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number n is called the arity of the operation u. For n = 0,1,2,3,4 respectively, 

the term "n-ary" becomes: nullary, unary, binary, ternary, quaternary. A 

miliary operation u> or constant on a (necessarily non-empty) set A is a function 

u) : {0} —• vl from a singleton {0} to A selecting the element 0u> in A. For 

example, the identity element e of a group G is selected by the nullary operation 

e : G ° - > G : 0 H > e . 

Given an n-ary operation w : An -4 A on a set A, various notations are used 

for elements of An and their images under w. A typical element ( a i , . . . , a„) 

of An is sometimes written as a "word" a\.. .an, and its image under w as 

ai... anLJ. This form of writing is called postfix notation, or occasionally "re­

verse Polish notation," and in many situations is much more convenient than 

the clumsier form w(ai,..., an). Then the n-ary operation ui may be described 

as 

u> : An —> A; ( a i , . . . ,an) i-> a%... anu. 

However, familiar operations of small arity may be written in infix, prefix or 

nofix notation. For example, addition and negation in an abelian group A are 

written as 

+ :A2 -> A; (a,b)^a + b, 

— : A —> A; a ^ —a, 

and multiplication in a semigroup A as (a, b) >-t a • b or (a, b) 1-4- ah. 

Definition 1.1.1. A (finitary) type is a function r : fi ->• N. The domain il 

of the type T is called its operator domain, and the elements of il are called 

operators (or operation symbols). The image multiset (UT | LJ G n) of r is 

called the signature of r . For u> in f2, the natural number wr is called the arity 

of the operator w. • 
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1.1.8 (Boolean algebras). A Boolean algebra (A, +, • / , 0,1) is a bounded 

complemented distributive lattice. The collection of all subsets of a set X, with 

the operations of union, intersection, complementation, and two constants, the 

empty set and the set X, forms a typical example of a Boolean algebra. • 

Definition 1.1.9. Let (A, Cl) be a r-algebra, and let B be a subset of A. 

(a) If for each w in Cl, 

(VI < i < LJT, fcj€5)=>-(ii... bUTu € B), 

then the subset B is said to form a subalgebra (B, Cl) of (̂ 4, Cl). This is denoted 

by (B, Cl) < (A, Cl) or simply B < A. One also says that (A, Cl) is a superalgebra 

or an extension of (B, CI). 

(b) If for each w in Cl 

(VI < i < UT, h e B) <* (6i... *ww e £), 

then the subalgebra (B, Cl) of (A, Cl) is said to be a wall of (A, Cl). 

(c) If for each LJ in Cl and all a i , . . . , aWT in A 

(31 <i<wT . <nE B) => (ax... a^rU G B), 

then B is said to be a sink of (A, Cl). D 

Note that a subalgebra (B, Cl) of (̂ 4, Cl) is itself a r-algebra with 

w:BWT-> B; (bu ...,bUT) H-> 6I . . . 6u;ra; 

for each winf i . In particular, a subalgebra contains each (element selected by 

a) miliary operation of Cl. Note also that a sink is a subalgebra. The unique 

element of a one-element sink of an algebra (A, Cl) is sometimes called a zero 

of the algebra. Note however that the element 0 of a ring or lattice as above 

is not a zero in this sense. 
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Example 1.1.10. Consider the closed unit interval i := [0,1] = {a: € R | 0 < 

x < 1} with the operation o ; I x I -> I;(x,y) *-> (x + y)/2. It is easy to see 

that the open unit interval 1° —}0,1[= {x e R | 0 < x < 1} is a subalgebra 

of (I, o), and is a sink. The singletons {0} and {1} are also subalgebras, and 

form walls. • 

Definition 1.1.11. Let (A, ft) be a r-algebra. 

(a) The subalgebra poset Sb(A, ft) or SbA of (A, ft) is the subset of the 

power set V(A) comprising the subalgebras of (A, ft), with the order 

induced from (^(^4), C). 

(b) The wall poset Wl(A, ft) or WIA of (A, ft) is the subset of the power 

set V(A) comprising the walls of (A, ft), with the order induced from 

(HA),Q). 

(c) The sink poset Sk(A, ft) or SkA of (A, ft) is the subset of the power 

set V(A) comprising the sinks of [A, ft), with the order induced from 

(V(A),C). D 

Note that if A is a set with an empty set 0 of operations, then Sb(A, 0 ) = 

Wl(A, 0 ) = Sk(A, 0 ) = V(A). 

If a singleton subset {e} of an algebra (A, ft) is a subalgebra ({e}, ft), then 

the element e is said to be idempotent. For example, the identity of a group 

is the unique idempotent element in the group. An algebra (A, ft) is said to 

be idempotent if each element of A is an idempotent of (A, ft). For example, 

semilattices and lattices are idempotent algebras. Idempotent semigroups are 

also called bands. Idempotence of an algebra may be expressed by the laws 

a... aw = a for all a in A, 

for each w in ft. Note that an algebra (A, ft) with a miliary operation UJ is 

idempotent precisely if \A\ = 1. 
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Lemma 1.1.12. Let (S,,f2), for i e / , be a family of subalgebras of (A, Ct). 

Then the intersection B = f] Bt also forms a subalgebra of (A, Q). D 
l€l 

The proof is left as Exercise 1.1A. 

Since intersections of subalgebras are subalgebras, each subset X of A de­

termines a smallest subalgebra (X) of (A, Q.) containing X, the intersection of 

all subalgebras of (A, £1) containing X. It is known as the subalgebra generated 

by X. The elements of X are called generators of the algebra ((X),Q). If 

the set X is finite, then the algebra ((X),Q) is called finitely generated. If 

(A, 0) is idempotent, then (a) = {a} for each element o of A. Note that the 

intersection of a family of subalgebras may be empty, as is the case with the 

subalgebras ({0},o) and ({l},o) of Example 1.1.10. Unions of subalgebras are 

not subalgebras in general. Again Example 1.1.10 provides an example. The 

subalgebra of (^4,0) generated by the union of a family of subalgebras is called 

the join of these subalgebras. In fact, one can easily show the following. 

Proposition 1.1.13. For a T-algebra (A, Q,), each of the posets SbA, WIA 

and SkA is a complete lattice. • 

The proof is left as Exercise 1.1D. 

Now let $ be a subset of Q, and let a : \P —• N be the corresponding 

restriction of T. Given a T-algebra (̂ 4, fi), one then obtains an algebra (A, \&) 

of type a. The algebra (A, V) is said to be a (basic) reduct or impoverishment 

of the algebra (A, fi). One also says that (A, Q.) is an augment or enrichment 

of the algebra (A, * ) . For example, a lattice (A, + , •) is an enrichment of its 

two semilattice reducts (A, +) and (A, •). Note that reducts of a given algebra 

may have many more subalgebras than the original algebra. For example, N is 

a subalgebra of the semigroup reduct (Z, +) of the group (Z, +, —, 0), but not 

a subgroup. 

Example 1.1.14. Any algebra (A, fi) can be considered as a reduct of the al-



1. ALGEBRAS 19 

gebra with the set of all possible flnitary operations. To be more specific, 

let Set(An, A) denote the set of all n-ary operations on the set A. Then 

(A, Sj |(An , A)) is an algebra of type r : Set(Ara, A) ->• {n}, and 

(A, \JmAn,A)) 
ngN 

is an algebra of type TA '• U §§|(A„, A) -» N. • 

Example 1.1.15. Let (A, -,1) be a monoid. For a\,...,an in A define the 
n 

product f] ai inductively by 
2 = 1 

0 r / r - 1 \ 
X[ai := 1 and L] a i := ]1 ai I ar 
i = l i = l \ i = l / 

n 
for r < n. Let wn : An —>• A; ( a i , . . . , an) \-t f ] ai f° r n e N. Then (A, {u>„ | 

2 = 1 

n G N}) is an algebra of type T : wn \-> n, and the monoid (A, •, 1) is a reduct 

of (A, {wn | n € N}). Given a type r : Q —> N, one then obtains a r-algebra 

(A, fi) with f2-operations denned by 

w : A"T ->• A; (ai,. ..,aUT) M- n ° * -
i= l 

Obviously, the algebra (A, fi) is a reduct of the algebra (A, {u;„ | n € N}). If 

fi contains miliary and binary operations, then (A, O) is an enrichment of the 

monoid (A, •, 1). However, as we will see later, the nature of this enrichment 

differs essentially from that obtained in Example 1.1.14. 

In a similar way, one can obtain an fi-algebra from a semigroup (A, •). Such 

a semigroup will be called an fi- semigroup. • 

Exercises 

1.1 A. Prove Lemma 1.1.12. 

LIB. Show that each complete lattice (A, <) is bounded, in particular L] 0 = 

1 and £ 0 = 0. 
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1.1C. Show that, for an ordered set (A, <), the following conditions are equiv­

alent: 

(a) (A, <) is a complete lattice; 

(b) the least upper bound J2 B exists for every subset B of A; 

(c) the greatest lower bound exists for every subset B of A. 

1.1D. Prove Proposition 1.1.13. 

LIE. Consider the closed unit interval 7 of Example 1.1.10. For each r in 

7°, define the binary operation r : 7 x 7 ->• 7; x H-» X(1 — r) + yr. Let 

7° = {r | r G 7°}. 

(a) Describe all subalgebras of the algebra (7,7°). 

(b) Describe all subalgebras of the algebra (7, o) of Example 1.1.10. 

1.1F. Consider the set N of natural numbers. 

(a) Show that N with its usual ordering is a distributive lattice. 

(b) Show that N ordered by the divisibility relation is a distributive 

lattice. In particular, the meet of two numbers i and j is their 

greatest common divisor GCD(i,j), while the join of i and j is 

their least common multiple LCM(i,j). 

1.2. Homomorphisms and congruences 

Let (A\, f2) and (A2, fi) be r-algebras. Then the Cartesian product A\ x Ai 

of the sets A\ and A<i becomes an algebra {A\ x .42,0) of the same type 

T, the direct product of (Ai,Cl) and (^2,0) with operations w in Q, defined 

("componentwise") as follows: 

(1.2.1) (ai,6i)...(aWT ,6WT)w := ( a i . . . 0 ^ ^ , 6 1 . . .6UTa;). 

Direct products of semigroups, groups and lattices are known examples of such 

constructions. The mappings 

(1.2.2) -Ki : A ! x A 2 ->• A t ; (a1} a 2 ) >-> a, 
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for i = 1,2 are known as projections on the i-th coordinate. A function / : 

A —» B is said to be an Q-homomorphism or a T-homomorphism, or just a 

homomorphism, if the set 

(1.2.3) {(a, 6) G A x B | a / = 6} 

is a subalgebra of (A x B,Q). The condition (1.2.3) means that for each w in 

0 and a i , . . . , aUT in A and &i = aif,..., 6WT = a w r / in B, one has 

(<zi,&i)..- (<W,&wr)w 

= ( a i . . . aUTw, &i. . . iww) 

= ( a i . . . aWTw, a ! . . . aUTLjf). 

In other words, (1.2.3) says that 

(1.2.4) ( a i . . . aUTw)f = ( a i / ) . . . (aw/)w 

for each w in fi, or that / preserves the operation w. If A = B, then / is called 

an endomorphism. If / is one-to-one, then it is called an embedding. A one-to-

one and onto homomorphism / is called an isomorphism, and if in addition A = 

B, then / is called an automorphism. An automorphism is proper, if it is not the 

identity map. If / is an isomorphism, then / _ 1 is also an isomorphism [Exercise 

1.2A], and the algebras A and B are isomorphic. This is usually denoted by 

A = B. However, we will frequently identify isomorphic algebras to such an 

extent that sometimes we will even write A = B for isomorphic algebras, even 

when this is not quite precise, if the context is clear. The symbols Ct(A, B) 

or T_{A,B) denote the set of all homomorphisms from (A, 0) to {B,Q). Note 

that the identity mapping 1,4 on A is a homomorphism. Homomorphisms 

of semigroups, groups, rings and lattices, as well as linear mappings of vector 

spaces, are all familiar special cases of homomorphisms as denned above. Other 
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easy examples of homomorphisms are given by the projection maps (1.2.2) 

[Exercise 1.2B]. To differentiate between mappings and homomorphisms, we 

will sometimes write / : (A, $7) —»• (B, Q.) for a homomorphism, leaving / : 

A —> B for maps. Elementary properties of homomorphisms are collected 

in Exercise 1.2C. The reader unfamiliar with these concepts is encouraged to 

prove all of them carefully. 

Suppose that / : (A, Cl) —» (B, il) is a homomorphism between r-algebras. 

