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Differentiating I with respect to x results in

J a

If the limits of integration are not fixed but are functions of x, we integrate with respect to y from a
point on a curve given by y = u (x) to a point on another curve given by y = v (x)

/•v(x)

I (x )= | f(x, y)dy (1.8-3)
;U(X)

Note that if we were integrating at another point on the same curve, the limits of integration would read
u(xi) and u(x2) which is equivalent to integrating from a to b.

I may be treated as a function of three variables x, v(x) and u(x). Using the results in Section 1.5,
dL is given by
dx

di_ = a i_ + a] [dv + ai_du
dx dx dv dx du dx

31 dl 91
From the definitions of the partial derivatives 5—, 5— and v~, we have, via Equation (1.8-2)

/•v(x)

yu(x)

Note that u(x) and v(x) are not fixed!

To evaluate the partial derivative —-, we fix the variables x and u(x). Equation (1.3-1) yields
dv

f x

^ p = | - f(t)dt = |^[F(x)-F(a)] =F'(x) = f(x) (l.8-6a,b,c,d)
) a

Therefore, identifying y with t and v (x) with x, we have

| 1 = | - I f(x,y)dy = f[x, v(x)] (l.8-7a,b)
Ju (x)

Similarly

(1.8-4)

(1.8-5)

(1.8-2)
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!?- =-f[x, u(x)] (1.8-8)
oil

After appropriate substitution, Equation (1.8-4) becomes

/u(x)

Equation (1.8-9) is known as Leibnitz rule.

Example 1.8-1. Let I be given by

/•y=x2

1 = 1 xydy (1.8-10)
/ y=x

Calculate -dL by
dx

(a) using Equation (1.8-9),

(b) integrate and obtain I explicitly as a function of x and then differentiate. Figure 1.8-1 shows
a projection in the xy-plane of the integration path.

From Equation (1.8-9)

r2
A = I y dy + (x) (x2) (2x) - (x) (x) (1.8-1 la)

J X

= \~\ +2x4-x2 (1.8-1 lb)

= ~ - ^ - (1.8-llc)

On integrating directly

2

1 = Mr = ^---T (1.8-12a,b)
L / J X z z

It follows from Equation (1.8-12b) that

(1.8-9)
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dL = 5 x l _ 3 x ^ (1.8-12C)
dx 2 2

Both methods result in the same expression for dL ? as they should. There are instances when it is
dx

not possible to evaluate I explicitly and one has to use Leibnitz's rule.

y f y = x2

x

FIGURE 1.8-1 Integration described by Equation (1.8-10)

1.9 ORDINARY DIFFERENTIAL EQUATIONS (O.D.E.) - DEFINITIONS

A differential equation is an equation involving one dependent variable and its derivatives with respect
to one or more independent variables. If only one independent variable is involved, it is an ordinary
differential equation (O.D.E.) and if more than one independent variable is involved, it is a
partial differential equation (P.D.E.). Many laws and relations in science, engineering,
economics, and other fields of applied science are expressed as differential equations.

The highest order derivative occurring in the differential equation determines the order of the
differential equation. The degree of a differential equation is determined by the power to which the
highest derivative is raised. A differential equation is linear only if the dependent variable and its
derivatives occur to the first degree. Otherwise it is non-linear.
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For example, y' = 5y is an O.D.E. (y is a function of x only) of order one (y' is the highest order
derivative) and of degree one (y' is raised to the power one) and is linear, (y " )3+ y = x is of order
two, of degree three and is non-linear.

A function f(x) is a solution of a given differential equation on some interval, if f(x) is defined and
differentiable on that interval and if the equation becomes an identity when y and y ^ are replaced
by f(x) and f^(x) respectively.

For example, we can easily verify that f (x) = eax is a solution of the equation y' = ay. Indeed,
f'(x) = a e a x = y' and the right side (ay) is of course af (x) = aeax. There are several types of
ordinary differential equations. Examples of first-order differential equations are separable equations,
exact differential equations, linear differential equations, homogeneous linear equations, etc. For each
of these types, there exists a known, standardized, procedure to arrive at a solution. Starting at
Section 1.10, we summarize the approach, leading to the solution of several of the types of ordinary
differential equations encountered in practice. In Section 1.19, we look at the modeling problem.

1.10 FIRST-ORDER DIFFERENTIAL EQUATIONS

The standard form of a first-order differential equation is as follows

M(x, y) dx + N(x, y) dy = 0 (1.10-1)

or y '= -^H (1.10-2)
N(x, y)

Equations of this type occur in problems dealing with orthogonal trajectories, growth, decay, and
chemical reactions.

1.11 SEPARABLE FIRST-ORDER DIFFERENTIAL EQUATIONS

For the case where M is a function of x only and N is a function of y only, a straightforward
integration will yield a result, as follows

I M(x)dx = - I N(y)dy (1.11-1)

Example 1.11-1. Solve y dx - x2 dy = 0. (1.11-2)

Dividing both sides of the equation by x2 y results in the appropriate form

^ - ^ = 0 (1.11-3)
* y
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Integration yields

i n y = i n c - Y (1.11-4)

where c is the constant of integration.

This can be written as

iny-inc = - \ (1.11-5)

that is

in£ =-\ (1.11-6)

or y = ce" 1 / x (1.11-7)

Example 1.11-2. In a constant volume batch reactor, the rate of disappearance of reactant A can be
given by

- ^ =-kf (c A ) (1.11-8)

Solve Equation (1.11-8) for the case where f (cA) = cA.

dcA

- ^ = - k d t (1.11-9)

i n cA =-kt + i n c (1.11-10)

in^=-kt (1.11-11)

cA = ce~kt (1.11-12)

1.12 HOMOGENEOUS FIRST-ORDER DIFFERENTIAL EQUATIONS

If M(x, y) and N(x, y) in Equation (1.10-1) are homogeneous polynomials of the same degree,
then the substitution y = ux or x = vy will generate a separable first-order differential equation.

x2 - 3 xy + Y' is an example of a homogeneous polynomial of degree two. x + y - 1 is not a
homogeneous polynomial.
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Example 1.12-1. Solve

(x + y)dy-(x-y)dx = O (1.12-1)

dy ( x - y )
dx ~ (x+y) (1.12-2)

The substitution y = ux defines y' as

g.(dj)x + 0 ) I 1 a.,2-3)

We now have

x ( d u ) + u = ^ i H = M l ^ l (L12.4,5)
vdx/ x + ux x(l+u)

x(du)+ u = £ ^ ( U 2_6 )

\dx/ (1+u)

*[^) = ^-"=l-?U-u2 d-12-7,8)
Idx/ (1+u) 1+u

^ = ( 1 + U ) , d n (1.12-9)
x l _ 2 u - u 2

Integration yields

i n x + i n c = I - ^ (1.12-10)

where P = 1 - 2u - u2.

