
Chapter 1 

Examples of Control Systems Described 
by Functional Differential Equations 

1.1 Ship Stabilization and Automatic Steering 

A ship is rolling in the waves. The differential equation satisfied by the angle of tilt 
x from the normal upright position is given by 

d2x(t) , dx(t) , , . . 
m — ± 1 + b — ¥ - + kx(t ) = 0 (1.1.1) 

atz at 

where m > 0 is the mass, b > 0 is the damping constant, and k > 0 is a constant. 
The damping constant b determines how fast the ship returns to its upright position. 
It is known that if b2 < 4mk, the ship is "underdamped" and the ship oscillates 
as it returns to its upright position. If b2 > 4mk, it is "overdamped", there is no 
oscillation, but it returns to its upright position more slowly the larger b becomes. 
When b2 = 4mk, it is "critically damped" and upright position is achieved more 
rapidly. This "roll-quenching" was a very important problem tackled by engineers 
for ships and destroyers of the second world war. In one such research by Minorsky 
[5, 6] ballast tanks, partially filled with water, are introduced in each side of the 
ship in order to obtain the best value of b. A servomechanism is introduced and is 
designed to reduce the angle of tilt x, and its velocity, ^ | , to 0 as fast as possible. 
What the contrivance does is to introduce an input to the natural damping of the 
rolling ship, a term proportional to the velocity at an earlier instant t — h: qx(t — h). 
The delay h is present because the servomechanism cannot respond instantaneously. 
It takes this time delay h to respond. Also introduced by the servomechanism is a 
control with components (u\,U2), which yields the following equations: 

x(t) =y(t) + ui(t), 

b a k (i-1-2) 
y(t) = — y ( t ) - —y(t -h) x(t) + u2{t). 

m m m 

l 
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x = Angle of tilt 

Fig. 1.1.1 

We note that (1.1.1) is equivalent to 

x{t) = y(t) 

y(t) = --y(t)--x(t). 
m m 

Equation (1.1.2) can be written in matrix form 

x(t) = A0x(t) + Aix(t - h) + Bu(i). 

where 

(1.1.3) 

(1.1.4) 

A 0 = 
0, 1 

fc b 
m ' m 

A! = 
0 0 

0 
m 

B = 
[ i o l 

0 1 
. £ = 

X 

V. 

Using matrix notation, (1.1.3) assumes the form 

x(t) = A0x(t) + Aix(t - h) (1.1.5) 

The point (0, 0) can be regarded as an equilibrium position and the aim of the 
gadget is to steer the angle of tilt and its velocity to the equilibrium position. There 
are three problems. The first is the problem of stability: Determine necessary and 
sufficient conditions on AQ, A\ such that the solution of (1.1.5) satisfies 

x_{t) —>• 0 as t —>• oo . (1.1.6) 

But it is undesirable to wait forever for the system to attain the upright posi­
tion. The second problem is: Is it possible that a control u, introduced by the 
servomechanism, can drive the system to the equilibrium in finite time? Is the 
system controllable? The third problem is: Find a control strategy u that will 
drive the angle of tilt and its velocity to zero in minimum time. Such a control 
is called a time-optimal control. Our ultimate goal in optimal control theory is to 
get an optimal control as a function of the appropriate state space, i.e., to obtain 
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the "feedback" or "closed loop" control. The major advantage of such a control, 
as opposed to an "open loop" one with u as a function of t, is that the system in 
question becomes self-correcting and automatic. 

1.2 Predator-Prey Interactions 

Let x(t) be the population at time t of a species of fish called prey, and let y(t) 
be the population of another species called the predator, which lives off the prey. 
Under the assumption that without the predator present the prey will increase at 
a rate proportional to x(t), and that the feeding action of the predator reduces the 
growth rate of the prey by an amount proportional to the product x(t)y(t), we have 

x(t) = aix(t) — bix(t)y(t). 

If the predator eats the prey and breeds at a rate proportional to its number and 
the amount of food available, then 

y(t) = -a2y(t) + b2x(t)y(t), 

where a\, a2, b\,b2 are positive constants. The system of two equations 

x(t) = a\x(t) — b\x{t)y(t), 

y(t) = -a2y(t) + b2x(t)y(t), 
(1.2.1) 

is rather naive. A more realistic model assumes that the birthrate of the prey will 
diminish as x(t) grows because of overcrowding and shortage of available food. In 
this model it is assumed that there is a time delay of period h for the predator to 
respond to changes in the sizes of x and y. Thus 

(1.2.2) 

where p is a positive constant. 
Volterra [9] studied (1.2.1) and (1-2.2) and various generalizations of (1.2.2). 

One such system is given by 

x{t) = 

m = 
a-t 

—a 

V 

iy{t) + b2 

x(t) - blX(t)y(t) 

x(t — h)y{t — h), 

x(t) 

m 
ai - cix(t) - biy(t) - I g\{s)y{t + s)ds 

J-h 
x(t), 

-a2 - c2y(t) + b2x (*) + f 
J-h 

g2(s)x(t + s)ds 

(1.2.3) 

!/(*). 

where gi,g2 are continuous, nonnegative functions, and c\,c2 are constants. 
In the interaction between the prey and the predator it is important to ask 

whether there are equilibrium states that may be reached for the systems (1.2.3). 
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If these states are not zero, then neither the predator nor the prey is extinct and 
the following is true: 

ai - cix(t) - hy(t) f 
J-h 

gi(s)y(t + s)ds = 0, 

,o 
02 - c2y(t) + b2x(t) + / g2(s)x(t + s)ds = 0 . 

J-h 

The function z* = (x*,y*), which solves the above functional equation, is the 
equilibrium; it may well be the saturation levels of the given species. In this case it 
may be desirable that every solution (x(t),y(t)) = z(t) of (1.2.3) satisfies z{t) —• z* 
as t —> oo. This is an asymptotic stability property. The state z* is not attained 
in finite time. A more desirable objective is to "manage" the interaction and to 
have the population as near as possible to its equilibrium position, and to prevent 
near periodic outbreaks of predator population y beyond its equilibrium. We aim 
at coexistence of the two species at their equilibrium states, which are also the 
saturation levels of the two populations. 

One management strategy is fishing. Man is interested in harvesting one or 
both species at some rates e*, i = 1,2. For this situation the dynamics of the 
interaction are 

x(t) = m - cix(t) - biy(i) - J_h9i(s)y(t + s)ds x(t) - ei(t)x(t), 

y(t) = -a2 - e2y(t) + b2x(t) + j _ h g2{s)x(t + s)ds y(t) - e2(i)y(t) 

(1.2.4) 

If u\(t) = e\x{t), u2(t) = e2y(t), then Ui(t) is the harvest rate that is proportional 
to the population density. The effort level ei(t) is a positive function with dimension 
1/time, which measures the total effort at time t made to harvest a given species, 
and Ui is a piecewise continuous function [0,T] —̂  [0,6], T > 0, b > 0. Thus e;(£) 
can be considered a control function. The function u = {u\,u2) represents the rate 
the fisherman 

(i) selectively kills the prey x, 
(ii) selectively kills the predator y, or 

(iii) kills both x and y. 

There are two problems. By harvesting, what conditions on the systems' parameters 
ensure that the two species can be driven to the equilibrium z* in finite time. This is 
a problem of controllability. If ej(£) is negative in (1.2.4), u can be said to represent 
the rate at which laboratory-reared 

(i) fishes x, or 
(ii) predators y 
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are released into the system. 
One can use a combination of release and harvesting strategies to drive x, y to 

the saturation level z* in finite time. 
The second question is optimality: What is the best harvesting strategy that 

will, as quickly as possible, drive the system from any initial population to this equi­
librium? Good fish management is interested in the time-optimal control problem 
for the system (1.2.4). 

A more general version of this system is given by 

z{t) = L{t,zt)z(t) + B(z(t),t)e(t), 

where L(t,(f>) is a 2 x 2 matrix function, which is linear in z(t); and B(z(t),t) is 
the matrix 

0i(x(t),t) 0 

0 fo(v(t),t) 

A more general n-dimensional version of this system is given by 

x(t) = L(t,xt)x(t) + B(x(t),t)u(t), (1.2.5) 

where B is an n x m matrix function, u is in Em, and 

oo „0 

L{t,xt) = ^Ak{t)x{t-wk)+ l A(t, s)x(t + s), 0<wk<h. 
fc=o J-*1 

Here Ak is an n x n continuous matrix function, A(t, s) is integrable in s for each 
t, and there is a function a(t) that is integrable such that 

/ 
A(t, s)<f>(s)ds 

h 
<a(t)U\\. 

The three questions that we posed for (1-2.4) can also be asked for (1.2.5) or for 
the general nonlinear equation 

x(t) = f(t, xt) + B(t, xt)u{t), (1.2.6) 

where f : E x C ^ En, B : E x C -^ Enxm is an n x m matrix valued function, 
and u is a m-vector valued function. Here E = (-co, oo), En is the n-dimensional 
Euclidean space, and C = C([—h, 0], En) is the space of continuous functions from 
[—h, 0] —¥ En. The symbol xt £ C is a function defined xt{s) = x(t + s) s 6 \—h, 0]. 

In the discussion above we required all populations to be driven to the equi­
librium, which can be taken as a target. A more general target can be assumed 
to be 

T = {(j>£C:H<f> = p}. (1.2.7) 

Here H is a linear operator and p € C. The target represents the final configuration 
at which it is desirable for the species to lie after harvesting. 
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1.3 F luc tua t ions of Cur ren t 

Let us consider an electric circuit in which two resistances, a capacitance and in­
ductance, are connected in series. Assume that current is flowing through the loop, 
and its value at time t is x(t) amperes. We use also the following units: volts for 
the voltage, ohms for the resistance R, henry for the inductance L, farads for the 
capacitance c, coulombs for the charge on the capacitance, and seconds for the time 
t. It is well known that with these systems of units, the voltage drop across the 
inductance is L^p-, and that across the resistances it is (R + Ri)x(t). The voltage 
drop across the capacitance is q/c where q is the charge on the capacitance. It is 
also known that x(t) = jft. A fundamental law of Kirchhoff states that the sum of 
the voltage drops around the loop must be equal to the applied voltage: 

dr 1 
L^j + {R + Ri)x(t) +-q = 0 . 

at c 

On differentiating with respect to t we deduce 

T^Jt) | f f f | p \dx 
-x(t) = 0. 
C y 

(1.3.1) 

In Fig. 1.3.2, the voltage across Ri is applied to a nonlinear amplifier A. The output 
is provided with a special phase-shifting network P. This introduces a constant time 
lag between the input and output P. The voltage drop across R in series with the 
output P is 

e(t) = qg(±(t - h)); 

q is the gain of the amplifier to R measured through the network. The equation be­
comes 

^wm^ 

- V v V 

Fig. 1.3.1 
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^imm^ 

Fig. 1.3.2 

Finally, a control device is introduced to help stabilize the fluctuations of the cur­
rent. If x(t) = y(t), the "controlled" system may be described by 

x{t) = !/(*)+«i(*). 

y(t) = -jyV) - j9{y{t - h)) - ^ x ( t ) + u2(t). 
(1.3.2) 

The control u = (1*1,1(2) is "created" and introduced by the stabilizer. 
The three basic questions are now natural: With u = 0, what are the properties 

of the systems parameter which will ensure that x2(t) + y2(t) —> 0 as t —> 00? 
Will "admissible controls" u (say |itj| < 1, j = 1,2) bring any wild fluctuations of 
current (any initial position) to a normal equilibrium in finite time? Can this be 
done in minimum time? 

