
Chapter 1

Introduction to Stability Theory

Concept of stability in common and engineering sense reflects necessity to
keep response of a disturbed system within acceptable limits. If deviations
describing response of the system from a given regime (e.g. state of equilib-
rium) lie within prescribed limits, the system is called stable. Otherwise,
the system is called unstable. Disturbances, response, and prescribed lim-
its can be specified in each case in different ways. In this book we mostly
deal with dynamical problems for multiple degrees of freedom systems, and
stability of motion is understood in the Liapunov sense.

1.1 Definition of stability

Consider a dynamical system described by ordinary differential equations
written in a vector form

y = f(y,t). (i.i)

Here it is assumed that y = (j/i,2/2> • • • >2/m)T is a real state vector, the
dot over a symbol means differentiation with respect to time t, and f =
(/1, • • • > fm)T is a real vector-function smoothly dependent on its variables
providing existence and uniqueness of a solution with the initial condition
y(*o) = yo on the semi-infinite interval of time t>t$.

When the vector-function f does not depend on time explicitly, the sys-
tem is called autonomous. Otherwise, the system is called non-autonomous
or non-stationary.

Considering a partial solution y(i) of equation (1.1) as undisturbed
motion and other solutions y(t) as disturbed motions, we observe evolution
of disturbances j/j(io) ~ Vi{to),i — l , . . . ,m , taken at the initial instant
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2 Multiparameter Stability Theory with Mechanical Applications

t = t0, in time. For such solutions [Liapunov (1892)] introduced the well-
known definition of stability.

Definition 1.1 The undisturbed motion (solution) y(t) of system (1.1)
is called stable with respect to the variables yi, y2>. • •, ym if for any e > 0
there exists 6 > 0 such that for any solution y(t) of (1.1), satisfying the
condition ||y(£o) ~ y(*o)|| < <̂> the inequality

l ly(*) -y(*) l l<e (1-2)

takes place for all t > to-
If, in addition,

||y(i) - y(i)|| -> 0 as t-> +oo, (1.3)

then the solution y(t) is called asymptotically stable.

This definition means that small deviations of the initial conditions remain
bounded in time for stable motions (solutions) and tend to zero for asymp-
totically stable solutions. The restrictions of the Liapunov definition of
stability are that the disturbances are taken only at the initial instant of
time and they are small. Besides, the state vectors for undisturbed and dis-
turbed motions are compared at the same time, and stability is observed on
the infinite interval of time. Nevertheless, the given definition of stability
is very useful and practical for many physical problems.

Definition 1.2 The undisturbed motion (solution) y(t) of system (1.1)
is called unstable if there exists e > 0 such that for any 5 > 0 there exists
a solution y(t), satisfying the condition ||y(£o) ~ y(*o)|| < 5, that for some
i* > t0 the inequality

l|y(*.)-y(MII>e (1-4)

takes place.

1.2 Equations for disturbed motion

It is convenient to write equations for disturbed motion in the deviations

Mt) = yi{t) - m(t)- (1.5)
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Inserting (1.5) into (1.1) and expanding the right-hand side into Taylor
series, we obtain

m df-
Vi + Xi = fi(yi,--.,ym,t) + ^2^jL^j +r)i{xi,...,xm,t), (1.6)

where rji are the terms of order higher than one with respect to x\,..., xm.
Since for the undisturbed motion we have

Vi = fi{yi,---,ym,t), (1.7)

equation (1.6) yields

m

±i = ^2aij(t)xj +r)i(xi,...,xm,t), i = l,...,m, (1.8)

where the coefficients

°"(()=(i)5<1) ™
are evaluated at y = y(t). These are the equations for disturbed motion,
which can be given in a vector form as

x = A(t)x + r)(x,t) (1.10)

with the real vector r\ — {r\x,..., rjm)T and the matrix

( o-u • • • aim ^

: • , : . (1.11)

am\ ' • ' 0-mm )
The linear equation for the vector x

x = A(t)x (1.12)

is called the equation of first approximation or linearized equation for dis-
turbed motion.

Generally, differential equations for disturbed motion contain time t
explicitly. However, there are important cases, when these equations are
independent on time. This happens when stability of an equilibrium state
y(t) = yo of an autonomous system is studied. In this case all the functions
yi{t) are constant and the functions /j do not depend explicitly on time
t. That is why the equations for disturbed motion do not contain time
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explicitly and the coefficients â - are constant. Independence on time for
the equations of disturbed motion can also occur when stability of a specific
motion y(£) of an autonomous system is studied.

