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1.6.2 Option pricing . . . . . . . . . . . . . . . . . . . . . . . 31
1.6.3 Investment under uncertainty and capital accumulation 33
1.6.4 Endogenous default and pricing of the corporate debt . 34
1.6.5 Numerical methods . . . . . . . . . . . . . . . . . . . . 35
1.6.6 Extensions . . . . . . . . . . . . . . . . . . . . . . . . . 35
1.6.7 Basics of PDO theory . . . . . . . . . . . . . . . . . . . 36

1.7 Commentary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36



NON-GAUSSIAN MERTON-BLACK-SCHOLES THEORY 
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/economics/4955.html

March 25, 2002 15:42 WorldScientific/ws-b8-5x6-0 wscurr1

Contents xiii
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Chapter 3 Regular Lévy Processes of Exponential type in
1D 67

3.1 Model Classes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
3.1.1 An overview . . . . . . . . . . . . . . . . . . . . . . . . 67
3.1.2 KoBoL family: direct construction via the Lévy-
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pered Stable Lévy processes . . . . . . . . . . . . . . . . 201
9.1.3 Hyperbolic Processes, Generalized Hyperbolic Processes

and Variance Gamma Processes . . . . . . . . . . . . . 202
9.1.4 Definition of multi-dimensional RLPE . . . . . . . . . . 202

9.2 European-style contracts . . . . . . . . . . . . . . . . . . . . . . 203
9.2.1 The Esscher transform . . . . . . . . . . . . . . . . . . . 204
9.2.2 Pricing of power forwards . . . . . . . . . . . . . . . . . 205
9.2.3 Pricing of European options on one asset . . . . . . . . 206
9.2.4 Pricing of exchange options and basket options . . . . . 207

9.3 Locally risk–minimizing hedging with a portfolio of several
assets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209
9.3.1 The set-up . . . . . . . . . . . . . . . . . . . . . . . . . 209
9.3.2 Weights of the hedging portfolio . . . . . . . . . . . . . 210
9.3.3 Hedging of European claims . . . . . . . . . . . . . . . . 214
9.3.4 Locally risk-minimizing hedging of “power forwards” . . 215
9.3.5 Approximate locally risk-minimizing hedging:

general case . . . . . . . . . . . . . . . . . . . . . . . . . 216
9.4 Weighted discretely sampled geometric average . . . . . . . . . 216

Chapter 10 Investment under uncertainty and capital accu-
mulation 221

10.1 Irreversible investment and uncertainty . . . . . . . . . . . . . 221
10.2 The investment threshold . . . . . . . . . . . . . . . . . . . . . 223



NON-GAUSSIAN MERTON-BLACK-SCHOLES THEORY 
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/economics/4955.html

January 9, 2002 15:9 WorldScientific/ws-b8-5x6-0 wscurr1

xviii Contents

10.3 Capital accumulation under RLPE . . . . . . . . . . . . . . . . 225
10.4 Computational results . . . . . . . . . . . . . . . . . . . . . . . 227
10.5 Approximate formulas and the comparative statics . . . . . . . 230

Chapter 11 Endogenous default and pricing of the corporate
debt 231

11.1 An overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 231
11.2 Endogenous default . . . . . . . . . . . . . . . . . . . . . . . . 233
11.3 Equity of a firm near bankruptcy level and the yield spread for

junk bonds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 239
11.4 The case of a solvent firm . . . . . . . . . . . . . . . . . . . . . 242
11.5 Endogenous debt level and endogenous leverage . . . . . . . . . 247
11.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 248
11.7 Auxiliary results . . . . . . . . . . . . . . . . . . . . . . . . . . 249

11.7.1 Proof of Eq. (11.36)–Eq. (11.38) . . . . . . . . . . . . . 249
11.7.2 Proof of Eq. (11.45)–Eq. (11.46) . . . . . . . . . . . . . 251

Chapter 12 Fast pricing of European options 255
12.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255
12.2 Transformation of the pricing formula for the European put . . 258
12.3 FFT and IAC . . . . . . . . . . . . . . . . . . . . . . . . . . . . 260

12.3.1 Fast Fourier Transform . . . . . . . . . . . . . . . . . . 260
12.3.2 Integration-along-cut method . . . . . . . . . . . . . . . 261

