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In this paper, we introduce the cyclic basic hypergeometric series ,1®, with ¢ — w
where w = 1. This is a terminating series with N terms, whose summand has period
N. We show how the Fourier transform of the weights of the integrable chiral Potts
model are related to the o®1, which is summable. We show that 3®o satisfies certain
transformation formulae. We then show that the Saalschiitzian 4®3 series is summable
at argument z = w. This then gives the simplest proof of the star-triangle relation in the
chiral Potts model. Finally, we let N — oo, where the star-triangle equation becomes a
two-sided identity for the hypergeometric series.

1. Introduction
1.1. Definitions

The generalized hypergeometric series is defined!? as

at,, apt1 — (a1)i- - (apy1)i
F iz = ~——= = 1
H p|: bl?"'7bp ] lz:% (bl)l"'(bp)l“ ( )

where
(@) =T(a+1)/T(a)=ala+1)---(a+1-1), (2)

while the basic hypergeometric hypergeometric series is

(I) [041,""ap+1_ ] - Otl, "(ap+1;Q)z o
P P ﬁla"'ugp lz ﬁh (/@177 )(7 ) ’ (3)

in which
_[Q—2)(1—wg) - (1—wg), 1>0,
T q) = _ _ 4
I Eyrtic S O @
The hypergeometric series ,41F, can be obtained from ,41®, by taking the limit

g—1 with a=4q¢" (qi/(gq)— (a). (5)
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1854 H. Au-Yang & J. H. H. Perk

1.2. Known Identities

A hypergeometric series is summable if the series can be written in terms of ratios
of products of Gamma functions, while for the summable basic series it is written
in terms of the g-products defined in (4). The most well-known summation formula
is due to Gauss

a,b } _ T(e)T(c—a—b) (©)

o] =R e

which is a summation formula for 5F; of unit argument. The other is Saalschiitz’s
theorem

for c+d=a+b—n+1, (7)

JF, [a,b, —n;l] _(c—a)n(c—b),

c,d (c—a—Db)u(c)n’

for a terminating Saalschiitzian sF5 of unit argument. In general, a series is called
Saalschiitzian if it satisfies the Saalschiitz condition

L fart b ap bt by, (8)

Most of the summation formulae for the usual ,1F, hypergeometric series have
basic series analogues.!:? The summability condition on the argument of z = 1 for
the hypergeometric series must be replaced by z = ¢ for the basic series, while the
Saalschiitz condition is seen from (5) to become

qal"'ap+1:/61"'/6pa (9)

as a and b are the exponents of « and 8. As an example, Dougall’s theorem summing
a terminating 7F¢ of unit argument generalizes to Jackson’s theorem for terminating
g®P7 of argument z = q.

We shall now show that the basic hypergeometric series at root of unity are
intimately related to the integrable chiral Potts model. Indeed, many of the results
presented here are implicit in the earlier works.?'3 Since the notations used in
6-11 are unconventional, making the connections obscure, we
present here the results in more standard notation.

several of these works

2. The Cyclic Basic Hypergeometric Series
2.1. Definitions

Since most of the summation formulae are valid only for terminating series, it is
straightforward to analytically continue g to a root of unity without any convergence
problems. For ¢ — w = ¢2™/N | we find

(@whipn = 1 —2V)(@w)h,  (Wwhiey =0, (10)
(23w) -1 = WD J[(—2) (w5 W)y, (11)
(z;w)i4k = (zyw)k (wkx;w)l. (12)
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Star-Triangle Equations and Identities 1855

From (10), we see immediately that the basic series is ill-defined for ¢ = w unless
api1 = w7 for some J < N. We shall here restrict ourselves to the case with
ap+1 =w VTl =w, so that there are N terms in the series.

Definition: A cyclic basic hypergeometric series is a terminating series of NV terms

N-1

w,al,...’ap- . (al;w)l"'(ap;W)l .
P+1@p|: By By ’Z] - ; (Br;w)i -+ (Bp; = (13)

whose summand is periodic in N.

Using (10), we find that the requirement for periodic summand is satisfied if
11
=it

Uunlike the ordinary basic hypergeometric series in (3), where the dependences on

(14)

the parameters «; and (; are elementary, the periodicity requirement makes the
dependences on these parameters very complicated, with an extremely complex
N-sheeted Riemann sheet structure.

