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10 Chapter 1 First Concepts

Definition 1.3.5 We say a complex valued function defined on a
domain is analytic if it is represented by a convergent power series.
Similarly, if a real valued function of a real variable is represented by a
convergent power series we call it a real analytic function.

We conclude this section with two remarks. First, all these differen-
tiation results could also have been gotten by termwise differentiation
of the appropriate power series. However, proof of this fact would have
required further knowledge of power series than we presently have. In
Chapter 3 we will see why this is so. Secondly, it is obvious that our
process of extending real analytic functions defined on an interval, a
half line, or the whole real axis by convergent power series to the corre-
sponding complex domain is quite general and has nothing to do with
the particulars of the functions we have been considering in this section
(Figure 3.6). So, for example, if f(x) =

∑∞
n=0 an(x− a)n converges for

|x− a| < r, where the x, an and a are real and 0 < r ≤ ∞, then we get
a complex power series f(z) =

∑∞
n=0 an(z − a)n which converges for all

|z − a| < r, where 0 < r ≤ ∞.

Exercise 1.4 Use the functional equation for ez to prove the addition
formulas for sin, cos, sinh and cosh.

1.4 The Cauchy-Riemann equations

Let f : Ω → C be a map which is holomorphic at a point a. If z =
x+ iy ∈ Ω, write f(z) = u(x, y) + iv(x, y). We know limz→a

f(z)−f(a)
z−a =

f ′(a) exists no matter how z → a. We shall compute this limit in two
different ways. First, let z → a by keeping x constant and y varying and
then by keeping y constant and x varying. Let a = b+ ic and z = x+ ic,
where x→ b. Then, z − a = x− b so z → a and

f(z)− f(a)

z − a =
u(x, c)− u(b, c)

x− b + i
v(x, c) − v(b, c)

x− b .

Taking limits as z → a we get

f ′(a) =
∂u

∂x
(b, c) + i

∂v

∂x
(b, c) .
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On the other hand if z = b+ iy where y → c, then z − a = i(y − c); so
z also approaches a and

f(z)− f(a)

z − a =
u(b, y)− u(b, c)

i(y − c) + i
v(b, y)− v(b, c)

i(y − c) .

Since i−1 = −i, taking limits this time we get

f ′(a) = −i∂u
∂y

(b, c) +
∂v

∂y
(b, c) .

Thus ∂u
∂x(a) = ∂v

∂y (a) and ∂v
∂x(a) = −∂u

∂y (a). These are called the Cauchy-
Riemann equations at a.

In general, when f : Ω → R2 is a smooth function, the Jacobian
matrix Jf (a) has the form

∂u

∂x
(a)

∂u

∂y
(a)

∂v

∂x
(a)

∂v

∂y
(a)


However, because of the Cauchy-Riemann equations, in the holo-

morphic case we have:

Corollary 1.4.1 If f is holomorphic at a, then Jf (a) has the form(
α β

−β α

)
.

Corollary 1.4.2 If f is holomorphic at a, then |f ′(a)|2 = det Jf (a).
In particular, f is regular at a if and only if f is locally invertible there.

Proof. As we saw, f ′(a) = ∂u
∂x(a) + i∂v∂x(a). Hence |f ′(a)|2 = ∂u

∂x(a)2 +
∂v
∂x(a)2. But by the Cauchy-Riemann equations, this is exactly detJf (a).
In particular, f is regular iff Jf (a) is invertible. By the real inverse
function theorem this is equivalent to f being locally invertible as a real
mapping.
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Corollary 1.4.3 If f is holomorphic on Ω, then f is C1 and ∂u
∂x = ∂v

∂y ,
∂v
∂x = −∂u

∂y . Also, |f ′(z)|2 = detJf (z). In particular, f is regular on Ω
if and only if f is locally invertible everywhere on Ω.

Corollary 1.4.3 gives us a way of testing whether or not a complex
function is holomorphic. For example, conjugation is not holomorphic
since ux = 1, but vy = −1.

A real valued function u defined on a domain Ω is called harmonic if
uxx + uyy = 0 everywhere on the domain. The operator ∆ = ∂2

∂x2 + ∂2

∂y2

is called the Laplacian.

Corollary 1.4.4 If f is holomorphic on Ω and f is C2, then its real
and imaginary parts are harmonic.

We remark that in Chapter 3 we shall see f must actually be C∞.

Proof. By the Cauchy-Riemann equations ux = vy and vx = −uy. Dif-
ferentiating we get uxx = vxy and uyy = −vyx. But since v (and u)
are both C2, we know vyx = vxy. Therefore uxx + uyy = 0. Similarly,
vxx + vyy = 0.