Therefore

incx = - ^ - i n ( l - 2 u - u 2 ) (1.12-11)

in ex"2 = i n ( l - 2 u - u 2 ) (1.12-12)

-^r = l - 2 u - u 2 (1.12-13)
x

y
Replacing u by — , we finally obtain
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^ - = l - 2 y _ y ! (1.12-14)
x x x

or x 2 - 2 x y - y 2 = c (1.12-15)

NOTE: An equation such as

d y a1x + b 1 y + c 1

dx ~ a 2 x + b 2 y + c2 (1.12-16)

where a}, bj, c1? a^ b2 and c2 are constants can be reduced to a homogeneous equation if
through a change of variables, we manage to do away with the constants Cj and c2.

Think of the numerator and the denominator as representing two intersecting straight lines. If we
translate the origin of the coordinate system to their point of intersection, that is to the solution (a, p)
of the system

{ajX +bjy +Cj =0

a2x+b2y + c2 = 0 (1.12-17,18)

we then obtain a situation where the directions of the lines are preserved (aj and fy remain unchanged)

and the coefficients Cj vanish. Since the coordinates of this point of intersection are (a, P), we

perform the following change of variables

JX=x-a
{ Y =y-p (1.12-19,20)

Substitutions in Equation (1.12-16) yields

d(Y+p) d Y _ a1(X + a ) + b 1 ( Y + p ) + c 1

d(X + a) = dX = a2(X + a) + b2(Y + p) + c2 (1.12-21a,b)

, Y ajX+bjY+aja + bjP + Cj

dX = a2X + b2Y+a2a+b2p+c2 (1.12-22)

where the underlined terms add up to zero by virtue of system (1.12-17,18) with solutions x = a and
y = p. We are left with the homogeneous equation
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dY a l X + b l Y

d X ~ a 2 X + b2Y (1.12-23)

The solution of such a reducible equation is thus obtained by

i) solving equation (1.12-23) [a first-order homogeneous equation],

ii) determining the solution (a and (3) of system (1.12-17,18). This requires the determinant

a l b l
* 0 and

a2 b2

iii) replacing X and Y in the solution of (1.12-23) by x - a and y - p respectively.

Example 1.12-2. Solve

£ - ^ 4 d.12-24)
dx x + y - 1

dY X — Yi) We first solve -rrr = ——— using the substitution Y = u X. This leads to Equation
QA. A. + Y

(1.12-15).

ii) Next we determine the values a and (3 by solving the system

[ x - y = 3
| x + y = 1 (1.12-25,26)

We obtain a = 2 and P = - l .

iii) We now substitute X and Y in the solution of part (i) by (x - 2) and (y + 1). The final
solution is thus given by

x 2 - 2 x y - y 2 - 6 x + 2y = c - 7 = constant (1.12-27)

A problem arises if the determinant (ajb2 - bja2) = 0; that is, the coefficients of x and y in the

linear equations are multiples of one another. That is to say, the two lines are parallel and do not

intersect.

Introducing a variable z = ajx + bjy yields a relation of the form —— = f and f is a function of z

only, a separable first-order equation.
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Example 1.12-3. Solve

dy _ 2x-7y + 1
dx~ " 6x -21y- l (1.12-28)

Note that

2 -7 1
6 = I2}- = J (1.12-29a,b)

Let z = 2x - 7y then

dz = 2 - 7 ^
dx dx (1.12-30)

^ 2 x - 7 y + n
= 2 - 7 U x - 2 i y - i J a-12-31)

= 2"7(^^r) (1.12-32)

or dJ = -f^x (112"33)
This equation can be solved by separating the variables to yield

3z-28in(z+9)= - x + c' (1.12-34)

where c' is a constant.

Replacing z by 2x - 7y yields the solution to the problem

6x-21y-28/en(2x-7y + 9) = -x + c' (1.12-35)

or 7x-21y-28 in (2x-7y + 9) = c' (1.12-36)

or x - 3 y - 4 i n ( 2 x - 7 y + 9) = c (1.12-37)

1.13 TOTAL OR EXACT FIRST-ORDER DIFFERENTIAL EQUATIONS

A given differential equation, could have been obtained by differentiating an implicit function. For
example, one can determine by inspection that the equation

xdy + ydx = 0 (1.13-1)

results from expanding
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d(xy) = O (1.13-2)

Integration yields

xy = constant (1.13-3)

or y = f (1.13-4)

An equation such as

x2dy + 2xdx = 0 (1.13-5)

can be solved by inspection, after multiplication by an appropriate "integrating" factor. In this
particular case, multiplication by e^ results in the following total differential equation

d(x 2 e y ) = 0 (1.13-6)

thus x2ey = c (1.13-7)

and y = i n - ° - = -2 i n ex (1.13-8,9)
x2

The following test allows one to determine if the equation

Mdx + Ndy = 0 (1.10-1)

is a total (or exact) differential equation. We suspect that the equation is exact. That is, Equation
(1.10-1) could be represented by dF (x, y) = 0. This can be written as

f dx+^dy=0 ( U 3 _ 1 O )

Therefore

M = | | and N = J £ (1.13-11,12)

So M and N are partial derivatives of the same function F. Furthermore, assuming that F and its
partial derivatives, of at least order two, are continuous in the region of interest, we note that

2 2
d F _ 3 F
dxdy ~ dydx (1.13-13)

That is to say
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If our starting equation satisfies relation (1.13-14), we know that we are dealing with the total
derivative of a function of two variables. Equating that function to a constant yields the solution

F(x, y) = constant. One way of determining F is as follows: since •?- = M, a "partial" integration

with respect to x (keep y constant) yields F. The "constant" of integration will in general be an
arbitrary function of y, which will disappear on differentiating with respect to x. That is to say

F = | M d x + f(y) (1.13-15)

3Ff (y) can then be determined from 3— = N, as illustrated next.