Because of this periodicity, we may change the indices of the summation | — —I
in (13) and then let ! — ! + k while using (11), to find

-1 _
@ |:w’al7'”,ap'zi|: (P w?"dﬂl 7"'7"‘)/6';; B ﬁp 15
pHE Bl?"'?/ﬁp ’ PR wa;l’...’wagl 7 20 Oy ( )
k k . .
_ d [w,w oy, whay ] (al,w)k---(ap,w)kzk 16
1 .

PP kg wk By 7] Buele B ” O

Since ayt1 = w, the series in (13) is called a Saalschiitzian if
woras oy =Pifr By, z=w. (17)

Clearly, if the left-hand side of (15) is a Saalschiitzian, so is the right-hand side,
and vice versa.

2.2. Cyclic basic series 2P,

It has been found®'® that the Boltzmann weights of the integrable chiral Potts
model can be written in product form, i.e.

(a; w)n ﬂ -n (w/ﬂ; w)*n N 1- /6'N

W) =" Goat = (=) SR W (), N = . (8

The Boltzmann weight of an edge connecting spin a and spin b is chiral, namely,
Wi(a —b) # W(b— a), and arrows are introduced to indicate the direction from
spin a to b, as shown in Fig. 1. Here we have introduced W*(a — b) = W (b — a) to
indicate the operation of arrow-reversing.
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1856 H. Au-Yang & J. H. H. Perk

Woa(a—b) qu(a—b)
Fig. 1. Boltzmann Weights

Since the weights are periodic with period N, their Fourier transforms may be
written as

N-1 w.
W (k) =Y W™ W(n) = 2P, [ ’ﬁ;w’“] . (19)
n=0

2.2.1. Recursion Formula
It has been found originally in Canberra® that
W (k w, woa |7 (w/B)F(v;w oy w)_
(f)( )_.®, { ;,ywk:|2¢1 [ ;7] _ (w/B) (7. )k _ (kﬂ/v - )=k (90)
W (0) g 5, (way/Biw)k  oF(w/v;w)-k
The proof of this recursion relation has been given in our Taniguchi lectures.* This
was later extended to a more general case by Kashaev et al.”

o] 5

2.2.2. Baxter Formula

Consider the determinant whose elements are the weights in (18), i.e.

D= det W(-—h) (22)

Baxter gave the following formula® without proof:

N-1 B ,17jﬂ) J
D =Y N3V (@—w . 23
o H[(l—w—l—wxl—wm) ’ 2
where
B, = "N -D(N-2)/12N (24)
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Star-Triangle Equations and Identities 1857

A detailed proof was subsequently given by us in Ref. 14. Since this is a cyclic
determinant, we find

N-1

N (£ (j
D= [ WO4) = W) H [xm } (25)

=0

Baxter’s formula (23) and the recursion formula (20) may now be used to prove the
following theorem.

Theorem 1: Every cyclic basic hypergeometric series s®; is summable, and is
given by

L(N-1)
wa | ek w\? p(wa/B)p(y)
2(1)1[ 3 ’“’] SN ‘I’°<,a) 2(@)p(] B)p(wer/B)’ (26)

where ¢ takes N different integer values for the N different Riemann sheets, and

H a)i/N. (27)

Here summable mean that the series is expressible as products. It is worthwhile to
emphasize that the basic hypergeometric function o®; is an N-valued function of
o and 8 with a complicated Riemann surface. The function p(«) has N — 1 branch
points at o = w’ for j = 1,---, N — 1. Due to the appearance of the composite
functions—particularly, p(vy) with v found from (18) to be an N-valued function
of o and —we can see that it is non-trivial to describe the Riemann surface. It
is rather amazing even to us that Baxter and others (see Refs. 17,18 and citations
quoted there) have somehow found a way out without the detailed knowledge of
the Riemann surfaces.

2.3. Transformation formula for 3P,

We shall now derive a transformation formula for the cyclic basic series 3®2. Using
the convolution theorem, we may write

[ 0] -5 ﬁ%:i‘;izﬂ [ <§>l]

2 /61 U
where
1—alV’ uV 11—l

Now we can use the recursion formula (20) to obtain
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1858 H. Au-Yang & J. H. H. Perk

CU,O[l,QQ. o _ UJ,al. w7a2.i
3(1)2[ ﬂ17ﬂ272}—N12(I)1[ /82&]2(1)1[ 517u]

x 3Dy w,2/w Paferu ;%} . (30)
w/ua WQZZ//Blu /81

Clearly, we may change (2 to 81 with u — 1, and obtain a different transformation

formula. If we let z = w in (30), then it is easily seen that the 5®5 on the right-

hand side of the equation becomes a 2®;. As the three o ®; are summable, the cyclic

hypergeometric series 3P is also summable for argument z = w. We conclude:

Theorem 2: Every cyclic basic hypergeometric series 3@, has a transformation
formula given by (30), and is summable for z = w.