1.4 Control of Epidemics 

1.4.1 First model 

In this subsection we formulate a theory of epidemics, a problem of time-optimal 
control theory. It is a slight modification of Bank's presentation of the work of 
Gupta and Rink [2]. We assume as basic that there are four types of individuals in 
our population: 
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(i) susceptibles: Xi(t), 
(ii) exposed and infected but not yet infectious (infective) individuals: X2(t), 

(iii) infectives: X3(t), and 
(iv) removed individuals: X±. We include in (iv) those who have recovered and 

gained immunity and those who have been removed from the population 
because of observable symptoms. 

We assume a constant rate A of inflow of new susceptible members. The latent 
period hi is the period from the time an individual is exposed and becomes infected 
to the time he becomes infective. The infectious period h2 is the period the individ­
ual is in the infectious (infective) class. The incubation period will denote the time 
from exposure and infectedness to the time of removal (i.e., h\ + h2 = r ) . After 
normalization by setting Xi = Xi/N, where N is the population, the dynamics of 
interaction is 

±i(t) = -ftXl{t)x3(t) + A, 

x2(t) = ftxi(t)x3(t) - ftxx{t - hi)x3(t - hi), 
(1.4.1) 

x3(t) = f3xi(t - hi)x3(t - hx) - 0xi(t - h i - h2)x3(t - h i - h2), 

Xi(t) = ftx\(t - hi - h2)x3(t — hi - h2) — A. 

The constant ft is the average number of individuals per unit time that any individ­
ual will encounter, sufficient to cause infection. To control the epidemic we allow 
two strategies: 

(i) The removal at some rates Uj i = 2,3 of both the infectives and exposed and 
infected individuals. The removal rate Ui(t) = ei(t)bi(xi(t)) is proportional 
to a function bi of the population density and the effort level ei(t). 

(ii) Active immunization, the injection of dead or live but attenuated disease 
microorganisms into members of the population, resulting in antibodies in 
the population of vaccinated individuals. If Ei (t) represents the reliable rate 
per day at which members of the population are being actively vaccinated 
at time t, the normalized rate is 

ei(t) = Ei(t)/N. 

We assume that the effective immunization rate is bi(xi(t))ei(t) = ui(t). If we 
assume that there is a delay h (hi < h, i = 1,2) days before the antibodies become 
effective, then the rate is bi(xi(t))ei(t — h) = ui(t). Thus the dynamical system is 

±i(t) = -ftxi(t)x3{t) - 61(11 (*))ei(t -h)+A, 

x2{t) = ftxi{t)x3(t) - ftxiit - hi)x3{t - hi) - u2(t), (1.4.2) 

x3(t) = ftxi(t - hi)x3(t - hi) - ftxi(t - hi - h2)x3(t - h i - h2) - u3(t). 
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We use control strategies (i) and (ii) to reduce the total number of infected to an 
"acceptable" size in finite time. This health policy may be used to "prevent an 
epidemic" in minimum time, where preventing an epidemic means that the solution 
of (1.4.2) satisfies 

(i) \x2{t)\ + \x3(t)\ < A for all t > 0. 
(ii) maxs€[0iT] |#3(s)| < B\ where A\B\A, B are prescribed constants. 

The solution of (1-4.2) may be viewed as lying in the space C([—h, 0},E3) the space 
of continuous functions mapping [— h,0] into E3 with the sup norm. Or it may be 
viewed as lying in E3. We define a subset T C -E3 by 

T = {x e E3 : \x2\ + la*I < M , | i 3 | < B}. 

The best health policy may be that solutions of (1.4.2) hit the target, T, in minimum 
time. Also desirable is to have solutions of (1.4.2) to reach and remain in T, and to 
do so as fast as possible. 

The time-optimal control problem formulated in relation to the epidemic models 
above can also be formulated for the more general nonlinear system 

x(t) = f(t, x(t), x(t - /ii) • • • x(t - hn), u(t), u(t - h)), (1.4.3) 

with target set 

T = {x e En : Hx = r, r € En} , 

and H an n x n matrix. Equation (1.4.3) is a special case of the delay system 

Ht) = /(*. xu ut), xa = 0, (1-4.4) 

which includes the ordinary differential equation 

x(t) = k(t,x(t),u(t)). (1.4.5) 

In (1-4.4) xt is a function defined by xt(s) = x(t + s) s e [—h,0]. 
The symbol ut is defined similarly. 

1.4.2 Control of epidemics: AIDS 

Just as in I, we formulate a theory of acquired immunodeficiency syndrome (AIDS) 
epidemic as a problem of time-optimal control theory. It is a modification of the 
recent works of Castillo-Chavez, Cooke, Huang, and Levin [14]. We assume as 
basic that there are five classes (of sexually active male homosexuals with multiple 
partners): 

x\: susceptible individuals, 
X2- those infectious individuals who will go on to develop full-blown AIDS, 
X3: infectious individuals who will not develop full-blown AIDS, 
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X4: those former x3 who are no longer sexually active, and 
X5: those former X2 who have developed full-blown AIDS. 

Note that if an individual enters x§ or £4, he no longer enters into the dynamics of 
the disease. In contrast to our earlier treatment of the theory of epidemics, a latent 
class is excluded, i.e., those exposed individuals who are not yet infectious, since only 
a very short time is spent in that class. It is our assumption that an individual with 
full-blown AIDS has no sexual contacts and is therefore not infectious. Also, once 
infected, an individual is immediately infectious, and sexual inactivity or acquisition 
of AIDS are at the constant rates of a3 and a2, respectively, per unit time. We let 
A denote the total recruitment rate into the susceptible class, defined to be those 
individuals who are sexually active. Let p, be the natural mortality rate, and d the 
disease-induced mortality due to AIDS. Suppose p is the fraction of the susceptible 
individuals that after becoming infectious will enter the AIDS class, and (1 — p) the 
fraction that become infectious but will not develop full-blown AIDS. We use the 
following diagram: 

^, 

> X, 

/ 

/ a-2 

^ x 3 

- x 4 

_ x 5 

Fig. 1.4.1 

to determine the epidemiological dynamics: 

^ = A - A C ( T ) ( t ) x ! ( t ) ^ - tix^t), (1.4.6) 

^ = A p C ( T ) ( i ) : n ( i ) ^ | - (a2 + n)x2{t), (1.4.7) 

^ = A(l - p ) C ( T ) ( t ) x ! ( t ) ^ - (a3 +rix3{t), (1.4.8) 

dx${t) 
dt 

dx5(t) 

dt 

a2x2(t) - (d + fi)xi(t), (1.4.9) 

a3x3(t) - fjtx5(t), (1.4.10) 
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where 

W = x2 + x3 and T = W + xl. (1.4.11) 

In the above formulation, C(T) represents the mean number of sexual partners an 
average individual has per unit time when the total population is T, and the constant 
A denotes the average sexual risk per partner. Thus the expression XC(T)SW/T 
denotes the number of newly infected individuals per unit time. Very often the 
Michaelis-Menten type contact law is accepted for C[T): 

c ^ = TTkf> (1A12) 

where /3,k is constant. Systems (1.4.6-1.4.10) are ordinary differential equations. 
Further to the assumption above where individuals become immediately infectious 
and the infectious period is equal to the incubation period, we designate h2 to be 
the fixed period of infection for x2, and h3 to be that of x3. We set x2o(t), x3o(t), 
to be infectious x2(t) and x3(t) at time t = 0, and £4o(£), xso(t) living X4(t),xs(t) 
at time t = 0. Clearly £40,0:50 have compact support, i.e., X4o(t),X5o(t) vanish as 
t —> 00. Note that x2o(t) = x3o(t) = 0 for t > max(/ii, h2). If H(t) is the unit step 
or Heaviside function, i.e., H{t) = {{ *>?, then the system is modified to be 

i i ( t ) = A - \C(T)(t)Xl(t)jQ - 0*1 (t), (1.4.13) 

x2(t) = x20(t) + XP [ C(T)(s)x1(s)^-H(s)e-^t-sUs, (1.4.14a) 
Jt-h2 T{s) 

x3(t) = x30(t) + X(l -p) I C(T)(s)x1(s)^-H(s)e-'i(-t-sUs, (1.4.14b) 
Jt-h3

 T(s) 

rt-h2 
j,(t-s) xA{t) = X40(t) + Xp I ' C(T){s)Xl(8)^lH(8)e-^ 

Jo T{s) 

- d(t - s - h2)ds , (1.4.15a) 

x5(t) = X50(t) + A(l - p) f 3 C(T)(sfl{sJ^.{s) H(s)e-^-^ds, (1.4.15b) 
Jo 1 \s) 

with initial conditions, 

xi(t) = xw(t), t e [-max(/ii,/i2),0] 

x2(t) = x20(t), (1.4.16) 

x3(t) = x30{t). 
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This is a delay differential equation whose existence and uniqueness of solutions are 
easily proved. We now restrict our analysis to the case p = 1 (i.e., we model AIDS 
as a progressive disease). The study of the steady states reduces to the following 
set of equations: 

i i ( t ) = A - XCT(t)Xl(t)^ - / « ! ( ( ) , 

x2(t) = x\C(T)(t)Xl(t)^ - CT(t - h)Xl(t - hf^Zh)6'** ~ »X2{t)' 

with infection free state ( —,0) as equilibrium. It is possible to allow h2,h3 to be 
distributed. For this we follow the generalizations of [14] and define the survivorship 
functions P2(s),P3(s), which are the proportions of those individuals who become 
x2 or x3 infective at time t and if alive are still infectious at time t + s. These are 
nonnegative nonincreasing with 

P2(0) = P3(0) = 1, 

,oo ,oo (1 .4 .17) 

/ P2(s)ds <oo, / P3(s)ds 
Jo Jo 

is < oo. 