Example 1.13-1. Solve

(3x2- 6xy + 4cosy)dx + (2y-3x2-4xsiny-J-)dy = 0 (1.13-16)

| ^ = - 6 x - 4 s i n y (1.13-17)

4g- = - 6 x - 4 s i n y (1.13-18)

Therefore

J £ = 3x2-6xy +4cosy (1.13-19)

and F = I (3x2 - 6xy + 4 cos y) dx = x3 - 3x2y + 4x cos y + f(y) (1.13-20)

r)F
f (y) is now determined by substitution of the previous equation for F in 3— = N .

That is

y - [ x 3 - 3x2y +4xcosy + f(y)] = 2y - 3 x 2 - 4xsiny - y (1.13-21)

or - 3 x 2 - 4 x s i n y + f ( y ) = 2 y - 3 x 2 - 4 x s i n y - y (1.13-22)
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f'(y) = 2 y - J - (1.13-23)

f(y) = y 2 - i n y + c (1.13-24)

Hence, the solution is

x3 - 3 x2y + 4 x cos y + y2 - Jin y = constant (1.13-25)

•

If Equation (1.10-1) is not exact, we can try to make it exact by multiplying with an integrating
factor I. Equation (1.10-1) becomes

IMdx + INdy = 0 (1.13-26)

which is exact if

j - (IM) = ^ (IN) (1.13-27)

That is

T 3 M A/rai T 3 N XTai
dy dy dx dx (1.13-28)

or

I \ dx dy j ~ dy dx (1.13-29)

In genera] it is not easy to find I but there are special cases when there is a standard procedure to
obtain I.

(i) I is a function of x only. Then 5— = 0 , and Equation (1.13-29) becomes

1 dl _ dM/dy-dN/dx
I dx N̂  (1.13-30)

The assumption that I is a function of x only implies that the right side of Equation (1.13-30)
is also a function of x only. Therefore, the integrating factor I can be determined and
Equation (1.13-26) is exact and can be solved.
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(ii) I is a function of y only. Then as in (i), we have

{ d I _ 3N/9x-3M/3y

i" dy ~ M (1.13-31)

The right side is a function of y only and allows I to be determined, leading to a solution.

Example 1.13-2. Solve

(3x2 - y2) dy - 2xydx = 0 (1.13-32)

by finding an appropriate integrating factor.

^ = - 2 x
dy (1.13-33)

3N ,
• 3 - = 6x
»x (1.13-34)

In this case the equation is not exact, we note that

fiN | ! ] / M = -&L = -± (1.13-35a,b)

\dx dy J -2xy y

is a function of y only.

From Equation (1.13-31), we obtain
l i L = _ 4 ^ dl = _ 4 d

1 dy y I y (1.13-36a,b)

I = y"4 (1.13-37)

Multiplying Equation (1.13-32) by the integrating factor y~ , we have

( 3 x V 4 - y~2) dy - 2xy~3 dx = 0 (1.13-38)

Equation (1.13-38) is exact, we can proceed as in Example 1.13-1.
^ = -2xy-3
3x (1.13-39)

F = -x2y~3 + f(y) (1.13-40)
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^ = 3x2y-4 + f = 3x2y"4-y-2 (1.13-41a,b)
dy dy

Therefore

df = _ y -2

dy (1.13-42)

f = y - ! +c (1.13-43)

The solution is

F = constant => - x V ^ + y"1 = c (1.13-44a,b)

1.14 LINEAR FIRST-ORDER DIFFERENTIAL EQUATIONS

The standard form is given by

^ + P(x)y =Q(x) (1.14-1)

Note that P and Q are not functions of y. The integrating factor I (x) is given by

I(x) = exp I P(x)dx (1.14-2)

d(Iy)
Multiplying both sides of Equation (1.14-1) by I(x) yields a left side which is equal to — .

Direct integration produces the solution as follows

^-[y l ] = Q(x)I(x) (1.14-3)

and

r /-x
y = I"1 Q®I($)d$ + c (1.14-4)

Example 1.14-1. Solve

y'-2xy = x (1.14-5)

I(x) = exp I -2xdx = e x p - ^ (1.14-6, 7)
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Multiplying both sides of the equation by e~x yields

e - x V - 2 x e - x 2 y = x e~x2 (1.14-8)

or - p (ye"x2) = xe~x2 (1.14-9)

Integrating yields

I - ^ - ( y e " x 2 ) d x = I xe~ x dx (1.14-10)

- x 2 1 -x 2

ye x = - y e x + c (1.14-11)

and finally

x2 1y = c e x - - 2

•

Another procedure which will generate a solution for Equation (1.14-1) is as follows: first one solves
the homogeneous equation

y' + P(x)y = 0 (1.14-13)

to yield the homogeneous solution yh. We then propose the solution of Equation (1.14-1) to be of the

form of yh , where we replace the constant of integration by a function of x, as illustrated in

Example 1.14-3. This method is known as the method of variation of parameters.