We will call the undisturbed motion y(t) steady if the corresponding
equation (1.10) does not contain time t explicitly. The case of steady motion
is one of the simplest for the stability study. Another rather simple case is
when the coefficients a^ in (1.8) are periodic functions of time t.

1.3 Linear autonomous system

In this section we consider linear autonomous systems of the form

x = Ax (1.13)

with a constant real m x m matrix A. Seeking solution to this problem as

x = uexpAt, (1-14)

we substitute (1.14) into (1-13) and come to the eigenvalue problem

Au=Au , (1.15)

where A is an eigenvalue and u is an eigenvector.
A non-trivial solution to (1.15) exists if and only if

det(A - AI) = 0, (1.16)

where I is the m x m identity matrix. This is the characteristic equation
for eigenvalues A, which can be represented in a polynomial form

Ara + am_iAm-1 + --- + a0 = 0 (1.17)

with the coefficients ao,ai, • • • ,am-i dependent on elements of the matrix
A. From equation (1.17) we find the eigenvalues Ai, A2,.. •, Am, which
are real or complex conjugate numbers. The eigenvalues can be simple or
multiple as the roots of characteristic equation (1.17). Assuming that all
the roots of equation (1-17) are simple with the corresponding eigenvectors
u i , . . . , um, a general solution to (1.13) takes the form

x(t) = C1U1 exp Ait H V cmumexpAm£, (1-18)

where ci,C2,...,cm are constant coefficients to be found from the initial
condition x(to) = x0.
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If we admit multiple eigenvalues as the roots of characteristic equation
(1.17), the number of linearly independent eigenvectors can be less than m.
The form of general solution (1-18) remains valid only for so-called semi-
simple eigenvalues, when in spite of multiplicity the number of linearly
independent eigenvectors is equal to m. But generally multiple eigenvalues
lead to secular terms proportional to t@ exp At in the general solution, where
the integer exponent j3 is less than the multiplicity of A as a root of the
characteristic equation.

Consider, for example, a multiple eigenvalue A with a Jordan chain of
vectors u 0 , . . . , u r _ i satisfying the equations

Au0 = Au0,

Aui = Aui + u0,
(1.19)

Au r _ i = Aur_i + u r _ 2 .

The vector uo is the eigenvector, and u i , . . . , u r _ i are called associated
vectors corresponding to A. Then the terms in the general solution corre-
sponding to A are the following, see [Lancaster (1966)]:

couo exp Xt + c\ (uot + Ui) exp Ai+

• • • + c ^ {(73i)i + j^—^y. +'" + U r - 1 ) e x p x t

The general solution may contain several terms of type (1.20) with different
Jordan chains corresponding to the same eigenvalue A. This happens when
there are several eigenvectors for the same A.

From (1.18) and (1.20) it is obvious that if real parts of all the eigen-
values are negative, Re A < 0, the norm of the general solution ||x(i)|| —>• 0
as t ->• +oo. This property means the asymptotic stability of the trivial
solution x(£) = 0. And if there exists at least one eigenvalue with a pos-
itive real part, Re A > 0, then there are infinitely growing solutions x(t)
for arbitrarily small initial conditions, which means instability of the triv-
ial solution. Notice that the terms in the general solution corresponding
to purely imaginary or zero eigenvalues (with Re A = 0) remain bounded
only for simple or semi-simple eigenvalues, otherwise due to the presence
of secular terms in (1.20) we get ||x(t)|| -t oo as t -» +oo. Now we can
formulate the statements for stability and instability of linear systems.

(1.20)
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Theorem 1.1 Linear system (1.13) is asymptotically stable if and only
if all the eigenvalues of the matrix A have negative real part Re A < 0.

System (1.13) is stable if and only if all the eigenvalues of the matrix A
have negative or zero real part Re A < 0 with all the purely imaginary and
zero eigenvalues being simple or semi-simple.

Finally, linear system (1.13) is unstable if and only if there exists an
eigenvalue of the matrix A with a positive real part Re A > 0, or an eigen-
value with zero real part Re A = 0, which is neither simple nor semi-simple.