Under these assumptions, —P2(s) and — P3(s) are the removal rates of individuals 
from X2 and x3 into X4, and x$ classes s time units after infection. We therefore have 

*!(*) = A - \C(T)(t)Xl(t)^ - fxx^t), (1.4.18) 

x2(t) = x0(t) + pf \C(T)(s)x1(s)^-e-^t-^P2(t - s)ds , (1.4.19) 
Jo l \s) 

x3(t) = x30(t) + (1 - p) J XC(T)(s)x1(s)^^e-^t-^P3(t - s)ds , (1.4.20) 

x*(t) = pj* { j T XC(T)(s)xl(s)^e-^-^[-P2(r - *)e-^+d)C—>rf*]| dr 

+ xi0e-^+d» + X40(t), (1.4.21) 

x5(t) = (1 - p) j T J j f A C ( T ( S ) ) a : 1 ( S ) ^ e - ^ - 5 ) [ - P 3 ( r - s) 

x e-^-^ds \dr + zsoe -"* + x50{t). (1.4.22) 
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Now denote by B the rate of infection — the number of new cases of infection per 
unit of time: 

B(t) = C(T(t))x1(t)^. (1.4.23) 

Since // is the mortality rate, we denote the rate of attrition by A(t): In (1.4.6) this 
is given by A(t) = —fj,xi(t). Thus, (1.4.6) becomes 

±i (t) = A-B(t)-A(t). (1.4.24a) 

This can be generalized. If A is time varying, then A(£) is defined as the total 
rate of recruitment into the susceptible class at time t. Assuming a certain fraction 
of the total dies in each future time period after recruitment, then m{T)dT is the 
natural mortality density, i.e., the fraction that dies in any small interval of length 
dr around the time point r . Then A(t)m(t)dT will die in a small interval about 
t + T, and if we replace t by t — r then A(i — T)m(T)dT of the total recruitment 
made in a small interval about t — r will die. The total natural death at time t of 
all previous total recruitments is J0 A(i — T)m(T)dT. Equation (1.4.24a) becomes 

xi(t) = A{t) - B(t) - A(t - T)m(T)dr . (1.4.24b) 
Jo 

This can be considered an integral equation of renewal theory, where x\(t) and B(t) 
are known and A(t) is unknown. If we define the nth convolution, mn(T) of 7TJ(T) 

recursively by the relations 

m(1)(-r) = m ( r ) , mn+1(-r) = f mn{a)m(r - a)da , (1.4.25a) 
./o 

and the replacement density, r(r) = S^Li m^"HT) ; then the unique solution of 
(1.4.24b) is 

yoo 

A(t) = X!(t) + B(t) + ii(t - T)r{r)dT . (1.4.25b) 

Jo 

If the mortality density is exponential, ?TI(T) = /ie_MT then 

. n T n - \ 
m"(T) = J^±ye~"T (L4-26) 

so that r(r) — fi. With this (1.4.25b) becomes 

POO 

A(t) = xl(t) + xx(t- T)r(r)dT + B(t) 
Jo 

A{t) = xi(t) + nx^t) + B(t). 
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From this analysis one has 

±i(t)+ / ±i(t - T)r(r)dT = A(t) - B(t). (1.4.27) 
Jo 

Since r(r) > 0 for all r , there is a number 0 < h(t) = h < oo such that 

/*oo /»oo 

/ ±i(t — T)r(r)dT = x\(t — h) I r(r)dr , 
Jo Jo 

and we can then postulate that for some finite number a_i, 

/•OO 

x i ( t - / i ( i ) ) a _ i = ± i ( t - / i ( t ) ) / r ( r )d r . (1.4.28) 
JO 

We have derived the neutral equation 

±i(t) + a _ i i i ( t - /i(t)) = A(f) - B(t), (1.4.29) 

which now replaces (1.4.13). Because of the delays in (1.4.14) and (1.4.15) there is a 
possibility of oscillation and endemic equilibrium. One can now study the stability 
of the disease as well as its controllability by using any of the control strategies 
of Section 1.4.1, i.e., allowing removal and active immunization. The results are 
available in Chukwu [15]. 

1.5 Wind Tunnel Model; Mach Number Control 

Delay equations of type (1.4.4) are also encountered in the design of an aircraft 
control facility. For example, in the control of a high-speed closed-air unit wind 
tunnel known as the National Transonic Facility (NTF), which is at present under 
development at NASA Langley Research Center, a linearized model of the Mach 
number dynamics is the system of three state equations with a delay, given by 

i\(t) = —axi(t) + akx2(t — h) + k\Ui(t), 

x2(t) = x3{t) + k2u2(t), (1.5.1) 

X3(t) = -W2X2(t) - 2£,WX3(t) + W2Uz{t) , 

with a — j-gg4, k = 0.117, w = 6, £ = 1.6, and h = 0.33s. |UJ| < K with K a 
positive constant. The state variables xi,x2,%3 represent deviations from a chosen 
operating point (equilibrium point) of the following quantities: xi = Mach number, 
x2 = actuator position guide vane angle in a driving fan), and X3 = actuator 
rate. The delay represents the time of the transport between the fan and the test 
section. Though in many cases only k\ = k2 = 0 are considered ([1, 4]), we assume 
here that there is a control device that creates the control variable with three 
components that constitute an input to the rate of the Mach number, the actuator 
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velocity, and the actuator servo mechanism. The parameter values correspond to 
one particular operating point. Equation (1.5.1) can be written as 

x(t) = A0x(t) + Aix(t -h) + Bu(t), (1.5.2) 

where 

-a 

0 

0 

0 

0 

-w2 

0 

1 

-2£w 

, A1 = 

" 0 ak 0 ' 

0 0 0 

0 0 0 

, B = 

"fci 

0 

0 

0 

k2 

0 

0 

0 

w2 

The following problem can be proposed (Manitius and Tran [4]): Find an optimal 
control subject to its constraints such that the solution of (1.5.2), with this control 
(fci = k2 = 0) and with an initial configuration 

(zi(0) = 0.1, x2(8)=x1(6)/k, 6£ [-h,0], x3(0)=0), 

will hit a target 

G={{x1:x2,x3) : M * ) | < 0.002 \x2(t)\ < 30 \x3(t)\ < 30} 

in minimum time T and remain there forever after. 

Remark 1.5.1 In (1.3.2) and (1.5.1) the controls (u\,u2) and (ui,u2,u3) intro­
duced are such that additional variables have been added in the equations describing 
the relations between velocity and position. One can question the physical validity 
of such an effort since velocity is the derivative of position, and no extra control 
may be allowed in the relation. Such an objection is shallow. Just as a bird flying 
in the wind with X\ as its position may have its resultant velocity x\ = y + ui, 
where u\ is the velocity of the wind (control), so may the control device bring in an 
additional u\ to bear in (1.3.2) and an additional (u\,u2) to bear in (1.5.1). These 
are possibilities. If these components are zero, the Euclidean controllability of these 
equations can still be studied. 

1.6 The Flip-Flop Circuit 

In the general system (1.4.4) whose special cases are given in the previous examples, 
we deduced the equilibrium position by setting f(t,xt,ut) = 0. The state x% for 
which this is true is the equilibrium state. The problem of stability is to deduce 
conditions on / for which every solution x of (1.4.4) satisfies x t -> x(* as t -> oo. It is 
possible that some dynamical systems possess multiple equilibria and are therefore 
suited to be used as a memory storage device in the design of a digital computer. 
The flip-flop circuit has such dynamics [8]. It is the basic element in a digital 
computer, and a standard model is given in Figs. 1.6.1 and 1.6.2 in [8]. 

In this model the portion between 0 and 1 is a lossless transmission line with 
inductance L and capacitance C. The current i flowing through the line and the 
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voltage v across it are both functions of x and t. In [8] the function g(v) is a 
nonlinear function of v and gives the current in the indicated box in the direction 
shown. The lossless transmission line can be described by the hyperbolic partial 
differential equations 

dv rdi di Bv n , 
di = -Ldt^ o-x = -clTt> 0<x<1> t > 0 t1-6-1) 

with boundary conditions 

E-v{0,t) -Ri(0,t) = 0, 

(1.6.2) 

dt 
i(l,t) - g(v(l,t)). 

If we let s = (LC)-i, z = (L/C)2, k = (z - R)/{z + R), and a = 2E/(z + R), 
we can convert (1.6.1) with boundary conditions (1.6.2) into a neutral functional 
differential equation, i.e., a system with delay in the derivative of the state as well 
as in the state itself. Indeed, the general solution of (1.6.1) is 

(1.6.3) 

v(x, t) = <f>(x — st) + tp(x + st), 

i(x, t) = - \4>{x — st) — xj){x + st)} 
z 

which is equivalent to 

2<f)(x — si) = v(x, t) + zi(x, t), 

2tp(x + st) = v(x, t) — zi(x, t). 

This implies that 

2(p(-st) = v(l,t+-)+zi(l,t+-

2tp(st) = v (l,t - - \ - zi (l,t - -

We use these expressions in the general solution (1.6.3) and in the first expression 
of (1.5.2) at the moment (t — (^)) to deduce 

( 2 \ 1 k ( 2 

1, t ) = Q - -V(l,t) - -V[l,t- -
On using the second boundary condition of (1.6.2) and setting u(t) = v(l,t), we 
obtain the equation 

u(t)-ku(t-^\ =f(u(t),u(t-?X\ , (1.6.4) 
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x=0 

lossless transmission line 

i = 9(v) 

x = ( 

Fig. 1.6.1 

4" 
QEW 

lossless transmission line 

v 

' = 9(v) —^ 

RiJ 

r' ^ 

x=0 x = f 

Fig. 1.6.2 

where 

1 fc 
cif(u(t), u(t -h)) = a- -u(t) u(t -h)- g(u(t)) + kguit - h)). 

2 z 

For the flip-flop circuit to operate as a memory storage device, one equilibria it 
may possess is assumed to be globally asymptotically stable: Criteria on the circuit 
parameters for a single equilibria point to be globally, asymptotically stable are de­
duced by a Lyapunov stability theory for a more general system than (1.6.4), namely 

-[x(t)-A-1x(t-h)] = f(t,xt). (1.6.5) 

where A-i is an n x n matrix and / : E x C —> En is a continuous function. 
Equation (1.6.5) can be obtained from a lossless transmission line in which con­

ditions (1.6.2) are more complicated. See Ref. [7]. In Fig. 1.6.3, for example, (1.6.1) 
is satisfied and the following boundary conditions hold: 

v(t, 0) = u0(t) - Roi(t, 0) + E0(t), 

v(t,l) = m ( t ) + R!i(t, 1), 

uo{t) = -LQi0(t), u\(t) = Liii(t), 

i{t, 0) - i0(t) = -c0u0(t), i(t, 1) - ii(t) = ciui(t). 