Example 1.14-2. The rate equations for components A, B and C involved in the following first-
order reactions

ki k2

A -> B -> C

are written as

dcA

dt ~ ICA (1.14-14)

dcB

~df " k l c A " k 2 c B (1.14-15)
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TABLE 1.18-1

Green's Functions

Operator L(y) Boundary Conditions G (x, t)

l . y" y(O) = y(l) = O t ( x - l ) , x > t
x ( t - 1), x < t

2. y" y(O) = y'(l) = O - t , x > t
-x , x < t

3. y" + A2y y(0) = y(l) = 0 sin At sin A (x - 1)
A sin A

sin Ax sin A (t - 1)
A sin A

4. y" -A 2 y y(0) = y(l) = 0 sinh At sinh A (x - 1) ^ ^
A sinh A

sinh Ax sinh A (t - 1)
A sinh A

Example 1.18-2. Consider the transverse displacement of a string of unit length fixed at its two
ends, x = 0 and x = 1. If y is the displacement of the string from its equilibrium position, as a
result of a force distribution f(x), then y satisfies

- T ^ - =f(x) (1.18-28)

dx2

where T is the tension in the string.

The boundary conditions are

y(0) = y(l) = 0 (1.18-29a,b)

We now construct the Green's function for the operator
,2

L(y) = y " = - 5 - (1.18-30a,b)
dx2
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Since G has to satisfy

d2G ft

- ^ - = ° (1.18-31)

G (x, t) is given by

G(x, t) = C!(x) + c2(x)t , t < x (1.18-32a)

= c3(x) + c4(x) t , t > x (1.18-32b)

Applying the boundary conditions on t yields

Cj = 0 (1.18-33a)

c3 + c4 = 0 (1.18-33b)

The continuity condition implies

xc2 = c3 + xc4 (1.18-34)

The jump discontinuity can be expressed as

c 4 - c 2 = 1 (1.18-35)

From Equations (1.18-33 to 35) we can solve for c1 toc4. The result are

Cj=O, c2 = ( x - l ) , c3 = - x , c4 = x (1.18-36a,b,c,d)

Thus G (x, t) is given by

G(x,t) = t ( x - l ) , t < x (1.18-37a)

= x ( t - l ) , t > x (1.18-37b)

which is given in Table 1.18-1.

The displacement y at any point x is then given by Equation (1.18-1) as

/•I
y(x)= - | G(x,t) ^ dt (1.18-38)

Jo
As an example, we can consider f (x) to be an impulsive force. That is to say, the force acts at one
point only, say at x = £. Thus f(x) will be zero every where except at the point x = £, where it is
not defined. Mathematically f(x) can be represented by the Dirac delta function 8. We write f(x) as
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f(x) = 5 ( x - 5 ) (1.18-39)

The delta function is not an ordinary function but it can be regarded as a limit of a sequence of
functions. An example of such a sequence is

lim - U e x p - ( M 2 = 5(x) (1.18-40)
e->0 VTCE L v e ;

An alternative approach, introduced by Schwartz (1957), is to consider the Dirac delta function as a
functional or distribution, given by Equations (1.17-14c). Both approaches produce equivalent
results. The main properties of the Dirac delta function are given in Section 1.17.

Combining Equations (1.18-38, 39), we obtain

y(x) = - f ' G ( *-" T 5 ( -^d. (,,8-4^)
Jo

- 5 % i 2 (U8-4,b)

Equation (1.18-41b) provides a physical interpretation of the Green's function. G represents the
displacement at x due to a point force applied at "t,.

1.19 MODELLING OF PHYSICAL SYSTEMS

In order to generate the equation(s) representing the physical situation of interest, it is useful to proceed
according to the following steps.

1. Draw a sketch of the problem. Indicate information such as pressures, temperatures, etc.

2. Make sure you understand the physical process(es) involved.

3. Formulate a model in mathematical terms. That is to say, determine the equation(s) as well as
the boundary and/or initial condition(s).

4. Non-dimensionalize the equation(s). This may reduce the number of variables and it allows for
the identification of controlling variables such as, for example, a Reynolds number. It also
allows one to easily compare situations which are dimensionally quite different. For example,
one can compare flow situations in pipes of small to very large diameters in terms of a
dimensionless variable £, = £ which will always vary from 0 to 1.

R
5. Determine the limiting forms (asymptotic solutions).
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6. Solve the equation(s).

7. Verify your solution(s)! Do they make sense physically? Do all terms have the same
dimensions?

As a first example, we consider the flow of a Newtonian fluid in a pipe. We can imagine thin
concentric cylindrical sheets of liquid sliding past each other. Figure 1.19-1 illustrates the problem
which is to be modelled subject to the following assumptions

- steady-state flow;

- laminar flow: Re = —̂——— < 2100 and vz is a function of r only;

- the fluid is incompressible: p = constant;
- there are no end effects; that is, the piece of pipe of length L which we are considering is located

far from either end of the pipe which is very long.

< i

FIGURE 1.19-1 Flow in a pipe with associated velocity profile vz (r)
and shear stress profile xrz
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Cylindrical coordinates are used since the geometry of the problem is cylindrical. This makes it
mathematically easier (less calculations) to apply the boundary conditions.

The differential equation representing this physical situation is obtained by applying a momentum (or
force) balance on a shell of thickness Ar. The balance is given as follows

/ rate of z \_l rate of z \ + [net sum of forces] _ Q Q 19-1)
vmomentumin/ Imomentum out/ I in z-direction / "

The right side of Equation (1.19-1) is zero because of the steady-state assumption (no accumulation!).
Analyzing the problem, one has to realize that z momentum is transported according to two
mechanisms: (i) by convection due to bulk flow, and (ii) by viscous (molecular) transport. The forces
acting on the system (cylindrical shell of thickness Ar and length L) are: (i) the pressure force in the
z-direction, and (ii) the z-component of the gravity force.

The individual contributions making up the force balance are

a) z-momentum in by convection at z = 0.

This contribution is obtained by multiplying the volumetric flowrate associated with the
appropriate area (27trAr), with pvz. That is

z-momentum in

(vz27crAr)pvz|z = o

by convection at z = 0

b) Similarly we write

z-momentum out

(vz27trAr)pvz|z = L

by convection at z = L

Note that the quantities 2, n, r, Ar and p are not changing. Since the flow is laminar, vz

is not going to change with z so that the net contribution to the force balance of the z-
momentum associated with convection is zero.

c) z-momentum in by viscous transport at r.