1.4 Introduction of parameters

We assume now that elements of the matrix A smoothly depend on a
vector of real parameters p = (pi,P2,- • • ,Pn)- With a change of parameters
stability of system (1.13) can change to instability. This happens when one
or several eigenvalues A cross the imaginary axis, see Fig. 1.1.

ImA,

(T ReX

Fig. 1.1 How stability is changed to instability.

The case when a pair of complex conjugate eigenvalues crosses the imag-
inary axis with a frequency to = Im A ^ 0 is known in technical literature
as flutter instability, and the case when a real negative eigenvalue A crosses
zero and becomes positive is called divergence instability. Flutter and diver-
gence are dynamic and static forms of instability, respectively. According
to Theorem 1.1, the parameter space can be divided into the stability and
instability domains, see Fig. 1.2. The asymptotic stability domain is de-
termined by the condition Re A < 0 satisfied for all the eigenvalues, and
the instability domain is defined by the condition Re A > 0 for at least one
eigenvalue. The boundary between the stability and instability domains is
determined by the condition Re A = 0 satisfied for at least one eigenvalue
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Fig. 1.2 Stability and instability domains,

while for others the condition Re A < 0 is fulfilled.

1.5 Stability theorems based on first approximation

Let us consider an autonomous system (1.1) and assume an equilibrium
state or steady motion y. Equation for disturbed motion (1.10) takes the
form

X = AX + TJ(X), x = y - y . (1.21)

Liapunov formulated and proved two important theorems on stability of
an equilibrium state or steady motion y of an autonomous system, based
on linear approximation (1.13) of equation (1.21), see [Liapunov (1892);
Chetayev (1961)].

Theorem 1.2 If linearized system (1.13) is asymptotically stable, i.e., all
the eigenvalues of the matrix A have negative real part Re A < 0, then the
equilibrium state or steady motion y is asymptotically stable independently
of the nonlinear term 77 (x) in (1.21).

Theorem 1.3 If linearized system (1.13) has an eigenvalue with a pos-
itive real part Re A > 0, then the equilibrium state or steady motion y is
unstable independently of the nonlinear term f](x) in (1.21).

These are the main theorems for stability and instability of non-linear
systems based on the analysis of the first (linear) approximation. No-
tice that the case when some of the eigenvalues or all of them have
zero real part is not covered by these theorems. Those cases are
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called special cases of Liapunov, see [Liapunov (1892); Chetayev (1961);
Malkin (1966)]. Stability and instability of an equilibrium state or steady
motion in these special cases depend on the non-linear terms.

We assume now that the right-hand side of equation for disturbed
motion (1.21) smoothly depends on a vector of real parameters p =
(.Pi) • • • ,Pn)- Then the parameter space can be divided into the stability and
instability domains based on properties of eigenvalues of the matrix A(p).
The boundary between these domains is characterized by the conditions
Re A = 0 for some eigenvalues and Re A < 0 for the others. In Chapter 3 it
is shown that the boundary between the stability and instability domains
is a smooth surface, which can have different kind of singularities. We note
that generally nothing can be said about stability or instability of the solu-
tion y on the boundary between the stability and instability domains based
on Liapunov's Theorems 1.2 and 1.3. However, in many physical problems
this is not so important, since the boundary is a set of zero measure in the
parameter space.

Example 1.1 Let us consider a rigid body moving inertially about a fixed
point (the Euler case). Equations of motion are the following, see [Malkin
(1966)]:

A6JX + (C - B)UJVOJZ - 0,

Bwy + (A- C)LUZUX = 0, (1.22)

CLJZ + (B- A)ujxu)y = 0,

where UJX, uiy, and u>z are the projections of the vector of angular velocity
on the principal axes of inertia x, y, z of the body, and A, B, C are the
moments of inertia about those axes.

System (1.22) admits a partial solution

UJX = w0 = const, toy = LOZ — 0, (1-23)

which is rotation about the axis x with the constant angular velocity UIQ
(steady motion). There are also similar solutions describing rotations about
the axes y and z.

Let us study stability of motion (1.23). Introducing the variables

xi=ux-u0, x2=ujy, xs=uz (1.24)
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and substituting them into (1-22), we obtain the equations for disturbed
motion

B-C
Xl ~ -7 a;2a;3,

2:2 = — 5 — w 0 x 3 H —2:12:3, (1./5J

A-5 A-5
£3 = — 7 ; — u o x 2 H ——x ix 2 .