If we integrate (1.6.1) along its characteristics, then we have 

xi(t) = y/cv(t,0) + VZi(t,0) = Vcv(t + h,l) + VZi(t + h,l).. 

(1.6.6) 

(1.6.7) 

(1.6.8) 
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"(t.x) 

Loj 

W J" U(t,x) Li 

l,(t) 

R, 

ivtTL 

T 
E°(,)f 
/TJ777 

Fig. 1.6.3 

x2(t) = y/h)(t, 1) - y/Li(t, 1) = y/cv(t + h,0)- \TLi(t + h,0). 

where h = \[cL. Setting xzif) = 2y/Zio(t), Xi{t) = 2y/Li\(t), and u(t) = 2y/cE0(t), 
and using the boundary conditions (1.6.6)-(1.6.8), we deduce an equation of 
the form 

-j-[x(t) - A-!x(t -h)- B-0u(t)} = AQx(t) + Aix(t - h) + B0u(t), (1.6.9) 

where 

Bo 

-ao 

0 

-a2 

0 

0 

0 

Ot2@0 

0 

0 a0 

- a i 0 

0 0 

03 0 

, M = 

0 

- a i 

0 

0 

0 

« 5 

0 

0 

a 4 

0 

0 

0 

Ai = 

0 0" 

0 0 

0 0 

0 0 

0 ( 

Oil 

*o 0 0 

0 0 0 

0 a2a4 0 0 

_ - 0 3 0 : 5 

, B-o = 

0 0 0 

"A>" 

0 

0 

0 
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and where 

1 Rpy/c+\^L 

L0 y/c 

Li y/c 

Rly/c-VZ 
Rly/C+ \TL ' 

Equation (1.6.9) is a neutral functional differential equation with control u that is 

related to the initial power source EQ{€). 

Equations (1.6.4), (1.6.5), and (1.6.9) are special cases of the system 

jt[D(t,xt)]=f(t,xt,u(t)), (1.6.10) 

where D : E x C —» En, f : E x C x Em —> En are continuous functions with 

D{t,xt)=x(t)-g(t,xt), (1.6.11) 

and g : E x C —>• En is continuous. 

1.7 Hyperbolic Partial Differential Equations with 
Boundary Controls 

A final example involves the derivation of (1.6.10) from linear hyperbolic partial 

differential equations with boundary control. The derivation is treated in [3]. Let 

the wave equation for w(t, x) be given by 

w t t - c 2 w x x = 0, te[0,T], i 6 [ 0 , l ] , (1.7.1) 

with boundary conditions 

J4o(tHt(t)0) + Bo(*Hx(t,0)=Go(t,i«(*,0), wt{t,0), wx(t,0)), 

(1.7.2) 
A1(t)wtt(t,l) + Bi(t)wtx{t,l) = G1(t,w{tA), m(w,l), wx(t,l)), 

and initial conditions 

w(0,x) = f0(x), wt(p,x) = h{x) on [0,1], (1.7.3) 

where the initial functions satisfy the boundary conditions at t = 0. Here the 

subscript t o r a; denotes partial derivative. The prime in the sequel denotes total 

derivative. The terms Go, G\ contain the controls if 

G0(t,p,a,T) = F0(t,u(t),p,a,T), 

Gi(t,p,a,T) = Fi{t,v(t),p,a,T), 

ao = 

<*i 

a.\ — 

1 y/c 

CO Roy/C + \[L 

1 y/c 

ciRxy/c+y/Z 

R0y/~c-s/L 

R0y/c + VI' 

a.i = 

« 3 

" 5 
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and (") is the control to be chosen from a prescribed class. We assume that Ai, Bi 
are continuously differentiable, Gi are absolutely continuous in t, continuously dif­
ferentiate in other arguments with Ga dominated by a square integrable function. 
We assume further that 

A0{t) - B0(t)/c ^ 0, Ai{t) + Bi( t ) /c ^ 0, 

for te [0,T]. 
We assume a D'Alamberto solution of the form 

(1.7.4) 

w(t, x) = 4>{t + x/c) + ip{t — x/c), 

and substitute this in (1.7.2). On setting 

(1.7.5) 

<*i(s) = 

the substitution yields 

Ai(s) + -Bi(8) , Pi{s) = 
c 

Ai(s) - -Bi(s) 
c i = 0,l, 

ao (t)c/>"(t) + Po(t)1>"(t) = G0 (t, /o(0) + J <f>'(s)ds + J rP'(s)ds, 

c c 

= (?„(</>'(•), V'(-).*). * > 0 , 

and 

= G1(t--c,fo(0) + J <j>'{s)ds + J ° ^{s)ds,<f>'{t) 

+*(«-!)• C ^ ) - > ' H 

= Gi(^'(-), V'('),*), * > 

It follows from condition (1.7.4) that we can multiply the last pair of equations by 
the matrix 

1 

a0(t) 
JQ(t) ai(t-l)f30(t) 
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to deduce the equations 

v w
 ttl(t-i)A)(*) V c 

1 - G o ^ . ) , ^ ) , * ) Q o ( ^ 1 ( ^ ( . ) ^ ' ( - ) , * ) 
A,(t) ° ^ " ^ " ' a i ( t - i ) A ) ( t ) ' 

c 

Denoting (</>', V') by (y, .z), this equation is a neutral equation of the form 

y{t) + hi{t)z U - ^ J = Hi(t, y(-),z{-)), 

2 \ ( 1 ' 7 ' 6 ) 

z{t) + h2(t)z (* - f J = #2(t, 2/(0, z(0) • 

The data of (1.7.3) can now be used to produce initial and terminal functions 
of (y, z) for (1.7.6). Since there are controls on Gi and therefore on Hi, the system 
(1.7.6) is a control system for t £ [-, T] with initial and terminal values for y given on 
[0, i] and at t = T, and the corresponding values of z given on [— \ , £] and [T— \,T\. 
Because of the smoothness conditions on Gi and therefore on Hi, (1.7.6) may be 
argued from the fundamental existence theorem below to have a solution (y,z) = 
(</>', ip'), which is absolutely continuous with square integrable derivatives. One 
argues that this (</>, tp) utilized in (1.7.5) yields a solution of (1.7.1) in the generalized 
sense or in the sense of almost everywhere, i.e., w(t,x) = <f>(t + - ) + ip(t — ^) is 
continuously differentiable with wt, wx being absolutely continuous and possessing 
square integrable partials that satisfy (1.7.1) a.e. 

It is interesting to note that the boundary conditions of (1.7.2) cover the usual 
ones for transverse vibrations of a string or longitudinal vibrations in an elastic 
rod with elastically supported ends. Just as in earlier examples, it is there at 
the boundary that controls are introduced. It sometimes requires some ingenuity to 
introduce in practice the type of control that is required for the system ^[D{t)xt] = 
f(t,xt) + B(t)u(t) (or of (1.6.10)) to have a desired effect on B(t). One can then 
relate this to the control device. An appropriate time-optimal control problem can 
now be formulated for such systems. 

1.8 Control of Global Economic Growth 

Let x(t) denote the value of capital stock at time t. Let u(t), 0 < u(t) < 1 be the 
fraction of the stock that is allocated to investment. This investment is used to 
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increase productive capacity. We can assume the value of this investment I(t) is 
given by 

I(t) = ku(t)x(t) 

where k is the constant of proportionality. There is depreciation, D{t), of capital 
stock, and it is proportional to capital stock 

D(t) = -Sx(t). 

The net investment is 

N(t) = I(t) - Sx(t), 

and it is used to produce new capital. Thus net capital formation x(t) is given by 

x(t) = ku(t)x(t) - Sx(t). (1.8.1) 

If — 1 < u(t) < 0, we can interpret u(t) to be the fraction of the value of stock that is 
used for payment of taxes, etc. Thus, in general, u{t) satisfies —1 < u{t) < 1. Such 
models are very naive and unrealistic. As pointed out by Takayama [10, p. 705], 
this implies that adjustment of desired stock of capital is instantaneous and fric-
tionless, an implication that has no valid empirical foundation. There is a time lag 
that needs to be incorporated to the control procedure of the firm. Investment in 
new capital equipment does not yield new productive capacity until the equipment 
is delivered, installed, and tested. There is a time delay h > 0. It is more realistic 
to express I(t) as a function of the present and past values of u(t) and x(t) and of 
time: 

I(t) = g(t, x(t), u(t), x(t - h), u(t - h)). 

In general, 

I(t) = B(t,xt,ut)ut= / dsH(t,x(t + s),u(t +s))u(t +s). 
J-h 

Here the past history of x and u over an entire interval of length h enters equa­
tions through the Riemann-Stieltjes integral. Realism dictates that depreciation be 
incorporated into the model. We assume that the value of the capital stock that 
has depreciated is not just proportional to x(t) as in (1.8.1), but is a function g 
of (x(t),u(t)) and is given by g(x(t),u(t))x(t) at time t. Suppose this value de­
creases by a factor P(a) at time a; (P(0) = 1, P(L) = 0 where L is the lifetime of 
the asset). If p(a) = J^', the depreciation density or mortality density, p(r)dT, 
represents the fraction lost to productive use in any small time interval of length 
dr around the time r. Therefore, g{x{T),u{T))x{T)p{T)dr will disappear in a small 
interval about t + r . If we replace t by t — r, we can say that at time t the amount 

g(x(r - h), U(T — h))x{r — h)(r)p(T)dT 
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in a small time interval about t — r will disappear. The total evaporation at time 
t is 

l-L 

g(x(r — h), U(T, ~h))x(r — h)p(r)dT , I 
Jo 

or 

— / g{x(r — h), U(T — h))x(r — h)dp(r) 
Jo 

if we use Riemann-Stieltjes integral. A general representative expression is 

,o 
L{t,xt,ut)xt= I dsr)(t,s,x(t + s),u(t-\-s)),x(t + s) 

J-h 

where we use Riemann-Stieltjes integral. We can therefore state that net capital 
formation x(t) is given by 

x(t) = L(t, xt,ut)xt + B(t, xt,ut)ut. (1.8.2) 

We postulate initial capital endowment function as xs = <f>, and initial fraction 
of stock allocated to investment as ua = v. The key elements in (1.8.2) are the 
time patterns of capital x(t) and the capital policy described by the function u(t). 
The problem of optimal capital policy is to describe u(t) subject to its constraints 
— 1 < u(t) < 1, such that the system with initial endowment function <j> will hit a 
prescribed target X\ while minimizing the firms' power or effort defined by some 
function E(u), and perhaps to do it in minimum time. Possible definitions of effort 
or power are given by 

(«(*)) = r 
J a 

Ex{u{t))= l \u(t)\zdt, (1.8.3a) 
J a 

E2(u(t)) = sup |u(t) | , (1.8.3b) 
o<t<tt 

where 

u 6 U = {u € E, u piecewise continuous \u(t)\ < 1 0 < i < t i} . 