12.3.2.1 Case a) . . . . . . . . . . . . . . . . . . . . . . 262
12.3.2.2 Case b) . . . . . . . . . . . . . . . . . . . . . . 263

12.4 Comparison of FFT and IAC . . . . . . . . . . . . . . . . . . . 264

Chapter 13 Discrete time models 267
13.1 Bermudan options and discrete time models . . . . . . . . . . . 267
13.2 A perpetual American put in a discrete time model . . . . . . . 269

13.2.1 Process specification . . . . . . . . . . . . . . . . . . . . 269
13.2.2 The pricing problem for a perpetual American option as

an optimal stopping problem . . . . . . . . . . . . . . . 270
13.3 The Wiener-Hopf factorization . . . . . . . . . . . . . . . . . . 272

13.3.1 General formulas . . . . . . . . . . . . . . . . . . . . . . 272
13.3.2 Some useful properties of the factors a± . . . . . . . . . 276
13.3.3 The case of exponential polynomials . . . . . . . . . . . 276

13.4 Optimal exercise boundary and rational price of the option . . 278



NON-GAUSSIAN MERTON-BLACK-SCHOLES THEORY 
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/economics/4955.html

January 9, 2002 15:9 WorldScientific/ws-b8-5x6-0 wscurr1

Contents xix

Chapter 14 Feller processes of normal inverse Gaussian
type 281

14.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281
14.2 Constructions of NIG-like Feller process via pseudodifferential

operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 284
14.2.1 Naive construction: NIG-like generators with state-

dependent parameters . . . . . . . . . . . . . . . . . . . 284
14.2.2 Constructions via infinitesimal generators: subordina-

tion of semigroups of operators . . . . . . . . . . . . . . 286
14.3 Applications for financial mathematics . . . . . . . . . . . . . . 289

14.3.1 Generalised Black-Scholes equation for contingent claims
under NIG-like Feller processes . . . . . . . . . . . . . 289

14.3.2 Pricing of European options under NIG-like Feller pro-
cesses obtained via subordination . . . . . . . . . . . . . 290

14.3.3 Pricing of European options under NIG-like Feller pro-
cesses obtained by the naive approach . . . . . . . . . . 290

14.4 Discussion and conclusions . . . . . . . . . . . . . . . . . . . . 294

Chapter 15 Pseudo-differential operators with constant sym-
bols 295

15.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 295
15.2 Classes of functions . . . . . . . . . . . . . . . . . . . . . . . . . 297

15.2.1 General notation and remarks . . . . . . . . . . . . . . . 297
15.2.2 The space S(Rn) . . . . . . . . . . . . . . . . . . . . . . 298
15.2.3 The Fourier transform . . . . . . . . . . . . . . . . . . . 299

15.3 Space S ′(Rn) of generalized functions on Rn . . . . . . . . . . 300
15.3.1 Generalized functions (distributions) . . . . . . . . . . . 300
15.3.2 Operations in S ′(Rn) . . . . . . . . . . . . . . . . . . . 301
15.3.3 The Fourier transform of generalized functions . . . . . 302
15.3.4 The regularization of oscillatory integrals . . . . . . . . 303
15.3.5 Tensor product of generalized functions . . . . . . . . . 304
15.3.6 Generalized functions on an open set. The support of a

generalized function . . . . . . . . . . . . . . . . . . . . 305
15.4 Pseudo-differential operators with constant symbols on Rn. . . 305

15.4.1 Definition of PDO with constant symbols . . . . . . . . 305
15.4.2 The Sobolev spaces Hs(Rn) . . . . . . . . . . . . . . . . 307
15.4.3 Action of PDO in the scale Hs(Rn) . . . . . . . . . . . 308
15.4.4 Elliptic equations . . . . . . . . . . . . . . . . . . . . . . 309



NON-GAUSSIAN MERTON-BLACK-SCHOLES THEORY 
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/economics/4955.html

January 9, 2002 15:9 WorldScientific/ws-b8-5x6-0 wscurr1

xx Contents

15.4.5 Restriction to a hyperplane . . . . . . . . . . . . . . . . 309
15.4.6 The Sobolev embedding theorem . . . . . . . . . . . . . 310
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