This contribution is obtained by multiplying the shear stress xrz (force per area) by the
appropriate area (2 TtrL). That is

z-momentum in
Trz(27crL)|r

by viscous transport at r
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d) Similarly we write

z-momentum in
Tr z(27irL) | r + A r

by viscous transport at r + Ar

Note that since we are dealing with a Newtonian fluid, the shear stress t rz is given by

dv^
XfZ ^ dr (1.19-2)

dv
vz is a function of r, otherwise —-̂  would be zero. The Newtonian viscosity |I is constant

and therefore the left side of Equation (1.19-2) has to be a function of r and we will have a net
contribution from the z-momentum by viscous transport to the force balance.

e) The contribution from the pressure force is obtained by multiplying the pressure (force per
area) at z = 0 (Po in Figure 1.19-1) by the appropriate area (27trAr). That is

pressure force at z = 0 PQ (27trAr)

f) Similarly we write

pressure force at z = L PL (27rrAr)

g) The z-contribution to the force balance due to the gravity acting on the system (shell) is given
by the weight of the fluid in the shell. That is, the volume (2rcrArL) multiplied by pg and by
cos a (z-contribution)

gravity force (27trArL) pg cos a

Note that L cos a = h0 - hL, the difference in height of the positions at z = 0 and z = L in
Figure 1.19-1. The gravity force can therefore be written as: 2nr pg (h0 - hL) Ar.

Substitution of the terms in c), d), e), f) and g) into the force balance yields

t r z (27crL) | r -x r z(27trL) | r + A r+(P0-PL)27crAr + 27crpg(h0-hL)Ar = 0 (1.19-3)

We can divide Equation (1.19-3) by 2ftLAr to obtain

[ ^ - ^ U A , J g ^ ) r + rpgKz!!L) = 0 (1.19.4)
Ar L ' ^ L '

Note that we did not divide by r. We established earlier that Trz is a function of r.
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We are in the process of setting up a differential equation relating xrz to r! Recall that the derivative
of a function y = f(x) with respect to x at the point x = x0 is defined by

f(xo + Ax)-f(xo) Ay df
lim — = lim -^- = (1.19-5a,b)

Ax->0 Ax Ax->0 AX dx

In Equation (1.19-4), we have a term involving the quantity r Trz | r - r t r z | r + A r , that is, rxrz initial

(at r) - rxrz final (at r + Ar), so that we are dealing with -A(rxr z) .

Taking the limit for Ar —> 0 of Equation (1.19-4) yields

Urn ( r T r z l r - r T r Z l r + A r | +j_ [(p P ) + P g ( h 0 - h L ) ] = 0 (1.19-6)
Ar->0 \ Ar / L

or via Equation (1.19-5)

- ^ ( ^ J + r ( I P ^ P L ) = 0 (1.19-7)

Equation (1.19-7) is the desired differential equation with the potential F defined by

IP = P + pgh (1.19-8)

So the potential at z = 0 is given by: F o = Po + pgh0 and the potential at z = L is: P L = PL + pghL.

/F - tP \
Note that the potential drop per length I—2-——I becomes the pressure drop per length when

h0 = hL (horizontal flow).

The differential Equation (1.19-7) is solved as follows, to yield the linear shear stress profile shown in
Figure 1.19-1.

£<riy = r(^L) (1.19-9)

I d(ny = I r(^i)dr (1.19-10)

, ^ - £ ( ^ ) + C l d.19-11)

V^f^L)^ (1.19-12)
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To evaluate Cx, we look at the physical situation for r = 0. We cannot accept an infinitely large force
(per area). Therefore Q = 0 and Trz is a linear function of r.

\z = § Px^) (1.19-13)

dv
The velocity profile is obtained by replacing the left side of Equation (1.19-13) by -fi —£ . The

minus sign is as a result of following the convention by Bird et al. (1960).

We now have a differential equation relating vz to r given by

This equation is solved as follows

\dv*" " F i ^ ) Irdr (119-15)

^ - ( ^ M T ^ (U9-I6)

The physics of the situation allows us to assume that the velocity is zero at the wall. That is, vz = 0 at
r = R. Applying this to Equation (1.19-16) allows us to evaluate the integration constant C2.

° = -(^)f+c^ " 1 9 - 1 7 >
So

H ^ M R 2 (ii9-i8)
Substitution into Equation (1.19-16) yields

Vi = |?ci)R'Jti|r> (L19.19)

That is, vz is related to the square of r (a parabola as in Figure 1.19-1).

The relation for vz is usually written as

(1.19-14)

(1.19-20) 
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Note that the maximum velocity occurs at the center of the tube. That is, at r = 0.

The average velocity (vz) is obtained by dividing the flow rate by the cross-sectional area, as follows

e2n /-R

I v rd rdG
<vz) = *>-» (1.19-21)

I r dr d6
Jo Jo

The denominator yields n R2, as it should. The numerator is the product of a point velocity (vz) and

an infinitesimal area (r dr d0). Integrating this product yields a flow rate, as it should.

Combining Equations (1,19-20, 21) yields

= \ 4,0. ) h 1 lR>] (1 19_22)

TCR2

We introduce a dimensionless variable £, = £•. The integral can then be written as
R

I (l-^2)^d^ = l (1.19-23)
Jo

The constant R2 necessary to non-dimensionalize r dr is obtained from the denominator.

Note also that the limits of integration have to be adjusted according to the newly introduced variable
£. Indeed, as the upper limit goes to R, the new variable £, goes to one. The lower limit remains
unchanged.

Note that this integral is now independent of R and is valid for pipes of any radius. Equation

(1.19-22) reduces to

Example 1.19-2. As a second example, we consider the flow of a non-Newtonian fluid in a pipe.

