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2 A Mathematical Bridge

� A set S is said to con tain n elemen ts if w e can pair o� the elemen ts

of S with the elemen ts of f 1 ; 2 ; 3 ; : : : ; n g , with eac h elemen t b eing

paired exactly once. Equiv alen tly w e sa y that the size of S is n .

Although this de�nition is v ery reasonable and in tuitiv e, there is one crucial

issue whic h needs to b e addressed: what, exactly , do w e mean when w e

write do wn coun ting n um b ers suc h as 1, 3 and n ? What prop erties do they

ha v e? Simply de�ning the n um b ers as a long list is not v ery satisfactory .

F or example, what happ ens when w e reac h the end of an y giv en list of

n um b ers? Mathematicians require precision and clarit y; since coun ting is

in man y w a ys the simplest of mathematical pro cesses this is a �ne place to

b egin our mathematical journey .

1.1 Counting

There are man y di�eren t t yp es of n um b er whic h mak e an app earance in

mathematics. Some are v ery familiar, suc h as fractions and negativ e n um-

b ers, whereas some, suc h as complex n um b ers and quaternions are less w ell

kno wn. W e shall encoun ter all of these v arieties of n um b ers in due course,

but b egin b y lo oking at the n um b ers w e use for coun ting. These are called

the natural numbers, and the set of all suc h n um b ers is called N .

1.1.1 The natural numbers

A t �rst sigh t, the prop erties of the natural n um b ers seem to b e prett y ob-

vious. F or example, if I coun t the n um b er of sho es in m y w ardrob e then

the answ er should not v ary dep ending on whether I coun t the left sho es or

the righ t sho es �rst. Another prop ert y w ould b e the statemen t that an y set

con taining �fteen elemen ts can b e split in to �v e sets con taining three ele-

men ts eac h. Although there are clearly limitless p ossible suc h statemen ts,

p erhaps they are all ob vious. P erhaps it is su�cien t simply to sa y that it

is clear what w e mean when w e sa y that a set has n elemen ts. Whilst suf-

�cien t for man y practical purp oses, this ca v alier approac h leads to danger:

some prop erties of the natural n um b ers are really not ob vious at all. F or

example, is it always p ossible to coun t the elemen ts in any set? In order to

facilitate the application of simple ideas to complex situations, mathemati-

cians enco de the basic principles of a theory in to a clear and unam biguous

set of rules, called axioms. These axioms can neither b e dispro v ed nor

pro v en{they simply de�ne what is p ossible in a giv en mathematical uni-
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v erse, and the task in hand is then to try to disco v er if these rules ha v e

an y in teresting logical implications whic h ma y not b e immediately appar-

en t from their de�nition

1

. This is ho w the w orld of mathematics ev olv es:

complex deductions gro w from simple b eginnings.

1.1.1.1 Construction of the natural numbers

Our aim is to try to �nd a complete set of basic prop erties of the natural

n um b ers from whic h all of their familiar prop erties stem. There ma y b e

man y logically consisten t sets of prop erties from whic h to start, but w e

w ould lik e to pro vide as small a basic set of rules as p ossible. These will b e

our axioms.

Let us b egin with the simplest prop ert y of coun ting whic h w e wish to

encapsulate in an axiom: giv en a natural n um b er n there m ust b e some rule

whic h allo ws us uniquely to determine the next n um b er in the coun ting se-

quence. F urthermore, this coun ting sequence begins with a sp ecial n um b er,

whic h w e can call 1. W e therefore commence our list of axioms as follo ws

� The natural number system is a set N , whose elemen ts are called

natural numbers, equipp ed with a coun ting rule +

1

( n ) whic h tak es

an y natural n um b er n to another natural n um b er, written as n + 1,

whic h is called the successor of n .

� N con tains a smallest element 1 whic h has the prop ert y that it is

not the successor of an y natural n um b er.

Although these t w o rules are a go o d start, the axioms as they stand are

to o general for our purp ose: they do not fully encapsulate the notion of

coun ting. T o see wh y this is the case, consider, for example, coun ting the

hours on a clo c k. Since 1 o'clo c k follo ws 12 o'clo c k the coun ting sequence

w ould b e

1 ! 2|{z}
+ 1 (1)

! 3|{z}
+ 1 (2)

! 4|{z}
+ 1 (3)

! � � � ! 12|{z}
+ 1 (11)

! 1|{z}
+ 1 (12)

Although our curren t axioms preclude suc h a lo op, b ecause 1 is not allo w ed

to b e the successor of 12 or an y other n um b er, they do not prev en t suc h a

lo op o ccurring further do wn the line. W e m ust add extra structure to our

coun ting rules to eliminate the p ossibilit y of suc h circular lo ops app earing.

