
Chapter 1 

Finsler Metrics 

To measure the length of a smooth curve C parametrized by a map c = c(t), 
a 5 t 5 b, in a manifold M ,  it suffices to define a nonnegative scalar function 
F (x ,  .) on every tangent space T,M. Then the length of C is defined by 

It  is required that LF(C) be independent of parametrization. F must be 
positively homogeneous with degree one, 

F(x ,  Xy) = XF(x, y), X > 0. 

The length structure induces a nonnegative function d : M x M -+ [O, co) 

by 

d(p, q )  := inf L(C),  
C 

where the infimum is taken over all smooth curves C from p to q. In general, 
d is irreversible, i.e., d(p, q) # d(q, p) for some pairs of points {p, q). It  is 
required that F uniquely determine d F .  We impose a convexity condition 
on F, that is, 

Thus F,(.) := F(x,  .) is a "norm" on TxM without the reversibility. In 
order to apply calculus to  study the geometric properties of F, we assume 
that F is differentiable on T M  \ (0). Further, we replace the above con- 
vexity condition with a stronger convexity condition, that is, the Hessian, 
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[F2],iyj (x, y), is positive definite for any y E TxM \ (0). This strong con- 
vexity implies the inequality (1.1). Therefore Fx is still a "norm" on Tx M .  
Such a "norm" is called a Minkowski norm. A scalar function F with the 
above properties is called a Finsler metric. When the norm Fx at  every 
point x E M is Euclidean, the Finsler metric F is called an Riemannian 
metric. 

Riemann-Finsler geometry is to study the geometric properties of Finsler 
metrics on a manifold. Intuitively, the Minkowski norm Fx or its unit ball 
Ux := {Fx(y) < 1) at each point x is an infinitesimal color pattern and 
i t  varies over the manifold. Thus a Finsler manifold is a "colorful" curved 
space. We study not only the curvature, but also the colors on the space. 

1.1 Minkowski Norms 

A Finsler metric on a manifold consists of the so-called Minkowski norms 
on every tangent space. Thus we first study the geometry of Minkowski 
norms on a vector space. 

Let V be a finite dimensional vector space. A function F = F(y) on V 
is called a Minkowski norm if it has the following properties: 

(a) F(y)  > 0 for any y E V, and F(y) = 0 if and only if y = 0; 
(b) F(Xy) = XF(y) for any y E V and X > 0; 
(c) F is Cm on V \ (0) such that for any y E V, the following bilinear 

symmetric functional g, on V is an inner product, 

1 a2 
g, (n, v) := - - [ F ~ ( ~  + su + tv)] 

2 asat s=t=O 

The inner product g, is called the fundamental form in the direction y. 
The pair (V, F) is called a Minkowski space. A Minkowski norm F is said 
to be reversible if F(-y) = F(y) for y E V. 

Given a Minkowski space (V,' F), let 

SF is a closed hypersurface around the origin, which is diffeomorphic to the 
standard sphere Sn-' C Rn. SF is called the indicatrix of F .  
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Figure 1.1 

Let u , v  E V \ ( 0 )  and := u / F ( u ) ,  fi := v / F ( v ) .  Assume that u # f v .  
Consider 

We have that cp(0) = ~ ( 1 )  = 1 and 

where y  := t.li + (1 - t ) ~ .  Thus cp = cp(t) is strictly convex on [0, 11. By a 
well-known result in calculus, p( t )  < 1, 0  < t < 1, that is, 

Clearly, when ii = - g ,  the above inequality still holds. Plugging t = 

F ( u ) / ( F ( u )  + F ( v ) )  into the above inequality yields 

In the case when ti = v, the following equality holds 

F ( u  + v) = F ( u )  + F ( v ) .  