The characteristic equation for the linearized problem

/ - A 0 0 \

C - A
det 0 -A B UJ0 = o (1.26)

A-B
\ 0 g t̂ o -A /

gives the eigenvalues

Au = ^ < C - A f f - B > , AS=O. (1.27)

I f C < A < B o r C > A > 5 , i.e., if rotation takes place about the
axis corresponding to the intermediate moment of inertia, then eigenvalues
(1.27) are real, one of them being positive. Thus, according to Theorem 1.3
rotation about this axis is unstable.

However, stability of rotation about the axis corresponding to the ex-
tremal (smallest or largest) moment of inertia can not be established with
the use of Theorem 1.2 because in these cases two eigenvalues (1.27) are
purely imaginary and the third eigenvalue is zero. Stability of rotation in
those cases can be proven using integrals of motion, see [Malkin (1966)].

1.6 Mechanical systems

Consider a scleronomic mechanical system with holonomic constraints hav-
ing m degrees of freedom. This means that position of the system is spec-
ified by a vector of generalized coordinates q = (qi,..., qm)T, generalized
forces do not depend on time t explicitly, and constraints imposed on the
system depend only on generalized coordinates. Motion of the system is
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governed by the Lagrange equations

d fdT\ dT ,

In these equations, the kinetic energy T is a quadratic form with respect to
generalized velocities q\,... ,qm:

1 m 1
T = 2 £ m W = ̂ M q (!-29)

with the positive definite mass matrix M = [m -̂] > 0 dependent only on
the generalized coordinates qi,- • • ,qm; g = (<7i, • • • ,gm)T is the vector of
generalized forces.

Let q(i) = 0 be an equilibrium state of the system denned by the con-
dition g(0,0) = 0. Then the linear approximation of the generalized forces
near the equilibrium state yields

g=-Bq-Cq (1.30)

Generally, the matrices B and C are non-symmetric. They can be repre-
sented as the sum of symmetric and skew-symmetric matrices

B = D + G, C = P + N (1.31)

with

D = | (B + BT), G = | ( B - B T ) ,
(1.32)

P = | (C + CT), N = i ( C - C T ) .

The force — Pq with the symmetric matrix P is called potential or con-
servative, and the quadratic form

n(q) = ^qTPq (1.33)

is the potential energy. Potential forces are widely known in mechanics, e.g.
gravitational and elastic forces are conservative.

The quadratic form

R(q) = iqTDq (1.34)

with the symmetric positive semi-definite matrix D > 0 is called the
Rayleigh's dissipative function, and the force —Dq is called dissipative. In
case of positive definite matrix D > 0 dissipation is complete, and the case
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D > 0 corresponds to incomplete dissipation. Dissipative forces describe
viscous friction and resistance of medium appearing in physical systems.

The force —Gq with the skew-symmetric matrix G T = — G is called
gyroscopic. Power of a gyroscopic force (the work done by the force per
unit time) is zero. Indeed, we have

( - G q ) r q = - q T G T q = qTGq = O (1.35)

since the vector q is real and the matrix G is skew-symmetric. Gyroscopic
forces appear in rotating systems, Coriolis and Lorentz forces are gyroscopic
too.

The force —Nq is called non-conservative positional or circulatory. No-
tice that this force is orthogonal to the vector of generalized coordinates
q since qTNq = 0. Circulatory forces appear as components of aerody-
namic and follower forces (e.g. jet thrust). The presence of circulatory and
dissipative forces means that the system can gain energy from the environ-
ment or lose energy, depending upon the ratio between the forces and their
magnitudes for all the types of forces involved.

Using (1.29)-(1.32) in Lagrange equations (1.28), we obtain in a linear
approximation

Mq+(D + G)q+(P + N)q = 0. (1.36)

This is the linearized equation for disturbed motion near the equilibrium
state q = 0. Seeking solution to equation (1.36) in the form

q = uexpA£, (1-37)

we come to the eigenvalue problem

(A2M + A(D + G) + P + N ) u = 0. (1.38)

Here A is an eigenvalue and u is an eigenvector. The eigenvalues are found
from the characteristic equation

det (A2M + A(D + G) + P + N) = 0. (1.39)

This is an algebraic equation of 2mth order for A. There exist 2m roots
Ai,•. . , A2m (the eigenvalues), and corresponding eigenvectors should be
found from equation (1.38).

