of c has been found.] 

A unit matrix can be defined such that: 
la = al (1-230) 
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and will be valid for any matrix a . The elements of the matrix are 
ly = Sij 

where 6\j is the Kronecker 6, 

«g = 0 

6ij = l 
Thus the unit matrix is repress 

1 = 

aited as: 
"1 0 •• 
0 1 •• 

6 6 •• 

i f i ^ J 
i f i= j 

• 0" 
• 0 

• i 

(1-231) 

(1-232) 
(1-233) 

(1-234) 

To indicate how matrices are used in working with the transformation of 
tensors, we use the second order tensor, Ty. 

As we noted the transformation is defined as: 
T-j = ElEmQlQmTln (1-235) 

We note that the transformation equation is not consistent with the definition of 
matrix multiplication, Equation 1-226. To put it in a form so that matrix techniques 
can be used we rearrange the terms: 

TTjj = ] L l D m C i l C j m T l m = X)lX)mC i l ' r lmCjm = Z a ] C m C j i T i m C m j (1-236) 

where C mj is the transpose of the matrix c and is created by exchanging the rows 
by the columns. For example, for the two-by-two matrix: 

(1-237) 

the transpose is: 

a = 

a = 

a 

.7 

a 

_P 

/?' 
6 

7 
6 

(1-238) 

(1-239) 

Written in matrix notation, the transformation of a tensor can therefore be given 
by: 

T ' = aTa 
where the tensor itself is represented as a matrix. 

For a certain class of transformations the matrices representing the 
transformations have some very useful properties. For simplicity we will restrict 
ourselves to tensors of the first rank or vectors, although what we will prove will 
apply to tensors of any rank. Because physical entities represented by vectors, such 
as force and position, do not change their magnitudes under a coordinate 
transformation, we require that the length of our general vector remain invariant 
after all transformations. The vector transformations are represented by the two 
equations: 

A = Sjagrj (1-240) 
r, = Ekbiki^ (1-241) 

and, to keep the length of the vector constant, they must obey the equation: 
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Si ( r ; ) 2 =Sj ( r j ) 2 (1-242) 
We transform the left side getting: 

E i f t ) 2 = EjEj ayrjSk aikrk = EiEjEk aijaikrjrk = Ej (rj)2 (1-243) 
which is true only if: 

Ejayafc = (5jk (1-244) 
then: 

EiEjEk aijajkrjrk = E j E ^ ^ i * = Ej ( r j)
2 (1-245) 

Similarly if we had started with (rj) we would have ended up with: 
Eibybik = 6jk (1-246) 

We can find other properties of the transformation matrix by requiring that the 
inverse transformation return r; and r- back into themselves. Thus: 

rj = Ejayrj = E j E ^ t * ^ (1-247) 
is true only if: 

Ejaijbjk = Sik (1-248) 
This is in the form of matrix multiplication and says that: 

ab = 1 (1-249) 
which in turn means that: 

b = a"1 (1-250) 
If we had started with r; we would have ended up with the equation: 

Ejbijajk = 6ik (1-251) 
which leads to the same results. 

Finally we find another relationship by considering the product: 
EiEkakpakjbjj = E ^ b y = bpj (1-252) 

where we have used Equation 1-244. However the product is also: 
EiEkakpakjbjj = Ekakp<Skj = ajp (1-253) 

where we have used Equation 1-248. This means that: 
b p j = a j p = a p j (1-254) 

or in matrix notation: 
b = a (1-255) 

but we have already noted that b = a"1 thus: 
a"1 = a (1-256) 

This means that the inverse transformation can be found just by converting the 
transformation matrix to its transpose. Furthermore the product of the 
transformation matrix with the inverse transformation matrix is the unit matrix, 1. 
Transformations which have these properties are known as orthonormal 
transformations and the matrices which represent them are called orthogonal 
matrices. 

We now look at vectors once more in the context of their transformation 
properties and demonstrate some properties of their transformation matrices. 
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Suppose we have two orthogonal coordinate systems with a common origin but 
whose axes are not aligned. One coordinate system will have coordinates (x,y,z) and 

A A 
the other coordinate system will have coordinates (x^yV). The base vectors ( i , j , 
A A' A ' A ' 

k ) and ( i , j , k ) are related by the transformation equation: 
f = af (1-257) 

which we can alternatively write as: 
rj = Ejayrj 

In matrix notation the relationship between i 
(x 'y ,^) and (x,y,z), is: 

A' A ' 

j , 
A A A 

and i, j , k 

an 
a2 i 

a3 i 

an 
a22 

a32 

ai3_ 

a23 
a33. 