Let ( V ,  F )  be a Minkowski space. Fix a basis { b i )  for V ,  and view 
F ( y )  = F(yibi)  as a function of ( y i )  E Rn. Then for y  # 0,  

Here [F2]yiyl ( y )  denote the partial derivative of F 2  with respect to yi and 
yj .  We have 
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and 
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Let us take a look a t  some special Minkowski norms. Let ( , ) be an 
inner product on a vector space V with a basis {bi), and let 

where aij  = (bi,  bj).  Clearly, a  is a Minkowski norm with gy(u, u) = (u, v) 
independent of y E V \ (0). a is called an Euclidean norm, and the pair 
(V, a)  is called an Euclidean space. In each dimension, all Euclidean spaces 
are linearly isometric to  each other. The standard Euclidean norm I . I on 
Rn is defined by 

There are many interesting non-Euclidean norms on a vector space. Let 
a  = ,/- be an Euclidean norm on a vector space V and ,6 = biyi E V* 
be a linear functional on V. Let 

By a direct computation, one obtains 

where yi := aijyJ. From (1.3), one can see that (gij) is positive definite if 
and only if the length of P is less than 1, i.e., 

1p11. := JZ < 1, 

where (uzj) := (uzj)-l. A Minkowski norm in the form (1.2) is called the 
Randers norm ([79]). 

For further computation, we need the following lemma from linear al- 
gebra. 

Lemma 1.1.1 Let G = (gij) and H = (hij) be symmetric n x n matrices 
and C = (c i )  be an n-vector. Assume that H is invertible with H-I = (hij), 
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and 

Then 

g . .  - h . .  + . 
23  - 23 2cy 

where c := JK. If 1 f 6c2 # 0, then G is invertible. The inverse 
matrix G-' = ( g i j )  is given by  

where ci := hijcj. 

Applying Lemma 1.1.1 to (1.3), we obtain 

det ( g i j )  = (*) n+l det (ai j ) .  
a! 

By (1.4), we can also show that ( g i j )  is positive definite if and only if 
a(y )  + P ( y )  > 0 for any y E V \ {0) ,  if and only if ( ( P ( ( ,  < 1. 

Using an Euclidean norm a = J a i  and a 1-form P = biyi on a 
vector space V, one can define more general Minkowski norms-the (a ,  0 ) -  
norms: 

Here the function 4 = 4(s)  is a C" positive function on some symmetric 
open interval I = (-b,, b,). It is easy to see that F = qb(P/a) is positively 
homogeneous of degree one. Let us find the condition for the positivity of 
g . .  %, .- .- Z[F2] , z y j .  1 Assume that b := I(P(( ,  < b,. Using a Maple program, 
one can easily compute the matrix ( g i j ) :  

where a, = cry; and 
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where the functions are evaluated on s := p/a with Is/ 5 b < r. By Lemma 
1.1.1, we find a formula for det (gij). 

Lemma 1.1.2 F = a$(P/a)  is a Minkowski norm for any Riemannian 
metric a and 1-form p with llPlla < bo if and only if 4 = +(s) satisfies the 
following conditions: 

where s and b are arbitrary numbers with Is1 5 b < b,. 

Proof: Assume that (1.6) is satisfied. Then by taking b = s in (1.6), we see 
that the following inequality holds for any s with 1st < b,, 

Consider the following family of functions, 

Let Ft := a4t (P/a)  and g:j := ;[~,2],~,j(y). Note that for any 0 5 t 5 1 
and any s, b with 1st 5 b < b,, 

Thus det(g$) > 0 for all 0 5 t 5 1. Since (g,Oj) is positive definite, we 
conclude that (gb) is positive definite for any t E [O, 11. Therefore, Ft is a 
Minkowski norm for all t E [O, 11. 

Conversely, assume that F = a+(p/a)  is a Minkowski norm for any 
Riemannian metric cr and 1-form ,L? with b := llPlla < b,. Then $(s) > 0 
for any s with Is/ < b,. If n = even, then det(gij) > 0 implies that (1.6) 
holds for any s with Is1 5 b. If n = odd > 1, then det(gij) > 0 implies that 
the following inequality holds for any s with Is1 5 b, 

Since $(O) > 0, the above inequality implies that the inequality (1.7) holds 
for any s with Is1 5 b. Since the number b can be arbitrary with 0 5 b < b,, 
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we conclude that (1.7) holds for any s with Is1 < b,. Finally, we can see 
that det(gij) > 0 implies that (1.6) holds for any s and b with Is1 5 b < b,. 

Q.E.D. 

Sabau-Shimada have studied certain ( a ,  p)-norms and they have also 
computed the Hessian gij for these metrics [83]. 

