Chapter 1

Finsler Metrics

To measure the length of a smooth curve C parametrized by a map ¢ = ¢(t),
a <t < b, in a manifold M, it suffices to define a nonnegative scalar function
F(z,-) on every tangent space T, M. Then the length of C is defined by

Lp(C) = / bF(c(t), c'(t))dt.

It is required that Lz(C) be independent of parametrization. F must be
positively homogeneous with degree one,

F(z,\y) = AF(z,y), A>0.

The length structure induces a nonnegative function d : M x M — [0, 00)
by

d(p, ) := inf L(C),

where the infimum is taken over all smooth curves C from p to q. In general,
d is irreversible, i.e., d(p, q) # d(q,p) for some pairs of points {p,¢}. It is
required that F’ uniquely determine dp. We impose a convexity condition
on F, that is,

F(Iyyl + y2) < F(xayl) + F(.’E,yg), Y1,Y2 € TIM (11)

Thus F.(:) := F(z,-) is a “norm” on Ty M without the reversibility. In
order to apply calculus to study the geometric properties of F', we assume
that F is differentiable on T'M \ {0}. Further, we replace the above con-
vexity condition with a stronger convexity condition, that is, the Hessian,
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[F?]y1yi (z,y), is positive definite for any y € T M \ {0}. This strong con-
vexity implies the inequality (1.1). Therefore F} is still a “norm” on T M.
Such a “norm” is called a Minkowski norm. A scalar function F with the
above properties is called a Finsler metric. When the norm F, at every
point x € M is Euclidean, the Finsler metric F is called an Riemannian
metric.

Riemann-Finsler geometry is to study the geometric properties of Finsler
metrics on a manifold. Intuitively, the Minkowski norm F, or its unit ball
U, := {F.(y) < 1} at each point z is an infinitesimal color pattern and
it varies over the manifold. Thus a Finsler manifold is a “colorful” curved
space. We study not only the curvature, but also the colors on the space.

1.1 Minkowski Norms

A Finsler metric on a manifold consists of the so-called Minkowski norms
on every tangent space. Thus we first study the geometry of Minkowski
norms on a vector space.

Let V be a finite dimensional vector space. A function F = F(y) on V
is called a Minkowski norm if it has the following properties:

(2) F(y) >0 forany y € V, and F(y) = 0 if and only if y = 0;

(b)y F(Ay) = AF(y) for any y € V and A > 0;

(c) F is C* on V \ {0} such that for any y € V, the following bilinear
symmetric functional g, on V is an inner product,

1 92
gy(u,v) := > 5s00 [F2(y + su + tv)]

s=t=0

The inner product g, is called the fundamental form in the direction y.
The pair {V, F) is called a Minkowski space. A Minkowski norm F is said
to be reversible if F(—y) = F(y) fory € V.

Given a Minkowski space (V, F), let

Sp = {yev | F(y) :1}.

Sr is a closed hypersurface around the origin, which is diffeomorphic to the
standard sphere S"~! C R™. Sf is called the indicatriz of F.
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Sr
Figure 1.1

Let u,v € V\ {0} and @ := u/F(u), ¥ := v/F(v). Assume that @ # +7.
Consider

(t) == F2(ta + (1 — t)v).
We have that ¢(0) = ¢(1) =1 and
o'(t) =2g,(G-v,u—0)>0, 0<t<]l,

where y := tii + (1 — t)9. Thus ¢ = (t) is strictly convex on [0,1]. By a
well-known result in calculus, ¢(¢) < 1,0 < t < 1, that is,

Fta+(1-t)5) <1, 0<t<l.

Clearly, when @ = —o, the above inequality still holds. Plugging ¢t =
F(u)/(F(u) + F(v)) into the above inequality yields

F(u+v) < F(u) + F(v).
In the case when @ = ¥, the following equality holds

F(u+v) = F(u) + F(v).

Let (V,F) be a Minkowski space. Fix a basis {b;} for V, and view
F(y) = F(y'b;) as a function of (y*) € R™. Then for y # 0,

0:) 1= By bi,b;) = L[F,1s (1)

Here [F?],:,:(y) denote the partial derivative of F? with respect to y* and
3. We have

gy(u, v) = g’ij(y)uivja U= uibia v= ’Ujb]'
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and
F(y) =1/9:Wy'y,  y=y'bs

Let us take a look at some special Minkowski norms. Let {, } be an
inner product on a vector space V with a basis {b;}, and let

a:=+/{y,y) = \Jaiv'y’,  y=1y'bs,

where a;; = (by, bj). Clearly, o is a Minkowski norm with gy (u, v) = (u, v)
independent of y € V \ {0}. « is called an Fuclidean norm, and the pair
(V, ) is called an Euclidean space. In each dimension, all Euclidean spaces
are linearly isometric to each other. The standard Euclidean norm |- | on
R™ is defined by

There are many interesting non-Euclidean norms on a vector space. Let
a = y/a;;y'y’ be an Euclidean norm on a vector space V and 3 = b;y* € V*
be a linear functional on V. Let

F = a(y) + B(y). (1.2)
By a direct computation, one obtains
F Yiyi @ Y Yi
n= B 20 B0 ) as

where y; := a;;3’. From (1.3), one can see that (g;;) is positive definite if
and only if the length of 3 is less than 1, i.e.,

1Blla := 1/a%bsb; < 1,

where (a") := (a;;)"!. A Minkowski norm in the form (1.2) is called the
Randers norm ([79]).