2.4. The Saalschiitzian 4®3 and the Star-Triangle Relation
2.4.1. Summation Formula

Consider a Saalschiitzian 4®3 for argument z = w, and use the convolution theorem
to express it as

o {w,w“al,w g, wéarg ]
4E'3 e
waﬂh wbﬂ% WCBB ’

1 R w, wa, wblas & w,wlay w

— b b) )

N 23@2{ a b ;W’Y}z(l%[ e
Pt w B, wbBa weBs -y

b

1-k

[ e

where
N (1_0§V) (1—5{\/)(1—%\7)_ N_N

YT a=eY) T U—ea—py) Tt

The first part of this equation and the Saalschiitz condition w
may be used to solve a3 and also B3. This gives

(32)

2aia0as = 15205,

1-— 'yN wiaiasas
N
oy = , =—>". 33
5 71— (qagy/Bif2)N & 8152 (33)
Now we use the transformation formula (30) for 3P, thrice, i.e.
o w,w“al,wba; AP w, why fu,wb=23% Ju way
BT waB, whBsy 3+2 w/u,wtktb=egiy u’ By
~* k= b
LA S
w/y, Wkt /35 wion
o w waad* ar wlfk
= ABC 3@2 |: ’ —3’ —*1§ :| ) 34)
wb—ae B3, B Y (

where the first line is identical to (30) in which

{al = waz /B3, {a2 = wai/ s, {@320)/5; = wa1 /P, (35)
Pr = Ba2/as, P2 = 1/ as, B3 =w/ag = pi/as,
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Star-Triangle Equations and Identities 1859

with superscript * denoting the arrow-reversing operation described in (18), and

a b
A=n1,®, [@@a ] ,@, [@we o] 36
2%y { Wby 2 wiB’ (36)
If we denote
1 g B 1Y
N N
"yj = jN, "YJ = 7 f N N (37)

1—aj (V5 o) l—aJ

then by using (35) and (33), it is easy to verify that
Y1 =72/735 Yo = 71/7s, (38)
which in turn can be used to show
M2 = v/¥37; = v03/was  leading to 3 = w/vy = F]7;. (39)
Using (29) in which z = =, it is easy to verify that
1- (ﬁé‘/u) “_Yé" l-(y/wN \peb

From (18) and (35), it follows that 419 = way/B1. As a consequence, we may use
the transformation formula (30) again to obtain the second equality in (34) with

k b—a g*
B=N"1,P, [w,ww%uwf} D, [ C:kcibaﬂ(%{yu/u;%} : (41)
Furthermore, from (37), we find that
| €V7) R Sl ¢ Vi)
-y 7 1= ()"
while from (35) and (18) we obtain &1 a3 = [2/aq. Using the transformation formula
(30) for the third time, we arrive at (34) with

= a;

= (@)™, (42)

=% k=
C=N"1,9, [ wa:;;iyl;al} D, {W;)kf;/%;wb—aa; . (43)
Denoting
Win) = 708 T, () T () = 5 (25 (4)
" (B w)n’ ' C (B w)n

and C, we find

I

and using recursion formula (20) for »®; in these constants A,

o [w,w“al,wbag & ] Wa(b—a)Wy(b—a)
3 X2 bp W =
WG, w’Bo W1(a)Wa(b)
w R Dag F(v;w) [w, wh™as, af w
(WBsfwasiwli * 70 L whmeBs By )
where D = [ABC]y with a = b = ¢ = k = 0 in (36), (41) and (43). Next, the
recursion formula (20) is used to write
1—k

w,waz w B Rwe (83 /waz; w)k [w Q3 ] w
2(1)1 [ wePBs ] B DW3(c)a§k(7;w)k’ 2(1)1 B3’ - (46)

1-k

(45)
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1860 H. Au-Yang & J. H. H. Perk

Substituting these two equations into the convolution formula (31) and using

Wihta ,Waw),

= , 47
W @i 4
we find
w,war, wlag, wa
Wl(a)W2(b)W1(c)4(I)3[ waﬁll Wbﬂ; wcﬂ;;w =
No1N-1 ’
N RWs(a—b) Y Y wFe " OWy(a—b—DWi(=l),  (48)
k=0 1=0

where the summation over k can be carried out resulting in the delta function
Nép,c—p. This then proves the following theorem:

Theorem 3: Every cyclic Saalschiitzian basic hypergeometric series 4 @3 is summable
for z = w.