Let us take a look at  some special (a,p)-norms. Let a = d- 
and p = biyi be a Euclidean norm and a l-form on a vector space V, 
respectively. Let yi := aijyj and b := IIPlla Then IP(y)l < ba(y) for any 
y E V. Let 

where E and k are constants. The ( a ,  p)-norm defined by 4 is given by 

By the above formulas, one obtains 

and 

Observe that 

By Lemma 1.1.2, F is a Minkowski norm for any a and P with ll,Blla < bo 
if and only if 

for any numbers s and b with Is1 5 b < b,. Where E = 2 and k = 1, F can 
be expressed as 

Thus this function is a Minkowski norm if ll,Bll a < 1. 
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Now we are going to construct Minkowski norms by shifting a Minkowski 
norm. Let (V, @) be a Minkowski space and let v E V with @(-v) < 1. 
Then the shifted set, S, + {v}, contains the origin of V. 

= s, + {v) 

Figure 1.2 

We can define a function F : V + [0, m) as follows: for any y E V \ {0), 
F(y) is the unique positive number t > 0 such that 

2 E S, + {v). 
t 

It  is easy to see that F has the following properties: 

For any y E V \ {0), F(y)  can be determined by the following equation, 

Moreover, F is a Minkowski norm, i.e., the Hessian gi j  := %[F~],,,, is 
positive definite. The proof is left for the reader. F is called the Minkowski 
norm generated by (a, v). One can easily show that if F = F(y) is generated 
by (a, v), then @ = @(y) is generated by (F, -v). 

Example 1.1.3 For a Euclidean norm = lyl on V and a vector v E V 
with JvJ < 1, the solution of (1.8) is a Randers norm, 
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1.2 Finsler Metrics 

We are now ready to introduce Finsler metrics on a manifold. Throughout 
this book, we always assume that manifolds are C" (smooth), connected 
and finite dimensional. 

Let M be a manifold. For a point x E M ,  denote by T,M the tangent 
space of M at  x. The tangent bundle T M  of M is the union of tangent 
spaces with a natural differential structure, 

Denote the elements in T M  by (x, y) where y E T,M. 
Roughly speaking, a Finsler metric on a manifold M is a C" function 

on the slit tangent bundle TM, := T M  \ {0), whose restriction to each 
tangent space T,M is a Minkowski norm. 

Definition 1.2.1 Let M be a manifold. A function F = F ( x ,  y) on T M  
is called a Finsler metric on M if it has the following properties: 

(a) F(x,  y) is Cm on TM,; 
(b) F,(y) := F(x ,  Y) is a Minkowski norm on T,M for any x E M 

The pair (M, F )  is called a Finsler manifold. 

A Finsler metric F = F(x ,  y) on a manifold M is said to be reversible 
if F (x ,  -y) = F(x ,  y) for all y E T,M. We usually do not impose the 
reversibility condition on Finsler metrics. A Finsler metric F on M is said 
to be Riemannian, if the restriction of F , F,(y) := F(x,  y), is a Euclidean 
norm on T,M for any x E M ,  that is, 

where ( , ), is an inner product on T,M. We usually denote a Riemannian 
metric by a family of inner products g, = (y, y), on tangent spaces T,M. 
Clearly, Riemannian metrics are reversible Finsler metrics. 

Riemannian metrics are among the most important Finsler metrics. Let 
us take a look at  some special Riemannian metrics. 

Example 1.2.2 Let I . I be the standard Euclidean norm on Rn, 
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Define F = F(x ,  y) by 

F := lyl, y E TzRn 2 Rn. 

F is a Finsler metric on Rn, which is called the standard Euclidean metric. 

Example 1.2.3 Let Bn c (Rn, ( . I )  be the standard unit ball and let 

a-1 is a Riemannian metric on Bn, which is called the Klein metric. The 
pair (Bn , a- is called the Klein model. 

Example 1.2.4 Let Sn c (Rn+l, I . I) be the standard unit sphere. For 
x E Sn, we identify T,Sn with a hypersurface in Rn+' in a natural way. Let 

Here I . I o  denotes the Euclidean norm on Rn+'. Let ST and S y e n o t e  the 
upper and lower hemispheres, respectively, and let $I+ : Rn -+ S2 be the 
projection map defined by 

$I+ sends straight lines in Rn to great circles on S2 

Figure 1.3 
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The pull-back metric on Rn from S p y  $J+ is given by 

y E T,Rn 2 Rn. (1.11) 

The pair (Rnl a+l) is called the projective spherical model. 