For further computation, we need the following lemma from linear al-
gebra.

Lemma 1.1.1 Let G = (gi;) and H = (h;;) be symmetric n x n matrices
and C = (¢;) be an n-vector. Assume that H is invertible with H~! = (h¥),
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and
gi; = hyj + deiey.
Then
det(gi;) = (1 + 6¢%) det(hij),

where ¢ := \/hYcicj. If 1+ 6c2 # 0, then G is invertible. The inverse
matrizc G~ = (g%) is given by

g9 = i _ 8¢
14 6e2’
where ¢* 1= h¥¢;.

Applying Lemma 1.1.1 to (1.3), we obtain

det(gi;) = (0‘ Z ﬁ)"“ det(asj). (1.4)

By (1.4), we can also show that (g;;) is positive definite if and only if
a(y) + B(y) > 0 for any y € V \ {0}, if and only if ||B]o < 1.

Using an Euclidean norm o = y/a;;3’y? and a 1-form 8 = b;%" on a
vector space V, one can define more general Minkowski norms—the (a, §)-
noTrms:

F:aqb(é). (1.5)
@

Here the function ¢ = ¢(s) is a C™ positive function on some symmetric
open interval I = (—b,, b,). It is easy to see that F = a¢(3/a) is positively
homogeneous of degree one. Let us find the condition for the positivity of
Gij 1= %[leyiyj. Assume that b := (|B|lo < bo. Using a Maple program,
one can easily compute the matrix (g;;):

9i; = pai; + pobib; + p1(bia; + bje) — spraiay,

where a; = a: and

p=0"—s6¢', po=9¢"+4'¢,

pr = —s(¢¢" +¢'¢") + ¢¢’,
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where the functions are evaluated on s := #/a with |s| < b < r. By Lemma
1.1.1, we find a formula for det(g;;).

det (gi5) = 8" (¢ — 56/)" ™" [ (& — s6/) + (5 — $2)¢"] det ().

Lemma 1.1.2 F = a¢(8/a) is a Minkowski norm for any Riemannian
metric a and 1-form B with ||B|la < bo if and only if ¢ = ¢(s) satisfies the
following conditions:

¢(s) >0, ($(s) — 5'(s)) + (b” — 5°)¢"(s) > 0, (1.6)
where s and b are arbitrary numbers with |s| < b < b,.

Proof. Assume that (1.6) is satisfied. Then by taking b = s in (1.6), we see
that the following inequality holds for any s with |s| < b,,

o(s) — s¢'(s) > 0. (1.7)

Consider the following family of functions,

di(s) =1 —t +td(s).

Let F; := a¢y(B/a) and g!; := 1[F?)y:,s(y). Note that for any 0 <t < 1
and any s, b with }s| < b < b,

¢t—3¢§=1——t+t[¢—s¢'] >0,

(b= 59) + (07 = s)( =1 =t +2[( = s6) + (6" ~ s)¢"] > 0.

Thus det(gf;) > 0 for all 0 < ¢ < 1. Since (¢%) is positive definite, we
conclude that (g};) is positive definite for any ¢ € [0,1]. Therefore, F; is a
Minkowski norm for all ¢ € [0, 1].

Conversely, assume that F' = a¢(8/a) is a Minkowski norm for any
Riemannian metric o and 1-form 3 with b := ||8]la < b,. Then ¢(s) > 0
for any s with |s| < b,. If n = even, then det(g;;) > 0 implies that (1.6)
holds for any s with |s| < b. If n = odd > 1, then det(g;;) > 0 implies that
the following inequality holds for any s with |s| < b,

9(s) — s¢'(s) # 0.

Since ¢(0) > 0, the above inequality implies that the inequality (1.7) holds
for any s with |s| < b. Since the number b can be arbitrary with 0 < b < b,,
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we conclude that (1.7) holds for any s with |s| < b,. Finally, we can see
that det(g;;) > O implies that (1.6) holds for any s and b with |s} < b < b,.
QE.D.

Sabau—Shimada have studied certain (@, 8)-norms and they have also
computed the Hessian g;; for these metrics [83].

Let us take a look at some special (a, 3)-norms. Let o = \/a;;y'y’
and B = b;y* be a Euclidean norm and a 1-form on a vector space V,
respectively. Let y; := a;jy7 and b := ||8||«. Then |8(y)| < ba(y) for any
y € V. Let

¢ :=1+es+ ks,

where ¢ and k are constants. The (¢, 3)-norm defined by ¢ is given by
2
F=a+ef+ k%.

By the above formulas, one obtains

_ (@®—kB)F 6kF + (e — 4k)a
= 3

ij o aij + . b,b]
ea® — 3ekaf? — 4k%33 J¢]
+ o {(biyj +bjy;) — ?yiyj}v

and

2 _ 2\n 2\ 2 _ 2
a® —kp ) et [(1+ 2kb%)o? — 3kB%|a det(asy).

det(gi;) = ( o3 (a2 — kp2)?
Observe that
B(s) — s¢'(s) + (b2 — s2)¢""(s) = 1 + 2kb® — 3ks*.

By Lemma 1.1.2, F is a Minkowski norm for any a and 8 with {|8|la < b,
if and only if
l1+es+ks?>0,  1+2kb> —3ks® >0,

for any numbers s and b with |s| < b < b,. Where e =2 and k=1, F can
be expressed as

(a+8)*

«

F =

Thus this function is a Minkowski norm if ||3|lo < 1.
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Now we are going to construct Minkowski norms by shifting a Minkowski
norm. Let (V,®) be a Minkowski space and let v € V with ®(—v) < 1.
Then the shifted set, So + {v}, contains the origin of V.