Equation (1.36) can be transformed to a system of first order differential
equations of double dimension:

x = Ax (1.40)
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with

M ( ° i \
x = , A = . (1.41)

\q/ V-M-^P + N) -M-^D + G)/
It is easy to see that the characteristic equation det(A — AI) = 0 for the
matrix A in (1.41) is equivalent to equation (1.39) implying that the eigen-
values in these two problems coincide.

If all the eigenvalues Ai,.. . , A2m of (1.39) are simple or semi-simple, the
general solution to equation (1.36) takes the form

q(i) = ciuj exp Ait -I (- c2mu2m exp X2mt. (1.42)

If the number of eigenvectors corresponding to a multiple eigenvalue A is
less than its multiplicity (as a root of the characteristic equation), secular
terms appear in the general solution. Using transformation (1.40), (1.41)
and the results of Section 1.3, we find that those terms are of the form

coUo exp At + Ci (uot + ui) exp Xt +

fuor-i U l t - x ^

where uo is the eigenvector, and u i , . . . , ur_i are associated vectors con-
stituting the Keldysh chain of length r, see [Keldysh (1951)] and Section
2.13:

(A2M + A(D + G) + P + N) ^ + (2AM + D + G)u;_i + MUi_2 = 0,

i = 0, . . . , r — 1 and u_i = u_2 = 0.
(1.44)

From (1.42), (1-43) it is obvious that system (1.36) is asymptotically stable
if all the eigenvalues have negative real part, and it is unstable if at least
one eigenvalue has positive real part.

Example 1.2 Let us consider vibrations of a pendulum with a linear
viscous damping described by the equation

mlCp + jlip + mg sin (p = 0, (1-45)

where <p is the angle of the pendulum measured from-the vertical axis; m,
I, and 7 are the mass, length, and damping coefficient of the pendulum,
respectively; and g is the acceleration of gravity, see Fig. 1.3.
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Fig. 1.3 Vibrating pendulum.

We introduce new variables j/i — ip, y2 — ¥>> a n d rewrite (1-45) as the
system of first order equations

2/i = 2/2,

. _ g sin yi jy2 (!-46)
/ m

To find stationary solutions we equate the right-hand sides of (1-46) zero
and obtain two solutions

V\ = 0 , y2 = 0; (1.47)

2/1 = 7T, 2/2 = 0. (1.48)

These solutions correspond to lower and upper equilibrium states, respec-
tively.

First, we consider equilibrium state (1-47). For this case the distur-
bances x\ and x2 coincide with the variables y\ and y2- Expanding the
right-hand sides of equation (1.46) in Taylor series and replacing the vari-
ables, we obtain

Xl = X2,

*a = - ^ - ^ + ^ + o ( * ? ) . (L49)
I m K>1

Thus, the matrix A of the linearized system is

/ 0 1 \
A = \g_ _ 1 \ . (1-50)

V I mJ
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The characteristic equation for this matrix

A2 + - A + f = 0 (1.51)
m l

yields the roots

\12 = -J-±JjL-lt (1.52)
2m V 4m2 I

which always have negative real part for 7 > 0. Thus, the lower equilibrium
state is asymptotically stable.

For the case of upper equilibrium state (1-48) we have

xi =2/i -7T, x2 - y2- (1.53)

Substituting relations (1.53) into (1-46) and expanding the right-hand sides,
we get the equations for disturbed motion as

±1 - x2,

gxx -yx2 gx\ 3 (L54)
I m 61

It is easy to see that the linearization of equation (1.54) gives the eigenvalues

^ = -2^/5+?' ^
one of them always having a positive real part. Thus, the upper vertical
equilibrium state is unstable.

1.7 Asymptotic stability criteria for mechanical systems

Let us investigate stability of a linear mechanical system

Mq + (D + G)q + (P + N)q = 0 (1.56)

with the corresponding eigenvalue problem

(A2M + A(D + G) + P + N)u = 0. (1.57)

System (1.56) is asymptotically stable if all the eigenvalues A of problem
(1.57) have negative real part.