We will assume the fluid to obey the power-law. That is to say

\z = - ^ | n a-19-25)

(1.19-24a,b)
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At this point, one should realize that Equation (1.19-13) is still valid. In fact, it is valid for any fluid,
since no assumption as to the type of fluid has to be made to derive the shear stress distribution. We
now proceed by computing the velocity distribution. Equation (1.19-13) now becomes

/dv \
and the shear rate —— is given by

Integration yields the velocity profile.

vz = i^f^f11 | -r1/n dr (1.19-28a)

(p _ p \1/n _ r l / n + l \

- f en TTT +C2 <119"28b)
n /

The constant C2 is obtained, using the same (no slip) boundary condition as in Example 1.12-1, and

the velocity profile is

Note that for n = 1, the power-law fluid reduces to the Newtonian fluid. That is to say, Equation
(1.19-29) reduces to Equation (1.19-20).

The average velocity is obtained by substituting Equation (1.19-29) into Equation (1.19-21), following
the procedure given in Example 1.19-1.

1 + 3 2\iL J
n

(1.19-26)

(1.19-27)

(1.19-30a)

(1.19-30b)

(1.19-29)
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We are now in a position to compare the velocity profiles in dimensionless form and to evaluate
y

asymptotic behavior, as n tends to zero and to infinity. To achieve this, we plot j-^-r versus —.
\vz) R

Dividing Equation (1.19-29) by Equation (1.19-30c) yields

i = 2a±jJi_(i.)1/n+1] (L19-31)
(vj n + 1 [ lR) J v '

Different values of n yield different profiles. The ones of interest are tabulated in Table 1.19-1 and
are shown in Figure 1.19-2.

TABLE 1.19-1

Velocity profiles

n Vz

r -, (l, 0<JL< 1

0 1 l-(if = R

\ R

2['-(it)2

We note that for n = 1, we obtain the Newtonian result (parabolic profile). The asymptotic solutions
(linear profiles) are obtained for n = 0 and n = <x>. These profiles are illustrated in Figure 1.19-2.
For n = 0, the slope is zero and for n = °°, we obtain a maximum slope of 3. For intermediate
values of n, the slope must lie between 0 and 3. In practice, n is usually between 0 and 1 and the
observed velocity profiles are indeed more blunt than the Newtonian one.

In this example, we continued to use parameter \JL as in Example 1.19-1. However, note that the
dimensions of ji depend on n and jx has the same dimension in both examples when n = 1.
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/An = oo

— / V-n=i
<v"z> 2 - l/^<&

I / n=o \

0 _r I

R

FIGURE 1.19-2 Dimensionless velocity profiles

PROBLEMS

1 a. Differentiate the following functions with respect to x

(i) arc sin x

(ii) arc cos Vl -x2

(iii) in (x2 in x)

Answer: (i) and (ii) l/V 1 - x2

(iii) (1 + 2 / e n x ) / x i n x

2a. The circumference C and the area A of a circle of radius r are given respectively by

C = 2rcr, A = 7tr2

Use the chain rule to compute ^ . Answer: r

3b. If y = e " a x / ( l - x)°\ where a is a constant, show that

(1 -x)-p- = ocxy



REVIEW OF CALCULUS AND ORDINARY DIFFERENTIAL EQUATIONS 75

Use Leibnitz rule to show that

( l _ x ) y ( " + l ) _ ( n + a x ) y W _ n a y ( n - l ) = 0

where y ^ = —— .
dxn

4a. Find the limit as x —> 0 of the following functions

(i) S i ^ (ii) xcosjc ( i i i ) ^ 1 (iv ) xx
w x w sinx v ; sinhx v '

(Hint: in (iv), take in) Answer (i) to (iv): 1

5a. Use Taylor's theorem to obtain an expression for cos x about x = n/2. Find the remainder
term if only the first three terms are retained. What is the maximum error if we use the
expansion you have derived to compute the value of cos x in the interval n/4 < x < 3n/4 ?

6b. The viscosity r\ of a non-Newtonian fluid is an even function of the shear rate 7. If 7 is

small, such that "y4 and higher powers of 7 can be neglected, express TJ as a polynomial in

7, using Maclaurin's expansion. If it is known that r\ is given by the rational function

a + bY2

Tl = —
1 + c 7 2

write down the coefficients of the expansion you have obtained in terms of a, b, and c.

7 a. Integrate the following

(i) I xexdx (ii) I cos(inx)dx (iii) I xVx2+l dx

(iv) I e x s ine x dx (v) f 2x2 + x + 1 - dx
J ) ( x - l ) 2 ( x + 3)

r 1 1 / i\ 3/2
Answer: (i) ex (x - 1); (ii) ^[cos ( in x) + sin ( in x)j ; (iii) Ml + xzj

(iv) - cos ex ; (v) i n (x2 + 2x - 3) - (x - I)"1

8a. Sketch the curve y = cos x in the range 0 < X < T C . Find the area of the region enclosed by
y = cos x, the x-axis, x = 0, and x = K.
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9b. The area of the surface of revolution S obtained by rotating the curve y = f(x) about the
x-axis from x = a to x = b is given by

8 = 2)1 y V " + I f d x
J a

Compute S for y = e~x, 0 < x < ° ° . Answer: n (V2 + sintr1 1)

10a. Find fx, fy, fxy for the following functions

(i) f(x, y) = x 3 - x 2 y 2 + y3

(ii) f(x,y) = in( X 2 + y2)

(iii) f (x, y) = x cos y + y sin x

l ib . The pressure P, volume V, and temperature T for 1 mole of an ideal gas are related by the
equation

PV = RT

where R is a constant.

Find the change in volume if both the temperature and pressure are increased by 1%.

12b. The temperature T in a body is given by

T = T 0 ( l + a x + by)ecz

where a, b, c, and To (> 0) are constants. Find the rate of change of T along x, y, and
z-axes at the origin. In addition, find the direction in which the temperature changes most
rapidly at the origin.

. (a, b, c)
Answer: n = - —

Va2 + b2 + c2

13 a. Show that if the independent variables x and t are changed to
t, = X + Ct, Tl = X-Ct,

the wave equation



REVIEW OF CALCULUS AND ORDINARY DIFFERENTIAL EQUATIONS 7J_

a2u 2a2u
= c , c is a constant,

3t2 3x2

is transformed to

35 an
dy

14a. Compute —^ if
dx

y2 - sin xy + x2 = 4 .