Figure 1.2

We can define a function F' : V — [0, 00) as follows: for any y € V \ {0},
F(y) is the unique positive number ¢ > 0 such that

% € Sq + {v}.
It is easy to see that F' has the following properties:

(a) F(y) > 0 for any y € V\ {0},
(b) F(A\y) = AF(y) for any A > 0,
(¢) SFr=Ss + {v}.

For any y € V \ {0}, F(y) can be determined by the following equation,
F(y) = &y - F(y) v). (1.8)

Moreover, F' is a Minkowski norm, i.e., the Hessian g;; := %{FQ]yiyj is
positive definite. The proof is left for the reader. F is called the Minkowski
norm generated by (®, v). One can easily show that if F = F(y) is generated
by (®,v), then & = ®(y) is generated by (F, ~v).

Example 1.1.3 For a Euclidean norm ® = |y| on V and a vector v € V
with |v] < 1, the solution of (1.8) is a Randers norm,

VO =Py + (y,0)% - (y,v)
F= 1—|v]? )
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1.2 Finsler Metrics

We are now ready to introduce Finsler metrics on a manifold. Throughout
this book, we always assume that manifolds are C*° (smooth), connected
and finite dimensional.

Let M be a manifold. For a point z € M, denote by T, M the tangent
space of M at x. The tangent bundle TM of M is the union of tangent
spaces with a natural differential structure,

T™ := | | T.M.
xeM
Denote the elements in TM by (z,y) where y € T, M.
Roughly speaking, a Finsler metric on a manifold M is a C* function
on the slit tangent bundle TM, := TM \ {0}, whose restriction to each
tangent space T, M is a Minkowski norm.

Definition 1.2.1 Let M be a manifold. A function F = F(z,y) on TM
is called a Finsler metric on M if it has the following properties:

(a) F(z,y) is C*° on TM,;
(b) Fi(y) := F(z,y) is a Minkowski norm on T, M for any x € M.

The pair (M, F) is called a Finsler manifold.

A Finsler metric F = F(z,y) on a manifold M is said to be reversible
if F(x,~y) = F(z,y) for all y € T, M. We usually do not impose the
reversibility condition on Finsler metrics. A Finsler metric F on M is said
to be Riemannian, if the restriction of F |, Fy(y) := F(x,y), is a Euclidean
norm on T, M for any x € M, that is,

Fw(y) = <y,y>17 yETxM,

where {, ), is an inner product on T; M. We usually denote a Riemannian
metric by a family of inner products g, = (y,y), on tangent spaces T M.
Clearly, Riemannian metrics are reversible Finsler metrics.

Riemannian metrics are among the most important Finsler metrics. Let
us take a look at some special Riemannian metrics.

Example 1.2.2 Let | - | be the standard Euclidean norm on R",




10 Finsler Metrics
Define F' = F(z,y) by

F:=lyl, y € T,R®* = R".

F is a Finsler metric on R™, which is called the standard Fuclidean metric.

Example 1.2.3 Let B® C (R®,|-|) be the standard unit ball and let
oy im VP = (2Pl = (z.)?)

1-|z[? ’

y € T,B™® ~R" (1.9)
a_1 is a Riemannian metric on B™, which is called the Klein metric. The
pair (B™, 1) is called the Klein model.

Example 1.2.4 Let S® C (R™*1,]-|) be the standard unit sphere. For
z € S™, we identify T,,S™ with a hypersurface in R**! in a natural way. Let

ay1 = |ylo, ye€TS™CR"L (1.10)

Here |- |, denotes the Euclidean norm on R™*!. Let S7 and S™ denote the
upper and lower hemispheres, respectively, and let ¢4 : R™® — S% be the
projection map defined by

bu(z) = (

T +1 )
VI+P /1+[z2)

1+ sends straight lines in R™ to great circles on S%.

Figure 1.3
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"The pull-back metric on R™ from S% by 1, is given by

_ VI + (2Plyl® ~ (z,9)%)
1+ |z|2 ’

oyl ye€ TR =R™ (1.11)

The pair (R™, a4+1) is called the projective spherical model.

The Riemannian metrics in Examples 1.2.2, 1.2.3 and 1.2.4 can be ex-
pressed in one single formula.

o o VW2 + p(2Plyl - (@, v))
g 1+ plz|?

, y e TB"(r,)=R",  (1.12)

where r, 1= 1/y/—p if p < 0 and r, := 400 if 4 > 0. The metric o, can
be expressed as o, = \/ai;y'y?, where

o =1 {6-- uz'z? }
T 1+ plz2 UYL x2S

Let o = y/a;;(z)y"y? be a Riemannian metric and 8 = b;(z)y* be a
1-form on an n-dimensional manifold M. Let

._ P&y e (b
1Bzl := e \/ 8% (2)bi(2)b; ().

Consider the following function
F := a¢(s), s = g, (1.13)
where ¢ = ¢(s) is a positive C*° function on (—bo, bo) satisfying
¢(s) — s¢'(s) + (b* = s*)¢"(s) >0,  Is| < b <bo.

Then by Lemma 1.1.2, F is a Finsler metric if ||3;|lo < b, for any z € M.
A Finsler metric in the form (1.13) is called an (a, §)-metric.