Consider the equivalence relation 

(1.2.5) ker / = {(a, b)eAxA\af = bf}, 

the kernel of / . It follows from the defining property of homomorphisms that 

ke r / is a subalgebra of (A x A,Q) [Exercise 1.2D]. In general, an equivalence 

relation 0 on the set A of elements of an algebra (A, fl) for which 6 is a sub-

algebra of (A x A, fl) is called a r- congruence or an il- congruence relation, or 

briefly a congruence on (A, fl). It is easy to see that 6 is a congruence on (A, fi) 

if it satisfies the following compatibility property for each w in fi and a*, bt in A: 

(1.2.6) : (ai . . . aWTa;, 6 i . . . b^w) G 

Then obviously, for a r-homomorphism / : (A,£l) —> (.B,fl), the relation ker / 

is a congruence on (A,il). For each a in A, define ae := {6 £ A \ (a,b) £ 0}. 

The set ae is called the congruence class of a under 6 or briefly a 8-class of 

a. The set {ae | a £ A} of all congruence classes of 6 is denoted by A9. It is 

again a r-algebra under ^-operations defined by 

(1.2.7) a{...a9
UTu:={a1...aUTu)B 

for w in fl and a* in A. Note that the condition (1.2.6) gives a guarantee 

that the definition (1.2.7) is good. The algebra (A6',fi) is called a quotient of 
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(A,Sl). (Note that some authors use the symbols a/8 and A/6 to denote the 

congruence class of 6 and the set of all congruence classes of 6 respectively.) A 

T-algebra (A, 0) always has the improper (or universal) fi-congruence A2 and 

the trivial congruence A := {(a,a) | a £ A} that can be identified with the 

equality relation on A, and sometimes is also called the diagonal of (A, fi). If a 

non-empty, non-trivial algebra (A, fi) has no proper, non-trivial congruences, 

then it is said to be simple. A simple algebra whose only proper subalgebras 

are empty or singletons is described as plain or strictly simple. 

Since the intersection of any set of congruence relations on (A, fi) is a con­

gruence relation [Exercise 1.2H], it follows that for a binary relation (3 on A, 

i.e. for a subset /3 of A x A, there is a smallest congruence (P}cg or (/?) con­

taining /3, the intersection of all congruences containing /3. For 0 ^ X C A, 

the smallest congruence containing X x X is called the congruence generated 

by X and is denoted by cgX. In particular, if X is a two-element subset {a, b}, 

then one writes cg(a,b). Such a congruence is called principal. 

Definition 1.2.1. Let (A, Ct) be a T-algebra. Then the congruence poset 

Cg(A, fi) or CgA of (A, O) is the subset of the power set V(A x A) comprising 

the congruence relations of (A, ft), with the order on this subset induced from 

(V(AxA),Q. • 

Similarly as in the case of subalgebras of (A, O), one proves the following. 

Proposition 1.2.2. For a r-aigebra (A, Q,), the poset CgA is a complete 

lattice. • 

The proof is relegated to Exercise 1.2G. 

Familiar examples of congruences are given by the decomposition of a group 

as the disjoint union of cosets of a normal subgroup or the decomposition of 

a ring as the disjoint union of cosets of an ideal [Exercises 1.2M, 1.2N]. Note, 

however, that for a group or a ring homomorphism h : A —• B, the symbol 
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Ker/i = {a G A \ ah = 0} denotes the inverse image of 0, i.e. the normal 

subgroup or the ideal, whereas the symbol keih denotes the corresponding 

congruence. 

For a congruence 6 on (A, Q), the function 

(1.2.8) nat0 : A -+ A9; a M- a6, 

mapping an element a of A to its congruence class ae, is a homomorphism 

[Exercise 1.2E], and is called the natural projection. Note that kernatfl = 6. 

On the other hand, one has the following. 

First Isomorphism Theorem 1.2.3. Let f : (A,il) -> {B,il) be a r-

homomorphism. Then there is a unique isomorphism i : AkeTf -» Af such 

that 

(1.2.9) (natker/)w = / , 

where t: Af —> £? is the inclusion of the image of f. D 

The proof is left as Exercise 1.20. The condition (1.2.9) is best illustrated by 

the following diagram 

A -^-^ B 

(1.2.10) na tke r / l T<. 

Akerf j, Af 
i 

There are two more classical isomorphism theorems to accompany the first. 

Their proofs are also left as Exercises 1.2P and 1.2Q. 

Second Isomorphism Theorem 1.2.4. Let (B, U) be a subalgebra of a 

r-algebra (A, fi). Then for 6 G CgA, one has the following. 

(a) The set B6 := {a € A\3b 6 B . a6b} is a subalgebra of (A, fi); 

(b) ((B6)e,n)^BenB2. a 
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Let / : (A, fi) —> (B,Q) be a r-homomorphism. For (5 G CgB, consider the 

composition 

/nat/3 : , 4 ^ 5 ^ B ^ o M- af n- (a / ) " . 

Define 

/* : CgB -> CgA; /3 .-> ker(/nat/3). 

In particular, for a congruence 9 G CgA and the natural projection nat# : 

(A, Q) -> (Ae, O) and /9 G Cg(Ae), one has 

natf? nat/J : A -> (A0)"; a ^ a 8 ^ (a9)0 

and 

(nat0)* : C^A") -> CgA; f3 M- ker(nat0 nat/3). 

Third Isomorphism Theorem 1.2.5. Let 6 be a congruence on a r-algebra 

(A, fi). Then (nat#)* : Cg(Ae) -» CgA induces a (lattice) isomorphism 

(nat<9)* : C5(Ae) -> [0, A2]; /? n> (natfl)*(/3) 

between ^ ( A 9 ) and the interval [0,A2] = {7 € C5A | 0 < 7 < A2} in the 

poset (CgA, C). Moreover, for /? 6 C<7(Afl), one has 

(A9)18 = A(nat6l)*(/9). • 

For a T-algebra (A, fi) consider the set 7>(A x A) of binary relations (3 on 

the set A. The binary operation o of relational product on the set V{A x A) is 

associative and has an identity element A. Hence (V(A x A), o, A) is a monoid 

[Exercise 1.2S], known as a (binary) relation monoid. In general, the relational 

product is not commutative. A set of binary relations {ft | i € 1} is said to be 

permutable, or a set of permutable relations, if 

ft o ft- = ft o ft 
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for all i and j in I. In particular, if two equivalence relations /?i and 02 

are permutable, then their product Pi o p2 = Pi ° Pi is again an equivalence 

relation, the smallest equivalence containing both fii and Pi [Exercise 1.2J]. 

By Exercise 1.2G, the equivalence relations on the set A form a (complete) 

lattice (EqvA, C). In this lattice, the join of any two permutable equivalences 

is just their product. 

Now the congruence lattice (CgA, +, •) of (A, SI) is a sublattice of the equiv­

alence lattice (EqvA, +, •) of the set A. In fact, one can show even more, that 

the complete lattice (CqA, C) is a complete sublattice of (EqvA, C). (See Ex­

ercise 1.2K.) One says that the algebra (A, SI) is congruence permutable or that 

it is a Mal'cev algebra if every pair of congruences on (A, SI) permutes. In a 

congruence permutable algebra (A, fl), the join of any two congruences coin­

cides with their product, and CgA is also a submonoid of the relation monoid 

(P(AxA),o,A). 

Exercises 

1.2A. Show that the inverse map / _ 1 of an isomorphism / : (A, SI) —» (B, SI) 

is an isomorphism / _ 1 : (B,Sl) —> (A, Q). 

1.2B. Show that the projection maps (1.2.2) are homomorphisms. 

1.2C. Let g : (A, fi) -> (B, SI) and h : (B, SI) ->• (C, SI) be homomorphisms of 

r-algebras. Show the following: 

(a) The composition gh : (A, SI) —> (C, SI) is a homomorphism; 

(b) If D is a subalgebra of (A, SI), then its image Dg (= g(D)) is a 

subalgebra of (B, SI), the homomorphic image of (D, SI). 

(c) If D is a subalgebra of (B, SY), then its inverse image Dg~* (= 

g~l(D)) is a subalgebra of (A, SI). 

(d) If A C B, then the identity mapping \A is a homomorphism iff A 

is a subalgebra of (B, fl). 

(e) If X is a subset of A, then (X)g (= g((X)) = (g(X))) = (Xg). 
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(f) If A = (X) and / : (A, 0) -» (B, Q) is another fi-homomorphism 

such that xg = xf for all x in X, then g = / . In other words, 

a homomorphism / : (A, fi) —>• (B,0) is specified uniquely by its 

restriction / : X —>• B to X. 

1.2D. Show that for a homomorphism / : (A, il) —> (B, fi) of r-algebras, the 

set ke r / is a subalgebra of (A x A, 0 ) . 

1.2E. Show that the mapping (1.2.8) is a homomorphism. 

1.2F. Show that, under composition, the endomorphisms of an algebra form 

a monoid, and the automorphisms form a group. 

1.2G. Let (A, O) be a T-algebra. Show that 

(a) each intersection f] e$ of equivalence relations £j on the set A is 

an equivalence relation; 

(b) each intersection f] 6i of congruence relations 0j on the algebra 
iei 

(A, Q,) is a congruence relation; 

(c) the ordered set {EqvA, C) of equivalence relations on A and the 

ordered set (CgA, C) of congruence relations on (A, £1) are com­

plete lattices. 

1.2H. Show that if 6\ and 62 are two equivalence relations on a set A, then 

61 + e2 =0i U (6»i o 62) U (6>i o 02 o 0i) u (6»i o 02 o 0! o 02) 

U . . . 

Equivalently, this means that (a, 6) e 0i + 02 iff there is a positive 

integer n and elements c i , . . . , c r a in A such that (CJ,CJ+I) £ 0i or 

( Q , Cj+i) € 02 for i = 1 , . . . , n — 1, with a = ci, 6 = c„. 

1.21. Let (A, O) be a T-algebra. Consider the set EqvA, and let Si, for i G / , 

be in EqvA. Show that for a, b in A, for X C i 2 , and for (X) e CgA, 

one has 
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(a) J2£i = U( £ n °---°£in I h,---,in e / , n e Z + } ; 
i€l 

(b) <X} = £{C«?(a ,6) | (a ,&)GX}. 

1.2J. Show that the following conditions are equivalent for any two equiva­

lence relations 9\ and 92 in EqvA: 

(a) 0! o 6>2C 02 o<9i; 

(b) 91o62 = 92o91; 

(c) 91 + 92 = 91o92. 

1.2K. A subset if of a complete lattice (L, C) is called a complete sublattice 

of (L, C) if for every subset A of -K" the elements 53 A and f] A are also 

in K. Show that for a r-algebra (A, fi), the complete lattice (CgA, C) 

is a complete sublattice of the complete lattice (EqvA, C). 

1.2L. Show that for a directed set {9i\i G 1} of congruences of a r-algebra 

(A,Q), 

iei iei 

1.2M. Let (A, •,~1,1) be a group. Show the following: 

(a) If 9 G CgA, then l 9 is a normal subgroup of A, and for a,b £ A, 

one has [a, b) G 0 iff a • 6 _ 1 G l9; 

(b) If iV is a normal subgroup of A, then the binary relation defined 

on A by 

(a,b) E 9 iff a • b-1 eN 

is a congruence on the group A with 1° — N. 

(c) The mapping CgA ->• P(A); 9 <-> le is an order-preserving bijec-

tion between congruences of A and normal subgroups of A. 

1.2N. Let (A, +, - , 0 , •, 1) be a ring. Show the following: 

(a) If 9 € CgA, then 0e is an ideal of A, and for o , & e i , one has 

(a,b) GfHff a - 6 G 0 e ; 
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(b) If I is an ideal of A, then the binary relation 9 defined on A by 

(a,b) G 0 i f f a - 6 e l 

is a congruence on the ring A with 0° = J. 

(c) The mapping CgA -» V(A)\ 6 t-¥ 0e is an order-preserving bisec­

tion between congruences of A and ideals of A. 

1.20. Prove the First Isomorphism Theorem. 

1.2P. Prove the Second Isomorphism Theorem. 

1.2Q. Prove the Third Isomorphism Theorem. 

1.2R. Let L\ and L2 be two lattices. Show that a mapping h : L\ —» L2 is an 

isomorphism of ordered sets if and only if it is a lattice isomorphism. 

1.2S. Show that for a set A, the algebra (V(A x A), o, A) is a monoid. 

1.2T. Let 6 G CgA for a r-algebra (A, ft). Show that (A", ft) is simple iff 0 

is a maximal element in the poset CgA —{Ax A}. 

1.2U. Let X be a set and let (M, •, 1) be a monoid. The set X with a monoid 

homomorphism 

R: (M,- , l ) -4 (X x , - , 1 ) ; TO H-> (i?m : X ->• X; x i-> im) 

is called a (right) action of the monoid M on the set X, or a (right) 

M-action, or a (right) M-set. Show that Vm, n £ M and Va; G X, 

(a:m)n = x(mn) and xl = x. 