This represents maximum investment thrust available to the firms. 

Es(u(t)) = U ' \u(t)fdt\ P , (1.8.3c) 

where 

u e U = {u € E, u piecewise continuous \u(t)\ < 1 0 < t < t\}. 

Up = 2, E(u(t)) represents the investment energy or power that must be minimized. 

E4{u(t))= ( \u(t)\dt=\\u\\Ll, (1.8.3d) 
Jo 
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where u € U = {u : \\U\IL! < 1}- The expression Ei(u(t)) can be called investment; 
the problem is to minimize it when we achieve our growth target from the initial 
endowment <j> to our prescribed target x\. We may wish to maximize some attainable 
value of the social welfare criterion 

J= / E{u) exp{-yb)dt, 
Jo 

where E is a specified "well-behaved" utility function and 7 is a fixed discount rate. 
E is usually a strictly concave monotone increasing in u with second derivative 
defined everywhere and such that 

lim E(u) = 00 . 

The fixed time T is the term of years in which the above objectives will be fulfilled. 
To solve this problem one must first solve the problem of controllability. The con­
trollability question is investigated in Chaps. 8 and 12. Problems of optimality are 
reported in Chap. 7. Our research here deals with — 1 < u{t) < 1, the situation 
0 < u(t) < 1 will be explored. 

In the previous discussion x(t) is a real number, the value of one stock. We can 
denote x(t) = (x\(t) • • • xn(t)) to be the value of n capital stocks at time t, with 
investment and tax strategy u = (ui • • • un), where —1 < Uj{t) < 1. We therefore 
consider (1.8.2) as the equation of the net capital function for n stocks in a region 
that is isolated. These stocks are linked to I other such systems in the globe, and 
the "interconnection" or "solidarity function" is given by 

gi(xit,...,xtt, uit,...,uet). 

This function describes the effects of other subsystems on the ith subsystem as 
measured locally at the ith location. Thus, 

Xi(t) = Li(t,Xit,uit)xit + Bi(t,Xit,Uit)uit+gi(t,xit,. •• ,xtt,u\t •• -uu), i = l,. ..,£ 

(1.8.4) 

is the decomposed interconnected system whose free subsystem is 

±i(t) = Li(t,xit,Uit)xit + Bi(t,Xit,Uit)uit. (Si) 

We now introduce the following notation: Let ^2ii—i ^in: 2Zi=i mi — ̂ -

4>=[<l>i,...,<j>e]€En, x = [x1,...,xe]eEn, u= [ui,...,ue] £ En , 

L(t,xt,ut) = [L1(t,xlt,ui) • • • Le(t,xet,uu)}, 

g(t,xt,ut) = [gi(t,xt,ut) • • • ge(t,xt,ut)], 

B(t,xt,ut) = dia.g[Bi(t,xu,uit) • • • Bi(t,xetU(t)]. 

file:////u/Il
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Then (1.8.3) is given as 

x(t) = L(t,xt,ut) + B(t,xt,ut)ut + g{t,xt,ut). (S) 

To clarify our terminology we introduce the following notations and definitions. Let 
E — (—00,00), and Er be the r-dimensional Euclidean space with norm | • |. The 
symbol C denotes the space of continuous functions mapping the interval [—h, 0], 
h > 0, h € E into En with the sup norm || • || defined by \\<j>\\ = sup_ft<5<0 |</>(s)|, 
4> e C. If £ e [a, t i] , we let xt G C be denned by xt(s) = x(t + s), s e [—h, 0]. The 
symbol L00{[a,ti\,Em) = L ^ denotes the space of essentially bounded measurable 
functions on [cr, £1] with the norm ma,xi<j<msupte^ati^ \uj(t)\ = ||M||OO-

Definition 1.8.1 The system (S) is Euclidean controllable on [a, t\] if for any 
function <fi e C and any vector x\ € E, there is a control u G L00([cr, £1], Em) such 
that the solution x(t) = a;(£, cr, 0, u) of (S) satisfies a;CT(-, cr, 0, u) = 0, x(t\, a, <j>, u) = 
x\. It is Euclidean null controllable on [a, t\] if x\ = 0 in the above definition. 

The system (S) is controllable on [cr, £1], £1 > a + h, if for each <j>, ip e C there 
is a control function u e LOCJ([cr, £1], £ m ) such that the solution a;(£) = x(t,a,<f>,u) 
satisfies xa(-) = <j>, Xtx = tp. It is null controllable on [cr,£1] if ip = 0 in the 
preceding definition. In C we drop the qualifying phrase "on the interval [IT, £1]", if 
controllability obtains on every interval [cr, £1], with £1 > a + h. In En we drop "on 
the interval [a, £1]" if Euclidean controllability holds on every interval [cr, £1], £1 > a. 

The problem of controllability of (S) will be explored in Chaps. 8 and 9. Condi­
tions are stated for the controllability of the isolated system Si. Assuming that the 
subsystem (Si) is controllable we shall deduce conditions for (S) to be controllable 
when the solidarity function is "nice". 

In (1.8.2) we postulated that capital growth is described by a functional differ­
ential equation with delay. The crucial assumption is that the net capital formation 
x(t) is given by the nonlinear function, /(£), the gross investment, on the right. A 
more general situation can be obtained. Arrow [11, p. 184] showed that indeed it is 
realistic to have 

/(£) = x{t) + x(t- s)r(s)ds , 

where r(£) > 0 is the replacement density and x(t) the net capital formation. Since 
/(£) is finite valued and r(£) > 0, the mean value theorem for integrals allows one 
to write 

poo />oo 

/ x(t — s)r(s)ds = x(t — h(t)) / r(s)ds , 
Jo Jo 

where 0 < h < 00. It is therefore reasonable to postulate that 

/(£) = x(t) + x(t - h(t))a , 
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where 0 < h < oo and a is determined from the replacement density. As a conse­
quence of this hypothesis we can reasonably postulate that 

x(t) + ax(t — h) = L(t, xt, ut)xt + B(t, xt, ut)ut, (1.8.4) 

in place of (1.8.2). This is a functional differential equation of neutral type. Anal­
ogous systems (1.8.4) (Si) and (S) can be formulated. 

1.9 The General Time-Optimal Control Problem and the 
Stability Problem 

The general form of equation studied is 

— [D(t)xt] = f(t,xt,u(t)), x<T = ip, 

where 

D(t)xt =x(t) - g{t,xt), 

g(t, <f) is linear in <p, and f(t, ip, u) may be nonlinear. It includes the delay system 

x(t) = f{t,xt,u(t)), xa = ip, (1.9.2) 

and the ordinary differential system 

±{t) = k(t,x(t),u(t)), x(0)=x0. (1.9.3) 

The initial state <p can appropriately be given as the space C of continuous 
functions from [—/i, 0] into En with the uniform norm. In this case, finding a 
solution of (1.9.2) is equivalent to finding a solution of the integral equation 

x(t) = tp(0) + f(s,x„,u(s))ds, t>a, 
Jo 

x(a + 0) = (p(0), -h<6<0. 

Other spaces with this property of equivalence of solution may be taken, and will 
be considered in subsequent discussions. If spaces other than C are used, the final 
point and the solution lie in C for t > a + h. Often the final point we reach 
may be taken to be in En, or in C. The space W*, consisting of all absolutely 
continuous functions from [—h, 0] —> En that have p-integrable derivatives where 
1 < p < oo, will play a significant role in our investigations. Another space of initial 
functions that is found to be very useful in application is the space Lp([—a, 0],En), 
i.e., the space of p-integrable functions with the usual norm. If we appropriate this 
as the state of initial conditions, the solutions of (1.9.1) can be considered in the 
product space 

Mp = En x Lp([-h,0],En) x Lp({0,T],Em), 

(1.9.1) 



The General Time-Optimal Control Problem and the Stability Problem 27 

1 < p < oo, endowed with the norm 

IMI = [llv°ir + \\<PX + \\f2\\p}" , <P = (^V,</> 2 ) e M " . 

With the state space selected, the target is either a point or a subset of the appro­
priately selected state space. 

The admissible controls are measurable vector valued functions with values con­
strained to lie in a compact convex set U of Em. Often U is specialized to be the 
unit cube, 

Cm = {ueEm : \Uj\ < 1, h=l,2,...,m}. 

The time-optimal control problem is now formulated as follows: Determine an ad­
missible control u* such that the solution x(tp,cr, u*) of (1.9.1) hits a continuously 
moving target point or set in the appropriate space, in minimum time, t* > 0. Such 
controls u* are called time-optimal controls. Our ultimate goal is to get an optimal 
control u* as a function of the appropriate state space, i.e., to obtain the "feed­
back" or "closed loop" control. The major advantage of such a feedback-optimal 
control as against an "open-loop" one with u as a function of t is that the system 
in question becomes self-correcting and automatic. 

Thus if C is the state space, we hunt for a measurable function m : C —> Em 

such that 

(i) m(xt) = u(t), u(t) £ U. 
(ii) m is optimal feedback control for (1.9.1) in the following sense. In addition 

to (1.9.1), consider the differential equation 

~[D(t)yt]=f(t,yt,m(yt)). (1.9.4) 

Then each optimal control of (1.9.1) is a solution of (1.9.4), and conversely 
each solution of (1.9.4) is an optimal control solution of (1.9.1). Once found, 
the time-optimal control problem for the system (1.9.1) is completely solved. 

In (1.2.4) for instance, the optimal feedback control is the fishing strategy that 
would drive the system to the target (equilibrium) as quickly as possible. 

Sometimes the theory and techniques of the solution of the time-optimal problem 
can be appropriated to tackle the problem of minimizing a cost function which, for 
example, is given in (1.8.3). The general situation will be treated in Chaps. 7 and 9. 