Let ¢ =1+ s. Then F = a¢(s), where s = 3/a, becomes
F=a+p.

Note that ¢ is positive on (—1,1) and ¢(s) — s¢’(s) + (b* — s*)¢"'(s) = 1.
Thus F = o+ 3 is a Finsler metric if and only if || 3]l < 1 for any z € M.
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One can prove it directly using the formula (1.3) for g;;. The Finsler metric
F = a+ p with sup,ep |Bz]la < 1 is called a Randers metric on M.

A typical example of Randers metrics is defined on the ball B*(r,) C
R™

7. VP +p(ePlyl? — (2,9)°) + V=p(z,y)
' 1+ plz|?

: (1.14)

where ¢ < 0 and r, := 1/,/=p. The metric when p = —1 is of particular
interest.

F .= \/E/|2 - (|$|2|y|2 - (x,y)2) + (.’IZ, y> .

1 |z|2

(1.15)

The metric F in (1.15) is called the Funk metric on B*(1). It has many
special geometric properties.

Let ¢ := (1 + 5)%. F = a¢(s), where s = 3/a, becomes

po et
(0%

Note that ¢ is positive on (—1,1) and for any s,b with |s| <b <1,

$(s) = 5 (s) + (b* — s*)¢"'(s) = 1 — 35 + 2b7
>1—s24+2(0°-5%) >0.
Thus F is a Finsler metric if and only if ||3;(lo < 1 for any z € M.

A typical example of metrics in the above form is defined on the ball
B™(r,) C R™

o WP pGPP — ) + Voo )

A+ plz®)2V/ 1y + u(lzPly? — (z,9)?)

where ¢ < 0 and r,, := 1/y/—p. The reader shouid try to find o and 8 so
that F = (o + $)?/a. The metric when p = —1 is of particular interest.

. PTG, + @)
(1= 222/ = (PPl — (@, 5)%)

The metric in (1.17) was constructed by L. Berwald [17]. It has many
special geometric properties. We will discuss it later in the book.

(1.17)
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One may construct a product Finsler metrics from a péir of Finsler
manifolds. Let (Mi,F;) and (M, F2) be Finsler manifolds. A Finsler
metric F on M := M) x M, is called a product Finsler metric of F| and F;
if at any point = (z1,z3) € M,

Fi(z1,y) fy=yp00eT,M
F =
@) { Fy(zo,y2) fy=00y €T, M

where T, M = T, M; & T;,M>. In this case, (M, F) is called a product
Finsler manifold of (M1, F1) and (Mg, F).

For a pair of Finsler manifolds, there is no canonical way to define a
product Finsler metrics on the product manifold. When the Finsler metrics
are Riemannian, we can define the product Finsler metrics in the following
way.

Example 1.2.5 Let a; and a3 be Euclidean norms on vector spaces Vi
and V, respectively. Let f : [0,00) x [0,00) — [0,00) be a C* function
satisfying

FOS M) = Af(s,8), VA>0, and f(s,t) >0, ¥(s,t) #(0,0). (1.18)

Define a function F : V:= V; @V, — [0, 00) by

F@) = [ (s, loa(ua)l2),
where y = y; ®y2 € V=V, ® Vy. F = F(y) has the following properties

(a) F(y) >0 for any y € V, and F(y) = 0 if and only if y = 0;
(b) F(\y) = AF(y) for any y € V and A > 0;
(c) F(y) is C* on V \ {0}.

Let nq = dim Vi, no = dim Vs and n = n1 + ny = dim' V. We shall assume
the following ranges of indices:

1§a,b,C§n1, n1+1§a,ﬁ,"/§n, IS’L,],kSTL

Let {b,} and {b,} be bases for V; and V;, respectively. Then {b;} is a
basis for V. Express

ar(y1) = Vgasy®y®,  a2(y2) = 1/ Jasy®yP,
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where y1 = y°b, and y2 = y*b,. Then g;j := £[F?],:,; are given by

2fss'!7agb + fsgab 2fstga'!7ﬁ )
ij) = ) 1.19
(9:5) < 2fstUpTa 2f119abp + fitGap ( )

where 9, := gapy® and P, := Gapy®. By an elementary argument, one can
see that (gi;) is positive definite if and only if f(s,t) satisfies the following
conditions:

Fo>0, fi>0, fot+2sfie>0, fi+2tfi >0, (1.20)
and
foft = 2ffse > 0. (1.21)
In this case,
det(gis) = h([eu]?, [0a]”) det(Fas) det(Fas), (1.22)
where
hi= (F ) £ — 26 ).

There are lots of functions f satisfying (1.18), (1.20) and (1.21). For
example, one can take

F(s,) = 1ie{s+t+s(sk+tk)%}, (1.23)

where ¢ is a nonnegative number and k is a positive integer.

By the above construction, one can construct infinitely many product
Finsler metrics on M = Mj x M5 for any given pair of Riemannian manifolds
(M1, ) and (M3, ap). Just take a function f as in (1.23) and define

Fa,3) =\ #(leaten ), oates, v)P),

where £ = (£1,22) € M and y = y; © y2 € T, M. Then F is a reversible
product Finsler metric on M.
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1.3 Length Structure and Volume Form

Every Finsler metric on a manifold defines a length structure on piecewise
smooth curves. Let M be a C* manifold. Amapc:1I = [a,b] - M
is called a piecewise C °° curve if it is continuous and there is a partition
a=1ty<t; <- <tp_1 <tp, =bsuch that ¢ restricted to each [t;i,t;] is
C™. For t € [ti—1,t], let é(t) == %(t) € T,y M denote the tangent vector
of c. ¢ is said to be regularif é(t) # 0, Vt € [t;—1,t4].