An M-set can be considered as an algebra (X, M) with a unary oper­

ation Rm for each m in M. The orbit xM of an element x of X is the 

set {xm I TO G M}. An element x of X is a fixed point of (X, M) if 

xRm = x for each m in M. Show that a subset S of an M-set (X, M) is 

a subalgebra if it contains the orbit sM of each of its elements s. Show 

that the set Fix(X, M) of all fixed points of (X, M) is a subalgebra of 

(X,M). 
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1.3. Direct products 

The concept of a direct product of two r-algebras easily extends to a direct 

product (Ai, fl) x • • • x (An, fl), or simply Ai x • • • x An, of finitely many r-

algebras. Its set of elements consists of all n-tuples ( o i , . . . , an) with a^ £ At, 

and the operations of 0 are defined componentwise, i.e. for each w in fl and 

Q-ij in Ai, 

(1.3.1) ( a n , . . .,ani)... (alwT,..., anwT)u) 

'•= (an • • • s i W 7 w,. . . , a n i . . . anulTuj). 

The corresponding i-th projections are 

(1.3.2) TTJ : Ai x • • • x An -4 At; ( a i , . . . , an) ^ en. 

These are obviously homomorphisms. 

Similarly, given an (infinite) family of r-algebras (Ai,fl), for i £ I, the 

Cartesian product n At becomes an algebra Yl {Ai, fl) or n(-^i; ^0 o r (EI A-u fl), 
iei iei 

the direct product of (Ai,fl), under componentwise operations, i.e. for each w 

in fl and a i , . . . , a ^ r in ( n Ai)UT 

(1.3.3) i ( a i . . . a^T-w) := (iai)... (ia^T)uj 

for each i in I. The i-th projections are defined by 

(1.3.4) m : n Ai -»• ̂ ; ( / : 7 -»• U^i) ^ */, 
i e i i s / 

and are fi-homomorphisms. If Ai = A for each i £ I, then FJ .4, is also denoted 

by A1, and the algebra (A1, fl) is referred to as a direct power of (A, fl). 

Direct products give a very useful way of constructing new r-algebras from 

families of given r-algebras, and representing some algebras as isomorphic to 

products of some simpler algebras. For example, a well-known theorem from 
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group theory says that each finite abelian group is a direct product of cyclic 

groups. (More generally, each abelian group embeds into a direct product of 

cyclic groups.) However, given a T-algebra {A,£l), it is not easy to decide 

if this algebra is isomorphic to a direct product of some other r-algebras. 

The following theorems will give two characterizations of algebras that are 

isomorphic to, or in other words are decomposable as, the direct product of 

two algebras. An easy generalization for algebras decomposable as the product 

of finitely many algebras is left as Exercise 1.3E. A more general case will be 

considered in Chapter 3. 

Let (Ai,^t) and (A2,il) be r-algebras. Consider their direct product (A\ x 

A 2 ,0) together with the projections -K\ and 7r2. First note that the kernels of 

7Ti and 7T2 satisfy the following: 

ker7n n ker7T2 = A\ x A2, 

(1-3.5) < ker7ri + ker7r2 = {Ai x A2)
2, 

ker 7ri o ker 7r2 = ker 7r2 ° ker ir\. 

[Exercise 1.3B]. In general, if two congruences Q\ and 02 on a T-algebra satisfy 

the condition (1.3.5), i.e. if 

0! n 02 = A, 
(1.3.6) I e1 + e2 = A2, 

_ 61o02=e2o9i, 

then one says that they form a pair of factor congruences on (A, Q.). 

Theorem 1.3.1. Two congruences 61 and 02 on a r-algebra {A, SI) form a 

pair of factor congruences if and onJy if the mapping 

(1.3.7) / i : A 4 A S l x i , J ; a H ) ( a ( ' , f l " ! ) 

is an isomorphism. 

Proof. Note that h injects iff 611182 = A, and surjects iff 0io02 = Ax A = 02°0i-

The details of the proof are left as Exercise 1.3C. • 



32 MODES 

An algebra that is not isomorphic to a direct product of two non-trivial 

algebras is called (directly) indecomposable. For example, any simple algebra 

is directly indecomposable, and any finite algebra with a prime number of 

elements must be directly indecomposable. 

In Exercise 1.3F, the reader is asked to show that rectangular bands, i.e. 

bands (A, •) satisfying the law 

(1.3.8) abc = ac for all a, b, c in A, 

are characterized as being isomorphic to direct products of a left zero and a 

right zero band. The existence of certain rectangular band operations on a 

r-algebra (A, SI) is closely connected with the decompositions of the r-algebra 

(A, SI) into a direct product of two r-algebras. 

Theorem 1.3.2. A r-algebra (A, SI) is isomorphic to a direct product (A±, SI) x 

(A2,Sl) of T-algebras (Ai,Sl) and (^2,0) if and only if there is a rectangular 

band operation • on (A, SI) such that for each u> in SI and a\,..., a u r , b\,..., bUT 

in A, 

(1.3.9) a i . . . a^rUj • b\ ... bUTw = (ai • fei)... (aUT • bUT)w. 

Proof. (=>) Let (A, SI) = (A1 x A2,Sl). By Exercise 1.3F, there is a rect­

angular band operation • on A such that (A,-) = (Ai,-) x (A?,-), where 

(Ai, •) is a left zero and (A2, •) is a right zero band. It remains to show that 

condition (1.3.9) is satisfied. So let a n , . . . , aiUT, fen,..., 6lta)T be in A\ and 

<22i,..., a2ulT, &21, • • •, b^uiT be in A2. Then by the definition of • one has: 

(Oi l , a 2 l ) . . . (Oiwr, a2uJr)u • ( 6 n , 6 2 l ) • • • (felon-, kiur)u} 

= (an . . . aiw rw, 021. . . a2u!Tu>) • (fen . . . biUTu, &2i... b2uTu>) 

= (an . . . aiUTu), b21... b2uTu)) 

= (an,fe2i)...(aiwT,fe2wr)w 

= ( ( a i l , « 2 l ) • (&l l ,&2l ) ) - - - ( (a iwT,a2u>r) • (felurr,fe2u>r))w, 
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as required. 

(<=) Now assume that there is a rectangular band operation • on (A, Cl) satisfy­

ing (1.3.9) for each w in fi. Consider the relations (3 and 7 defined in Exercise 

1.3F. By this exercise, j3 and 7 are congruences of (A, •), the quotient {A13, •) 

is a left zero band, and {A1, •) is a right zero band. These relations are also 

fi-congruences. Indeed, for 0 1 , . . . , aw r ,a[, . . . , a'WT in A such that (a*, a£) € (3, 

one has a\... aUTu • a[ ... a^u = (ai • a[)... (aWT • o!^T)u} = a[... a'UTw. Sim­

ilarly, for (at, aj) £ 7, one has a±... a^Tu) • a[... a^w = a\... a^Tu>. Now the 

band isomorphism i defined in Exercise 1.3F is in fact an fi-homomorphism. 

This follows by the calculations below: 

( a i . . . a^Tuj)i = ( a i . . . aWTuj0,ai... aUITa/r) 

= (af ... a^Tu>, ai... aZTu>) = (af, a ? ) . . . (a£ T, aZT)uj 

= (aii)... (awri)u;. 

Consequently, the algebra (A, fi) is isomorphic to (A",fi) x (A7, ft). D 

Note that the condition (1.3.9) means that the operation • = h is in fact a 

homomorphism from the algebra (A x A, il) into the algebra (A, ft). Indeed, 

one can rewrite (1.3.9) as 

((ai, 61). . . (aUT,bUT)w)h 

= (a\... a^rW, bi... bWTu>)h 

= (a\,b\)h... (aUT,bjjT)hu>. 

Two operations w and • satisfying (1.3.9) are said to commute. More generally, 

two operations w and tp in CI commute, if for all a n , . . . , a\^T, ..., a^ri, • • • > 

a^TUT, one has 

(an . . . aiW Tai). . . {a{fiT\ ... a,pTU,Tuj)(p 
(1.3.10) 

= (an . . . aVTnp)... (aiUT • • • a^r^T^u. 
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Since the operation • is used to decompose the algebra (̂ 4, fi) into a direct 

product, it is sometimes called a decomposition operation. Later, we will also 

encounter different "decompositions" ofalgebras and different "decomposition" 

operations. 

Exercises 

1.3A. Let (Ai,Sl),(A2,Q) and (A3,Q) be r-algebras. Show that 

(a) (Ai xA2,n)^(A2xA1,n); 

(b) (A! x (A2 x A3),n) <* ((Ax x A2) x A3,n). 

1.3B. Show that the kernels of the projections 7i"i and n2 on the direct product 

(Ai x A2,U) satisfy the condition (1.3.5). 

1.3C. Give details of the proof of Theorem 1.3.1. 

1.3D. Show, by induction on the number of elements, that each finite algebra 

is a direct product of directly indecomposable algebras. 

1.3E. Let 0\,...,0n be congruences on a r-algebra (A,ft). Show that the 

mapping 

h : A ->• ASl x • • • x Ae»; a M. (a01,.. .,ae") 

is an isomorphism iff {9i,..., 0n} is a permutable set of congruences, 

and for each i = 1 , . . . , n, the congruences 0, and f] 0j form a pair of 

factor congruences. 

1.3F. (a) Consider the cartesian product B x C of non-empty sets B and C, 

together with the binary operation • defined by 

• : (B x Cf -> B x C; ((b, c'), (b', c)) .-> (b, c). 

Show that (B x C, •) is a rectangular band, and that (B x C, •) is (iso­

morphic to) the direct product of the left zero band (B, •) and the right 

zero band (C, •). 

(b) Given a rectangular band (A, •), define binary relations /3 = {(a, a') | 
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aa' = a'} and 7 = {(a, a') \ aa' = a} on A. Show that /3 and 7 are 

band congruences, and that (A@,-) and {A1,-) are left zero and right 

zero bands, respectively. Show that the mappings 

i : 4 - > ^ x A 7 ; a^{a0,a<) 

and 

j : A0 x A'1 -^ A; {b0,^)^^ 

are mutually inverse band isomorphisms. Conclude that (A, •) is a 

direct product of a left zero and a right zero band. 

1.3G. Show that each of the following operations on A commutes with itself: 

(a) (a, b) i-)- ah + bg, where h and g are commuting endomorphisms 

of a commutative semigroup (A, +); 

(b) [Frink 1955] (a, b) \-* ah + bg, where h and g are arbitrarily fixed 

elements of a field A; 

(c) [Etherington 1958a] (a, b) t-t ab, where A is the field C of complex 

numbers; 

(d) [Padmanabhan 1969] (a, b) i-t a — b, where A is an abelian group. 

(e) [Aczel 1948, Etherington 1949] the operations of taking the arith­

metic and geometric means on A = R; 

(f) [Robinson 1962] the operation (a, b) M- a — b + a on a nilpotent 

group (A, +, —, 0) of class 2. 

Which of these operations are idempotent? 

1.4. Word algebras 

Let I b e a set, referred to as a set of variables or an alphabet. A (non­

empty) word in an alphabet X is a concatenation X\X% • • • xn of (not necessarily 

distinct) elements of X. Let X+ denote the set of all non-empty words in X. 
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Concatenation gives a semigroup multiplication on X+, in particular 

(xi... xm, 3/1... yn) M- xi... xm • 2/1... yn := xi... xmy\ ...yn. 

Under this multiplication, X+ becomes the so-called free semigroup over X. 

Adjoining an identity element 1 to X+, called the empty word, one obtains 

the free monoid X* over X. The length of a non-empty word x\... xn in X is 

the number n of "letters" appearing in it. The length of the empty word is 0. 

Length gives a monoid homomorphism 

X* -¥ (N, +, 0); Xi... xn i-> n. 

Note the following "universality property" of the free monoid X*: 

(1.4.1) 

For each monoid (̂ 4, •, 1) and a set map / : X —> A, 

there is a unique monoid homomorphism 

/ : (X*, -, 1) -»• (A, •, 1) such that f\x = f. 

[Exercise 1.4A]. The property (1.4.1) may be expressed diagrammatically as 

(1.4.2) 

X 

f 

A 

-)• X* 

Now let r : 0 —• N be a fixed finitary type and let X be a set of variables. 