1.9.1 The stability problem 

The complete solution of the time-optimal problem is dependent on the solution of 
the corresponding stability problem, which is formulated as follows: Let x* be a 
solution of 
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f(t,xt,0)=g(t,xt) = 0. (1.9.5) 

Find necessary and sufficient conditions on D and g such that every solution x(<p) of 

~[D(t,xt]=g(t,xt), t>a, x„=<j>, (1.9.6) 

is uniformly, globally, asymptotically stable in the following sense: For each <j), the 
solution x(<f>) of (1.9.6) satisfies 

xt{4>) -> x* as t-too. (1.9.7) 

These two problems of stability and optimal control are the primary questions we 
attempt to address in this monograph. 

Remark 1.9.1 In the time-optimal or minimum-effort problem treated here, the 
controls of essential interest are small and bounded in components: |WJ(£)| < 1, 
j = l , . . . , m . Because of this constraint, the global asymptotic stability of the 
system without control are needed and will be studied to ensure global constrained 
controllability of our dynamics, on which rest the existence of an optimal control. 
This contrasts with the situation in which the constraint |uj(t)| < 1, j = 1 , . . . , m is 
removed, and we require admissible controls to be square integrable. For such "big" 
controls one could study feedback stabilization and optimal control with quadratic 
cost functional. Though such a study is important, we shall not pursue it in depth 
because the main applications we have in mind for this introductory text have 
essentially bounded controls. 

1.10 Economic Models with Delay 

In the construction of dynamic economic models, the kind of "time", "continuous" 
or "discrete", dictates whether a differential equation or a difference equation is 
the model. It has been argued strongly and persuasively by G. Gandolfo that 
mixed differential-difference equations, functional differential equations are much 
more suitable than differential equations alone or difference equations alone for an 
adequate treatment of dynamic economic phenomena [20]. Functional differential 
equations were used by Kalecki to model capital stock. More recent studies include 
Gandolfo [20], Chukwu [19, 21] and [26]. Kalecki [27] argued that the growth of 
capital stock x(t) of a single firm is given by 

x(t) = I(t) = a0x(t) + aix(t - h), (1.10.1) 

where â  are constants and the delay h represents the time lag between the decision 
to invest and the deliveries of capital equipment. The crucial assumption for (1.10.1) 
is that the net capital formation x(t) is given by /(£). To obtain (1.10.1), Kalecki 
assumes that the decision to invest B is given by 

B(t) = a{\ - c)y{t) - kx(t) + e, 
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a, c, k are constants, e may be time varying, y is income (output), x(t) denotes 
the stock capital assets at time t. Later as an exercise, Kalecki suggests that the 
decision to invest should be 

B(t) = a(l ~ c)y(t) - kx(t) + e + v-^- . 

The outcome of this analysis is the functional differential equation of neutral type, 

— (x(t) — a—ix(t — h)) = aox(t) — a\x(t — h) + a-i. 
at 

This is a functional differential equation of neutral type which describes the growth 
of capital stock of a single firm. We can introduce b(t)u(t) at the right-hand side of 
this system to obtain 

x(t) + a-\x(t - h) — aox(t) + a\x(t - h) + b(t)u(t). 

We interpret b(t)u(t) as follows. If 0 < u(t) < 1, then u(t) is the fraction of 
"available capital assets, b(t)" at time t that is allocated to investment. If —1 < 
u(t) < 0, then u(t) is the fraction allocated to consumption or for payment of taxes. 
Thus — 1 < u(t) < 1 and u(t) is an investment consumption strategy which is 
appropriated as a control to drive an initial capital endowment 0 to a target while 
minimizing a cost function. 

There are at least two ways that time delays emerge in the dynamics of economic 
variables: there is some time lag between the time economic decisions are made 
and the time the decisions bear fruit. See [35] and Chukwu [28, 29]. There is a 
"hidden" way, the way rational expectation (see Ray C. Fair [30], Luigi Amoroso 
[31], J. B. Taylor [32, Chap. 3]). 

For dynamic economic systems we appropriate the argument of Fair that the 
"rational expectations hypothesis" can better be approximated by assuming that 
the expected values of the economic model are a function of the current and past 
values. Indeed we assume that aggregate demand z is a sum of investment J, 
consumption C, net export X, and government outlay G: 

z = I + C + X + G, (1.10.2) 

where 

C = C0 + d(y(t) - T(t)) + C2(y(t - h) - T(t - h)) + C3(y(t) - t(t)) 

+ C4(y(t-h) 

- f(t - h)) + C5R{t) + C6R{t -h) + C7{ML). (1.10.3) 

Here, 

C = private consumption , M = money supply , 
(1.10.4) 

L — money demand = Md, ML = L - M, 
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L = M0 + Miy(t) + Miy(t - h) + M3R(t) + M4R(t - h) 

+ M5R(t - h) + M6p(t), (1.10.5) 

I = Io + hy{t) + hy(t -h)- I3y{t) + I4y(t -h)+ I5R(t) + I6R{t - h) 

+ I&L{t) + I9L(t -h)- hiKit) - / 1 3 (M - L), (1.10.6) 

where 

K = value of capital stock, L = employment, 

M = money supply = M l , L = Liquidity = money demand = Md. 

Also 

G = go + 9iy(t) + g2y(t - h) + g4y(t - h) + g5R(t) + gsL(t), (1.10.7) 

(go = federal budget net expenditure) (1.10.8) 

where 

X = x — m = Export — Import 

x = export function = x(p, e, d, r, y, L) 

where p = price, y = income, e = exchange rate, r = tariffs, L = employment. 
We know that dx/de < 0,dx/dp < 0, if the elasticity of substitution among im-
portables (ESM) is greater than 1 and if the elasticity of transformation between 
exportables (ETE) is greater than ETDF, the elasticity of transformation between 
production for domestic market and for foreign markets. We can therefore assume 
a linear model 

x = x0 + x±y(t) + x2y(t - h) + x3y(t) + x4y(t - h) + x5R(t) + x6L(t) 

+ xi0L(t - h) + xi6r(t) + xi5e(t) - xi2p(t) + znd(t), (xi5 > 0, xX2 > 0) . 

(1.10.9) 

(It can be assumed that 

M = M0 + Miy + M2p + M3e + M4L + M5T (1.10.10) 

where obviously, Mi > 0, M2 > 0, M3 > 0.) Since income y has a predictable 
positive effect on trade flows and increase in imports we have Mi > 0. Thus 
net export 

X = Xo + Xiy(t) + X2y(t -h) + X3y{t) + X4y(t - h) + X5R(t) + X8L{t) 

+ X10L(t -h)+ X12p(t) + Xwr(t) + X15e(t) + X17d(t), (1.10.11) 
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where 

X0 = X0 - Mo , Xi = Xi - M i , etc. 

Therefore, on gathering results we have that aggregate demand 

Z=C+I+X+G 

= z0 + ziy{t) + z2y(t -h) + z3y(t) + z4y(t - h) + z5R(t) + z6R(t - h) 

+ z$L(t) + z9L(t -h) + zwL(t -h) + zuK(t) + z13R(t - h) + zup{t) 

- zuT(t) - z15e{t) + z16r{t) + z„d(t) - z19T(t - h) 

- z20f{t) - Z2it(t - h), (1.10.12) 

where 

zo •-

Z\ • 

z 2 •• 

Z3 • 

Z4 

Zb 

Z6 

z% 

Z9 

ZlO 

Z\\ 

Zl3 

214 

Z l 5 

Zl6 

217 

ZlS 

Zl9 

= 9o + h - M0(C7 + I13,) + C0 + X0 

= g1+I1- Mi( / 1 3 + C7) + C1+X1 

= 92 + h + C2 + X2 + M2(IU + C7) 

= 9z ~ h + C3 + x3 , 

= g4 + h + Ci+X4 + M4(C7 + J13) 

= 5 5 + h + C5 + X5 - C7M7 , 

= h + C6- C7M6, 

= 98 + h + X8 , 

= / 9 , 

= XW , 

= -hi, 

= (J13 + C7)M6 , 

= -Ci, 

= - ^15 , 

= - ^16 , 

= X\7, 

= (CV + 2i3)M6 , 

= c2, 
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Z20 = C3 , 

Z\2 = Ci . 

By the market principle of supply and demand 

dy[t) 
dt 

= Xi(z(t) - y(t)) , (1.10.14) 

where Ai is the speed of response of supply to demand, the speed of adjustment. 
The reciprocal of the speed of adjustment (1/Ai) is the mean time lag, i.e. the time 
necessary for about 63% of the discrepancy between y and z (or between the actual 
and desired value of the variable) to be eliminated [33, p. 94]. From (1.10.14) the 
following equation emerges: 

-j7 - a-uy(t -h)- a-i3L(t - h) = Aiaf1[(zi - 1 - zi3Mi)y(t) 

+ z2y(t -h) + (z5 - z13M2)R(t) 

+ z6R(t -h) + z8L(t) 

+ z9L(t -h) + znk(t) - zi3M3p(t) 

- z14T(t) - zise(t) 

+ Z10T(t) + Z19T(t -h)- Z20f(t) 

+ z2if(t -h)+ z17d(t)] + zoAicrf* , 

where 

<xi = 1 — A1Z3 , a_n = Xia1 z± , a_i3 = X\<T^ z\o . 

Set 

aoi = Aio-j" 1(z1 - 1 - Z13M1), 

a n = ^Aicr! , 

ai2 = (25 - zi3M2)\\Oi 1 , 

o-iz = ^Aio- f , 

a i 4 = Zs\i<Ti , 

a i 5 = ZgXiCTi , 

ai6 — 2HAI<TJ" , 

air = zigXia^ , 

aiS = A i i r f Z13M3 , 
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and set 

9i (*) = A i ^ r 1 ^ - zuT{t) + z19T{t -h)- zwt(t) 

- z2if(t -h)- zi5e{t) + zWT(t) + z17d(t)}, (1.10.17) 

n(t) = A i ^ r 1 ! ^ + h + X0) - M0(/i3 + C7)\. (1.10.18) 

Then the dynamics of GNP in our economic system is 

dv 
— - a-ny(t - h) - ai3L(t - h) = a0iy(t) + any(t - h) + ai2R(t) + ai3R(t - h) 

+ auL(t) + a\$L(t - h) 

+ a16k{t) - a18p(t) + qi{t) + n ( t ) . (1.10.19) 

The rate of interest is determined by the typically Kenesian dynamics, 

d R 
— =\2(L-M). (1.10.20) 
dt 

This yields 

R(t) = X2Miy(t) + \2M2y{t - h) + X2M3R(t) + A2M4fl(i - h) 

+ XM5R(t -h) + X2M6p{t) + XM0 - X2M\ . (1.10.21) 