Introduction to Stability Theory 15

We pre-multiply equation (1-57) by the complex-conjugate transposed
eigenvector u* = uT and obtain the relation

MX2 + {D + iG)\ + P + iN = 0

with the coefficients

M - u*Mu, D - u*Du, P - u*Pu,

iG = u*Gu, iN = u*Nu,

(1.58)

(1.59)

where M, D, P, G, and N are real quantities. Additionally, we assume
that the eigenvector is normalized as

u*u = 1. (1.60)

Considering (1.58) as a quadratic equation for A with complex coeffi-
cients, we demand that both roots of equation (1.58) have negative real
part. Here we can use a theorem on stability properties of a polynomial
with complex coefficients, see [Bilharz (1944)]. Applied to equation (1.58),
the theorem states that both roots A have negative real part if and only if
the two determinants satisfy the relations

det

( M

0

0

i n

G

D

M

0

_p

N

G

D

0

0

-P

N

(1.61)

Since the matrix M is positive definite the quantity M > 0, and then (1.61)
is equivalent to two inequalities

D>0,

MN2 - GDN < D2P.

(1.62)

(1.63)

Metelitsyn was the first who derived inequality (1.63), assuming that
(1.62) is satisfied, as a criterion for asymptotic stability of system (1.56),
see [Metelitsyn (1952)].

Notice that an eigenvalue of (1.57) is one of the two roots of (1.58),
the other root does not need to be an eigenvalue of (1.57). This important
fact was pointed out in [Seyranian (1994b)]. Actually, it is more an excep-
tion than a rule that both roots of equation (1.58) are the eigenvalues of

det detc 0
M G

0 D
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(1.57). Metelitsyn made a mistake, also done in [Huseyin (1978)], believ-
ing that both roots are always eigenvalues of (1.57). This mistake led to
the conclusion that inequality (1.63) is a necessary and sufficient condition
for asymptotic stability. We emphasize that inequalities (1.62) and (1.63)
taken for all eigenvalues A are sufficient for asymptotic stability, but not
necessary.

Example 1.3 Let the system be described by equation (1.56) with the
2 x 2 matrices

(I 0 \ /5.8186 0 \ / 0 3.6667\
M = , D = , G =

\ 0 1 / \ 0 0.1814/ \-3.6667 0 /

/ -0 .5 0 \ / 0 2.25\
P = , N = . (1.64)

V 0 - 0 . 5 / \ -2.25 0 /
The eigenvalues are Alj2 = — 1 ± 0.5i and A3,4 = -2 ± 0.5i, and there-
fore the system is asymptotically stable. Computing the corresponding
eigenvectors u, coefficients (1.59) of quadratic equation (1.58) can be de-
termined. The roots of this equation (one equation for each eigenvalue) are,
of course, the four already found eigenvalues Ai,2 and As^, but additionally
also 0.0625 ± 0.875i and 0.1785 ± 0.2859i. Those roots have positive real
part and, therefore, in spite of the system is asymptotically stable, Metelit-
syn's inequality (1.63) is not satisfied since it demands that both roots of
equation (1.58) have negative real part.

If we want to investigate the asymptotic stability for a given system by
checking inequalities (1.62) and (1.63) as sufficient conditions, we face the
following problem. The eigenvectors u, which are used for finding coeffi-
cients (1.59) and for checking inequalities (1.62) and (1.63), are unknown.
They can only be determined by solving eigenvalue problem (1.57), but
then the stability analysis would be complete.

However, the statement known as the Thomson-Tait-Chetayev theorem,
see [Chetayev (1961)], follows directly from inequalities (1-62) and (1.63).

Theorem 1.4 If system (1.56) containing only potential forces is stable
(P > 0), then addition of arbitrary gyroscopic forces and dissipative forces
with complete dissipation (D > 0) makes the system asymptotically stable.

Indeed, the system possessing only potential forces with a positive def-
inite matrix P is stable since all the eigenvalues are purely imaginary and
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semi-simple, see [Gantmacher (1998); Merkin (1997)]. In case of P > 0,
D > 0, and N = 0, i.e., P > 0, D > 0, and N = 0, inequality (1.63)
reduces to D2P > 0, guaranteeing asymptotic stability.