Form the free monoid (Xyfi)* of words in the alphabet X(jQ,. The free monoid 

becomes a r-algebra ((X\j£l)*,£l) on defining 

(1.4.3) u:((Xu 0 ) T r - > ( * U fi)*; (alr-- ,aUT)>->a1...aUTLJ 

for each w in il. The (r-)word algebra or absolutely free (r-)algebra XQ, or 

(Xfi, fi) over X is then defined to be the subalgebra of (X\J fi)* generated by 
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X. The elements of XCt are called Vt-words or r-words in X, or sometimes 

just words. An 0-word w containing precisely variables x\,...,xn is usually 

denoted by X\... xnw or w(xi,..., xn). The length of a (non-empty) word is 

the number of "letters" from X(J 0 appearing in it. The O-words of length 1 

are just the elements of X and the miliary operators of Jl (if Q, contains such 

operators). Longer 0-words have the form 

(1.4.4) wi...wnu, 

where w is an n-ary operator, n > 0 and w\,..., wn are shorter fi-words in 

X. Note that two 01-words are equal if they are of the same length and their 

corresponding letters are the same. 

The word algebra XQ has a similar "universality property" as the free 

monoid X*. [Cf. (1.4.2).] 

Proposition 1.4.1. For each mapping f : X —̂  A from X to the underlying 

set A of a r-algebra (A, fi), there is a unique homomorphism f : (X£l,Q) —» 

(A, Q) whose restriction to the set X is f: 

x > xn 

n If-
A = A 

Proof. Define / on words of length 1 by setting xf := xf for x in X and 

u)j := w for miliary operators. Define / generally by induction on the length 

of words: for a word w = W\... wnu> of length greater than 1, define 

wf := ( i u i / ) . . . (wnf)w. 

The mapping / is a homomorphism, since for an n-ary operator u and elements 

wi,..., wn of XSl, one has 

iu i . . . wnu] = {wif)... {wnf)ui. 
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Finally, / is the unique such homomorphism, by Exercise 1.2C(f). • 

Consider the power set monoid (P(X), U, 0 ) . As in Example 1.1.15, it may 

be realized as a T-algebra (P(X), tt) with Y i . . . YUTu} — (J Yj for w in ft and 

Yi C X. There is a function / : X -> P(X);a; M- {a;} embedding X in P(X) 

as the set of singletons. Now the monoid (V(X),L),0) has the universality 

property described in Exercise 1.4B, so that the mapping / can be uniquely 

extended to the ft-homomorphism 

/ : XCl -»• V(X); x\... X„CJ >->• {xi,..., xn}. 

The homomorphism / is called the argument map, and is written as 

(1.4.5) arg : XQ, -»• V{X); w >-> arg(w). 

Elements of the set arg(w) are called arguments of the word w. In particular, 

one has 

arg(rc) = {x} and a rg(x i . . . XUTUJ) = {x\,..., xWT}. For a nullary operator w, 

one has arg(w) = 0 . Note that the image of the argument map consists of 

finite subsets of the set X. 

Define 

(1.4.6) ¥ = {xi <x2 < • • . } 

as a linearly ordered, countably infinite set of variables. (It will sometimes be 

identified with the ordered set of positive integers.) Consider the function 

(1.4.7) maxo arg: ^Jfi -> N; xix . ..xikw H-> ik, 

where h < • • • < ik, selecting the maximum of the (finite) set {ii,... ,ik}. If w 

is a nullary operator, then max o arg(w) = 0. For a function / : A —¥ B with 

an ordered codomain (B, <), the epigraph of / is the set 

(1.4.8) epi/ := {(a, b) G A x B | af < b}. 
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Define 

(1.4.9) Q, := epi maxo arg. 

Then for w = x^.-.x^w in ?pX7, one has epi maxo arg {x^ .. .Xikw) = 

{{w,ri) | ik < n}. For example, for the groupoid type {(-,2)} and the 

groupoid word xix^x^w = Xi • {x$ • £4), one has maxo arg (w) = 5 and epi 

maxo arg (w) = {(x2 • (x$ • x^),n) \ n > 5}. 

Define 

(1.4.10) f : fi -» N; (w,n) i-> n. 

Note that there is an embedding 

j : Cl —> Cl : w >-¥ ( W , W T ) , 

so that one can identify fi with its image Q,j in fi. There is also an embedding 

t: *pfi -*• maxo arg : Xix.. .Xikw M- (w,ik) 

from *}3Q to the graph of max o arg, a subset of fi, so that one can identify 

?pfi with its image *pS7t in maxo arg contained in Cl. Denote the restriction 

maxo arg of r to tyflL by r ' . The original type T : O —> N thus yields three 

types: 

(1.4.11) 

(a) T : fi -> N; t« H> wr; 

(6) T' : tyQ, -»• N; u; »-» maxo arg (w); 

(c) T : Q -*• N; (iu, n) y-¥ n. 

The type T' : ?)3Q -4 N is called the type derived from r : fi —• N. The type 

f : fj —• N is called the closure of the type r . The words in ^3fi are called 

derived operators or terms, while the elements of $1 are sometimes described 

as basic operators in this context. A derived operator is linear if it does not 

include any repeated variables. The set Cl will be described as a closed operator 

domain, and specifically as the closure of the operator domain Q,. The word 

algebra (^3f2,fi) is also called a "term algebra". 
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Example 1.4.2. For each operator domain ft, the closure ft contains the 

elements (xi,n) for 1 < i < n. Such elements are called the n-ary projection 

operators 7rf onto the i-th factor. • 

Now consider a r-algebra (A, ft), and an element (w,n) of ft with w — 

xtl... xikw. Set X = {xi,...,xn}. Note that arg(iu) C X and w G Xft. 

Define the n-ary operation (w, U)A or (w, n) on A by 

(w, n) : An ->• A; (ax,..., an) ^ ait . . . ainw. 

For example, for the groupoid word X2X4X5W = X2 • (x$ • X4), and n = 6, one 

has 

(w, 6) : A6 -> A, (ax, . . . , a6) H-> 02 • (^5 • 04)-

This makes the r-algebra (A, Q.) into an algebra (A, il) of type r , or an algebra 

(A, ?pn) of type r ' , and determines the following mappings: 

R? : (A,yO) ^> (A,(l); 

Rf
T : (A,H) ^ (A,Q); 

R;,: (A,fi)i->(j4>«pn). 

The operations of ?pjl on >1 are called the derived operations or ier7n operations 

of the r-algebra (j4,fi). A derived operation is linear if the corresponding 

operator is linear. A basic reduct of (A, ft) is called a reduct of {A, ft). A 

subalgebra of a reduct of (A, ft) is called a subreduct. The set ft of operations 

on 4̂ is called the closed set of operations or the clone of the r-algebra (A, ft), 

and the closure of the set ft of operations on A. The operations from f2 are 

called the clone operations of the r-algebra (̂ 4, ft). 

Example 1.4.3. A real vector space V may be considered as an algebra 

(V,+,R) of type (r : ft -> N) = {(+,2)} U (R x {1}). Use infix notation 

for addition and postfix notation for scalar multiplication, and consider linear 
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combinations ^ ( l - r) + x?x for r e 1° :=]0,1[. For each r in 7° define the 

binary operations r on V as follows: 

(1.4.12) r : V2 -> V; (x, y) H-» xyr_ := x(l - r) + yr. 

Now the set ^3J1 of derived operations on V consists of all linear combina­

tions. Denote by £° the subset (1.4.12) of operations on V. Consider the 

reduct (V,/_°). Then the convex subsets of the vector space V are precisely 

the subalgebras of the reduct (V,/°) of (V,+,R) [Exercise 1.4C and Section 

1.6.2]. • 

Proposition 1.4.4. Let (A, SI) be a T-algebra. Then the following hold: 

(a) A subset B C A is a subalgebra of (A, SI) if and onJy if it is a subalgebra 

of (A, St); 

(b) A mapping h : A —> B is an Sl-homomorphism (A, SI) -4 (B, SI) if and 

only if it is an Sl-homomorphism; 

(c) The algebra (A, Si) is (isomorphic to) a direct product I J^ A ,̂ SI 1 if 
Kiel / 

and only if the algebra (A, Si) is (isomorphic to) the direct product 

l\Ai,S} 

(d) A relation p is a congruence on (A, Si) if and only if it is a congruence 

on (A, Si). 

Proof. The proofs of (a), (b) and (c) are relegated to Exercise 1.4D. We will 

prove (d) by induction on the length of the clone operations. Let 0 be in Cg 

A, and let a\,..., an, b\,..., bn be in A with (OJ, bi) £ 9 for i = 1 , . . . , n. If 

w = Xi is a variable, then a\... an(w, n) = ai... anT^i = di 9 bi =bi... bnni = 

bi...bn(w,n). Suppose that the statement has been proved for operations 

(u>i, n ) , . . . , («JUT,n), and consider w — w\... w^ru) for w in Si. Then 

a i . . . an(w, n) = ( a i . . . an(wi, n ) ) . . . ( a i . . . a „ («w, n))w 

9 (6 i . . . 6„(u)i, n ) ) . . . (&i... 6n(«'u;T, n))w = 6 i . . . &„(«;, n), 
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as required. • 

Proposi t ion 1.4.5. The subalgebra (X) of a r-algebra (A, fi) generated by 

a subset X of A is the set of images x\... xnw of elements of X under derived 

operations. 

Proof. Let / : X —> A be the inclusion mapping of X in A. Then by the 

definition of derived operations, the image XQfoi Xfi, under the corresponding 

homomorphism / given by Proposition 1.4.1 is the set of images of elements 

of X under derived operations. By Exercise 1.2C, it follows that XCtf is a 

subalgebra of (A, Q), so (X) C XClf. Conversely, the subalgebra (X) is closed 

under the derived operations, so that Xflf C (X). O 

Given a T-algebra (A, Si), consider the corresponding algebra (A, A U fi) of 

type 

{TA : A U n -> N) = (A -> {0}) U (T : fi -> N). 

This is the algebra (A, il) with adjoined basic miliary operations a : A0 —>• 

4 ; 0 i 4 a corresponding to each element of the underlying set of the algebra. 

Then the operations of the clone A U fi are called polynomial operations of the 

algebra {A, il). For example, polynomials of a commutative, unital ring R are 

polynomial operations of the ring R. 

Definition 1.4.6. Let (A,Cl) and (A,^) be two algebras with the same set 

of elements, but possibly of different type. 

(a) The algebras (A, fi) and (A, \I>) are (clonally) equivalent if (A, fi) = 

(b) The algebras (A, Q) and (A, $) are polynomially equivalent if 

(A,XuT!) = (A, AU¥). 

[Note that some authors use the term "term equivalent" for (a).] • 
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Example 1.4.7. A typical example of equivalent algebras is given by a Boolean 

algebra and a Boolean ring defined on the same set A. A commutative, unital 

ring A is Boolean if for each a in A, one has a- a = a. If (A, +, —, 0, •, 1) is a 

Boolean ring, then by denning 

aVb ~ a + b + a-b, 

a A b := a • b, 

a' := 1 + a, 

one obtains a Boolean algebra (A, V, A,', 0,1). If (A, V, A,', 0,1) is a Boolean 

algebra, then by denning 

a + b:= (a A 6') V (a' A 6), 

a • b := a A b, 

—a := a, 

one obtains a Boolean ring (A, + , — ,0, -, 1) [Exercise 1.4E]. It follows that 

for the operator domains f2 = {V,A/,0,1} and ^ = {+, — ,0,- ,1}, one has 

(A, fi) = (A, 1J>), and hence the Boolean algebra A and the Boolean ring A are 

(clonally) equivalent. • 

In general, a set O of operations on a set A is said to be closed or a clone on 

A if fi = O. Examples are provided by the clone O of the clone operations and 

the clone A u O o f the polynomial operations of a r-algebra (A, fl). For n-ary 

operations w\,..., u>k and a fc-ary operation ip on a set A, their composition is 

the n-ary operation 

Wi...Wk<p • An -> A; ( a i , . . . , a n ) i-> ( a i . . .ana>i). . . ( a i . . .anwfe)</>. 

A clone on A can also be described as a set of operations on A containing 

the projection operations and closed under all compositions. The clone of 
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all operations on A is sometimes denoted by CloA The clone of a r-algebra 

(A, Q,) is obviously contained in C\oA, and is the smallest clone on A containing 

the basic operations of (.A, Q) or generated by the operations of fi. For more 

information see [Szendrei 1986] and [McKenzie, McNulty and Taylor 1987]. In 

particular, for minimal clones of commuting operations, see [Levai and Palfy 

1996], [Kearnes and Szendrei 1998]. 

Exercises 

1.4A. Prove the universal property (1.4.1). 

[Hint: Define / : X* -> A; x\... xn H-> x\j... xnf.] 

1.4B. Consider the monoid {J>
<00{X), U, 0 ) of finite subsets of a set X. Show 

that it has the following universality property: For each (join) semilat-

tice (A, +, 0) with 0 and a set map / : X -» A, there is a unique monoid 

homomorphism / : (P<0o(X), U, 0 ) -»• (A, +, 0) such that f\x = f-

1.4C. Show that the convex subsets of a real vector space V are precisely the 

subalgebras of the reduct (V,F) of (V,+,R). 