The Riemannian metrics in Examples 1.2.2, 1.2.3 and 1.2.4 can be ex- 
pressed in one single formula. 

where r, := 1/& if p < 0 and r ,  := +co if p > 0. The metric a, can 
be expressed as a, = Jq', where 

Let a = Jaij(Lc)yiyj be a Riemannian metric and 0 = bi(x)yi be a 
1-form on an n-dimensional manifold M. Let 

IIBII, := sup = Jm. 
uET,M f f ( x ,  Y )  

Consider the following function 

where 4 = #J(s) is a positive Cm function on (-b,, b,) satisfying 

4 ( s )  - sqV(s) + (b2 - s2)4"(s )  > 0, I S /  I b < b,. 

Then by Lemma 1.1.2, F is a Finsler metric if IIPx 1 1 ,  < bo for any x E M. 
A Finsler metric in the form (1.13) is called an (a,  P )  -metric. 

Note that 4 is positive on ( - 1 , l )  and $ ( s )  - s$'(s) + (b2 - s2)4"(s) = 1. 
Thus F = a +,B is a Finsler metric if and only if II,BxII, < 1 for any x E M. 
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One can prove it directly using the formula (1.3) for gij. The Finsler metric 
F = (I! + P with S U P x E ~  II/3xlla < 1 is called a Randers metric on M .  

A typical example of Randers metrics is defined on the ball Bn(r,) c 
Rn : 

where p < 0 and r ,  := 1 1 6 .  The metric when p = -1 is of particular 
interest. 

The metric F in (1.15) is called the Funk metric on B n ( l ) .  It has many 
special geometric properties. 

Let 4 := (1  + s ) ~ .  F = L Y ~ ( s ) ,  where s = ,010, becomes 

Note that 4 is positive on ( - 1 , l )  and for any s,  b with Is1 5 b < 1, 

Thus F is a Finsler metric if and only if IIPx((, < 1 for any x E M. 
A typical example of metrics in the above form is defined on the ball 

Bn(r,) C Rn: 

where p < 0 and r, := l/*. The reader should try to find cr and 0 so 
that F = (a  + ,0)2/a The metric when p = -1 is of particular interest. 

The metric in (1.17) was constructed by L. Berwald [17]. It has many 
special geometric properties. We will discuss it later in the book. 
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One may construct a product Finsler metrics from a pair of Finsler 
manifolds. Let (MI, Fl) and (M2, F2) be Finsler manifolds. A Finsler 
metric F on M := M1 x M2 is called a product Finsler metric of Fl and F2 
if at  any point x = (xl, x2) E M ,  

where T,M Z Tx, MI @ Tx,M2. In this case, (MI  F) is called a product 
Finsler manzfold of (MI, Fl)  and (M2, F2). 

For a pair of Finsler manifolds, there is no canonical way to define a 
product Finsler metrics on the product manifold. When the Finsler metrics 
are Riemannian, we can define the product Finsler metrics in the following 
way. 

Example 1.2.5 Let a1 and az be Euclidean norms on vector spaces V1 
and V2 respectively. Let f : [0, oo) x [O, m) -t [0, m )  be a Cm function 
satisfying 

f(Xs,Xt) =Xf(s , t ) ,  VX>0, and f ( s , t )  > 0 ,  V(s,t) # (0,O). (1.18) 

Define a function F : V := V1 @ V2 -+ [O, m )  by 

where y = yl @ y2 E V = VI @ V2. F = F(y) has the following properties 

(a) F(Y) 2 0 for any y E V, and F(y)  = 0 if and only if y = 0; 
(b) F(Xy) = XF(y) for any y E V and X > 0; 
( c )  F(y) is Cm on V \ (0). 

Let n l  = dimV1, nz = dimV2 and n = nl + n2 = dimV. We shall assume 
the following ranges of indices: 

Let {b,) and {b,) be bases for V1 and V2 respectively. Then {bi) is a 
basis for V. Express 
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where yl = gaba and yz = yaba. Then gij := a[F2],iyj are given by 

where ya := gabyb and y, := gaOyp. By an elementary argument, one can 
see that (gij) is positive definite if and only if f (s, t) satisfies the following 
conditions: 

and 

fsft - 2ffst > 0. (1.21) 

In this case, 

where 

There are lots of functions f satisfying (1.18), (1.20) and (1.21). For 
example, one can take 

where E is a nonnegative number and k is a positive integer. 