We are interested in obtaining a practical sufficient stability condition,
which can be verified using extremal eigenvalues of the system matrices.
Hermitian matrices like M, D, and P (real symmetric in our case) have
only real eigenvalues. The corresponding quantities M, D, and P in (1.59),
known as Rayleigh quotients, are therefore limited by the minimal and
maximal eigenvalues of the matrices M, D, and P , respectively, see e.g.
[Lancaster and Tismenetsky (1985)]

Mm i n = Amin(M) < M < Amax(M) = Mm a x ,

Anin - Amin(D) < D < Amax(D) = £>max, (1-65)

p \ fp\ <̂  P <̂  \ fT>\ P
rmin — ^ra\a\r ) j ; •* 2: Am&x.\r) — •* max'

We emphasize that these limits depend only on the system matrices and
do not depend on the eigenvector u.

Since the matrices G and N are real skew-symmetric, the matrices z'G
and zN are Hermitian. Notice that spectrum of a real skew-symmetric ma-
trix consists of purely imaginary ±iu> and zero eigenvalues. Therefore, the
quantities G and N being real are limited by — Gmax and Gmax, and —Nm&x

and Nmax, respectively, where Gmax = Amax(iG) and iVmax = Amax(iN) are
the maximal eigenvalues of the corresponding matrices. So, we have

- G m a x < G < Gm a x, -7Vmax < N < iVmax- (1-66)

If we assume

M > 0, D > 0, P > 0, (1.67)

then it is easy to see with the help of (1.65) and (1.66) that (1.63), rewrit-
ten in the form D(DP + GN) - MN2 > 0, is satisfied for an arbitrary
eigenvector u if

Anin(AninPmin - GmaxA^max) - M m a x ^ a x > 0. (1.68)

Here we took the smallest values of the first and second terms and the
largest value of the third term of the inequality. Under assumption (1.67),
inequality (1.68) is a practical sufficient condition for asymptotic stability of
system (1.56), which can be checked knowing only the extreme eigenvalues
of the system matrices M, D, G, P , and N [Kliem et al. (1998)].

From (1.68) we deduce the following stability statement.
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Theorem 1.5 Any mechanical system (1.56) can be stabilized by suffi-
ciently large dissipative and/or potential forces (D > 0,P > 0).

Here "large forces" means that the minimal eigenvalues Dmm and/or Pm-m

of the corresponding matrices are large enough.
Proof of the theorem follows from the observation that inequality (1.68)

is satisfied by making the term £>^inPmin sufficiently large. This result
was first reported in [Seyranian (1994b)]. Another consequence of inequal-
ity (1.68) is that a stable conservative system with dissipative forces with
complete dissipation (assumption (1.67)) can not be destabilized by adding
rather small gyroscopic and/or positional non-conservative forces.

Example 1.4 The simplest model of a rotor consists of a massless shaft
of circular cross-section with an elastic coefficient k rotating with a constant
angular velocity Q, and carrying a single disk of mass m, see Fig. 1.4. Ex-
ternal and internal damping coefficients are denoted by de > 0 and d{ > 0,
respectively. With respect to an inertial frame, the equations of motion for
the center of mass of the disk moving in the plane perpendicular to the
shaft are given by (1.56) with the matrices [Bolotin (1963)]

(m 0\ fde+di 0 \
M= > D = , G = 0,

\0 mj \ 0 de+dij

(1.69)
(k 0\ / 0 diU\

P = , N =
\0 kj \-difl 0 /

Quantities (1.65) and (1.66) evaluated for system matrices (1.69) are

/ / / / / ^ sss/s i I

" o f g[

Fig. 1.4 Rotating shaft with a disk.
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equal to

Mmin = Mm a x = m, Dmm = £>max = de+di,
(1.70)

-*min — •* max — ™) ^ m a x — u , - iV m a x — Ctjit.

For system (1.56), (1.69) inequality (1.68) results in

tt2md2 <k(de + di)2. (1.71)

This inequality gives a lower bound for the critical angular velocity

Let us compare this estimate with the exact critical velocity. For this
purpose, we introduce the complex variable z — q\ — iq2 and rewrite equa-
tions (1.56), (1.69) in a complex form as

mi + (de + di)z + [k + idityz = 0. (1-73)

The corresponding characteristic equation

m\2 + (de +di)\ + (k + idin) = 0 (1.74)

is a quadratic equation for A with complex coefficients. Applying now
inequalities (1-62) and (1.63), we obtain that the stability condition is the
same as (1.71). Thus, estimate (1.72) is the exact critical velocity. This is
one of those rare cases when sufficient stability condition (1.68) yields the
exact stability boundary.

(1.72)