1.4D. Prove Proposition 1.4.4(a), (b) and (c). 

1.4E. Show that a Boolean algebra and its corresponding Boolean ring are 

equivalent. 

1.5. Identities and equationally definable classes 

Recall that most of the examples of algebras provided in Section 1.1 were 

defined as "satisfying" certain "laws" for all their elements. Such laws were 

written in the form w = t, where w and t were words of the appropriate type. 

And a law w = t was "satisfied" in an algebra if it became an identity after 

substituting any choice of elements of the algebra for the variables of w and t. 

The concept of a law satisfied in an algebra can then be formalized as follows. 

Fix a finitary type r : fi -> N. Let ?P be defined as in (1.4.6). 
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Definition 1.5.1. An identity (or an equation or a law) u — v of type r is a 

pair (u, v) of derived operators, i.e. an element of the direct square tytl x ^3fi 

of the word algebra tyil on the set ^3. A T-algebra (A, Q) is said to satisfy the 

identity u = v if the n-ary clone operations (u, U)A and (V,TI)A on A coincide, 

where n = max(arg(u) U arg(u)). A class K_ of r-algebras satisfies an identity 

u = v if each algebra in K_ satisfies it. • 

One also says that the identity u = v holds in (A, £1) or is true in (A, U), 

and that the words u and v are synonymous in A. For example, the groupoid 

words u = (xi • X2) • £3 and v = x\ • (X2 • £3) are synonymous in each semigroup 

(A, •). Indeed, the operations (u, 3) : A3 —> A; (01,02,03) <->• (oi • 02) • 03 and 

(v,3) : A3 —¥ A; (01,02,03) 1-4- ai • (02 • 03) coincide. If there is no danger of 

confusion, the consecutive variables in an fi-word are also sometimes denoted 

by x, y, z, etc. instead of xi, X2, 

Definition 1.5.2. If S is a set of identities of type T : Q ->• N, then the class 

v(T,) defined or axiomatized by J ] is the class of all T-algebras which satisfy 

all the identities in S. One says that v(S) is an equationally definable class 

(or briefly equational class) or a primitive class. • 

One writes 

(A,O) |= u = v or A\=u = v 

if the algebra (A, U) satisfies u = v. Similarly, if ^ is a class of r-algebras, 

then the symbol 

K_ \= u = v 

means that the class j£ satisfies u — v. Note that an equational class 2£ = 

v(S) may also satisfy identities not contained in S. For instance, the class of 

semilattices is defined by idempotence, associativity and commutativity, but 

satisfies also e.g. the identity (x • yz)x = xy • z. The set £ is called a set of 

axioms for K_ or a basis for the identities true in K_ or an equational basis for 
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K. If K. = V'(S) for some finite set £ of identities, then i£ is said to be finitely 

based, and to have £ as a finite equational basis. Note that the laws defining 

semigroups, monoids, groups, rings, semilattices, lattices, and Boolean algebras 

given in Section 1.1 provide (finite) equational bases for the (equational) classes 

of semigroups, monoids, groups, rings, semilattices, lattices, Boolean algebras, 

respectively. Given a type r : St —> N, the symbol Id(r) or Id(St) denotes the 

set of all identities of type r . Given a class K_ of r-algebras, the symbol Id(2£) 

denotes the set of identities true in K_, i.e. 

Id(JQ :={u = ve Id(r) \K\=u = v}. 

One also writes Id(Ai , . . . ,An) if the class J£ consists of the algebras A i , . . . ,An. 

Proposition 1.5.3. Let (A, St) be a r-aigebra and let u = v be an identity 

of type T. Then (A, SI) satisfies u = v if and only if for each homomorphism 

h : (y$Sl, St) —• (A, St), one has uh = vh, i.e. 

A\=u = v&Vhe z(tyft, A), uh - vh. 

Proof. (=>) Let n be the maximal among the indices in arg(u) U arg(u). Set 

X = {x\,..., xn}. If A satisfies u = v and h G r(^3fi, A), then 

uh = (xi.. .xn(u,ri)A)h = (x\h)... {xnh){u,ri)A 

= (xih)... (xnh)(v, n)A = (xi... xn(v, n)A)h = vh. 

(<=) Suppose that for each h € r(^3fi, A), one has uh = vh. If A is empty, 

then there are no miliary derived operations, and for n > 0, one has (u, TI)A = 

(v, U)A vacuously. Otherwise, let ao be an element of A. Given fx G S|t(-^, A), 

define / := (fx : X -t A) u((^P--^") ->• {ao})- Extend / to the homomorphism 

/ : (tySi, SI) —> (A, St) defined in Proposition 1.4.1. One then has 

(x-if)... {xnf)[u,n)A = uf = vf = (x1f)... (x„f)(v,n)A. • 
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An identity u = v of type r is said to be regular if arg(u) = arg(v), and 

irregular otherwise. For example, the associativity and commutativity of a 

binary operation are regular identities, whereas the absorption laws of lattices 

are not. 

Example 1.5.4. Let (A, •) be a semilattice and x\... xnw a groupoid word. 

By applying the axioms of semilattices, one easily sees that the identity 

(1.5.1) Xi. ..xnw = Xi •... -xn 

holds in (A, •). E.g. (xi-X2)-(x2Xi-x3) = x\X2X2X\x^ = x\X\X2X2X% = a;ia;2X3. 

One sometimes says that the right hand side of (1.5.1) is a standard or normal 

form of the word x\... xnw. It follows that any identity 

X\ • . . XfYfU :=^ X\ . . . XnV, 

where m <n, may be written in the form 

yL.O.ZJ X\ • . . . • Xyxi = X\ • . . . • Xyyi • . . . • Xn. 

Now if (1.5.2) holds in (.A, •) and m^ n, then also 

(1.5.3) x = x-...-x = x-...-x-y-...-y = x-y 

holds in (A, •). Thus (1.5.3) and commutativity imply that 

(1.5.4) x = x • y —y • x = y 

also holds in (A,-). But (1.5.4) means that (A,-) is trivial. It follows that a 

non-trivial semilattice (A, •) satisfies precisely the regular identities of groupoid 

type, and any derived operation of (A, •) has the form 

An -»• A; ( a i , . . . , a „ ) i-» ai • . . . • an. 
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Now let T : SI —¥ N be any (plural) type of algebras. As in Example 1.1.15, 

one can define an f)-semilattice (A, Q) by setting 

w : AUT ->• A; ( a i , . . . , aWT) >-»• a,\ •... • aWT 

for each u> in O. Conversely, given an f2-semilattice (A, Cl), one may define a 

binary operation • on A by 

x • y := xy... yu 

for each n-ary w in f2 with n > 2. Note that an f2-semilattice (A, O) satisfies 

precisely the regular identities of type r . • 

Given an equational class K_ of r-algebras, the class K_ of r-algebras defined 

by the regular identities satisfied in 2£ is called the regularization of 2£. For 

example, the regularization of the class of semilattices is the same class. On 

the other hand, if 2£ satisfies an irregular identity, K. cannot coincide with its 

regularization. A class J£ of r-algebras is regular if the only identities satis­

fied by all algebras in K. are regular. Otherwise, K. is irregular. Note that 

different authors have used different names for the identities we call "regu­

lar" and "irregular". Semigroup theorists call regular identities "homotypical" 

and irregular ones "heterotypical". Regular identities have also been called 

"variable-uniform" and "normal". 

An identity u = v is said to be linear if the multiplicities of each argument 

in u and v are at most 1. An identity is said to be balanced if it is both reg­

ular and linear. Thus commutativity and associativity are balanced, whereas 

idempotence is balanced only if the operation u> occurring there is unary. 

Example 1.5.5. Let (A, •) be a semilattice. Define the complex product of 

subsemilattices Ai and A^ of (A, •) to be the set 

(1.5.5) A\ • A2 := {aia2 | a\ G Ai,a2 e A2}. 
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Since for a\a2 and 6162 in A\ • A2, one has a\a2 • 6162 = a\b\ • a2b2 G A\ • A2, 

it follows that Ax • A2 is a subsemilattice of (A, •) as well. Let AS be the set 

of non-empty subsemilattices of (A, •). Thus (1.5.5) makes AS into an algebra 

{AS, •). Now let x\... xnw = X\... xnv be a balanced identity of groupoid 

type. Then for non-empty subsemilattices A\,..., An one has Ai... Anw = 

{ai...anw I at G At} = {ai...anv \ a; G Ai} = A\...Anv, so that each 

balanced identity is satisfied in (AS,-). One can show even more. In fact, 

A\A\ = {aiG2 I ai,a.2 G Ai} C A\, and since (A,-) is idempotent, A\ = {a \ 

a G Ai} — {aa | a G Ai} C A1A1. Hence AjAi = Ai, and consequently 

{AS, •) is again a semilattice. • 

Satisfaction of identities is preserved by the basic algebraic constructions of 

subalgebras, homomorphic images and direct products. 

Proposition 1.5.6. Let K_ be an equationally definable class of r-algebras. 

Then the following hold: 

(a) If (A, Q) is in the class K_ and (B,fi) is a subalgebra of (A, il), then 

(B, $7) aJso Jies in ££; 

(b) If (A, SI) is in J£ and (B,Si) is a homomorphic image of (A, CI), then 

(B, CI) also lies in K_; 

(c) If (Ai, CI), for i G I, are in K_, then their product I FT Ai, CI I also lies 
~ \iei J 

in J£. • 

The proof is relegated to Exercise 1.5A. Note that a subalgebra or a homo­

morphic image of a given algebra (A, Cl) may satisfy more identities than the 

algebra (A,Cl). 

Definition 1.5.7. Let K_ be a class of r-algebras. 

(h) A r-algebra is a member of the class HK iff it is the image of a r-

homomorphism whose domain is a member of if. 
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(i) A r-algebra is a member of the class iK_ iff it is isomorphic to a member 

of K_. li K_ — iK, one also says that K_ is abstract. 

(p) A r-algebra is a member of the class PK iff it is isomorphic to the 

direct product of a multiset of members of i£. 

(s) A r-algebra is a member of the class sK iff it is isomorphic to a sub-

algebra of a member of K_. • 

Note that H, I, P and s can all be considered as operators mapping classes 

of r-algebras into classes of r-algebras. Some further operators on classes of 

algebras will also be introduced later. The image of such an operator o acting 

on a class K_ will usually be denoted by o(K) or simply oK_, or, if K_ consists 

of a single algebra A, just by oA. A class K_ is said to be closed under o if 

oKQK-

Corollary 1.5.8. For any class 2£ of r-algebras, the classes J£, ij£, HK_, P£ 

and s i£ satisfy the same identities. 

Corollary 1.5.9. If 2£ is an equational class of r-algebras, then: 

(h) HK = K; 

(P) PK = K; 

(s) sK = K- • 

Lemma 1.5.10. Let j£ be a cJass of r-algebras. Then: 

(a) psK C SP|£; 

(b) PHK C HPKJ, 

(c) SHK C HSK-

Moreover, each of the operators H,S and p is idempotent. 

Proof, (a) Suppose that for each i in J, one has Ai < Bi € K_ 

EI Bi G PK, 

Then ]\ Ai < 
iei 



1. ALGEBRAS 51 

(b) Suppose that for each i in J, the algebra Bi is the image of a surjective 

homomorphism hi : Ai -> Bi whose domain At lies in K_. Then the algebra 

B :— Y[ Bi = Yl hi(Ai) is in PHJ£. Now it is easy to check that the mapping 

h: l\Ai ->• JJBi; ( / : i i -> af) M- (/i(/) : i (->• a , ^ ) 

is an epimorphism, i.e. ft I n -A*) = II -B«- Hence 5 G HP%_. 
\i€l ) iel 

(c) Suppose that A e S H ^ . Then for some B e £ and a surjective homomor­

phism h : B -> C, one has / i _ 1 (^) < -B- Since /i(/i-1(A)) = A, it follows that 

A e tf sj£.. 

Finally, it is very easy to check that HH£_ = HJ£, SSK, = sj£ and PP££ = 

PK- • 

Definition 1.5.11. Let K_ be a (non-empty, abstract) class of r-algebras. 

Then K_ is said to be a prevariety if 
PKQK and sKQK-

A prevariety K. is called a variety if additionally 

HK^K- • 

Evidently, each variety is a prevariety. The class j _ of all r-algebras forms 

a variety. If a type r contains miliary operators, then the class of trivial r-

algebras forms a trivial variety. For a plural type r , the class of trivial and 

empty r-algebras forms a trivial variety. It is usually denoted by T_r_. As the 

intersection of a class of (pre)varieties of type r is again a (pre)variety, one 

easily sees that for each class J£ of r-algebras there is a smallest prevariety 

RK_ containing K_ or generated by K_, and a smallest variety vK_ containing K_ 

or generated by K_. One simply writes v(A\,..., An) if K_ consists of algebras 

A\,..., An. One says that a prevariety is finitely generated if it is of the form 

RK for some finite set K_ of finite algebras. Similarly, one says that a variety is 

finitely generated if it is of the form vK for some finite set K_ of finite algebras. 
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Proposition 1.5.12. Let K_ be a (non-empty, abstract) class of r-algebras. 