We now turn to the converse of the Cauchy-Riemann equations.

Theorem 1.4.5 Let f : Ω → C be a map, f(z) = u(x, y) + iv(x, y),
where u and v are C1 functions. If the Cauchy-Riemann equations are
satisfied at a point a, then f is holomorphic at a.

Proof. By the linear approximation theorem for real valued functions of
several real variables we see that

u(z)− u(a) = ux(a)(x− b) + uy(a)(y − c) + ε1(z)(x − b) + ε2(z)(y − c)

and

v(z)− v(a) = vx(a)(x − b) + vy(a)(y − c) + ε3(z)(x− b) + ε4(z)(y − c),

where, as above, a = (b, c) and each εj tends to zero as z → a. Therefore,

f(z)− f(a) = ux(a)(x − b) + uy(a)(y − c) + ε1(z)(x− b)
+ ε2(z)(y − c) + i(vx(a)(x − b) + vy(a)(y − c))
+ ε3(z)(x− b) + ε4(z)(y − c)) .
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That is,

f(z)− f(a)

z − a = (ux(a) + ivx(a))
x− b
z − a − i(uy(a) + ivy(a))i

y − c
z − a

+(ε1(z) + iε3(z))
x− b
z − a + (ε2(z) + iε4(z))

y − c
z − a .

By the Cauchy-Riemann equations,

f(z)− f(a)

z − a = (ux(a) + ivx(a))
z − a
z − a + (ε1(z) + iε3(z))

x− b
z − a

+(ε2(z) + iε4(z))
y − c
z − a .

Taking into account that each εj tends to zero and |x−bz−a | and | y−cz−a | ≤ 1,
we see that

lim
z→a

f(z)− f(a)

z − a = ux(a) + ivx(a).

Corollary 1.4.6 Let f : Ω → C be a map, where <f and =f are C1

functions. If f satisfies the Cauchy-Riemann equations on Ω, then f is
holomorphic.

Corollary 1.4.7 Let f : Ω→ C be a regular holomorphic map. Then
local inverses of f are holomorphic.

Proof. Since f is regular, we know f is locally invertible by a smooth real
function. The only question is whether the local inverse is holomorphic.
But we know that for each z ∈ Ω, Jf (z) has the form(

α β

−β α

)
.

As is well known from linear algebra, Jf (z)
−1 has the form

α

α2 + β2
− β

α2 + β2

β

α2 + β2

α

α2 + β2

 .
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Since by the chain rule the tangent mapping of f−1 is Jf (z)
−1, it

follows from the result immediately above that f−1 is holomorphic.

Because even for real functions a local diffeomorphism is open, we
get the following:

Corollary 1.4.8 Let f : Ω→ C be a regular holomorphic map. Then
f is an open map. In particular, f(Ω) is open.

Exercise 1.5 Let f be a holomorphic function in a domain, Ω and ∆
be the Laplacian. Show that

∆(|f(z)|2) = 4|f ′(z)|2.

Hence if {f1, . . . , fk} are holomorphic functions and
∑k

j=1 |fj(z)|2 is
harmonic, each fj is constant.

1.5 Some elementary differential equations

From this point on we shall require that domains Ω be connected open
sets and we shall assume this is understood without it being explicitly
mentioned in the sequel.

We observe that if Ω is merely open, then each connected component
is a domain. Also notice that if γ is a continuous curve in an open
set that starts out at say a, then it remains in the component of Ω
containing a throughout its trajectory. Thus, there is no harm that
can come from this restriction. The reader is invited to prove these
statements.

Lemma 1.5.1 Let f : D → C be a holomorphic map, where D(a, r) is
the disk centered at a of radius r > 0. If f ′ ≡ 0, then f is constant.

Proof. Let z ∈ D. By convexity, the line segment γ(t) = ta + (1 − t)z
lies in D for 0 ≤ t ≤ 1. This is because |γ(t)−a| = |(t−1)a+(1− t)z| =
|1 − t||z − a| ≤ |z − a| < r. Now as we saw, d

dtf(γ(t)) = f ′(γ(t))γ′(t).

Since f ′ ≡ 0 we see d
dtf(γ(t)) = 0 for all t. Applying the mean value

theorem to the components fj of f(γ(t)), we conclude fj(a) − fj(z) =
fj(γ(1)) − fj(γ(0)) = 0 for each j. Hence f(z) = f(a), a constant.