By the above construction, one can construct infinitely many product 
Finsler metrics on M = MI x Mz for any given pair of Riemannian manifolds 
(MI, al) and (Mz, a2 ) .  Just take a function f as in (1.23) and define 

where x = (xi ,  x2) E M and y = yl @ yz E T,M. Then F is a reversible 
product Finsler metric on M .  
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1.3 Length Structure and Volume Form 

Every Finsler metric on a manifold defines a length structure on piecewise 
smooth curves. Let M be a Cw manifold. A map c : I = [a, b] -+ M 
is called a piecewise C curve if it is continuous and there is a partition 
a = to < t l  < . . . < tn-l < t, = b such that c restricted to each [ti-l, ti] is 
Cw. For t E [ti-1, ti], let k(t) := %(t) E Tc(tlM denote the tangent vector 
of c. c is said to be regular if k(t) # 0, Vt E [ti-ll ti]. 

Two regular maps c : I -+ M and : -+ M are said to be equivalent 
if there is a one-to-one and onto piecewise Cm map cp : I -+ 7 such that 
cpl(t) > 0 and E(cp(t)) = c(t), Vt E [ti-1, ti]. A (piecewise) Cw curve C in 
a manifold M is an equivalence class of regular (piecewise) Cw maps from 
an interval I into M. For the sake of simplicity, we do not distinguish a 
regular map c = c(t) and the curve C represented by c. 

For a Cw curve (represented by) c : I = [a, b] -+ M ,  its reverse c- : 

I 4 M is defined by c-(t) := c(b + a - t). The class represented by c- 
is different from that represented by c. All Cw curves in this book are 
oriented. 

Consider a piecewise Cw curve C from p to q in (M, F). Let C be a 
piecewise Cw curve represented by c = c(t) with c(a) = p and c(b) = q. 
The length of C is defined by 

Figure 1.4 

If C is represented by another map c = ~ ( f l  with c(a) = p and ~ ( b )  = q, 
then there is a positive function t = cp(t) such that E(i) = c(t) with a = cp(a) 
and b = cp(b). Then 
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We have 

Thus, LF(C) is well-defined. 

For a pair of points p, q E M I  define 

where the infimum is taken over all piecewise CM curves C issuing from p 
to q. d~ is a function on M x M with the following properties: 

The proofs of (a) and (c) are elementary. To prove (b), it suffices to prove 
the following fact [55] .  At every point x, E M ,  there is a local coordinate 
system cp : U c M -+ U c Rn such that 

where X > 1 is a constant. Choosing a smaller neighborhood U if necessarily, 
one can easily show that there is a constant C > 1 such that 

The function dF is called the distance function of F. Let A C M x M 
denote the diagonal. It  can be shown that dF is CM on U \ A for some 
neighborhood U of A in M x M.  The proof is very technical, so it is omitted 
here. Conversely, d~ determines the Finsler metric F by 

where c(t) is an arbitrary CM curve with ~ ( 0 )  = x and k(0 )  = y. 
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Figure 1.5 

Clearly, if F is reversible, then the induced distance function dF is r e  
versible, i.e., dF(p, q) = dF(q,p), for all pairs of points p, q E M and vice 
versa. 

Every Finsler metric F = F(x ,  y) on an n-dimensional manifold M 
defines a volume form. At a point x E M ,  let {bi) be a basis for T,M 
and {Oi) be the basis for T,*M dual to {bi). Then the following n-form at  
x E M is, up to an orientation, well-defined, 

where 

Here Val(.) denotes the Euclidean volume function on subsets in Rn so that 
for the unit cubic U = [0, lIn, Vol(U) = 1. The n-form dVF is called the 
Finsler volume form. For an open subset U c M ,  the volume of U is defined 

by 

When F is reversible, the induced distance function dF is reversible and the 
Hausdorff measure of d~ can be defined in the usual way. An important 
fact is that the Hausdorff measure of an open subset U with respect to dF 
is equal to Volp(U). See [22]. 