" A " 

A 

j 
A 

k 

or as the set of equations: 

ani +a 1 2 j +a 1 3 k 

j = a 2 i i +a 2 2 j +a 2 3 k 
A' A A A 

k = a 3 i i +a 3 2 j +a 3 3 k 
We know that the inverse transformation is: 

r = br/ 

which we can write as: 
r; = Ejbyij = Ejajjr; 

which means that the transformation for the base vectors is: 
r^ A ' 

a r 
which we write in matrix form as: 

an 
aJ2 

ai3 

a2i 

a22 

a23 

a3i 
a32 
a33. 

• A / -

A/ 

j 
A ' 

k 
and when written out is: 

(1-258) 

and thus 

(1-259) 

(1-260) 

(1-261) 

(1-262) 

(1-263) 

(1-264) 

(1-265) 

(1-266) 

A A' A ' A ' 
i = a n i +a 2 i j +a 3 1 k (1-267) 

A A' A ' A ' 
j = a 1 2 i +a 2 2 j +a 3 2 k (1-268) 
A A' A ' A ' 

k = a13i + a23j +a 3 3 k (1-269) 
Furthermore, by taking the appropriate dot product, the components of a and a 

are seen to be: 
A A' A A ' A A ' 
i«i = a n i*j = a21 i«k = a3i 

A A ' A A ' A A/ 
(1-270) j*« = a i 2 

A A ' 

k«i = a 1 3 

j*j = a 2 2 
A A ' 

k«j = a 2 3 

j*k = a 3 2 
A A ' 

k«k = a 3 3 
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Because our transformation is orthogonal the matrices a and a obey the equations: 
aa = 1 (1-271) 

and: a = a"1 (1-272) 
We will now apply this to the situation of a vector transformation due to a 

simple rotation around the z-axis of angle a. In Figure 1-26 we illustrate the 
components (Ax and Ay) of the vector A, in the coordinate system x,y and the 
components of the vector A' (Ax< and Ay) in the coordinate system x ' , / . 

y 
y' 

Figure 1-24: Rotation of a Vector about the z-Axis 

In x,y our vector is represented by: 
A A 

A = Axi + Ayj 
In x ' , / the vector is represented by: 

A ' A ' 

A' = A^i +AJJ 
From Figure 1-26 we can see that A /̂ = Ax cos a + Ay sin a 

Ay = — Ax sin a + Ay cos a 

Thus: 
A* 

Ay'] 
cos a sin a 
— sin a cos a LAy 

or in shorthand notation: 
A' = R A 

where the matrix R is the 2 x 2 rotation matrix of Equation 1-277. 
Also from Figure 1-26 we can see that the reverse transformation is: 

Ax = A ;̂ cos a — Ay, sin a 

Ay = A ,̂ sin a + Ay cos a 

which in matrix form is: 
"Ax 

Ay. 

cos a 
sin a 

or in our shorthand notation: 
i V = RA' 

— sin a 
cos a 

\K 
[Ay 

(1-273) 

(1-274) 

(1-275) 
(1-276) 

(1-277) 

(1-278) 

(1-279) 
(1-280) 

(1-281) 

(1-282) 
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Thus, from looking just at the geometry of the transformation, we see that a 
vector transforms like a tensor. Note that: 

RR = R - X R = 1 . (1-283) 
So far we have emphasized the transformation properties of tensors because that 

provides the basis for their mathematical definition. It also provides a way to 
demonstrate how the mathematics of matrices can be used in tensor algebra. For 
tensors we define the dot product (often called as the inner product). In summation 
notation the dot product can be written as: 

Cjk = EjAjiBik (1-284) 
which is simply matrix multiplication of the tensors represented as matrices. The 
divergence, the dot product with the vector operator V , also is defined as is the 
curl, the cross products with the vector operator V . For example, the divergence is 
given as: 

V ' T = g 6 y (1-285) 

A well-known example of a tensor dot product is the determination of angular 
momentum from the moment of inertia tensor. The angular momentum, L, the 
angular acceleration, OJ, and the moment of inertia, I, obey the relationship 

L = 1- u) (1-286) 
which is a shorthand way of writing 

Lj = £ j IijWj (1-287) 
and therefore each component will be given by: 

Lx 

Ly 

Ixxwx + I; 
IyxO>x 

Izx^x + 

XyWy 

+ IyyWy 

zWz 

In matrix notation we write this as: 
IzyWy 

+ Ix 
+ Iyzwz 
+ Izzwz 

Lx 

Ly 
Lz 

lx 

*yx iyy 
lzx r 

Ixy lx 

l w 1-

lv 
yz 

zy 

wx 

Uly 

_UJZ_ 

(1-288) 
(1-289) 
(1-290) 

(1-291) 

This set of equations is a good example of what a tensor does. Note that the 
moment of inertia tensor, I, causes all of the components of w to mix with the 
component Lx. For an interaction which involves just vectors a component which is 
at right angles to the vector cannot change the vector. For example, we would be 
surprised if we pushed an object to the north and it instead went west. However, for 
a tensor interaction this is possible. When we discussed the cross product, A x B, 
we noted that it created a vector at right angles to both A and B and we noted that 
it did not transform in coordinate inversions like a vector. It is actually a tensor. 