Two regular maps ¢ : I — M and ¢: I — M are said to be equivalent
if there is a one-to-one and onto piecewise C* map ¢ : I — I such that
¢'(t) > 0 and &(p(t)) = c(t), Vt € [ti=1,t:]. A (piecewise) C™ curve C in
a manifold M is an equivalence class of regular (piecewise) C> maps from
an interval I into M. For the sake of simplicity, we do not distinguish a
regular map ¢ = ¢(t) and the curve C represented by c.

For a C™ curve (represented by) ¢ : I = [a,b] — M, its reverse c_ :
I — M is defined by c_(t) := ¢(b + a —t). The class represented by c_
is different from that represented by c¢. All C°° curves in this book are
oriented. :

Consider a piecewise C™ curve C from p to ¢ in (M, F). Let C be a
piecewise C™ curve represented by ¢ = ¢(t) with c(a) = p and c(b) = ¢.
The length of C is defined by

Lr(C) = /a bF(c(t),é(t))dt.

p=c(a)

Figure 1.4

If C is represented by another map ¢ = &(f) with ¢(@) = p and &(b) = ¢,
then there is a positive function £ = ((t) such that &(f) = ¢(t) with a = ¢(a)
and b = ¢(b). Then

dt = ¢'(t)dt,  &(t) = &)y’ (t).
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We have

/a ’ F (c(t), é(t))dt = /a ’ F(é(f), é(f)d(t)) dt

/a(v &) /E(o B(5) ) df

Thus, Lp(C) is well-defined.

For a pair of points p,q € M, define
dr(p,q) := nf Lr(C), (1.24)

where the infimum is taken over all piecewise C*° curves C issuing from p
to q. dr is a function on M x M with the following properties:

(a) dF(p7 Q) > 0,
(b) dF(pa q) =0 if and only lfp =gq;
(c) dr(p,q) < dr(p,7) +dr(r,q).

The proofs of (a) and (c) are elementary. To prove (b), it suffices to prove
the following fact [55]. At every point z, € M, there is a local coordinate
system ¢ : U C M — U C R™ such that

1y ; 0
NN < F@y) <AL y=y'5= €T,
where A > 1is a constant. Choosing a smaller neighborhood U if necessarily,
one can easily show that there is a constant C > 1 such that

C™Yp(2) = p(z1)| < dr(z1,22) < Clo(z2) — p(z1)), (1.25)

where xy, 2 € U. This implies (b).

The function dr is called the distance function of F. Let A C M x M
denote the diagonal. It can be shown that dp is C° on U \ A for some
neighborhood U of A in M x M. The proof is very technical, so it is omitted
here. Conversely, dr determines the Finsler metric F by

d
Floy) = lim E&E) oy (1.26)

e—0t £

where c(t) is an arbitrary C* curve with ¢(0) = z and &(0) = y.
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c(0) =z

Figure 1.5

Clearly, if F is reversible, then the induced distance function dp is re-
versible, i.e., dp(p, ¢) = dp{g,p), for all pairs of points p,¢q € M and vice
versa.

Every Finsler metric F = F(z,y) on an n-dimensional manifold M
defines a volume form. At a point z € M, let {b;} be a basis for T, M
and {6°} be the basis for T M dual to {b;}. Then the following n-form at
x € M is, up to an orientation, well-defined,

dVp :=op(z)8' A---AB",
v&;here
_ Vol(B"(1))
Vol((y) € R | Flz,yib;) < 1)

or(x): (1.27)

Here Vol(-) denotes the Euclidean volume function on subsets in R™ so that
for the unit cubic U = [0,1]", Vol(ld) = 1. The n-form dVp is called the
Finsler volume form. For an open subset i C M, the volume of i is defined
by

VOIF(U) :=/ dVF.
U

When F is reversible, the induced distance function dr is reversible and the
Hausdorff measure of dr can be defined in the usual way. An important
fact is that the Hausdorff measure of an open subset &/ with respect to dg
is equal to Volg(U). See [22].

In general, op(x) can’t be expressed in terms of elementary functions
though F = F(z,y) sometimes is. Nevertheless, op(z) is computable for
Randers metrics including Riemannian metrics.



18 Finsler Metrics

First, let us consider a Riemannian metric & on an n-dimensional man-

ifold M. Let
— .9
a=/a;(Z)y'y, y=y @hGTxM-

Let A be a matrix such that ATA = (a;;). Then the linear transfor-
mation z = Ay : R® — R"™ sends the convex domain U, := {(y*) €
R™ | v/aij(z)y'y? < 1} onto the unit ball B*(1). We may assume that
the Jacobian matrix has positive determinant det(A) > 0. We have

det(A4) = y/det(ai;(z)).
Observe that

Vol(B™(1)) = / dzt. . dz"

B~ (1)
= " det(A)dy' - - -dy™ = y/det(ai;(z))Vol(UUy,).
That yields,
n
Voltsy) = 2B (1)
det (a,,»j (I))

Then dV, = oq(x)dz!---dz™ is given by

Oa(z) = 1/det (a,.j(z)).