In general, CJF(x) can't be expressed in terms of elementary functions 
though F = F(x ,  y) sometimes is. Nevertheless, aF(x) is computable for 
Randers metrics including Riemannian metrics. 
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First, let us consider a Riemannian metric a on an n-dimensional man- 
ifold M. Let 

Let A be a matrix such that ATA = (a i j )  Then the linear transfor- 
mation x = Ay : Rn -, Rn sends the convex domain Ux := {(yi) E 

Rn I Jaij(z)yiyj < 1) onto the unit ball Bn(l) .  We may assume that 
the Jacobian matrix has positive determinant det(A) > 0. We have 

det (A) = d e .  
Observe that 

Vol(Bn(l)) = / dxl. . dxn 
B"(1) 

=S, det (A)dyl . . . dyn = Jdeto)voi(~,). 

That yields, 

V01(UX) = 
Vol(Bn(l)) 

Then dV, = g, (x)dxl . . . dxn is given by 

Consider a Randers metric F = a + P, where a = Jaij(z)yiyj is 
a Riemannian metric and /3 = bi(x)yi is a 1-form on an n-dimensional 

d 
manifold M. Let 0, := {(yi) E Rn 1 F(x ,  yi-I,) < 1). By an elementary 

dx " 
argument using linear algebra, we obtain 

where ((@,((, denotes the norm of /3 at  x with respect to a,. Plugging the 
above formula into (1.27) yields 
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Thus 

Note that for any open subset R c M, 

Equality holds if and only if F = a. 

Example 1.3.1 Consider the Randers metric F = a + P on the unit ball 
Bn(l)  c Rn,  where cu = and P = bi(x)yi are given by 

where y E T,Rn 2 Rn, a E Bn(l),  1 . 1 and ( , ) denote the standard 
Euclidean norm and inner product in Rn, respectively. When a = 0,  F is 
the Funk metric defined in (1.15). 

Applying Lemma 1.1.1 to the following matrix 

we obtain 

Then 

By Lemma 1.1.1, 

Then the norm of ,8 is given by 
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Plugging the above formulas into (1.28) yields 

1.4 Navigation Problem 

In this section, we will discuss Randers metrics from a navigation point of 
view. We shall see that non-Riemannian metrics are not avoidable even 
though we live in a Riemannian world. 

Consider an object moving in a metric space, such as Euclidean space, 
pushed by an interval force and an external force field. The shortest time 
problem is to determine a curve from one point to another in the space, 
along which it takes the least time for the object to travel. This problem 
in some special cases was studied by E. Zermelo [102], hence called the 
Zermelo navigation problem. Here we shall discuss the navigation problem 
in the most general case. Suppose that an object on a Finsler manifold 
(MI @) is pushed by an internal force U with constant length, @(x, U,) = c, 
and while it is pushed by an external force field V with @(x, -Vx) < c. 
The combined force at x is T, := U, + V,. The condition, @(x, -V,) < c, 
guarantees that the object can move forward in any direction. 

Figure 1.6 

Due to the friction, the object moves on M at a speed proportional to the 
combined force T. For the sake of simplicity, one may assume that c = 1 
and the velocity vector at any point x E M is equal to T,. Given a pair 
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of points p, q E M ,  let C be an arbitrary piecewise Coo curve in M .  Since 
@(x, U,) = 1, we have 

@(x, TX - v,) = @(x, U,) = 1. (1.30) 

On the other hand, for any vector y E T,M \ {0), there is a unique solution 
F = F(x ,  y) > 0 to the following equation 

Observe that for any X > 0, 

By the uniqueness, 

One can show that Fx :=  FIT,^ is a Minkowski norm on T,M. Thus 
F = F(x, y) is a Finsler metric on M .  Comparing (1.30) and (1.31), one 
can see that the combined force Tx has unit F-length, 

This observation leads to the following 

Lemma 1.4.1 Let (M, @) be a Finsler manifold and V be a vector field 
on  M with @(x,-V,) < 1, Vx E M .  Define F : T M  -+ [O,cm) by (1.31). 
For any piecewise Cm curve C in M ,  the F-length of C is  equal to the time 
for which the object travels along it. 

Proof: Let c : [0, to] 4 M be the parametrization of C such that the velocity 
vector c(t) = Tc(t). Then to is the time for which the object travels along 
C. It follows from (1.32) that 

This implies 

Q.E.D. 
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For a pair { a ,  V )  on a manifold M ,  where cP = @(x,  y) is a Finsler 
metric and V  is a vector field with @(x,  -Vx) < 1, we define a Finsler 
metric F  = F ( x ,  y) by (1.31). The Finsler metric F  can also be defined in 
the following way. First, define a* and V *  on T * M  by 

' ( ' )  V )  := ( V X )  E T:M. (P*(x,[) := sup - 
yET,M Q,(x, Y ) '  

Then F* := a* + V *  is a co-Finsler metric on M  and F  is dual to F*, i.e., 

V ( Y )  F ( x , y )  = sup - 
EET,'M F* (x, [) ' 

The proof is left to the reader. 