Then: 

(a) R££ = spgj 

(b) VK=HSPK-

Proof, (a) By Lemma 1.5.10, one has that SSPK. = SPK and P S P | £ C SPPK. — 

SPK. whence SPK is a prevariety. Obviously SPK C RK. and since RK is the 

smallest prevariety containing K_, one also has SPK = RK. 

(b) As in (a), Lemma 1.5.11 implies that HHSPK. — HSPK, SHSPK. Q HSSPK. — 

HSPK and PHSPK. C HPSPK. Q HSPPK. = HSPK, whence HSPK. is a variety. 

It is obvious that HSPJ£ C vj£, and since v££ is the smallest variety containing 

JC, one has v £ = HSPK- • 

Note an important consequence of Proposition 1.5.6. 

Proposition 1.5.13. Each equational class is a variety. O 

In Chapter 3 we will prove a theorem, attributed to G. Birkhoff, showing 

that the converse is also true. 

Exercises 

1.5A. Prove Proposition 1.5.6. 

1.5B. An identity u = v is called left regular if the leftmost variables of u and 

v are the same. It is called right regular if the rightmost variables of u 

and v are the same. 

(a) Show that a non-trivial left zero band (A, •) satisfies precisely 

the left regular identities of groupoid type, and that any derived 

operation of (A, •) has the form 

An ->• A; (ai,...,an) i-» a±. 

(b) Show that a non-trivial right zero band (A, •) satisfies precisely 

the right regular identities of groupoid type, and that any derived 
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operation of (A, •) has the form 

An -> A; ( a i , . . . , a n ) i-> a„. 

1.5C. Let T : fi -> N be any (plural) type. Let (A, •) be a left zero band. 

Define an fi-left zero band (A, Q) by setting 

w : A"T —> A; (a,i,..., a ^ ) i-» ax • ... • a„T = a\ 

for each w in fi. Show that (A, fi) satisfies precisely the left regular 

identities of type T. Formulate and prove a corresponding statement 

for right zero bands. 

1.5D. Show that an identity u = v is satisfied in a rectangular band iff u and 

v have the same leftmost and rightmost variables. 

1.5E. A band is called normal if it satisfies the entropic identity 

xy • zt = xz • yt. 

Show that an identity u = v holds in a normal band iff it is regular, 

and u and v have the same leftmost and rightmost variables. 

1.5F. A band is called left normal if it satisfies the identity 

x • yz — x • zy, 

and is called right normal if it satisfies the identity 

xy • z — yx • z. 

Show that an identity u = v holds in a left (right) normal band iff it is 

regular, and u and v have the same left(right)most variables. 

1.5G. Show that each rectangular band satisfies the identities: 

(a) xyx = x; 



54 MODES 

(b) xyzt — xt = xzyt. 

Show that each band satisfying (a) or (b) is rectangular, and that each 

idempotent groupoid satisfying (b) is a rectangular band. 

1.5H. Generalize rectangular bands (A, •) to idempotent algebras (A, d) with 

one n-ary diagonal operation d satisfying the diagonal identity 

(zn . . . Xind)... (xni... xnnd)d = £110:12 . . . xnnd. 

Prove the following generalization of Theorem 1.3.2: A r-algebra (A, Q) 

is isomorphic to a direct product (A\, Q,) x • • • x (An, fi) of T-algebras 

(Ai, Q.) iff there is an idempotent diagonal n-ary operation on (A, Q) 

that commutes with each w in f2, i.e. (A, ft) satisfies the identities 

(an • • •, ai^rw) • • • (dni • • • anuiTu)d 

= ( a n . . . a „ id ) . . . (aiu,T . . . anuJTd)w. 

Moreover, for each i = 1 , . . . , n, the algebra (Ai, fl) satisfies the identity 

1.6. Further examples of algebras 

In this section, the list of algebras from Section 1.1 is extended by the 

provision of several further kinds of algebras that will play an essential role in 

this book. We will first recall the definitions of quasigroups, modules, semi­

rings and semi-modules. Then we will describe certain algebraizations of affine 

spaces and convex sets. 

1.6.1. Quasigroups 

A quasigroup (Q, •) is a groupoid with a binary operation called multiplica­

tion such that, in the equation 

x-y = z, 
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knowledge of any two of x, y, z specifies the third uniquely. Let us write the 

unique solution x of x • y = z for given y and z as z/y. Then / may be 

regarded as a new binary operation on Q called right division. Similarly, the 

unique solution y of x • y = z for given x and z may be written as x \ z. 

The binary operation \ thus denned on Q is called left division. The algebra 

(Qi 'i A \ ) satisfies the following identities for all x, y in Q: 

(1.6.1.1) x(x\y) = y = (y/x)-x, 

(1.6.1.2) x\(x-y) = y = (y-x)/x. 

Proposition 1.6.1.1. If(Q,-) is a quasigroup, then (Q,-,/,\) satisfies the 

identities (1.6.1.1) and (1.6.1.2) for all x, y in Q. Conversely, if (Q, •, / , \ ) is an 

algebra with three binary operations satisfying these identities, then (Q,-) is 

a quasigroup. 

Proof. (=>) If (Q, •) is a quasigroup, then y/x is a solution of (y/x)x = x. 

Two solutions z of z • x = y • x for given x and y are (yx)/x and y. By the 

uniqueness of z, one has (yx)/x = y. The proof that the remaining identities 

hold is similar. 

(<^) If the algebra (Q •, / , \ ) satisfies (1.6.1.1) and (1.6.1.2), then (1.6.1.1) gives 

the existence of solutions z to the equations xz — y and zx = y, while (1.6.1.2) 

gives the uniqueness of such solutions. • 

Proposition 1.6.1.1 shows that one may consider a quasigroup either as a 

groupoid (Q, •) satisfying the solution property, or equivalently as an alge­

bra (Q,-,/,\) satisfying the identities (1.6.1.1) and (1.6.1.2) for all x,y in 

Q. Note, however, that the algebraic properties of (Q, •) and (Q,-,/,\) are 

not necessarily the same. Exercise 1.6A shows that a non-empty quasigroup 

with associative multiplication is a group. However, for a group (G, - , _ 1 , 1 ) , 

a subgroupoid (H, •) of the groupoid (G, •) is not necessarily a subgroup of 
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(G, - , _ 1 , 1 ) . Note that an empty quasigroup is not considered as a group, even 

though it is associative, since it does not have an identity element. 

If we are given the multiplication table of a finite groupoid (Q, •), then it is 

easy to check whether or not (Q, •) is a quasigroup. 

Proposition 1.6.1.2. A finite groupoid (Q, •) is a quasigroup if and only if 

each element of Q appears exactly once in each row and in each column of the 

multiplication table of (Q, •). • 

The proof is left as Exercise 1.6E. Now an n x n matrix (qij) whose entries 

are elements of an n-element set Q, such that each member of Q appears 

exactly once in each row and each column, is called a Latin square of order 

n. Proposition 1.6.1.2 shows that the body of the multiplication table of a 

quasigroup is a Latin square. On the other hand, each Latin square of order 

n may be the body of the multiplication table of (at most n! x n!) different 

quasigroups defined on the same set. 

A fairly encyclopedic survey of quasigroup theory is available in [Chein, 

Pflugfelder and Smith 1990]. For earlier stages, see [Belousov 1967] and [Bruck 

1971]. 

1.6.2. Modules over a (fixed, unital) ring 

Let S be a given (unital) ring. A (right) module over the ring S, or briefly 

an S-module (M,+,S), is defined as an abelian group (M,+,—,0) together 

with a ring homomorphism 

(1.6.2.1) R : S -> End M; s t-» (Rs : M -> M; m M- ms) 

from the ring S to the ring of all endomorphisms of the group (M,+, — ,0). 

The mapping R assigns to each element s of S the right "multiplication" of 

elements of M by the element s, i.e. mRs =: ms, the image of m under Rs. 
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The fact that each Rs is a group homomorphism means that the identity 

(Ml) (mi +m2)s = mis + m^s 

holds for all mi, m2 in M and s in S. The fact that R is a ring homomorphism 

means that the identities 

(M2) m(si + S2) = msi + ms2> 

(M3) (msi)s2 = m(s1S2), 

(M4) ml = m 

are satisfied for all m in M and si,S2 in S. It follows that the class of all 

S-modules (M, +,S), considered as algebras with three basic group operations 

and the unary operations, one for each element of the ring, can also be described 

by satisfaction of certain identities. If the mapping R injects, the 5-module 

(M, +, S) is called faithful. In this case, any two elements s and t of the ring S 

determine two different operations Rs and Rt- On the other hand, if (M, +, S) 

is not faithful, some of the operations Rs may coincide. However, one can 

always turn the module (M,+,S) into a faithful one. Define the annihilator 

AnnM of (M, +, S) by 

AnnM := KeiR 

={s e S I Ms = {ms I m G M} = {0}}. 

Obviously AnnM is an ideal of the ring S, and (M, +, S) is faithful if and only 

if AnnM = {0}. Then the following holds. 

Proposition 1.6.2.1. Given any S-module (M,+,S), let S' := S/AnnM. 

Then the S'-module (M,+,S') with unary basic operations Rs := Rs+AnnM 

defined by 

m H-> m(s + AnnM) := ms 
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is faithful. • 

The proof is left as Exercise 1.6G. On the other hand, given an 5-module 

(M, + , 5 ) and a ring homomorphism h : T —t S, one can always make the 

module (M, +, 5) into a T-module by defining the operations Rt for t in T as 

follows: 

(1.6.2.2) mt := m(th) 

[Exercise 1.6H]. Note that any two of the three modules (M, +,S), 

(M,+,S/AnnM) and (M,+,T) are equivalent. 

Let us recall some elementary examples of modules. If the ring S is a field, 

then the 5-modules are just the vector spaces over this field. If the ring S is 

the ring Z of integers, then 5-modules are just abelian groups. The operations 

Rs are defined by m H-> ms, where ms is calculated in the group. Any ring T 

with a subring 5 < T is an 5-module. The operations Rs are the restrictions 

of the multiplication in T. In particular, any ring 5 is an 5-module. For more 

information about modules, see [Anderson and Fuller 1992] and [Golan and 

Head 1991]. 

1.6.3. Semirings and semimodules 

A semiring is defined here to be an algebra (5, +, •) such that both (5, +) and 

(5, •) are semigroups, the semigroup (5, +) is commutative, and the following 

distributive laws hold: 

x • (y + z) = x • y + x • z; 

(x + y) • z = x • z + y • z. 

One or both of the semigroups above may have an identity element. If 1 £ S 

is an identity of (5,-), then (5,-, 1) is a monoid, and the semiring S is said 

to have an identity. If 0 £ 5 is a unit for (5, +) , then it is called a zero. 
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In this case (5,+,0) is a monoid, and the semiring S is said to have a zero. 

Note however that the zero of a semiring is not a zero in the sense defined in 

Section 1.1. However, it may happen that the zero of a semiring is a zero for 

the semigroup (S, •), i.e. the identity 

0-a: = z - 0 = 0 

is satisfied. In this case, one also says that 0 is an absorbing zero. A semiring 

is commutative if its multiplicative reduct is commutative. Standard examples 

of semirings are rings, the sets of positive integers, rationals, or reals under 

addition and multiplication, and distributive lattices. 

Example 1.6.3.1. Examples of semirings are given by endomorphisms of a 

commutative semigroup. Let (T, +) be such a semigroup. Consider the set 

End(T,+) of the endomorphisms of (T, +) , together with the following two 

operations of addition and multiplication: 

t(<p + ip) := tip + tip, 

for all ip,il> £ End(T, +) . It is easy to see that (End(T, +), +, •) is a semiring. 

The identity map on T is the identity of End(T, +) . If one considers a monoid 

(T, +, 0) instead of a semigroup, then the mapping 0 : T -> T; t M- 0 is a zero 

of the semiring End (T, +, 0). • 

A semimodule over a semiring S is a commutative semigroup (T, +) together 

with a semiring homomorphism 

R : (S, +, •) -J- (End(T, +) , +, •); s M- (RS : T -> T; M tRs =: ts). 