Consider a Randers metric F = a + 3, where o = W is
a Riemannian metric and § = b;(x)y* is a 1-form on an n-dimensional
manifold M. Let Q, := {(y*) € R™| F(z,yi%ﬂz) < 1}. By an elementary
argument using linear algebra, we obtain
Vol(B™(1))

Vol(@:) = )(n+l)/2

(1= 0612 det (a())
where ||Oz]|o denotes the norm of § at z with respect to a,. Plugging the
above formula into (1.27) yields

0o(x).

(n+1)/2
or(e) = (1-16:112)
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Thus

ave = (1-z) "

Note that for any open subset Q@ C M,

/deg/dVa.
Q 0

Equality holds if and only if F = a.

dv,. (1.28)

Example 1.3.1 Consider the Randers metric F = o+ 3 on the unit ball
B?(1) C R™, where a = \/a;j(z)yiy’ and B = b;(z)y* are given by
_ VI = (=PlyP ~ (=, 9)%)
1—|zf? ’

_ =z {a,y)
b:= 1—|:t|2+ 1+ (a,z)’

where y € T,R™ = R", a € B*(1), |- | and (, ) denote the standard
Euclidean norm and inner product in R™, respectively. When a = 0, F is
the Funk metric defined in (1.15).

Applying Lemma 1.1.1 to the following matrix

. 1 {5 n zizd }
YT T R\ T T 22 )

we obtain
1

det(a;) = APyt

Then

n+1

dVy = (1 - [m|2)_ *dz!- .- dz™.
By Lemma 1.1.1,
a¥ = (1- ]x|2){5” - I’I’}
Then the norm of 3 is given by

(1 -=z)—1a?)
(1+ {a,z))?

1B2lla = /a¥(2)bi(a)b (@) = 1 (1.29)
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Plugging the above formulas into (1.28) yields

1_ia|2 ntl

dVp = [m} T gt dzn,

1.4 Navigation Problem

In this section, we will discuss Randers metrics from a navigation point of
view. We shall see that non-Riemannian metrics are not avoidable even
though we live in a Riemannian world.

Consider an object moving in a metric space, such as Euclidean space,
pushed by an interval force and an external force field. The shortest time
problem is to determine a curve from one point to another in the space,
along which it takes the least time for the object to travel. This problem
in some special cases was studied by E. Zermelo [102], hence called the
Zermelo navigation problem. Here we shall discuss the navigation problem
in the most general case. Suppose that an object on a Finsler manifold
(M, ®) is pushed by an internal force U with constant length, ®(z,U,) = ¢,
and while it is pushed by an external force field V with &(z, -V;) < ¢
The combined force at x is T, := U, + V. The condition, ®(z, -V,) < ¢,
guarantees that the object can move forward in any direction.

k
|2

Figure 1.6

Due to the friction, the object moves on M at a speed proportional to the
combined force T. For the sake of simplicity, one may assume that ¢ = 1
and the velocity vector at any point £ € M is equal to T,. Given a pair
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of points p,q € M, let C be an arbitrary piecewise C*® curve in M. Since
®(z,U,) =1, we have

<I>(x, T, - Vz) = ®(z,U,) = 1. (1.30)

On the other hand, for any vector y € T, M \ {0}, there is a unique solution
F = F(z,y) > 0 to the following equation

<I><x, % - V_,) =1. (1.31)

Observe that for any A > 0,

1=<I>(z, W’(\i’?y—)—vx) =<I>(z, ?-(;\y—m—n)

By the uniqueness,
F(z, Ay) = AF(z,y).

One can show that Fy := F|r,m is a Minkowski norm on 7, M. Thus
F = F(z,y) is a Finsler metric on M. Comparing (1.30) and (1.31), one
can see that the combined force T, has unit F-length,

F(z,T,)=1. (1.32)
This observation leads to the following

Lemma 1.4.1 Let (M, ®) be a Finsler manifold and V' be a vector field
on M with ®(x,-V,) < 1, Vo € M. Define F : TM — [0,00) by (1.31).
For any piecewise C™° curve C in M, the F-length of C is equal to the time
for which the object travels along it.

Proof: Let c: [0,t,] — M be the parametrization of C such that the velocity
vector é(t) = Te(y). Then t, is the time for which the object travels along
C. It follows from (1.32) that

F(c(t),é(t)) = 1.

This implies

Q.E.D.
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For a pair {®,V} on a manifold M, where & = &(z,y) is a Finsler
metric and V is a vector field with ®(x,-V,) < 1, we define a Finsler
metric F = F(z,y) by (1.31). The Finsler metric F' can also be defined in
the following way. First, define ®* and V* on T*M by

x ,_ n(y) ey .
o (z,8) := yesng 3(@,9)’ V() =&(Ve), E€eT;M.

Then F* := ®* + V* is a co-Finsler metric on M and F is dual to F*, i.e.,

_ n(y)
Fle.y) = ses;lfM F*(x,8)

The proof is left to the reader.

Lemma 1.4.2 Let & = &(x,y) be a Finsler metric on an n-dimensional
manifold M and V = V"(x)% be an arbitrary vector field on M with
O(x,-V;) <1,z € M. Let F = F(x,y) denote the Finsler metric on M
defined by (1.31). Then the Finsler volume forms of F and ® are equal,

dVp = dVs. (1.33)
Proof: Fix a basis {b;} for T, M and let V, := v'b;. Let
Up : = {(yi) € R" | &(z,y'b;) < 1},
Up : = {(yi) € R" | F(z,y'b;) < 1}.
From the definition of F, we have
Up =Usp + (V).