Lemma 1.4.2 Let @ = @ ( x ,  y) be a Finsler metric on  an n-dimensional 
manifold M  and V  = v i ( x ) &  be an arbitrary vector field on M  with 
@ ( x ,  -V,) < 1, x  E M .  Let F  = F ( x ,  y) denote the Finsler metric on M  
defined by (1.31). Then the Finsler volume forms of F  and Q, are equal, 

Proof: Fix a basis { b i )  for T,M and let Vx := vibi. Let 

From the definition of F ,  we have 

Since shifting does not change the Euclidean volume, Vol(U+) = Vol(UF). 
This implies that 

Q.E.D. 

The above proposition shows that the volume of an open subset on a 
Finsler manifold is not disturbed by any vector field. 

Example 1.4.3 Let q5 = 4(y )  be a Minkowski norm on Rn and 
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Let @(x, y) := $(y), where y E TxV E V, and V, := -x, where x E V. @ is 
a Minkowski metric on Rn and V is a radial vector field toward the origin. 
Observe that 

For a non-zero vector y E T,U \ (0) E Rn \ {0), define @ = @(x, y) > 0 by 

Then Q = Q(x, y) is a Finsler metric on U, which is called the Funk metric 
on U. The Funk metric 8 = O(x, y) can also be defined by 

Figure 1.7 

Equation (1.34) can be written as 

@(x, Y) = +(Y + @(xl Yb). (1.35) 

Differentiating (1.35) with respect to xk and yk respectively, one obtains 

(1.36) 

(1 - 4, (+') @,k (x, Y) = m w k  (w), (1.37) 

where w := y + O(x, y)x. It  follows from (1.36) and (1.37) that 

o z k  = @Oyk. (1.38) 
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The above argument is given by T. Okada 1771. 
If 4 = Iyl is the standard Euclidean norm on Rn, U = Bn(l)  is the unit 

ball in Rn. In this case, O = F as defined in (1.15). 

Given a Riemannian metric h = Je and a vector field V = 

vi (x)& on a manifold M with h(x, -Vx) = J h i j ( x ) ~ i ( x ) ~ j ( x )  < 1, one 
can define a Finsler F = F(x ,  y) by (1.31), i.e., 

Solving (1.39) for F, one obtains F = a + /3, where a = d w  and 
p = bi(x)yi are given by 

It is easy to show that 

Thus F is a Randers metric. 
Conversely, every Randers metric F = a + /3 on a manifold M can be 

constructed from a Riemannian metric h and a vector field V on M. The 
construction is given as follows. Let a = ,,/= and /? = bayi. Define 

Then F is given by (1.39) for h = Jw and V = Vi(x) A. More- 
over, (1.42) holds. Thus h(x, -Vx) < 1 for x € M. See 1451 and 1461 for a 
similar type of duality between Randers metrics defined as a function on 
TM and Randers co-metrics defined as a function on T * M .  

Example 1.4.4 Let Bn c Rn be the standard unit ball and let 
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where y E T,Bn = Rn and a E Rn is a constant vector with la/ < 1. By 
(1.39), one obtains 

Both h = h(x, y) and F = F(x,  y) have some special geometric properties. 
See Examples 3.4.2 and 3.4.6 below. When a = 0, F is the Funk metric on 
Bn defined in (1.15). 

1.5 C a r t a n  Torsion 

To characterize Euclidean norms among Minkowski norms, E. Cartan in- 
troduces a quantity for Minkowski norms [23]. 

Let F = F(y) be a Minkowski norm on a vector space V. For a vector 

y E V \ (01, let 

where u, v, w E V. Each C, is a symmetric trilinear form on V. We call the 
family C := {C, I y E V \ (0)) the Cartan torsion. 