This is done b y forbidding the p ossibilit y of returning to a previous v alue

1
W e shall not prob e in to the abstract theory of logic in this b o ok.
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in the coun ting sequence with successiv e applications of the +

1

rule. W e

add an extra axiom:

� The successors of every pair of distinct natural n um b ers are also

distinct.

These axioms no w nicely summarise the coun ting pro cess: w e b egin

at 1 and carry on coun ting inde�nitely without ev er rep eating ourselv es.

It migh t surprise y ou to disco v er that there is still one outstanding issue:

w e m ust ensure that starting from 1 the coun ting pro cess will ev en tually

hit every natural n um b er. This is not actually a logical requiremen t with

the presen t axioms. T o see wh y , consider a set con taining t w o copies of

the coun ting n um b ers. W e could coun t along eac h sequence indep enden tly

without ev er crossing from one to the other. In tuitiv ely w e could think of

this set as b eing in some sense `to o large'; w e w ould lik e to think of N as

b eing the smallest set whic h ob eys the rules of coun ting. W e need an extra

�nal axiom, whic h is kno wn as The Principle of Mathematical Induction:

� Supp ose that S is an y subset of N whic h con tains the natural n um-

b er 1. Then if S con tains the successors of all of its mem b ers then

S actually is N .

These four axioms completely de�ne the natural n um b er system in a v ery

precise and minimal fashion. Let us no w in v estigate the arithmetical prop-

erties of our carefully constructed n um b er system.

1.1.1.2 Arithmetic

In ordinary usage w e can com bine pairs of n um b ers using the op erations

addition +, subtraction � , multiplication � , and division � . Only t w o of

these op erations are alw a ys prop erly de�ned in a w orld of purely natural

n um b ers: n + m and n � m are alw a ys natural n um b ers for ev ery pair n

and m of natural n um b ers, whereas, for example, 5 � 7 and 9 � 7 are not

natural n um b ers. As far as the natural n um b er system is concerned w e

shall therefore restrict our atten tion to addition and m ultiplication. But

ho w are these op erations de�ned? What do es it mean, for example, to `add

2' to a natural n um b er? The axioms only explicitly in v olv e the +

1

( n ) rule,

with no men tion of a +

2

( n ) rule. W e m ust create de�nitions of addition and

m ultiplication whic h stem directly from the prop erties of the coun ting rule

+

1

( n ) � n + 1. This is to b e done in a recursiv e fashion, in the sense that

w e can create a +

2

rule from the +

1

rule and a +

3

rule from the +

2

rule



A MATHEMATICAL BRIDGE - An Intuitive Journey in Higher Mathematics
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/5354.html

June 9, 2003 14:52 WSPC/Bo ok T rim Size for 9in x 6in b o ok

Numbers 5

and so on. Once the addition rules + k ha v e b een de�ned for eac h natural

n um b er k w e can de�ne m ultiplication rules � k in a similar fashion.

W e de�ne the `addition of k ' and `m ultiplication b y k ' op erations + k ( n )

and � k ( n ) recursiv ely as follo ws, where k and n are an y natural n um b ers,

and then translate the rules of arithmetic in to their more commonly written

form using the notation + k ( n ) = n + k and � k ( n ) = n � k .

1 : + k (1) = +

1

( k ) ! 1 + k = k + 1

2 : + k (+

1

( n )) = +

1

(+ k ( n )) ! ( n + 1) + k = ( n + k ) + 1

3 : � k (1) = k ! 1 � k = k

4 : � k (+

1

( n )) = + k ( � k ( n )) ! ( n + 1) � k = ( n � k ) + k

All of the prop erties of arithmetic descend from these rules. As an example

of the w a y in whic h these de�nitions are used w e can ev aluate + n (3) as

follo ws:

+ n (3) = + n (+

1

(2)) = +

1

(+ n (2)) (b y rule 2.)

similarly + n (2) = + n (+

1

(1)) = +

1

(+ n (1)) = +

1

(+

1

( n )) (b y rule 1.)

) + n (3) = +

1

(+

1

(+

1

( n )))

Application of these formal rules is v ery cum b ersome. Ev en ev aluating

3 + n w as hard enough. Imagine the logical steps required to ev aluate

expressions suc h as ((3 + n ) � (2 + (3 � n )) + 2) + n . Luc kily there are sev eral

general arithmetical rules whic h allo w us to reduce complex arithmetical

expressions to simpler forms. It is a length y pro cess to pro v e the follo wing

general consequences of the rules of arithmetic:

(1) The order in whic h w e add or m ultiply a pair of natural n um b ers do es

not matter, in that m + n = n + m and m � n = n � m . W e sa y that

b oth + and � are commutative.