Since shifting does not change the Euclidean volume, Vol(Us) = Vol(UF).
This implies that

or(x) = os(x).

Thus dVp = dVs. Q.E.D.

The above proposition shows that the volume of an open subset on a
Finsler manifold is not disturbed by any vector field.

Example 1.4.3 Let ¢ = ¢(y) be a Minkowski norm on R” and

U:= {y eR" | oy) < 1}.
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Let ®(z,y) := ¢(y), where y € T,V=V,and V, := —z, wherez € V. ® is
a Minkowski metric on R™ and V is a radial vector field toward the origin.
Observe that

Oz, -V;) = ¢(z) < 1, zel.
For a non-zero vector y € T,U \ {0} = R"\ {0}, define ©® = &(z,y) > 0 by

<I>(x, §(}y;,—y) - Vz) =1. (1.34)

Then © = ©(z, y) is a Finsler metric on U, which is called the Funk metric
on Y. The Funk metric © = ©(z, y) can also be defined by

Yy
z:=x4+ ——— € U.
O(z, y)

Figure 1.7
Equation (1.34) can be written as
O(z,y) = ¢(y + O(z, y)r)- (1.35)

Differentiating (1.35) with respect to =* and y* respectively, one obtains

(1= us(@)2') Ot (2,9) = dur(w)O(z, y), (1.36)
(1= bus(w)a' ) Oye(,y) = Pur(w), (1.37)

where w := y + O(z, y)z. It follows from (1.36) and (1.37) that
O,x = OO k. (1.38)
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The above argument is given by T. Okada [77].
If ¢ = |y| is the standard Euclidean norm on R™, i = B"(1) is the unit
ball in R™. In this case, © = F as defined in (1.15).

Given a Riemannian metric A = \/h;;(z)y'y? and a vector field V =
Vi(z ) on a manifold M with h(z, —V,) = /hsj(z)V¥(z)VI(z) < 1, one
can deﬁne a Finsler F = F(z,y) by (1.31), i.e.,

Y y) o Jh (L - v (Y _vi) =
h(z, - V)_\/h,,(F V)(F V)*l. (1.39)
Solving (1.39) for F, one obtains F' = a + 8, where a = /a;;{x)y*y’ and

B = b;(x)y* are given by
(1 = hpgVPV)hyj + hiphgVPVY

i = , 1.40
s (1~ hpgVPV)2 (1.40)
hipV'P
R 7\ f— 1.41
R W T (1.41)
It is easy to show that
1Bslla = \faiibiby = (/R ViVi = h(z, Vo) <1 (1.42)

Thus F is a Randers metric.

Conversely, every Randers metric F = a 4+ § on a manifold M can be
constructed from a Riemannian metric A and a vector field V on M. The
construction is given as follows. Let a = y/a,;yy/ and 8 = b;y. Define

hij : = (1 - IIﬂzIIZ){au - bz’bj}7 (1.43)
) ab.

Viem - , 1.44

AT (1.44)

Then F is given by (1.39) for h = \/h;(z)y"y? and V = Vi(z)2;. More-
over, (1.42) holds. Thus h(z, —V;) < 1 for z € M. See [45] and [46] for a

similar type of duality between Randers metrics defined as a function on
TM and Randers co-metrics defined as a function on T* M.

Example 1.4.4 Let B™ C R” be the standard unit ball and let

_ VI[P \/l R L T O R

14 {a,2) , T) 1+ (a,z))? ’
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) 1+ (a,z)
where y € T;B™ = R™ and a € R” is a constant vector with |a| < 1. By
(1.39), one obtains

_ VWP = (2Ply® (= 9)?) | (z,y) (a,9)
F= T— | TR T T w7

Both h = h(z,y) and F = F(z,y) have some special geometric properties.
See Examples 3.4.2 and 3.4.6 below. When a = 0, F is the Funk metric on
B” defined in (1.15).

1.5 Cartan Torsion

To characterize Euclidean norms among Minkowski norms, E. Cartan in-
troduces a quantity for Minkowski norms [23].

Let F' = F(y) be a Minkowski norm on a vector space V. For a vector
y € V\ {0}, let

3

1 0
Cy(U,'U,'LU) = ZW[FZ(]J + su+tv+rw)]

where u, v, w € V. Each C, is a symmetric trilinear form on V. We call the
family C := {C, | y € V\ {0}} the Cartan torsion.

Let {b;} be a basis for V. Let g;; := gy(bi, b;), Cijx := Cy(bi, bj, by).
Then

b
s=t=r=0

9i5 = = [F?lyiyss
1 8
[F2]yiyigr = §W(9w)-

N A

Cijk =
Define the mean value of the Cartan torsion by
n ..
L (u) := Z!J“(y)cy(u, b;,bj), ueV.
i=1

We call the family I := {I,, | y € V\{0}} the mean Cartan torsion. Observe
that

0 . ag .
—_ . — Jjky,pq ZIPq _ Jjky . pacy.
By [ det(g]k)] det(g’")g By 2det(g’*)gP7Cipq-
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We have

I; = g Cip = a%.[m det (gjk)]. (1.48)

It follows from the homogeneity of F that

C,(y,v,w) = Cy(u,y, w) = Cy(u,v,y) =0 (1.49)
and
L,(y) = 0. (1.50)
Moreover,
Cyny =2"1C,, Iy,=X"'1, A>0. (1.51)

From (1.49)-(1.51), one can see that C, and I, depend only on the
geometry of the indicatrix Sg of F. Intuitively, the indicatrix of F' can be
viewed as a color pattern on V, then C, (resp. 1) is the rate (resp. average
rate) of tangential change of the color pattern at y.