Let {bi) be a basis for V. Let gij := gy(bi,  bj) ,  Cijk := Cy(bz,  bj, bk). 
Then 

Define the mean value of the Cartan torsion by 

n 

Iy (u) := E S i j ( y ) ~ ,  (u, b,, bj) ,  u E V. 
i=l 

We call the family I := {Iy I y E V\ (0)) the mean Cartan torsion. Observe 
that 
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We have 

It  follows from the homogeneity of F that 

and 

Moreover, 

From (1.49)-(1.51), one can see that C ,  and I, depend only on the 
geometry of the indicatrix S F  of F .  Intuitively, the indicatrix of F can be 
viewed as a color pattern on V, then C, (resp. I,) is the rate (resp. average 
rate) of tangential change of the color pattern at  y. 

It  is obvious that F is Euclidean if and only if C, = 0 for any y E V\{O). 
In fact, Euclidean-norms can be characterized by the mean Cartan torsion. 
The following result is due to Deicke [34]. 

Theorem 1.5.1 ([34]) A Minkowski norm on  a vector space V i s  Eu- 
clidean zf and only if I = 0.  

The proof does not fit in this book, so it is omitted. One can see [5] for a 
proof. 

To characterize Randers norms among Minkowski norms, M. Matsumoto 
introduces the following quantity [64] [66]. For y = yibi  E V ,  define 

where h i j  := FFyzy, = gij  - &gi,ypgjqyq. Let 

where u = uibi1 v = d b j  and w = w k b k .  Each M y  is a symmetric trilinear 
form on V. We call the family M := {My I y E V \ (0)) the Matsumoto 
torsion. Clearly, M = 0 for all two-dimensional Minkowski norms. 
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Example 1.5.2 ([64]) Let F  = a + P be a Randers norm on a vector 
space V, where a = Ja and p = biyi with ll/311a < 1. Then gij := 
i[F2),iyj  (y) are given by (1.3) and det(gij) is given by (1.4). Note that 
det ( a i j )  is independent of y. By (1.48), one obtains 

Differentiating (1.3) with respect to yk yields 

where hij := FFyiyJ are given by 

This implies that Mijk = 0. 

Minkowski norms with M = 0 are said to be C-reducible. It  turns out 
that every C-reducible Minkowski norm is a Randers norm in dimension 
n > 3. 

Proposition 1.5.3 ([64], [70]) Let F be a Minkowski norm on a vector 
space V of dimension n > 3. The Matsumoto torsion M = 0 if and only if 
F is a Randers norm. 

The proof does not fit in this book, and so is omitted. See [70] for more 
details. 

Given a Minkowski space (V, F ) ,  using the family of inner products g, 
V, one can define the norm of I, C and M in a natural way. 



28 Finsler Metrics 

By (1.52), IlMll is bounded by IICII. I t  is easy to construct a family 
of Minkowski norms Fi on Rn with llCill -+ +CC as i -t -tool where Ci 
denotes the Cartan torsion of Fi. 

The (mean) Cartan torsion of any Randers norm is bounded from above 
by a number depending only on the dimension. 

Lemma 1.5.4 ([49]) Let F = a+p be a Randers norm on  an  n-dimensional 
vector space V .  Then 

Proof: Let a = J- and = biyi. Then gij := $ [ ~ ~ ] , , , j  are given by 
(1.3). By (1.3) and Lemma 1.1 . l ,  one can find the inverse matrix (gij) = 

(gij)-'. 

By (1.54) and (1.57), one obtains 

Since IP(y)l I IIPllaa(y), we can write P(y) = I I P ~ ~ ~ ~ ( Y ) c o s O ~  where 0 I 
0 5 27r, Assume that y is a unit vector, i.e., F(y)  = a(y) +P(y) = 1. Then 

Thus 
1 

Plugging it into (1.58) yields 

This gives the upper bound (1.56) immediately. Q.E.D. 
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It follows from (1.55) and (1.56) that 

Namely, the Cartan torsion is uniformly bounded by 3/&. The bound 
(1.59) for two-dimensional Randers norms is given in Exercise 11.2.6 in [5] 
which is suggested by Brad Lackey. 

Example 1.5.5 Consider the generalized Funk metric F = a + P on the 
unit ball Bn (1) C Rn, 

Let [(I((, denote the norm of the mean Cartan torsion at x E Bn(l). By 
(1.29) and (1.56), one obtains 

Note that at x = -a, I, = 0, namely, Fx is Euclidean. However, as 
x -+ dBn(l), llIll, -+ ( n +  l)/d. The point z = -a can be regarded as 
the Euclidean center of F .  