The semimodule T may equivalently be defined as an algebra (T, +, S) such 

that (T, +) is a commutative semigroup, and each s e S defines a unary 
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operation Rs satisfying the following laws: 

(ti + £2)5 = t\s + *2S (Rs is a semigroup homomorphism), 

t(si +s2) = tsi + ts2, 

£(siS2) = (tsi)s2 (R is a semiring homomorphism). 

If the semiring S has an identity 1, then additionally one has 

tl = t. 

Sometimes, one defines a semimodule as a monoid (T, +,0) rather than a 

semigroup (T, +). A typical example of a semimodule is given by a monoid 

(T, +, 0) with a semiring of endomorphisms of (T, +, 0) as the semiring S. For 

more information, see [Golan 1999]. 

1.6.4. Affine spaces 

Traditionally, an affine space over a field F is defined, more or less explicitly, 

as a "space of points" A associated with a vector space V of "free vectors" over 

F such that the additive group of the vector space V acts strongly transitively 

on the set A, i.e. there is a group homomorphism 

(1.6.4.1) V-> A\; WM- (tv : A-> A; p^p + v) 

onto the group of bijections tv, usually called (right) translations of A, and for 

any two p,q € A there is exactly one v £ V with p + v = q. In particular, 

(1.6.4.1) means that for all vectors v, w £ V and all points p £ A, 

p + 0 = p, (p + v) + w = p + (v + w). 

The unique vector v with p + v = q is denoted by q — p. One proves that 

P + (Q-P) = Q, (p-q) + (q-r)=p-r, 
(1.6.4.2) 

p-q = 0<=>p = q, 
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and 

(1.6.4.3) (p - q) + v = (p + v) - q, (p + v) - (q + w) = (p - q) + (v - w) 

[Cf. Exercise 1.6K]. 

Let 0 G A be any "basis" point of A. Then the mapping 

(1.6.4.4) a:A^V; p M - p - 0 

is a bijection between the set of points and the set of vectors. By defining 

(1.6.4.5) p iA + p 2 / 2 := 0 + (p! - 0)/i + (p2 - 0) /2 

on the set A, for all / i , / 2 £ F, one introduces a vector space structure on A, 

and one obtains a vector space A* isomorphic to V̂  [Exercise 1.6L] so that in 

what follows we can identify the space V with A*. This conveniently allows us 

to consider elements of A either as points or as vectors. One proves that the 

definition of p\f\ +pifi does not depend on the choice of 0. For every n G Z + , 

and / i , . . . , fn 6 F with f\ + • • • + fn = 1, one defines an n-ary operation of 

weighted mean on A: 

An -> A; (pi,...,Pn)^Plfl + ---+Pnfn-

Especially useful weighted means are the binary ones 

/ : A2 -> A; (pi,p2) M- pi( l - / ) + p 2 / =: p i p 2 / 

defined for each / G F, and the ternary Mal'cev parallelogram operation 

(1.6.4.6) P:A3-+A; (pi,p2 ,p3) ^ P i l + p 2 ( - l ) + p 3 l = P i - P 2 + J>3 

giving the fourth vertex of the parallelogram with vertices Pi,P2 and p3 . 
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Lemma 1.6.4.1. For n > 2, each n-aiy weighted mean operation is a com­

position of binary weighted means and the parallelogram operation P. 

Proof. First note that forp i , . . . ,pn G A and / i , . . . , / „ in F with /iH \-fn — 

1, one has 

(1.6.4.7) 

P l / l H h Pn/n = P l / l - Plf\ + Vlf\ + fe/2 H h Pn/n) 

= Pi - (Pi(l - /1) +P2/1) + (pa(/i + / 2 ) +P3/3 + • • • + P » / n ) 

= Pi - PlP2/j + (P2(/l + h) + P3/3 H + Pn/n)-

The proof of the lemma thus proceeds by induction on n. For n = 3, one has 

P1/1 + P2/2 + P3/3 = Pi - PiP2/x + (P2(/i + /2) + P3/3) 

= Pi - PlP2/! + (P2(l - /3) + P3/3) 

= Pi - PlP2/j + P2P3£3-

Now if the lemma holds for n — 1, then the third summand of (1.6.4.7) is 

an n — 1-ary weighted mean, and hence is a composition of binary weighted 

means and the operation P. Consequently pifi + • • • + pnfn has the same 

property. • 

Note that the operation P is needed in Lemma 1.6.4.1 only in the case where 

the characteristic of the field F is 2, in particular for F = GF{2n). In other 

fields, 2 = 1 + 1 is invertible, and the operation P can be built up from binary 

weighted means: 

Pi - P2 + P3 = P2 P3Pi2_1 2. 

The coefficients / 1 , • . . , / n in p\f\ + • • • + pnfn are sometimes called weights, 

and the point p i / i + • • • + pnfn is called a center of gravity of the points 

Pi) • • • )Pn- The name is motivated by the physical example of a system of 

weights / 1 , . . . , / n located at respective points p i , . . . , p n in Euclidean space 

Ek (for k = 1,2,3). The center of gravity of the system is then located at the 
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point piy-\ \-pn^jr, where / = / H h /„ . By Lemma 1.6.4.1, it is clear 

that the set A together with the weighted mean operations can be denned as an 

algebra (A, P, F) with the operation P and the set F_ of binary operations / for 

each / in F. The next proposition recalls the well-known fact that subalgebras 

of (A, P, F) are precisely the affine subspaces of the affine space A. We will see 

later that it is fully justified to identify the algebras (A, P, F) with the affine 

spaces A. Now recall that a subset B of an affine space A is called an affine 

subspace of A if there is a point p G A and a vector subspace W of the vector 

space V such that B = p + W := {p + w \w£ W}. 

Proposition 1.6.4.2. Let B be a non-empty subset of an affine space A, and 

let p e A. The following conditions axe equivalent. 

(a) B is a non-empty affine subspace of A, i.e. B = p + W for some vector 

subspace W ofV. 

(b) B is a subalgebra of the algebra (A, P, JF). 

Proof, (a) =» (6) Let B = p + W, whence W = B - p = {b - p \ b G B} is a 

subspace of the vector space V. It suffices to consider the ternary operations 

Pi / i + P2/2 + P3/3 for Pi G A and /» £ F. Using (1.6.4.5), one shows that 

Pih +P2/2 +P3/3 G B for Pi,P2,Pz G B [Exercise 1.6M]. 

(6) => (a) Let B be a nonempty subalgebra of (A, P,F). One proves that 

for each p € A, the set W := B — p forms a subspace of the vector space V 

[Exercise 1.6M]. Hence b = p + W. D 

Each affine subspace B of A is closed under taking all the centers of gravity 

of points in B. Identifying points of A with vectors of A*, one can say that 

non-empty affine subspaces of the space A are precisely the cosets of vector 

subspaces of A*. Moreover, we can consider the non-empty algebras (A, P, F) 

as reducts of vector spaces (A, + , £ ) • The operations P and / for / G F, 

and more generally all weighted means, are obviously all the idempotent linear 
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combinations of the vector space A*. 

Traditionally, an affine map a : A —> A' from an affine space A associated 

with a vector space V over F to an affine space A' associated with a vector 

space V over F is defined as a set mapping a : A —> A' such that there is 

a linear map a* : V -* V and a point 0 € A with (0 + v)a = 0a + va*. 

The next, very well-known, proposition shows that such maps are actually 

homomorphisms from (A,P,F_) to (A',P,F). 

Proposition 1.6.4.3. Let A and A' be non-empty affine spaces as above. Let 

a : A -> A' be a set mapping. Then the following conditions are equivalent: 

(a) The mapping a : A —>• A1 is a homomorphism from the algebra (A, P, F) 

to the algebra (A', P,F); 

(b) The mapping a : A —> A' is an affine map from the affine space A to 

the affine space A'. 

Proof, (a) => (6) First note that homomorphisms of (A, P,F_) preserve all 

weighted means. Choose a point 0 € A, and define 

a* : V -> V; v M- (0 + v)a - 0a. 

Then the mapping a* is a linear map. Indeed, for / and g in F, one has 

(vf + wg)a* = (0 + (vf + wg))a - Qa 

= (0(1 -f-g) + (0 + v)f + (0 + w)g)a- 0a 

= (0a - Qa) + 0a(-f -g) + (0 + v)af + (0 + w)ag 

= ((0 + v)a - 0a)f + ((0 + w)a - 0a)g = va* f + wa*g. 

(b) => (a) For any point p G A and any vector v € V, one has (p + v)a — 

(0 + (p - 0) + v)a = 0a+ ((p - 0) + v)a* =0a+(p- 0)a* + va* = (0 + (p-

0))a + va* =pa + va*. Use (1.6.4.3) and (1.6.4.4) to show that the mapping a 

preserves all the operations p and / for / e F [Exercise 1.6R]. • 
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A related approach to affine geometry may be found in [Mac Lane and Birkhoff 

1967], [Bialynicki-Birula 1987], and [Mal'cev 1975]. 

The definition of (A,P,F) and Propositions 1.6.4.2 and 1.6.4.3 show that 

an affine space A over a field F can be considered as an algebra (A, P,F). So 

in what follows we will call the algebra (A, P, F_) an affine space over F or an 

affine F-space. Let F be the class of all affine F-spaces, including the empty 

set. A surprising fact is that the class £ is a variety. 

Proposition 1.6.4.4. For any Geld F, the class F_ of affine F-spaces is a 

variety. 

Proof. By Propositions 1.6.4.2 and 1.6.4.3, the class £ is closed under the 

operators s and H. NOW if Ai, for i 6 7, are affine F-spaces associated with 

vector spaces Vi, then L| Ai is an affine F-space associated with the vector 

space f| Vi. Hence the class F is also closed under the operator p. O 

The considerations of this example may easily be extended to the case where, 

instead of a field F, one takes a commutative ring R with unity. One obtains 

algebras (A, P,R) that we will also call affine R-spaces. Some authors call 

them "affine modules." 

1.6.5. Convex sets 

Let E be any real vector space. For each real number p in the open unit 

interval 1° = ]0,1[ in R, consider the binary weighted mean operations p given 

by 

p:ExE-+E; (x, y) n- xyp 

and the algebra {E, 1°) = {E,{p\p£ 1°}). Note that the set {xyp | p € R} is 

the set of points of a line through the points x and y, while the set {xyp_ | p € 

7°} is just the line segment joining the points x and y. 
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Proposition 1.6.5.1. The subalgebras of the algebra (E,I_°) are the convex 

subsets of the real vector space E. 

Proof. A subset B of the set E is a subalgebra of (77,7°) iff for all x,y in B 

and p in 7°, the element xyp = x(l — p) + yp lies in B. This happens precisely 

when the line segment joining the points x and y is contained in B. And this 

is precisely the criterion that B b e a convex subset of E. O 

Convex sets as subalgebras of (E,I_°) provide a useful description of the 

proportions of component parts making up a mixture, such as points of dif­

ferent primary colours being mixed to produce a certain shade, or chemical 

elements being mixed to produce an alloy. Other instances of such circum­

stances include mixture of prospects or commodities in decision theory and 

mathematical economics, and the mixture of pure states in quantum me­

chanics. (See [Gudder 1973, 1977, 1978] and [Morgenstern and Neumann 

1953].) The component parts of a mixture may be represented by the set 

X of elements eo = (1 ,0 , . . . , 0), e\ = ( 0 , 1 , . . . , 0 ) , . . . , e„ = ( 0 , . . . , 0,1) of the 

n + 1-dimensional real vector space E = R"+ 1 . The subalgebra (A„,7°) of 

(77,7°) generated by X is called the n-dimensional simplex. For example, if e0 

represents red paint, e\ represents yellow paint and e<i represents blue paint, 

then A2 represents the colours of paints obtained by mixing these. The point 

e 0 e i | would represent a 2:1 mixture of red and yellow, say orange. The point 

eoe2^ would represent a 2:1 mixture of red and blue, say violet. The point 

(eoei | )(e0e2|)5 would represent a shade between orange and violet. 

Example 1.6.5.2. The closed unit interval 7 = [0,1] of R is a convex subset 

of the vector space R, and hence can be considered as an algebra (7,7°). Let 

A = {a, b, c} and let (A, •) be a semilattice with a < b, a < c and b\\c. For each 

p £ 1° and x, y in A, define xyp := x • y, and consider the algebra (A, 7°), the 
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/"-semilattice. Now put 

h : I —> A; r H-» if r = 0 then b else if r = 1 then a else c. 

The reader is asked to check that h is an /"-homomorphism. Note that the 

homomorphic image h(I) = Ih of I is not a convex set. • 

Consider the class C_ of convex subsets (A, J°) of real vector spaces. Exercise 

1.6W shows that C is closed under the taking of subalgebras and direct prod­

ucts. However, Example 1.6.5.2 shows that it is not closed under the taking 

of homomorphic images. Hence, it is not a variety. The smallest variety con­

taining C consists of the homomorphic images of convex sets. Algebras in this 

variety are called barycentric algebras. Note that the variety B_ of barycentric 

algebras contains the class C_ of convex sets and the class of 7°-semilattices. 