It is obvious that F' is Euclidean if and only if C,, = 0 for any y € V\{0}.
In fact, Euclideamr norms can be characterized by the mean Cartan torsion.
The following result is due to Deicke [34].

Theorem 1.5.1 ([34]) A Minkowski norm on a vector space V is Eu-
clidean if and only if I = 0.

The proof does not fit in this book, so it is omitted. One can see [5] for a
proof.

To characterize Randers norms among Minkowski norms, M. Matsumoto
introduces the following quantity [64] [66]. For y = y*b; € V, define

1
Mijk = Cijk - n_-f-l{Iihjk + Ijhik -+ Ikhij s (1.52)
where h;j = FFyiy; = gij — l—;lvgipypgquq. Let
M, (u, v, w) := Mijk(x,y)uivjwk, (1.53)

where u = u’b;, v = v/b; and w = w*by. Each M, is a symmetric trilinear
form on V. We call the family M := {M,, | y € V \ {0}} the Matsumoto
torsion. Clearly, M = 0 for all two-dimensional Minkowski norms.
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Example 1.5.2 ([64]) Let F = a + 8 be a Randers norm on a vector
space V, where a = y/a;;4%y/ and § = b;y* with ||B}jo < 1. Then g;; :=
21F?),1(y) are given by (1.3) and det(g;;) is given by (1.4). Note that
det(a;;) is independent of y. By (1.48), one obtains

0 o+ gyt
I = By In \/( - ) det(ai;)

n+l vi B
LA LA .
et % aa) (1.54)
Differentiating (1.3) with respect to y* yields
1
Cugie = =g {Tehsi + Lihas + sy }, (1.55)

where h;; := FFy:,; are given by

hij = a+ﬂ(aij_ yiyj).

a a?

This implies that M;;; = 0.

Minkowski norms with M = 0 are said to be C-reducible. It turns out
that every C-reducible Minkowski norm is a Randers norm in dimension
n> 3.

Proposition 1.5.3 ([64], [70]) Let F be a Minkowski norm on a vector
space V of dimension n > 3. The Matsumoto torsion M = 0 if and only if
F is a Randers norm.

The proof does not fit in this book, and so is omitted. See [70] for more

details.

Given a Minkowski space (V, F), using the family of inner products g,
on V, one can define the norm of I, C and M in a natural way.

F(y) [Ty ()]

Hj:= sup ——=,
vueV\{0} /8y(u,u)

ICll : = sup F)|Cy (v, v, w)| ’

y,u,v,wEV\{0} \/Ey(lh u)gy(w U)gy(w, ,w)

IM||: = sup Fy)iMy(u,v,w)]

y,u,v,wEV\{O} ﬁy(u’ u)gy(U7 v)gy w7 w)
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By (1.52), |[M|| is bounded by ||C||. It is easy to construct a family
of Minkowski norms F; on R™ with ||C;|| — +o0 as i — o0, where C;
denotes the Cartan torsion of F;.

The (mean) Cartan torsion of any Randers norm is bounded from above
by a number depending only on the dimension.

Lemma 1.5.4 ([49]) Let F = a+p3 be a Randers norm on an n-dimensional
vector space V. Then

1) = ”j; 1 VIZ A < ”\j;- (1.56)

Proof: Let o = \/a;;4%y7 and 8 = byy*. Then gi; := [F?],:,s are given by
(1.3). By (1.3) and Lemma 1.1.1, one can find the inverse matrix (¢*/) =

(gi5) "

.. .. . - . . 2 . .
9v = %a” - %(b’y’ +6y") + ———anﬁ”"é By (1.57)
By (1.54) and (1.57), one obtains
I = (PEL)Pal) _ (BW)y?
1s” = (5503) Foy ol (o) b (1.58)

Since |B(y)| < ||B|la(y), we can write B(y) = ||B]loc(y) cosf, where 0 <
# < 2m. Assume that y is a unit vector, i.e., F(y) = a(y) +6(y) = 1. Then
a(y) =1-By) =1 - ||Bllac(y) cos 6.

Thus

1

W) = T3 Al cos

Plugging it into (1.58) yields

. n+1\2 ||8)|%sin?8
LIg" = o
i9 ( 2 )1+||ﬁ[lacosé)’

n 2
e = P TR,

This gives the upper bound (1.56) immediately. Q.E.D.
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It follows from (1.55) and (1.56) that

ol < —}Z\/l _VITAE < % (1.59)

Namely, the Cartan torsion is uniformly bounded by 3/+/2. The bound
(1.59) for two-dimensional Randers norms is given in Exercise 11.2.6 in [5]
which is suggested by Brad Lackey.

Example 1.5.5 Consider the generalized Funk metric F = a + § on the
unit ball B*(1) C R",

_ VP = (zPly® - (=, 9)%) | (=) {a,y)
F= 1—|z|2 +1—|at|2 1+{a,z)

Let ||If, denote the norm of the mean Cartan torsion at x € B*(1). By
(1.29) and (1.56), one obtains

n+ 1{ V(L —[z[3)(1 - Ia|2)}
1- .
V2 1+ {(a,x)

Note that at £ = —a, I, = 0, namely, F, is Euclidean. However, as
z — 0B™(1), |Ils — (n + 1)/v2. The point = —a can be regarded as
the Fuclidean center of F'.

)|z =