(2) The order in whic h w e add or m ultiply sev eral natural n um b ers together

is irrelev an t, in that ( l + m ) + n = l + ( m + n ) and ( l � m ) � n = l � ( m � n ).

W e sa y that b oth + and � are associative.

(3) Addition and m ultiplication in teract distributively: l � ( m + n ) = l �

m + l � n:

1.1.2 The integers

W e b egan thinking ab out n um b ers in terms of coun ting and sets. Putting

ob jects in to a set increases the n um b er asso ciated with the set, whereas

remo ving ob jects from the set decreases this n um b er. What happ ens if w e
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6 A Mathematical Bridge

remo v e all the con ten ts from a ph ysical set of ob jects? The set is no w empt y ,

but it can b e con v enien t to assign a n um b er to suc h sets: the n um b er zero.

F urthermore, if w e try to remo v e to o man y ob jects from some sets, suc h

as p ound coins from a bank accoun t, then not only can w e ha v e no ob jects

left in the set, w e can ev en ha v e an abstract negative n um b er of them. The

concepts of zero and negativ e n um b ers lie b ey ond the scop e of the natural

n um b ers N . W e therefore w ould lik e to extend N to create a new system

of n um b ers whic h con tains the negativ e n um b ers and the sp ecial n um b er

0, as w ell as all of the coun ting n um b ers. W e shall call this extension the

integers, and giv e them the sym b ol Z

Z = : : : ; � 2 ; � 1 ; 0 ; 1 ; 2 ; 3 ; : : :

Since w e w ere so particular in our de�nition of N , w e should think carefully

ab out ho w to incorp orate the additional structure of zero and the nega-

tiv e n um b ers in to the grand sc heme of things. W e cannot simple add the

`negativ es' and `zero' in a blas � e fashion. What are these quan tities? What

prop erties do they p ossess? Wh y do they ha v e these prop erties?

A go o d place to b egin to try to think ab out a de�nition for the in tegers

is to note that the only real di�erence b et w een the sequence of in tegers

and the sequence of natural n um b ers is that the in tegers ha v e no `starting

p oin t'. Otherwise, the t w o systems app ear to b e iden tical: they are built up

b y adding or remo ving ob jects from a set one at a time. W e can therefore

reuse the axioms de�ning N with the exception that there is no smallest

elemen t

2

.

� The integer number system, or simply the integers is a set Z, whose

elemen ts are called integers, equipp ed with a coun ting rule +

1

( n ) whic h

tak es an y in teger n to another in teger written as n + 1, whic h is called

the successor of n .

� The successors of every pair of distinct in tegers are also distinct.

� There is no smallest in teger: eac h in teger is the successor of another

in teger.

Since the rules of arithmetic in no w a y mak e use of the fact that 1 has no

successor w e ma y also freely reuse all of the arithmetical rules de�ning the

op erations of + and � .

2
W e also need a form of the principal of mathematical induction.
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1.1.2.1 Properties of zero and the negative integers

In our rules of arithmetic for the in tegers w e still retain the concept of a

distinguished elemen t 1 whic h w e use for coun ting. The ma jor di�erence

b et w een the natural and in teger n um b er systems is as follo ws: whereas

the axioms for N enforced the notion that 1 is the smallest elemen t, with

the in tegers w e explicitly enforce the requiremen t that there is no smallest

elemen t. The sp ecial n um b er 1 m ust therefore b e the successor of another

in teger; w e can call this in teger 0

� +

1

(0) = 1 ! 0 + 1 = 1

This is nothing more than coun ting. Ho w ev er, from the de�nition of 0

w e are able to deduce the follo wing general consequence of the rules of

arithmetic for the in tegers, o v er and ab o v e those for the natural n um b ers

� 0 + n = n for an y in teger n

� F or an y in teger n w e can alw a ys �nd an in teger x whic h solv es the

equation n + x = 0. W e call this n um b er x the negative � n of n , and

sa y that the in tegers ha v e additiv e inverses.

Th us w e see that from the basic notions of coun ting the in tegers spring

in to existence, along with all of their familiar prop erties. Man y p eople

b eliev e that these rules de�ne the most basic and natural foundation stone

of mathematics. The nineteen th cen tury mathematician Leop old Kronec k er

expresses this opinion clearly: `The in tegers are the w ork of Go d; all else

is the w ork of man'. Whether y ou agree with this statemen t or not, the

formal rules de�ning the in tegers are so natural that they pro vide a v ery

safe springb oard from whic h to leap in to more dangerous w aters. W e shall

no w see ho w these rules ev olv e as w e con tin ue our mathematical journey .