If we set 

q2(t) = -X2M1, a2(t) = -X2M0 , 

a-22 = X2M5 , a21 = X2Mi, 

a22 = X2M2 , a23 = X2M3 , 

a25 = X2M6 , a2i = A2M4 , 

(1.10.22) 

then 

R(t) - a-22R(t -h)= a21y(t) + a22y{t - h) + a33R(t) 

+ a24R(t -h) + a25p{t) - a2(t) + q2{t). (1.10.23) 

1.10.1 Prices 

To obtain the dynamics of domestic prices we appropriate as our background the 
treatment by Gandolfo and Padoan [33]. Price of output is determined as 

D \ogp = ai2 log(p/p) + al3DM + a14 log (M/Md) (1.10.24) 



34 Examples of Control Systems Described by Functional Differential Equations 

where 

P = n{PJ • ef^w013 prod - /314 , (1.10.25) 

DM = proportional rate of change of Ml 

or money supply (1.10.26) 

M l = Nominal stock of money 

p' = import price level (in foreign currency) 

e = exchange rate (country-dollar spot exchange rate) 

Md = L = money demand 

W = money wage rate 

= wage/labor 

prod = labor productivity = n . (1.10.27) 

We observe that 

D l o g p = ^ | , (1.10.28) 

and if we linearize we obtain 

-j^=Po+ PiPf(t) • e(t) + p2W(t) - p3n(t) 

- P4P(t) + PsMl + p6{Ml - L), (1.10.29) 

where L is the liquidity function, 

Po = log77 = /3i277(aiPoeo + ao) + Pi3(C0vo - CWo) 

+ Pu(po - PWo) • (1.10.30) 

Thus 

p(t) = p(t)[p0 + PiPf(t) • e(t) + p2w(t) - p3n(t) 

- P4P(t) + P5M, + p6(M - L)\. (1.10.31) 

Observe that 

Pe(M -L)= P6(M -M0- MlV{t) - M2y(t - h) - M3R{t) 

- MiR(t -h)- M6p(t) - M7R(t - h)), (1.10.32) 
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where 

L = M0 + Miy(t) + M2y(t -h) + M3R(t) 

+ M4R(t -h) + M6p(t) + M5R(t - h). (1.10.33) 

Set 

qs{t) = PiPf(t) • e(t) +p5M1(t) +P6M1(t), 

<?5(*) = Po - P3n(t) +p2w(t) - p6M0(t). 
(1.10.34) 

Then 

p(t) = p(t)[(M6+p4)P(t)}-p6Miy(t) 

- pey(t -h)- p6M3R{t) - MiP6R(t - h) 

- p6M7R(t -h) + [q5(t) + a5(t)}p(t). (1.10.35) 

1.10.2 Balance of payment 

The Balance of Payment is given by B = X — F — T where X is defined in 
(1.10.11) and 

F + T = /„ + fiR(t) + f2R(t -h) + f4R(t - h) 

+ fsv(t) + fey{t -h) + f8L{t) + hL(t - h) 

+ fnL(t -h) + fi2E(t -h) + fi3E{t - h). (1.10.36) 

Hence 

where 

B = bQ + biy(t) + b2y(t -h) + b3p{t) 

+ bAy{t -h)+ b5R{t) + b6R(t - h) 

+ b7e(t) + b8R(t -h) + b9L(t) 

+ b10L(t -h) + b12L{t - h) 

+ b15d(t) + bl3r(t) + b17B(t - h), (1.10.37) 

p,e,d = have the usual meaning, and where E 

is the cumulative balance of payment, 

E(t) = / B(s)ds. (1.10.38) 
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Thus the differential equation for the cumulative balance of payment is 

— = B{t); (1.10.39) 

or 

—JQ = b0 + hy(t) + b2y(t -h) + b4y(t - h) + b5R(t) 

+ b6R(t -h) + bsR(t -h) + b9L(t) + bwL(t - h) 

+ b12L(t -h) + b3p(t) + b7e(t) + b15d{t) 

+ b13T{t) + b17B(t-h). (1.10.40) 

On setting 

and 

X0 = x0 - M0 , b0 = X0 - /o , 

-r6{t) = x0 - m0 = X0 . (1.10.41) 

Import quotas and taxes (tariff, which is privately firm generated and partially 
controlled); and 

q6{t) = b7e(t) + bsr(t) + b15d(t) - /o , (1.10.42) 

government control instruments: exchange rate, e, tariffs, foreign credit, interest 
equalization tax, /o, preferential arrangement (which reduce trade barriers and en­
hance trade flows between nations) d, transportation and distance between partners. 
The dynamics of cumulative balance of payment becomes 

E{t) = biy(t) + b2y(t -h) + b4y{t -h) + b5R{t) 

+ b6R(t -h) + b8R(t -h) + b9L(t) + b10L(t - h) 

+ b12L{t -h) + b17B{t -h)- r6(t) + qe(t). (1.10.43) 

1.10.3 Employment and capital stock 

We now derive the equation of Capital Stock and Employment. The definition of 
national income from the expenditure side is 

y = C + I + X + G, (1.10.44) 

where 

C = 2/10 + yuy(t) + yi2y{t) + yi3R(t) + y15(M - L) + yls{y - T), 
(1.10.45) 

/ = Jo + h , 
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and where 

h = r f D(s)ds, (1.10.46) 
hJt-h 

and 

dk(t) 
D(t-h), (1.10.47) 

dt 

which is the rate of deliveries of new equipment. We postulate that 

D(t) = a(l - c)y{t) - k0k{t) + k13k(t) + L5L(t) + L6p(t) + vy{t). (1.10.48) 

Now, 

1 /•* dk(s + h)ds 1 ft+h dk(r)dT n _ l f dHs + h)ds _ 1 r 
h 7 t_ h ds h Jt dr 

1 \t+h 1 
rk(t)\ = -[k(t + h) - k(t)]. (1.10.49) 
h \t h 

Also 

Thus 

X = x0 + xiy(t) + x2y(t - h) + x5R(t) + xsL(t) 

+ XwL(t) + xne(t) + x12T(t) + xi3d(t), (1.10.50) 

G = gso + 9siy{t) + gsiy(t) + gs5R(t) + gs8L(t). 

y(t) = zs0 + z„iy(t) + zs2y(t -h) + zs4y(t) + zs5R(t) 

+ zs8L(t) + zsl0L(t) + zsl3Mi - zsUT(t) + zsl5e{t) 

+ z3l6T(t) + z„i7d(t) + -[k(t + h)- k(t)}. (1.10.51) 

It follows that 

y(t) = (1 - zsi)
_1[zso + zs2y(t - h) + zsiy{t) 

+ zs5R(t) + zs8L(t) + zsl0L(t) + zsl3Mi 

- zsi4T(t) + zsl5e(t) + zsWT(t) + zsnd(t)} 

+ n \ ,,[k(t + h)-k(t)}. (1.10.52) 
(1 - zsi)h, 

Substitute D(t) = k(t + h) and (1.10.52) into (1.10.48) then 

k(t + h)= ° ( 1 ~ C ) [k(t + h)-k(t)} 
(1 - zsi)n 
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+ a} ~ [zso + zsl3Ml - zsl4T(t) + zsl5e{t) 
1 - zsi 

+ zai6r(t) + zsl7d(t)] 

+ °} ~C'[zsly{t) + zs4y{t) + zs5R(t) + zs&L{t) 
1 - Zsi 

+ zsl0L{t) + zsUk{t) + ki3k(t)} 

+ L4R(t) + L5L(t) + L6p{t). (1.10.53) 

Now to switch t to t — h to deduce that 

k(t) + a_ifc(£ — h) = aok(t) + a\k{t — h) + aiy{t — h) 

+ a3y(t - h) + a4R(t - h) + a5L(t - h) 

+ a6L(t -h) + asp(t - h) + b0q0 + hpi , (1.10.54) 

where 

, ' a ( l - c ) 
a_i = -fci3 

ao 

1 - zsi 

a(l - c) 

(1 - zsl)h ' 

- a ( l - c ) 
a-i = — {l/h)zsU , 

1 - Zsi 

a(l - c) 

(1 - Zsi) 

a(l - c) 
A3 = Zs4 , 

1 -Zsi 

o ( l - c ) r (1.10.55) 

( l - z s i ) 

a(l - c) 
as = 7: r • zss + L5 , 

(1 - zsi) 
a{\ - c) 
( 1 - Z s l ) 

a8 = i 6 : 

M o + hpi = —̂  {[zs0 + ZsnMl - zsi4T(t) + zsi5e(t) 
(1 - Zsi) 

+ zsieT{t) + zsnd(t)], 
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-2*0 = 90 + X0 + 2/10 + h • 

Let 

and 

94 = go + zsl3Ml - zsuT(t) + zsi5e(t) + zsi6T(t) + zsl7d(t) 

ai(t) =x0 +yio + Io; 

then the dynamics of capital stock emerges as 

k(t) + a,-ik(t — h) — asy(t — h) — a§L{t — h) 

= aok(t) — a\k(t — h) + a2j/(i — h) + a,iR(t — h) 

+ a5L(t -h) + asp(t) + a4(t) + q4(t). 

(1.10.56) 

(1.10.57) 

(1.10.58) 

Remark We note that the coefficients of the dynamics in (1.10.54) and therefore 
of (1.10.58) are identified in (1.10.55). These are obtained by a simple MATLAB 
linear regression using the arx command on (1.10.47), (1.10.48), (1.10.49), (1.10.50), 
(1.10.51) and (1.10.52). To obtain the functional differential equation satisfied by 
employment we recall the Cobb-Douglas equation 

a T 1 —a . 

and the relation 

where 

y = f(k,L) = kaL 

L = m{uj)k , L(t) = m(u))k(t). 

m(u>) ( I - * ) -
l / a 

Because 

k(t) L(t) 
m(u>) 

(1.10.59) 

(1.10.60) 

(1.10.61) 

(1.10.62) 

The capital stock equation becomes 

+ l-^r ~ a6 ) L(t -h)- a3y(t - h) 
m(oj) \m(ij) 

a0 •L(t) 
a i 

•L(t - h) 
m(oj) v / m(uj) 

+ &2y(t — h) + aiR(t — h) 

+ a5L(t - h) + agp(t) 

+ a4(t) + q4(t). (1.10.63) 
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Multiply both sides of this equation by m(tj): 

L(t) + (ai — m(oj)a§)L{t — h) — a3fn(ij)y(t — h) 

= aoL(t) — a\L(t — h) + m(u))a,2y(t — h) 

+ a,4m{uj)R(t — h) + a^m{u))L{t — h) 

+ m(u))asp(t) + m{uj)cri{t) + m{u)qi(t). (1.10.64) 

Recall that profit P = y — wL — rK where u> is the wage of labor per unit time, 
r is the rent per unit time of the use of capital. We built into our model the 
maximization of profit so that 

3P 
= I 

dL 
As a consequence L = m(u>)k where 

m(w) = 

Let 

o_i -m(uj)a6 = l-oi, 

ao = lo, 

m{uj)a2 = h, 

m(w)a5 = l5, 

m(w)a-4(t) = -<73(i) 

Then the dynamics which we are seeking is 

L(t) - Z_oi£(i -h)- l-03V(t -h) = l0L(t) - hL(t - h) + l2y{t - h) + l4R(t - h) 

+ l5L(t - h) + a3{t) + q3(t). (1.10.67) 

The equations we have displayed can be put in matrix form as follows 

x(t) - A-i±{t -h) = A0x(t) + Axx(t -h)- a{t) + q(t), (1.10.68) 

where 

~ V~ 

R 

L 

dP 
(1.10.65) 

( ' - ) = 

l / a 

azm(w) = /_03, 

- a i = l\, 

m(u))a,4 = h, 

m(uj)as = h, 

m(tj)q4(t) = q3. 