2.4.2. Star-Triangle Relation

Furthermore, (48) is also the star-triangle equation
N-1
> Wila— d)Wa(b— d)Ws(c —d) = R Wa(a — b)Wa(a— c)Wi(b—c), (49)
d=0
shown in Fig. 2. The weights W and W are defined in (44), in which the parameters
a;, B; and &;, f3; are related by (35), while ; and 7; are related by (38) and (39).
These relations are very symmetric.

Fig. 2. Star-Triangle Relation, with v1 = ¥27%3, 72 = 7173 and v3 = 3773

2.4.3. The Constant R

The constant R was originally given in Ref. 3. A proof was published in Ref. 16
and their proof can also be used here. By defining the matrices

(A2)p,a = Wa(b—d), (A3)ca=Ws(c—d), (A})dga =d4q,eWi(a—d),
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Star-Triangle Equations and Identities 1861

(Al)b,czwl (b - C); (-’Zlg)c,c’ = 5c,c’W2 (a - C)7 (Ag)b,b’ = 5b,b’W2 (a - b)7 (50)
the star-triangle equation (49) may be expressed as
(A A3 ATY, o = R(ASAL Ay o A AJAL = RASALAS. (51)
The determinants are also equal, i.e.

N-1

W1 (l) det .AQ det .A3

N _
N g Wz(l)Wg,(l) det A1

(52)

This gives the constant R in terms of determinants of matrices A defined in (50),
which can be evaluated by Baxter’s formula (23). Alternatively, R is seen from
(46) to be a product of seven 3®;. It can also be evaluated using (26), which is
much more tedious, and after many cancellations, this yields the same result. We
have thus avoided the complexity in the Riemann surface by relegating it to the
multiplicative constant R in the star-triangle equation.

2.4.4. Rapidity Lines

To form commuting transfer matrices, it is necessary to assign rapidity lines to the
weights. There are two possible weights shown in Fig. 1. There are two essentially
different choices for the directions of the arrows.

Original Choice

By assigning the rapidity lines as we originally did in Ref. 3, also shown in Fig. 3,
then it is easily seen from Figs. 1 and 3 that

Fig. 3. Original choice of the rapidities.

{Kl (n) = %T(n)’ {K2 (n) = Wq?‘(n)v {Kﬁ’»(n) = qu(n)a (53)
Wi(n) = Wy (n), Wa(n) = Wy (n), Wi(n) = Wpy(n).
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1862 H. Au-Yang & J. H. H. Perk

This means

a1 = Qpy, Q2 = Qgr, az = w/Bpq,
{51 = Bpr B2 = Bars B3 = w/ b,
M= Vprs Y2 = Ygrs Y3 = Ypgs
0:11 = (:Ypr, 0:42 = Qgqr, 0:43 = Opq,
61 = ﬂpra 62 = ﬁqra 63 = 6pq7 (54)
Y1 = Vprs Y2 = Yqr; Y3 = Vpq-
Consequently, we find from (35)
{ Qpr = QqrQipq, { Qqr = QprQipg, { Opg = wWapy [ Bar (55)
Bpr = BarBpq/w, Bar = BprBpq/w; Bpg = Bpr/qr-

From the relations for &,, and Bp,«, we see that we would like to have the products
AgrOpg and By Bpe independent of g. For this to happen, we must have ay, and a,,
containing the same g-dependent factor, say x4, one in the denominator, the other
in the numerator, such that the dependence on ¢ cancels out upon multiplication.
A similar reasoning holds for 3,,. In fact, we find the only choices are

Apg = Tq/Tp,  Bpq = WYp/Yq- (56)
Using this in the second and third brackets of (55), we find
Opg = WIp/Yg,  Bpg = wq/Yp- (57)

It is easily verified that these choices satisfy the Saalschiitz condition in (17). The
periodicity requirement on the argument at z = w

3
1/N
w="717273 = H [(1-8Y)/(1—a})] (58)
j=1
can be satisfied, if
z) +yy =k +rady),  s=par (59)

Solving this equation for z; and substituting the solution into (37), we find

Ypg = HpYa/Ha¥p  Vpg = WhpTplq/Ygs s = (1 — kzxév)/k/ (60)

This reproduces exactly the integrable solution found earlier.?