15 a. The pressure P, the volume V and the temperature T are given by

|p + -0LJ(V-p) = RT

where a, (3, and R are constants. This is the Van der Waals' equation.

„ 3T , 9 V
Compute ^p- and -^ .

16b. The volumetric flow rate Q of a non-Newtonian fluid in a circular tube of radius R is given
by

Q(R,xR) = ^ [ R Y r z t r 2 z d t r z

TR JO

where t R and t r z are the shear stress at the wall and at any point in the tube respectively, y ^
is the shear rate, which is a function of the shear stress. By differentiating with respect to i R ,

show that the shear rate at the wall YR is given by

y = J M 3 Q + dQ-l
TtR3 k d t J

Also, show that the viscosity r\ (yR), which is defined as the ratio of the shear stress to the
shear rate, can be written as
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(Q/TCR3) L d(inTR)

The above result is known as the Weissenberg-Rabinowitsch equation.

17 a. Determine the order and degree of

2

(i) ^ + 3 ^ = cosx (ii) ( y ' ) 2 - x y ' = 0
dx2 d x

18a. Verify that e~2x (cj cos x + c2 sin x) is a solution of y " + 4 y' + 5y = 0.

19a. Solve the following separable first-order differential equations

3
(i) x2 dx + 3y3 dy = 0 Answer: — = - ^ y4 + c

(ii) xydx + V l - x 2 d y = 0 Answer: y = c e ' ' " x

(iii) y' = s i n x (given that at x = n, y = -̂1 Answer: sin y = - cos x
cos y \ 2 '

20b. In a constant-volume batch reactor, the rate of disappearance of reactant A can be given by

^ - kCn
dt " ~ k C A

Solve for CA given that CA = CA o at t = 0. Discuss the obtained result for the cases n >1

and n < 1.

î

21b. In the reversible chemical reaction A _̂ B + C , the amount of component A, broken

down at time t is represented by %.

^ = k 1 ( A 0 - X ) - k 2 X 2

with Ao representing the initial concentration of chemical A.

Assuming the rate constants kj and k2 to be related as follows: kj = —- k2 , show that
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given the initial condition that % = 0 at t = 0.

22a. Solve the following homogeneous first-order differential equations

(i) (x + y) dx + x dy = 0 Answer: x2 + 2 x y = c

(ii) x dy - y dx = Vx2 + y2 dx Answer: y + Vx2 + y2 = c x2

(iii) (2 VST - S) dt + t dS = 0 Answer: t exp i /^" = c

23b. A mixture of liquids A and B is boiling in a vessel. The volumes of the components are
VA(t) and VB(t). At t = 0, the initial volumes are VA(0) and VB(0). The evaporation of
component A is proportional to the volume VA (t) of A.

That is to say, — ^ - = -a VA(t)
dt

The evaporation of component B is related to the evaporation of component A as follows

£M> , 1M> _ pvB(.).
dt dt H B W

Show that

p i n vA(t) = a i n [«VA(t) + (P-«)vB(t)'
V A(° ) [a VA(0) + (p - a) VB (0)

24a. Solve the following reducible first-order differential equations

(i) (y - 3x) dy + (y - 3x + 2) dx = 0 Answer: 2 (y + x) - i n (2y - 6x + 1) = c

(ii) (2y + x + 1) dx = (2x + 4y + 3) dy Answer: 4x - 8y - i n (4x + 8y +5) = c

25a. Solve the following exact first-order differential equations

(i) x dx + y dy = (x2 + y2) dy Answer: i n (x2 + y2) = 2y +c

(ii) y exy dx + x exy dy = 0 Answer: exy = c

26a. Solve the following linear first-order differential equations
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0) y ' + ^ y = x ; y(l) = O Answer: y = ]- (-x~2 + x2)
A 4

(ii) y' - 7y = ex Answer: y = c e7x - — ex

6

27b. Viscoelastic behavior can be described via a Maxwell model given by

where Tyx is the shear stress, Yyx is the shear rate, \i is the viscosity, and Xo is the

relaxation time. Show, using the appropriate integrating factor that the Maxwell model can be
written as

x = _ \]L e-(l- OAol y ( t ' ) d t -
/ Oo

where the dummy integration variable t' is interpreted as a time in the past. That is, t' < t.

28a. Complete Example 1.14-2 by computing the time evolution of c^. Discuss the particular cases

where k2 » k^ and k 2 « k i .

29b. Solve the following Bernouilli equations

(i) - ^ + 2xy = - x y 4 Answer: y~3 = - l + c e 3 x

(ii) 2 (x2+ 7x - 8) p- + (6x + 21) y = 3 (x + 8)2 y5/3

Answer: y~2/3 = (x + 8) [1 + c ( x - 1)]

30a. Solve the following second-order differential equations with constant coefficients

,— ,— g2x
(i) y " - 4 y ' + 7y = e2x Answer: y = e2x (cjcos V3 x+ C2sin V3 x)+ -—

(ii) y " + 4y = 4 cos 2x Answer: y = (c^ + x) sin 2x + c2 cos 2x

31a. Solve the following differential equations via Laplace transform

(i) y ' ( t ) -5y( t ) = 0 (subject to initial condition y (0) = 2) Answer: y (t) = 2 e5t

(ii) y"(t) + y (t) = 2 (y (0) = 0 and y1 (0) = 3) Answer: y (t) = 2 + 3 sin t - 2 cos t
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32b. Solve the following system of differential equations via Laplace transform

y i = yi + 3y2

y"2 = 4 y 1 - 4 e t

for the following initial conditions: y^O) = 2, y\ (0)= 3, y2(0) = 1 , y2 (0) = 2.