(1.10.66) 

x = 1 
(1.10.69) 
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A-! 

a - n 

0 

-f-03 

d3 

0 

b4 

aoi 

021 

0 

0 

a-51 

. o 6 i 

a\2 

«23 

0 

0 

052 

a&2 

a-oi 

a.21 

0 

0 

0 

a-22 

0 

0 

M7p6p(t) 

bs 

a i 4 

0 

A33 

0 

0 

063 

a i 6 

0 

0 

&44 

0 

0 

a i 2 

«23 

0 

0 

a - 1 3 

0 

—foi 

a6 

0 

612 

- a i s 

925 

a.35 

&55 

0 

a i 4 

0 

Zo 

0 

0 

0 

0 

—a_ 

0 

0 

0 " 

0 

0 

0 

0 

0 

a-ie 

0 

0 

a0 

0 0 " 

0 0 

0 0 

-1 0 0 

0 0 

0 0 

, or 

- a i 8 

a-25 

Mas 

as 
A0 = 

-p6Mip -p6M3p 0 0 (M6+p4)p 

h b5 b9 0 0 

aoi = Tio-fH-2! - ! - -^i3^i), 

ai2 = (25 ~ 213M2)7i(T_1, 

ai4 = 1K7I1ZS = T i ^ r 1 ^ + 4 + a*), 

ai6 = HOilzn = -yia^i-hi), 

au = licri1 z13M3 = -7io-f1 M3M5(I13 + C7), 

a2\ = 72M1, 

023 = 72 M3 , 

025 = 72-^6 , 

a{\ - c) 
«33 = 0.Q = ZQ 

(1 - zsi)h 

035 = h = m(uj)as (I-a)-
l/a 
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a(l - c) 
a4 4 — a0 — 7- rr-, 

(1 - zsi)h 

145 = a,8 = Lg , 

051 = - P 6 M i p ( t ) , 

«52 = - p e M 3 p ( i ) , 

a55 = - (M 6+p 4 )p(*)> 

a 6 i = 61 , 

^ 6 2 = &5 , 

0.63 = &9 • 

a m a m aii3 

ai2i ai22 0 

«131 «132 Ol33 

Ol41 Oi42 O143 

a is i ai52 0 

0161 «162 Ol63 »164 »165 ^166 

0 

0 

0 

- a i 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

M 

a n 

022 

h 
a2 

P6P(t) 

h 

0-13 

«24 

/4 

0 4 

-M 4p 6p(i) 

be 

l is 

0 

h — h 
05 

0 

ho 

0 

0 

0 

- a i 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

bn 

(1.10.73) 

a m = a n = 227107 * = 7i<rf 1[g2 + I2 + C2 + x2 + M2(Ii3 + C7)}, 

aii2 = ai3 = 71 ̂ \l[h + C 6 - C7M6], 

ai i3 = 0,15 = 71 ° T z9 = T i ^ f ^9 , 

ai i4 = 0 , 

a i i5 = 0 , 

ai i6 = 0 , 

ai2i = a22 = 7 2 M 2 , 
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ai22 = a-24 = 7 2 M 4 , 

a i23 = 0 , 

ai24 = 0 , 

a i25 = 0 , 

ai26 = 0 , 

a ( l - c) 
0131 = <2 = ^ ( W ) T - r 2 s 2 , 

(1 - 2 « l ) 

m ( w ) a ( l — c)x2 

1 - ( z i + 9si + 2 / n ) ' 

7 / \ a ( l — c) 1-
ai32 = «4 = m ( a ; ) a 4 = — r z s 5 + ^ 4 

( l - 2 s i ) 

, , . . , m ( a > ) a ( l - c)zs8 
ai33 = <5 - h = m(uj)a5 - l\ = V L5 - li, 

a i 3 4 = 0 , 

a i35 = 0 , 

ai36 = 0 , 

a ( l - c) 
a i 4 i = ai = T-, : — \ z & > 

O142 = 0 4 

( 1 -

a(l 

( 1 -

a(l 

z*i) 

~c) 
Zsl) 

-c) 
( l - z , l ) 

0144 = 0 = a i45 = a i46 ; 

a i s i = ~P6P(t), 

a 1 5 2 = -M4p6p(t), 

0153 = 0 , 

ai54 = 0 , 

a i55 = 0 , 

ai56 = 0 , 

a i 6 i = t>2 , 

«162 = ^6 , 

a163 = frlO , 
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Let 

where Ti z i 4 T( t ) + z19T{t -

a = 

[Co­

lo 

X0 

Mo 

n 

w 

x0 

2/10 

.Po ., 

5 

^164 = 0 , 

ai65 = 0 , 

«i66 = bn 

9 = 

" T i " 

ffo 

e 

T 

M i 

M i 

- h) - z20t(t) 

7 

- Z 2 l t ( t " -h) 

(1.10.74) 

(1.10.75) 

(1.10.76) 

£i = 7io-i , 

9i = Ti^fMso + Z13MI + Ti - zi5e(£) + zi6r(t) + zi7d(*)], 

ax{t) = 71 o-f ^Co + Jo + Xo - Z13M0], 

92 W = - 7 2 M I , 

-<r2(t) = 7 2 M 0 , 

©(*) = PiPf(t) • e(t) + p5Ml + P6M1, (1.10.77) 

a5(t) = Po- P3n{t) + P2u(t) - p6M0 , 

94(*) =9o + ZsuM - zsUT(t) + zsi5e(t) + zsx&T{t) + zsl7d(t), 
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B i = 

aA{t) = x0 + yio + h , 

q3(t) = m(u))qt(t), 

a3(t) = m(w)(T4(i). 

q6 = b7e(t) + b8T(t) + b15d(t) - /o , 

-<76(t) — x0 - M0 = X0 • 

~£l £l ~Zl5^1 -£l-Zl6 —6-Z17 6Z18 0 

0 0 0 0 0 -72 0 

-m(w)zai4 m(w) m(u))zsi5 mzsi6 mzsn mzsi3 0 

~Zsl4 

0 

0 

1 

0 

0 

ZS15 

PiPf(t) 

b7 

2s 16 

0 

bs 

Zsl7 

0 

&15 

Zs13 

P6 

0 

B 2 

- f r 6 6 6U13 + C7) 0 

0 0 0 -72 

0 m(w) 0 0 

0 1 0 0 

0 0 0 -p6 

0 0 0 - 1 

0 0 0 0 

0 0 0 0 

0 77i m 0 

0 1 1 0 

~P3 Pi 0 0 1 

0 0 1 0 0 

Then 

x(t) + A-i±(t -h) = A0x(t) + Axx(t -h) + Biq + B2a. 

Compared with (1.10.81): 

D(t, xt) = x(t) + A_±x{t - h), 

d , „ , .. d 

f(t, xt,u(t)) = A0x(t) + Aix(t -h) + u(t), 

-(D(t,xt)) = -(x(t) - A.lX(t - h)), 

where 

u(t) = Biq(t) + B2a(t). 

We consider the general nonlinear functional differential equation 

x(t) - A-i±(t -h) = f(t, xt,u(t)) + B(t, xt)u(t), 

0 

P5 

0 

(1.10.78) 

0 

0 

0 

0 

0 

-1 

(1.10.79) 

(1.10.80) 

(1.10.81) 

(1.10. 
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where / : E x C° x Em —• En is a nonlinear function. Here Er is the r-dimensional 

Euclidean space with norm | • |. The symbol C° denotes the space on continuous 

functions mapping the interval [—h,0], h > 0, into .E™, with the sup norm || • ||, 

defined by | | $ | | = s u p _ h < s < 0 | $ ( s ) | , <E> G C. The control matr ix function B : 

E x C° —>• Enxm is possibly nonlinear. The controls are square integrable functions 

u £ L2([<T, ti], Em), a, t\ £ E,ti > a, and L2 is the space of measurable functions u 

defined on intervals [<r,ti] for which |w|2 is summable. If t G [cr,ii], we let xt e C° be 

defined by xt(s) = x(t + s), —h < s < 0. Wi th L2 as the set of admissible controls 

the s ta te space is either En, or W2 , the Sobolev space of absolutely continuous 

functions x : [—h, 0] with the property tha t t —>• x{t) G L,2([—h,0],En). The targets 

are points in En or function in W^ • 

The concept of function space controllability is very appropriate. Once a target 

is hit, it remains (hopefully) on a certain growing function for some t ime T. For 

example, once employment is brought to a desired level, it is important to keep it 

there at t ha t level for some T. 

The control variable of our economic system are of two kinds and of the form 

u = Bip - B2g; 

where g is the control instrument of government (taxes, money, supply, public con­

sumption, exchange rate, subsidy, preferential t rade arrangement, tariff), and where 

p is the control instrument of private initiative (autonomous consumption, invest­

ment, net export, money holding wages productivity) £?j, i — 1, 2 are the respective 

control matrices. It can be proved tha t any function target xT = (yT , i?T-,L r , 

KT,pT, ET), can be reached from any position if and only if the number of effec­

tive control instruments is equal to the number (S) of target functions. This is 

a resurgence of "Tinbegen's static controllability condition". There exist a set of 

policy instruments which is capable of moving the initial function s ta te into some 

other desired position in a finite time. As a result levels of national income, interest 

rate, employment, prices, value of capital stock and cumulative balance of payment 

can be controlled simultaneously. As a result, inflation and employment can be 

controlled at the same time, provided all the control instruments are in force. This 

seems to be a basic insight and argument of Robert Eisner in his recent book [34, 

Chap. 8]. See the Theorem reported in Chukwu [29, pp. 81-89]. 
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