So far we have restricted ourselves to Cartesian Tensors. The extension to a 
general coordinate system is straightforward but adds some complications. For 
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example, we know from the properties of partial derivatives that the derivative of 
the Cartesian coordinates x- in terms of the coordinates Xj is: 

dx' 
dxj = E j ^ dxj (1-292) 

This transformation is known as a contravariant transformation. However, not 
all quantities transform this way. For example the gradient is: 

V U = i j U © + g k (1-293) 
whose transformation properties using the chain rule are: 

9 ! Z _ X^ OIL d*i — S^ QV <*i (\ ">QA\ 
dx'. ~ ^ i dx; dx'. ~ ^ i dx: dx'. (l-ZW) 

J ' J ' J 

where we have used the fact that since U is a scalar U = U'. Note our 
transformation is "upside down" and in general can be written as: 

dxj = E j § ! dxj (1-295) 

This transformation is known as a covariant transformation. 
We note that the difference between covariant and contravariant transformations 

does not create a problem in Cartesian coordinates because they are the same. We 
can see this from the transformation equations, Equations 1-260 through 1-262 and 
Equations 1-267 through 1-269, which indicate that: 

gj - S 0-296) 
J 1 

and our transformations are the same. However, for other coordinate systems 
Equation 1-296 does not hold in general and the transformation differences between 
covariant and contravariant tensors become important. For example, if we transform 
from Cartesian Coordinates to polar coordinates in two dimensions we have: 

x = rcos6> (1-297) 
y = rsin0 (1-298) 

The derivatives are: 
dx = cos 9 dr - r sin 0 dd (1-299) 
dy = sin 6 dr + r cos 6 d6> (1-300) 

which, we note we can write as: 
d x = f : d r + § f d 0 (1-301) 

This is the form represented by Equation 1-294. To generalize, if a tensor 
transforms as: 

A; = E} t h 0-303) 
or, more generally, as: 

A-jk = E l E m X n ' " dx7. ~dxf dxt •'"Almn... (1-304) 
J 1 j k 

they are defined as covariant tensors. Tensors which transform as: 
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A/iJk... _ v , V V ... ^ i ^ ^ i . . .A l m n-- (1-305) 

are called contravariant tensors. It is also possible that the tensor is covariant in 
some indices and contravariant in others. Tensors of this type are called mixed 
tensors. By convention covariant tensors are written with indices as subscripts and 
contravariant tensors are written with indices as superscripts. 

As we shall see, in physics applications there are several different kinds of 
tensors which arise from the theory, especially in the application of relativity to the 
electromagnetic field (Chapter XIII). One type of tensor is the symmetric tensor 
which has the property that the components have the relationship that Ay = Ajj. 
Thus a second rank symmetric tensor, of 16 possible components, will have at most 
10 different components. A symmetric tensor also has the property that it can be 
diagonalized by a suitable coordinate rotation. In this case the components of the 
diagonalized tensor are given by A-= = Ai6j:. The other tensor which arises often is 

an antisymmetric tensor. In this case Ay = — Ajj and there can be at most six 
different components for a second rank tensor. It is evident that the diagonal 
elements of an antisymmetric tensor must be zero. 

Problem 1-15 
Show that la = al if: 

"1 - 2 " 
a = L 3 - i . 

Problem 1-16 
Given two matrices: 

Find: 
(a)a + b ( b ) a - b (c) ab (d)ba(e)aa (f) bb (g) aa (h) bb 

Problem 1-17 
Given the two matrices: 

2 - 1 0 
1 3 - 1 

Find: 
(a)a + b ( b ) a - b (c) ab (d)ba (e)aa (f) bb (g) aa (h) bb 

Problem 1-18 
Show that the inner product, A*T, is a vector. 
Problem 1-19 
Show that T'n, found by expanding Equation 1-221 is the same as T'n found from 
Equation 1-236. 
Problem 1-20 
Show that RR = 1. 

a = 

1 2 
- 1 0 ; b = 
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1-13: Complex Numbers 
The final topic we will cover in this mathematical introduction is that of complex 

numbers. Historically these numbers first came up when considering the solution of 
relatively simple quadratic equations. For example, the equation x2 — 1 = 0 can be 
factored into (x — l)(x + 1) = 0 and therefore has the two solutions x = ± 1. 