Answer: yj = el + e2t

y2 = e2t

33a. The differential equation, describing the motion of a manometer fluid, subject to a sudden
pressure difference AP = Pa - Pb is given by

d2k 6|i dk 3gk _

d r R2p dt 2L

where k = 2h - A^-
\Pg/

p is the density of the fluid, [i is the fluid viscosity, L is the length of the manometer fluid,
R is the manometer tube radius, and 2h is identified in Figure l.P-33. Determine the relation
between k and t, for a step change in AP, at t = 0. The conditions on h at t = 0 are: h =

0 and ^h = 0.
dt

34a. The differential equation governing the mixing process, illustrated by Figure 1 .P-34, is given
by the following unsteady-state macroscopic mass balance

^ t o t = -Aw

where mtot = V p0 (t) is the total mass, and where w = p Q. Q is the volumetric flow rate
and p is the density.

At steady state, the mass balance reduces to

Wis-wOs = 0

At time t = 0, a step change AWJ is imposed.

Determine wo(t), the mass flow rate at the outlet, using the Laplace transform method.

Answer: wo(t) = (wis + AW i)+ ^ e~5 l (wOs - wi s - Awj)
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P I

FIGURE l.P-33 Motion of a manometer fluid

35a. In Problem 27b, it was deduced that the constitutive equation of a Maxwell fluid can be written
as

v - f f<=-(t-t')A»v<t'>d'1
A Maxwell fluid has been at rest and, at time t = a, a shear of magnitude Yo w a s suddenly

imposed. Using the properties of the Heaviside and Dirac functions, deduce the shear stress
Tyx at time t. Consider separately the cases when t > a and t < a.
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FIGURE l.P-34 Mixing process at constant volumetric flow rate

36b. Solve the differential equation

£ + y = «(.-a)

with y(0)= 1, a > 0 ,

(i) by the Laplace transform method,

(ii) by finding the integrating factor.

Consider the cases t > a and t < a separately. Answer: t > a, y = e~l + ea - t

t < a, y = e-1

37b. Construct the Green's function, needed to solve Equation (1.18-6), by applying the conditions
given by Equations (1.18-2 to 5). That is to say

(i) determine the solution to the homogeneous equation for the cases t < x and t >x;

(ii) use the boundary and continuity conditions to determine the relations which have to be
satisfied by the constants;

(iii) use the jump discontinuity condition of Equation (1.18-4) to determine the remaining
equation needed to solve for the constants that were generated in step (i).
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Then solve Equation (1.18-6) for f (x) = sin x, using Equation (1.18-1).

Answer: -L c o s } sin x - 1- x cos x
2 sin 1 2

38 a. Solve the boundary-value problem

y " _ y = e x , 0<X< 1

y(0) = y ( l ) = 0

by the Green's function method. Choose the appropriate Green's function from Table 1.18-1.
Verify that the Green's function you have chosen satisfies conditions (i) to (v).

Answer : y = — ex - e s m n x
J 2 2 sinh 1

39b. A uniform string of unit length and of mass m lies along the x-axis. Its two ends x = 0 and
x = l are fixed. The tension is T. A periodic force f (x) cos cot is applied to the string. co is
a constant and t is the time. If y is the vertical displacement of the string, then y satisfies
the following equations

o a y d y
cz — = f (x) cos cot

3x2 9t2

C2 = T / m

y(O,t) = y ( l , t ) = 0.

Assume that y is of the form

y (x, t) = h (x) cos cot

and determine the differential equation and the boundary conditions that h has to satisfy.
Solve for h using the appropriate Green's function. Hence determine y for the following f

(i) f(x) = a o 8 ( x - l / 2 j , aQ is a constant and 8 is the Dirac delta function,

(ii) f(x) = x.

40b. A first-order reaction A —> products takes place in a tubular reactor of radius R and length
L in the z direction.

Perform a mass balance over a differential element of thickness Az, to generate the
appropriate expression for the flux NA z defined by Bird et al. (1960).

Differentiate NA z with respect to z to generate Equation (1.16-44).
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41b. In order to accelerate the aeration of a Newtonian fluid, a continuous belt has been introduced
in the fluid reservoir, as shown in Figure l.P-41. The belt has a width W and a velocity V.
The belt transports a laminar film of liquid, up to a wall C as illustrated. As the air penetration
in the liquid film depends on the film thickness, we wish to establish a relation between the
film thickness 8 and the velocity V. Show that this can be done in the following way.

(i) Perform a momentum (or force) balance over a length L to obtain the following shear
stress distribution

t x z = pgxcosp

List all assumptions made.

(ii) Combine Newton's law with this equation and show the velocity profile to be

Vz = _ v + p g c o s P ( g 2 _ x 2 )

(iii) Calculate the flow rate

r f8
Q = vzdxdy

Jo Jo
and deduce from the physics of the situation that

62 = _ 3 M V _

p g cos P

FIGURE l.P-41 Aeration of a fluid
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42b. In the design of spray dryers, one is interested in knowing the time required to solidify the
liquid droplets. Estimate the time tf required to solidify a droplet of radius R if

(i) the droplet is initially at the melt temperature To and the surrounding air is at T^ as

shown in Figure 1 .P-42,

(ii) the heat transfer coefficient h at the solid gas interface is constant,

(iii) the sensible heat required to cool the droplet from To to TM is negligible compared to

the latent heat of fusion.

Perform an energy balance on the solidified spherical portion and show that the temperature
profile is given by

T - T o = R'f1-!-1

T — T 1 1
ls l0 R ^ - R - 1

In performing this calculation, note that the heat flux qr is linearly related to the temperature

gradient ^J. as follows
dr

4 r dr

This is Fourier's law. The constant k is the thermal conductivity.

Show that the heat loss to the surrounding air is given by

9 4 7 t R 2 h ( T n - T j

Given that the heat loss at the liquid-solid interface (Rf) is -pAHf47tRf —j-£, show that the

time required to solidify the droplet is given by

tf = /lRJi+l|[pRAfif
f \6 k S / ^ T o - T j

where AHf is the latent heat of solidification per unit mass.
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T ,,

T° \

/ /LIQUID \ \ " T°°

FIGURE l.P-42 Solidification of a droplet


