Chapter 1

Complex-Valued Neural Networks:
An Introduction

AkiraHirose

Complex-valued neural networks deal with complex-valued data
with complex-number weights and complex-valued neuron-
activation functions. George M. Gerogiou describes clearly in the
Foreword the necessity of the complex-valued networks. In this
introductory short chapter, we discuss how they are or can be useful
and effective. We begin with the role of i = /-1 in the quantum
mechanics.

According to the quantum mechanics, the motion of an electron is
related to the Schrodinger equation:

oW (r,t h?
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o = gV () + V(r)U(r,t) )

where W(r,t) is the electron’s wave function in terms of position r
and time ¢, and 7, m, V' (r, t) and V denote Plank constant divided by
2m, electron mass, potential function and spatial differential operator,
respectively.

]

The probabilistic interpretation argues that the squared absolute
value of the solution |¥|? is the probability density of electron ex-
istence. The probability is related to ensemble average. However, re-
alistically, through repetitive or long-term experiment of electron ob-
servation in an ergodic condition, we find that the electrons obey the
probability |¥|%. The equation represents experimental results suc-
cessfully.



The special feature of this equation lies in the fact that it contains the
imaginary unit 4 in an ineliminable manner. Some physicists claim
that fundamental equations in physics should not include ¢ because
they should consist of only really physical entities. Even if we regard
|W|? as a probability, probabilities in general are discussed by using
real number, and again 7 is not desirable.

However, we can consider the equation as follows. "The probability
possesses an amplitude entity log(A) and a phase entity ¢. Its spatial
and/or temporal evolution obeys

Uy (r,t) = 108 (A (T0))+idy.(T1) @

and the principle of superposition holds for plural solutions ¥, as

U(r t) = Z U, = Z o8 (Ak (T,0)+idw (T'1) 3)
k k

That is to say, the imaginary unit 7 plays a role in the interaction of
amplitude and phase entities as well as the superposition of probabil-
ity functions."” In this sense, 7 is an operator to connect entities rather
than an existence itself. In the complex-valued neural networks, i has
the same role to combine plural quantities consistently.

Then, what is the operation of i? In the networks, we multiply in-
put data by synaptic weights. If we pay attention to real and imagi-
nary parts of the data, the multiplication of i, for example, converts
the real quantity into imaginary one, and also does the imaginary
one into real one with putting a negative sign. In this way the two
quantities are exchanged. Multiplication of general complex-valued
weight w mixes the real and imaginary quantities in a certain man-
ner determined by the value w. In the network, the muptiplication
of w is executed for all the parallel input data elements x = [zy].
As a result, the output maintains a certain vector-direction relation in
the complex plane. This is one of the properties that we can utilize
effectively to treat two-dimensional information.



If we have a polar coordinate picture, we can regard the multiplica-
tion of w = eleelwl+iare(w) 35 the magnification of the vector length
by |w| and the vector rotation of an angle arg(w). In the problems
where the weight has the amplitude and phase entities |w| and arg(w)
in the real world, just like the solutions of Schrédinger equation, the
neural operation can directly influence these entities rather than some
other apparent phenomena. Actually, (quasi-)periodic signals can be
processed in relation to phase because they are expressed as an in-
tegration of sinusoidal wave through the Fourier transform and the
Fourier synthesis.

Furthermore, we know in the phasor treatment of signals with carrier
wave that a temporal differentiation realized by a capacitor C, for
example, is analytically equivalent to multiplication of iwC where w
is angular frequency, while an integration is to division by iwC'. Such
relations are utilized in stabilization of dynamical or time-sequential
behavior of neural networks. The phase topology is also related di-
rectly to a cyclic metric.

These properties are very important also in the device electronics.
The amplitude and phase of an electron probability function is ex-
pressed by (1) and modulated by electrical potential, permittivity,
magnetic field, and so on. Lightwave and electromagnetic wave also
have a similar wave nature. The probability density of a photon is
given by the squared absolute value of the wave function. The value
multiplied by the energy of a single photon gives the energy of light-
wave. It can be modulated by absorption and amplification of media
in reality. On the other hand, the phase corresponds to time delay
or advance and is modulated by permittivity, permeability and op-
tical path length. In this way, the fundamental particles composing
the world interact each other through the amplitude (energy) and the
phase (time). (In a special case such as resonance, these two entities
have a clear relation, the Kramers-Kronig relation, where the neu-
ral holomorphy will become significant.) The complex-valued neural
networks are highly expected to reflect such a natural world.
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Figure 1 presents the fundamental properties and application fields
based on the discussion above. Most of the following chapters have
a close relation to them. Recently the ideas and results have also been
discussed in the Special Sessions in Conferences (KES 2001,2002)
and (ICONIP 2002).

Further new ideas are also coming out to be presented in other
Special Sessions in, for example, (ICANN / ICONIP 2003) and
(KES 2003). The program includes quantum neural networks, radar
imaging, array antenna signal processing, voice synthesis, spatiotem-
poral pattern processing, and so forth. These new results will be col-
lected in a sequel. The complex-valued neural networks continue to
extend the fields both in theories and applications.
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