If we make a very simple change of sign so that the equation is now x2 + 1 — 0 
we cannot solve it using regular numbers. We could, however, define another kind 
of number. We call this number an imaginary number, which we represent by the 
italic symbol /' and which satisfies the equation i2 = — 1. Then our equation 
becomes x2 — i2 = 0, which factors to (x + i)(x — i) = 0 and x—±i. 

In the general case of the binomial equation the solutions to the general 
quadratic equation ax2 + bx + c = 0 are: 

x = \ (1-306) 
Depending upon the nature of the values of a,b or c the solutions can be both 

real, both imaginary or, more generally, a combination of both. To include all 
possibilities, therefore, we define a complex number as: 

z = x + iy (1-307) 

and with this addition to the set of real numbers a solution to the quadratic equation 

can always be determined. 

Complex numbers, over and above their property of giving a fuller meaning to 

the solution of the quadratic equation, have other properties which make them very 

useful in the description of physical laws. 
A complex number adds as an ordered pair of numbers: 

zi + z2 = ( X l + »yi ) + (x2 + iy2 ) = (X! + x2 ) + t( yi + y2 ) (1-308) 
It thus obeys the commutative and associative laws of addition. 

Given two complex numbers, zi = Xi + iy\ and z2 = x2 + iy2, they will be 
equal if and only if xj = x2 and yi = y2. 

Multiplication of two complex numbers is defined as: 
zx x z2 = (xjx2 - y!y2) + i(xiy2 + yix2) (1-309) 

This comes directly from multiplying in the regular manner: 
z1 x z2 = (xi + iyi) x (x2 + iy2) (1-310) 

= xxx2 + iyix2 + ixjy2 + z2y!y2 (1-311) 
= (xix2 - yiy2) + i(xiy2 + yix2) (1-312) 

as we had defined it. The complex numbers obey the commutative, associative, and 

distributive laws of multiplication. However, we note that multiplication mixes the 

real and imaginary components of the complex number, whereas addition and 

subtraction do not. 
Division of two complex numbers is defined to be: 
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zi xiX2+yiy2 . • (yix2-x1y2) n „„ 

which can be derived by multiplying the top and the bottom of the term Z!/z2 by 
x2 - iy2.Thus: 

z^ _ (xi+tyi ) = (x1+iyi)(x2-iy2) ,-. ̂ \A\ 
z2 ( x 2 +iy 2 ) ( x 2 +iy 2 ) ( x 2 - i y 2 ) V " ' 

which when multiplied out will give us Equation 1-313. Again we see that the real 
and imaginary components are mixed. 

The complex number: 
z * = x - i y (1-315) 

is called the complex conjugate of the complex number, z, and is formed by 
replacing i with — i wherever it is found in a complex number. 

Complex numbers can also be expressed in polar coordinates (r,</>) or in what is 
sometimes called polar form. In this form a complex number is represented as: 

z = re** (1-316) 
To see how this relates to our previous expression given by Equation 1-314 we 

expand the exponential function in a Taylor Series. Since ex when expanded is: 

+ £ • (1-317) 

+ ••• (1-318) 

- • • • ) (1-319) 

1, etc. From this series 
expansion and from the Taylor Series for the sine and cosine we therefore see that 
Equation 1-316 can be written as: 

e^ = cos <j> + i sin <j> (1-320) 
which is known as Euler's formula. 

Thus we rewrite equation 1-323 as: 
z = r (cos <f> + i sin <j>) (1-321) 

and from Equation 1-307 we see that, 
x = rcos<£ (1-322) 

and, 

Conversely; 
i 

and, 

Substituting 

Rearra 

where 

e ^ = 
inging 

e# = 

ex -
i<j> for x our series 

- 1 + ^ 
we have: 

• ( i - S 

+ 2! 

^ 4! 

1 i 2L i x £ 
1 < 1 1 • 2< 

> becomes 

- 1 - 3 , - 1 -

- . . .)+< 
we have used the fact that i2 = -

W)4 

4! 

( * -

-hi' 

+ 

+ • 

3! 
3 _ 

X3 

31 

+ 

+ •• 

n! 