Other Distinct Choice

Only by flipping the directions of the middle rapidity line ¢, do we find a distinct
arrangement of weights. This results in the equation

N-1
> Worla— d)Wag(b = d)Wep(c — d) = R Wop(a — B)Wg(c — a)Wpr(b — ¢). (61)
d=0

Flipping other lines merely gives permutations of these rapidity lines in the two
star-triangle equations, as can be seen from Fig. 1 and Fig. 4. To have the relation
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Star-Triangle Equations and Identities 1863

Fig. 4. Flipping the arrow of q.

(35) to hold, we must have

Opr = warrg/ Bop, Bpr = Brq/ agp, (62)
for which to be satisfied, we must choose
Qpr = pprm 5;07’ = gpfr' (63)

The Saalschiitz condition in (17) yields w?p® = 1. It is then easy to verify that it is
not possible to find p, fs and g satisfying condition (58). Since the relation (61) is
more symmetric than (49) when comparing Fig. 3 with Fig. 4, the extra symmetry
requirement on the weights makes a solution impossible in the present case.

3. The N — oo Limits

3.1. Star-Triangle Equation as a Double-Sided Hypergeometric
Identity

In the limit N — oo, with o; = w% and §; = w’, and allowing the spin n in (44)
and thus the summation index d in (49) to run through all integers, we find!? 13
that if the Saalschiitzian condition

a1+ as +az+2 = by + by + bs. (64)
and condition resulting from (58)
sinmay sinmas sinwag = sinwby sin by sin 7wbs, (65)

are satisfied, the star-triangle equation (49) becomes

oo

Z (a’l)m1+n (az)m2+n (a’3)m3+n — Roo (?1)m17m2 (?2)m27m3 (a’3)m17m3’ (66)
(bl)ml—i-n (bz)MQ-i-n (b3)Tn3+n (bl)m1,m2 (b2)m27m3 bs mi—ms3

n=—o0
where
{a1:1+a2—bg, {a2=1+a1—b3, {a3=1+a1—b2, (67)

by = bz — a3, by = b1 — a3,
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1864 H. Au-Yang & J. H. H. Perk

3.1.1. Double-Sided Hypergeometric Identity

The equation (66) may be rewritten as the double-sided summation identity'?

Z H az—l-n _ G(al,ag,a3|b1,b2,b3) (68)
n=—oo i=1 F b +n H?:l H?:l F(bl — aj)

where

70

G(alv az, a3|b17 b27 b3> =

sin 7ra2 sinmas Hf’ 1 sinm(b;—aq)
3

=[] T(a;)T(1 - a) HFb—a1 (1—b; + ay), (69)
j=2

provided the two conditions (64) and (65) are satisfied. If we let a; — a; +m and
b; — aj + m, then these two conditions are still satisfied. This shows that the
above two-sided identity holds for infinitely many different values of a; and b; and
is rather unusual.

3.2. Its Dual (Fourier Transform)

If, instead of demanding that the spin values n in (44) and d in (49) remain integers,
we let d,n, N — oo, while keeping the ratios y = 27n/N and x = 27d/N finite, we
find that the summation over N values in (49) becomes an integral over the interval
[0, 27]. More specifically, we find the weight (18) to become!?

sinwh\ (55 — L%J) .1 _ja—b
W(a,b,x) = (sinwa> |sin z|" . (70)
in this limit. For a; and b; satisfying the two conditions (64) and (65), we let

Wz(l‘) = W(ai, b, J}), Wi (JI) = W(&i, Bi, JI), (71)

and the star-triangle relation (49) becomes!?

1 2

), dw Wi (x — w) Wa(y — w) Ws(z — w)

—ROOW3(:c—y)W1(y—z)W2(m—z). (72)

Since the weights are chiral, namely, W(—x) # W (x), it is not possible to have

both the weights and their Fourier transforms real. Thus the Fourier transform of
(72) is an identity similar to (66), but not identical, and vice versa.

3.3. Open Problems

Finally, the weights in Sections 3.1 and 3.2 define integrable models, which are
limiting cases of the original chiral Potts model, and are chiral extensions of the
models in the works of Fateev and Zamolodchikov.!?>2° Since there are sets of
N functional relations for the chiral Potts models, we expect there may then be
infinitely many such functional relations for these models, and perhaps some more
physical quantities in these co-state models can be evaluated.
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