The significance of barycentric algebras is that they provide a general algebraic 

framework for the study of convexity. Moreover, convexity is closely connected 

with a (semilattice) order, and barycentric algebras give a uniform treatment 

of convex sets and semilattices. D 

Exercises 

1.6A. Show that a non-empty quasigroup (Q, •) with associative multiplica­

tion is a group. 

[Hint: Obtain the identity element e by solving xe = x for a particular 

x in Q, then show that it satisfies ye = y = ey for any y in Q.] 

1.6B. Show by examples that a subgroupoid (H, •) of a quasigroup (Q, •, / , \ ) 

is not necessarily closed under the divisions, i.e. is not necessarily a 

subquasigroup. 

1.6C. Define a right quasigroup to be a groupoid (Q, •) such that the equation 

x • a = b has a unique solution x in Q. Define the right division 

/ as in the case of quasigroups. Show the following: If (Q, •) is a 

right quasigroup, then (Q, •, /) satisfies the identities y = (y/x)x and 
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y = (yx)/x for all x,y in Q. Conversely, if an algebra (<2,-,/) with 

two binary operations satisfies these identities, then (Q, •) is a right 

quasigroup. 

1.6D. Define left quasigroups, and formulate a counterpart of 1.6C for left 

quasigroups. 

1.6E. Prove Proposition 1.6.1.2. 

1.6F. Classify all quasigroups of order 3 up to isomorphism. 

1.6G. Prove Proposition 1.6.2.1. 

1.6H. Prove that for an S-module (M,+,S) and a ring homomorphism h : 

T ->• S, the condition (1.6.2.2) defines a T-module on the set M. 

1.61. Show that an 5-module (M, +, S) is faithful iff for each O ^ s e S there 

ism £ M such that ms ^ 0. 

1.6J. Show that if the ring S is commutative, then each mapping Rs, for s 

in S, is in fact a homomorphism of the module (M, +,S), i.e. for each 

t in S, (mt)Rs = (mRs)t. Additionally, if s is invertible, show that Rs 

is bijective and a module isomorphism. 

1.6K. Prove that each quasigroup satisfies the identities (1.6.1.2) and (1.6.1.3). 

1.6L. Prove that A* is a vector space isomorphic to V. Extend the definition 

(1.6.4.5) to the linear combination pifi + h pnfn for n > 2. 

1.6M. Prove all claims of Proposition 1.6.4.2. Prove that for any p,q*EB, 

one has B — p = B — q. 

1.6N. Let A be a vector space over a finite field GF(2n). Consider the algebra 

(̂ 4, GF(2n)) with the binary weighted means. Show that non-empty 

subalgebras of (A, GF(2n)) are not necessarily affine subspaces of the 

affine space A. 

1.60. Let A be an affine space over a field F of characteristic not equal to 

2. Describe all 2-generated subalgebras of (A, F), and show that for 

distinct generators, they are precisely the lines through the generators. 
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Show that a non-empty subset B of A is an affine subspace of A pre­

cisely when it contains, with any two distinct points, the line through 

these points. 

1.6P. Show that the mapping a: A^V defined by (1.6.4.4) is a linear map 

from the vector space A* to the vector space V. 

1.6Q. Prove the implication (b) => (a) of Proposition 1.6.4.3. 

1.6R. Let A and A' be affine spaces with associated vector spaces V and V. 

Let p G A and p' £ A', and let h : V ->• V be a linear map. Show 

that there is a unique affine map a : A -> A' with pa = p' and a* = h. 

Show that for any q € A, one has qa=p' + (q — p)a*. 

1.6S. Let A and A' be affine spaces, and let a : A —> A' be an affine map. 

Show that for all p, q G A, one has (p — q)a* = pa — qa. 

1.6T. (a) Find all homomorphisms from (/, 1°) to 7°-semilattices. 

(b) Find all congruence relations corresponding 

to the above homomorphisms. 

(c) Show that there are no other proper non-trivial congruences of 

1.6U. Show that the class C of real convex sets is closed under the operators 

s and p. 

1.6V. Find examples of barycentric algebras that are neither convex sets nor 

semilattices. 

1.7. Quasi-identities and equational implications 

Let T : Cl -4 N be a fixed (finitary) type of algebras. A formula of the form 

{q) (wi = w[ & . . . & wn = w'n) -+(«; = w'), 

where ti>i,..., wn, w[,..., w'n, w, w' are derived operators of type T (cf. Section 

1.4), is called a quasi-identity. Let arg(g) denote the (finite) set arg(wi) U 
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• • • U a,ig(wn) U arg(«;'1) U- • • U arg(u4)Uarg(t<;)Uarg (u/) of variables appearing 

in q. A r-algebra (A, fi) is said to satisfy the quasi-identity q if for each 

mapping / : arg(q>) —• A and the (uniquely determined) homomorphism / : 

(arg(g)fi,0) —• (A,il) extending / , whenever w\f = Wif,...,wnf — w'nf, 

then also wf = w'f. A class of r-algebras satisfies the quasi-identity q, if each 

algebra in this class does. 

Definition 1.7.1. If E is a set of quasi-identities of type r , then the class 

Q ( E ) defined or axiomatized by E is the class of all r-algebras which satisfy all 

the quasi-identities in £. One says that Q ( E ) is defined by the quasi-identities 

E or that it is a quasi-equationally definable class (or briefly a quasi-equational 

class). • 

To denote that an algebra (A, Q,) or a class K_ of r-algebras satisfy a quasi-

identity q or a set E of quasi-identities, one respectively writes 

A\=q, K^q, A\=X, K\=X. 

The equations w\ — w[,..., wn —w'n m.q are usually called the premises, and 

the equation w = w' is called the conclusion. If q is satisfied in (A, fi) or in 

K_, then one also says that q is true or holds in (A, il) or K_, respectively. 

Remark 1.7.2. The set {wi = w[,...,wn = w'n} of premises of a quasi-

identity q may be empty. In this case the quasi-identity q is considered to be 

the identity w = w'. By Proposition 1.5.3, it is clear that such a quasi-identity 

is satisfied in an algebra precisely if it is satisfied as an identity. It follows that 

identities form a special case of quasi-identities. Similarly, equational classes 

form a special case of quasi-equational classes. • 

Example 1.7.3. The definition of a quasigroup (Q, •) implies that the right 

multiplication R(q) by q in Q, 

R(q) : Q ->• Q; x M- xq , 
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and the left multiplication L(q) by q, 

L(q) : Q -4 Q; x t-t qx , 

are bijections of the underlying set Q. Their injectivity may be expressed by 

right and left cancellation quasi-identities: 

(1.7.1) {xz = yz) -> (a; = y)\ 

(1.7.2) {xy = xz) -*{y = z). 

They are satisfied in all quasigroups, and in particular, in all groups. Note 

however that the class of quasigroups, as well as the class of groups, can be 

defined purely by identities. D 

Example 1.7.4. The modular law for lattices is the quasi-identity 

(1.7.3) (x + z = x) —> x(y + z) = xy + z. 

Exercise 1.7A shows that this quasi-identity is in fact equivalent to an identity, 

i.e. if either one holds in a lattice, then the other holds, too. Examples of mod­

ular lattices are provided by distributive lattices, lattices of normal subgroups 

of groups, and lattices of subspaces of vector spaces [Exercises 1.7C and 1.7D]. 

Exercise 1.7E shows that each Mal'cev algebra has a modular congruence lat­

tice, i.e. it is congruence modular. O 

Example 1.7.5. Example 1.7.3 may be generalized further. The cancella­

tion quasi-identities (1.7.1) and (1-7.2) may also be considered in groupoids, 

semigroups and monoids. In this way, one obtains quasi-equational classes of 

(right, left, and two-sided) cancellative groupoids, semigroups and monoids. 

The name "cancellative" will be reserved for the case when both right and left 

cancellation quasi-identities hold. Note that the class of cancellative monoids 

is not equational. Consider the multiplicative monoid (Z, -, 1) of integers. It 
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is cancellative. However, for each n that is not prime, its homomorphic image 

Z„ = Z/nZ is not cancellative. By Proposition 1.5.6, the class of cancellative 

monoids cannot be equational. • 

Proposition 1.7.6. Each quasi-equational class of T-algebras is a prevari-

ety. • 

The proof is relegated to Exercises 1.7G and 1.7H. 

Similarly, as identities form a special case of quasi-identities, so quasi-

identities form a special case of more general formulas admitting an infinite 

number of premises and an arbitrary set of variables. Such an "infinitely long 

implication" 

(1.7.4) (wi = w[ k. W2 = w'2 & . . . ) - » (w = w'), 

where w\,... , tu„, w;^,... ,w'n,w,w' are f2-words over a fixed set X of arbitrary 

cardinality, will be called an equational implication. More general equational 

implications with an arbitrary set M of premises have the form 

(i) (&meM wm = w'm) ->(w = w'). 

Satisfaction of an implication (i) in an algebra or a class of T-algebras is defined 

as for quasi-identities. Other concepts concerning quasi-identities also have 

their implicational counterparts. In particular, one can speak about classes 

of T-algebras satisfying given implications, or implicational classes. Exercises 

1.7G and 1.7H can also be generalized. 

The next lemma gives a simple condition for a T-algebra A to satisfy an 

implication i. Let P denote the set of premises of i, and let C be the set 

consisting of the conclusion of i. One can think of an implication i as a pair 

(P,C) of subsets of Xil x XCl, where X = arg(z). Then A satisfies i if for 

each mapping / : X —> A with corresponding fi-homomorphism / : Xil —> A 
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extending / , one has 

(Vm G M, {wm,w'm) G ker / ) => ((w,u/) G kerf). 

This condition can be rewritten as follows: 

( P C k e r / ) ^ ( C C k e r / ) . 

Now for the congruences p = {P)cg and ip = (P U C)cg on Xfi there is an 

f2-homomorphism 

hi : Xftv -> Xfi*; i v h-> t*. 

Evidently, X ^ f= i. 

Lemma 1.7.7. An impJication i is satisfied in an il-algebra A if and only 

if for every Q-homomorphism h : Xilip -> A, there is an Cl-homomorphism 

g : XQ^ -> A with h = htg: 

XW —^-> Xft^ 

A = A 

Proof. (=>) Assume that A |= i. Then for the fl-homomorphism / : XQ. —> A 

extending the mapping 

/ : X -> Xfi -> Xft^ -> A; a: H-> a;* ft, 

one has 

( & m e M » m / = t i) l /) => {wf = w'f). 

Note that / = nat<p ft, and consider the following diagram: 

A = A = A = A 

4 I' > 1-
x • xn • xw • xn,* 

naty hi 
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It is clear that 

(&meM Wmh = w"*Jl) => (wvh = w'Vh). 

Define g : XQ^ -> A; t^ i-+ tvh: 

tf = 

'] 
natip 

h 

hi 

Clearly, g is a well defined fi-homomorphism, and h = hig. 

(<=) Let / : -X" —> A be any mapping such that the homomorphism / : XCl —» A 

satisfies u>m/ = w'mf for each m G M. Then obviously / = natip h, where 

h : XQ'fi -^ A; V H-> £/. By the hypothesis, there is a homomorphism 3 : 

-XTĴ  —>• A with /i = hig. Thus / = naty? hi g = n&tip 9- This implies 

wf = w^g = w'^g = w'f, and hence A\= i. • 

If the condition of Lemma 1.7.7 is satisfied, one says that the algebra A is 

injective with respect to hi, or is i-injective. 

Exercises 

1.7A. Let L be a lattice. Show that the following quasi-identities are pairwise 

equivalent in L: 

(a) (x + z = x) ->• (x(y + z) = xy + z); 

(b) (a; + z = x) -> (x(y + z) = xy + xz); 

(c) x(y + xz) = xy + xz. 

1.7B. Show that the monoid (Z„, •, 1), where n is not prime, does not satisfy 

the cancellation quasi-identities. 

1.7C. Show that the lattice of normal subgroups of a group is modular. 

1.7D. Show that the lattice of subspaces of a vector space is modular. 

1.7E. [Birkhoff 1967] Show that each Mal'cev algebra is congruence modular. 
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1.7F. Show that each convex set (A, 7°) satisfies the cancellation quasi-identity 

for each p e 7°. 

1.7G. Show that if a quasi-identity is satisfied in a r-algebra (A, (I), then it 

is satisfied in each subalgebra of (A, Q,). 

1.7H. Show that if a quasi-identity is satisfied in the r-algebras {Ai, fi), for i 

in 7, then it is satisfied in the direct product I Ĵ [ Aj, 0 1. 
Kiel J 