<t>b 

5! 
• -4 

- I, I1 

vsanj) (1-323) 

\ /x 2 + y2 (1-324) 

0 = tan- 1 (^ ) (1-325) 

We note that if we take the product of a complex number, z, and its complex 
conjugate, z* we will have: 

zz* = (x + iy) (x - iy) (1-326) 
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= x 2 + y 2 = r 2 (1-327) 
Thus the magnitude of a complex number is given simply by the relationship: 

r = A / Z ? (1-328) 
Figure 1-25 shows how a complex number can be plotted and both forms (x,y) 

and (r,</>) are illustrated. 

y 
(x,o0 

o 
Figure 1-25: Graphical Representation of a Complex Number 

(the Argand Diagram) 

We will come across complex numbers in the solution of differential equations, 
in the representation of wave motion and in other applications. Complex notation 
turns out to be a very convenient approach to representing some physical quantities. 
Often it is understood that only one part of the expression, either the real or the 
imaginary part, carries the physical (real) information. Sometimes the real part of 
the complex number represents one physical quantity and the imaginary part 
represents another. It is therefore important that the identity of the components be 
defined when using complex number notation. 

If the mathematical operations are restricted to addition, subtraction, 
differentiation and integration the real and imaginary parts will not mix. Thus, quite 
often complicated expressions are simplified by complex notation. However, as 
Equations 1-312 and 1-314 indicate whenever complex numbers are multiplied or 
divided the real and imaginary components do mix. Thus, for this situation the 
complex notation will have to be converted to ordinary functions before a physically 
real result can be determined. 

Problem 1-21 
Find the equivalent complex number for the following quantities: 

(a) e7™ (b) cosh z 
(c) sin z (d) cos iz 

(e) r* (f) ez ' 
Problem 1-22 
Write in polar form: 

(a) z = 1 - i (b) In z 



APPENDIX I 

VECTOR IDENTITIES 
a (A + B) = aA + bB 
(a 4- b)A — aA + bA 
A + B = B + A 
(A + B) + C = A + (B + C) 
A«B = B»A 
A»(B + C) = A«B + A«C 
A x B = - B x A 
A x (B + C) = A x B + A x C 
A x (B x C) = B(A«C) - C(A«B) 
(A x B) x C = B(A'C) - A(B-C) 
A«(B x C) = B«(C x A) = C«(A x B) 

= - A«(C x B) = - B^(A x C) = - 0 ( B x A) 
V(U + V) = VU + VV 
V(UV) = UVV + VVU 
V(A^B) = B x (V x A) + A x (V x B) + (B-V)A + (A»V)B 
V«(UA) = VU«A + UV«A 
V«(A x B) = B«(V x A) - A«(V x B) 
V x ( A + B) = V x A + V x B 
V x (UA) = VU x A + U(V x A) 
V x (A x B) = (B«V)A - (A»V)B + (V«B)A - (V»A)B 
V«(V x A) = 0 
V x VU = 0 
V x V x A = V(V'A) - V2A 
(A»V) r = A 
V ( A T ) = A 
V T = V«R = 3 
V x r = V x R = 0 

V \RJ ~ R2 - R3 

v r V R j ~~ R2 ~ R3 

/a
b(VU>dl = U(b)-U(a) 

&A«dl = / S (V x A)«dS (Stokes's Theorem) 

£UdI = / sdS x VU 

&A x dl = J"s(V-A)dS - / sV(A.dS) 

(I-l) 
(1-2) 
(1-3) 
(1-4) 
(1-5) 
(1-6) 
(1-7) 
(1-8) 
(1-9) 

(1-10) 

(1-11) 
(1-12) 
(1-13) 
(1-14) 
(1-15) 
(1-16) 
(1-17) 
(1-18) 
(1-19) 
(1-20) 
(1-21) 
d-22) 
(1-23) 
(1-24) 
(1-25) 
(1-26) 

(1-27) 

(1-28) 

a-29) 

(1-30) 

(1-31) 

(1-32) 

47 
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&A(B.dl) = JsdS x (V-B)A 

JTV«Adr = /sA«dS (Divergence Theorem) 

J r V U d r = f sUdS 

J r(V-B)Adr = /sA(B.dS) 

JrV«(UA)dT = JT[U(V«A) + A«VU] dr = ^U(A-dS) 

/ T (V x A)dr = - i s A x d S = £ d S x A 

Problem A M 
Verify the identity 1-11 
Problem AI-2 
Verify the identity 1-14 
Problem AI-3 
Find the expressions for each of the terms in the identity 1-22 in Cartesian 
coordinates. 

(1-33) 

(1-34) 

(1-35) 

(1-36) 

(1-37) 

(1-38) 
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