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Part 1

Introducing the Bell

This section of the book attempts to explain, step by step, what is needed in order to
understand and recreate the lovely patterns that are found inside the bell. The material is

based on a comprehensive set of diagrams and graphs, relegating the more formal details to
a set of notes at the end of the book.

1 The Notion of Iterations

We begin by introducing a rather simple process named the chaos game. This is a game of
chance and to play it one needs a die. To start, choose three non-aligned points and label
them according to the sides of the die, 1–2, 3–4, and 5–6, as in Figure 1 (left). Then, select
a point, say the one marked as 1–2, and roll the die. Suppose a 3 comes up, then move

Figure 1. First two stages of the chaos game.
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2 Introducing the Bell

Figure 2. The chaos game after 500 (left) and 8,000 (right) tries.

from the current position (1–2) to the middle of the vertex marked with 3, namely the point
shown in Figure 1 (left). Roll the die again and suppose a 5 appears. Then, move from
the last point to the mid-point of the vertex given by the outcome of the die, as shown in
Figure 1 (right). Repeat the process many times and see what happens.

As may be hinted, the game needs to be played for a while in order to elucidate its
outcome. What appears after 500 tries, and as implemented on a computer playing with fair
pseudo-random numbers, may be seen in Figure 2 (left). The game ultimately generates,
the celebrated Sierpinski triangle, as depicted after 8,000 rolls in Figure 2 (right). This
set, known as the game’s attractor, turns out to be a rather peculiar object that has a

deterministic and infinite structure of “middle triangles taken away from triangles,” and
appears independently of the throws of the die and of the point selected to start the game.

Although the formation of the triangle point by point may be surprising, its structure may
be elucidated once one considers the precise rules that are being repeated, that is, iterated,
again and again. If (x, y) represents a generic position, such rules are

wn(x, y) =
(

x + xn

2
,

y + yn

2

)

,

where (xn, yn), n = 1, 2, 3, are the coordinates of the three vertices. Clearly, applying the
mappings to the three vertices themselves gives the precedence diagram shown in Figure 3,
one that depicts (using alternative line types for the three rules) the boundary conditions for
the chaos game. With this pictorial aid, the deterministic structure of the Sierpinski triangle
readily appears through successive iterations of the rules starting at the newly defined points
and following infinite ternary trees depicting all possibilities, as in Figure 4. Notice how the
triangular gaps of decreasingly small sizes in Figure 2 represent regions in space that are
never visited by any of the rules.

The chaos game turns out to recreate the Sierpinski triangle because following any single
non-trivial branch of a ternary tree (that is, one that jumps to all the rules as guided by a
fair die) rooted anywhere ultimately covers the attractor densely everywhere. This happens
because the rules, by always traveling inwards, pull all successive points towards a unique

and stable state.1
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Interpolating Wires 3

Figure 3. Boundary conditions for construction of the Sierpinski triangle.

Figure 4. Ternary tree depicting recursive construction of the Sierpinski triangle.

2 Interpolating Wires

As iterating a set of simple rules gives rise to interesting sets, it is relevant to study the
attractors generated by other sets of mappings. For this purpose, exchange “move to the
mid-point” by the following set of two rules:

w1(x, y) =
(

1

2
· x, x + d1 · y

)

, (1)

w2(x, y) =
(

1

2
· x +

1

2
, 1 − x + d2 · y

)

, (2)

where d1 and d2 are (free) parameters whose magnitude is less than one.