1.1.3 The rational numbers

W e are all familiar with the concept of fractions. A t a v ery basic lev el,

fractions arise when w e try to split an ob ject, suc h as a cak e, in to some

equally sized pieces. If the cak e is of w eigh t 1 then w e should b e able to

divide it in to t w o pieces of w eigh t one half, three pieces of w eigh t one third

and so on. As a mathematical idealisation, w e can divide the cak e in to n

pieces of w eigh t 1 =n for an y giv en natural n um b er n . Mathematically w e

w ould sa y that for an y natural n um b er n w e can de�ne a new n um b er 1 =n

with the prop ert y that n � (1 =n ) = 1. W e can create a new n um b er system
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8 A Mathematical Bridge

incorp orating these fractions simply b y adding an additional mathematical

expression to the set of rules for the in tegers. This will b e the rational

number system

� The set of rational n um b ers Q ob eys the same arithmetical rules as

the in tegers, but in addition w e ha v e that for an y non-zero rational

n um b er q w e can also �nd a rational n um b er x whic h solv es the equation

q � x = 1. The n um b er x is called the multiplicative inverse of q , and

is written as 1 =q .

This inno cuous pro cedure has a dramatic cascade e�ect b ecause w e

m ust no w, of course, b e able to use arithmetic to add and m ultiply an y

of our new rational n um b ers together to giv e us ev en more new rationals,

whic h m ust in turn ha v e their o wn additiv e and m ultiplicativ e in v erses.

This pro cess con tin ues ad in�nitum. It is w orth thinking ab out the scale of

this proliferation of rational n um b ers. Imagine attempting to write do wn

a list of all of the rational n um b ers: if I add or m ultiply together an y t w o

n um b ers in this list then the result is also in the list. F urthermore, ev ery

non-zero n um b er in this list has a m ultiplicativ e in v erse. Ho w big w ould

suc h a list b e?

1.1.4 Order

The usual w a y in whic h to quan tify ho w man y ob jects there are in a set

is to coun t them. Sometimes w e are not in terested in the exact n um b er of

ob jects in a set, and just wish to compare t w o sets to see whic h con tains

the most elemen ts. Consider comparing a set of left sho es and a set of righ t

sho es. T o compare the size of the t w o sets w e b egin to pair o� left and righ t

sho es. If the sho es pair o� exactly , one for one, then there are the same

n um b er of left and righ t sho es. If there are some righ t-fo oted sho es left o v er

then there m ust ha v e b een more righ t-fo oted sho es than left-fo oted sho es

to b egin with (Fig. 1.2).

Is it alw a ys meaningful to mak e suc h a comparison? The natural n um-

b ers are a v ery organised set whic h ma y b e put in to a w ell de�ned order.

Comparing the size of t w o natural n um b ers is meaningful: m is greater

than n if and only if m follo ws n in the coun ting sequence. Comparison of

other t yp es of n um b ers is not so meaningful. Consider the example of clo c k

arithmetic. Is 7 o'clo c k greater than 2 o'clo c k? Since 2 o'clo c k comes b oth

b efore and after 7 o'clo c k the answ er is unde�ned. In order to mak e suc h

notions precise w e sa y that w e can order a set S on whic h w e can de�ne the
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Right Left

Fig. 1.2 More righ t sho es than left.

op erations of + and � if w e can devise a less than relation < whic h ob eys

the follo wing rules for an y mem b ers l ; m; n of S

� Exactly one of l = m , l < m and m < l holds.

� l < m ) l + n < m + n

� l < m and m < n ) l < n

� l < m ) l � p < m � p for p ositiv e p , where w e de�ne the positive

elements p of a set to b e those for whic h n < n + p .

Whenev er w e refer to an y notion of greater/less w e implicitly refer bac k

to this de�nition of order.

1.1.4.1 Ordering N, Z and Q

The natural n um b ers and in tegers are ordered b y virtue of the coun ting

rule, and the rational n um b ers inherit their ordering from the in tegers as

follo ws

a

b

<

c

d

( ) a � d < b � c for p ositiv e b; d

This ordering allo ws us to think ab out N , Z and Q as represen ted b y p oin ts

on a number line in whic h a < b whenev er a is to the left of b on the line

(Fig. 1.3).

1 a b0

0 < 1 1 < a a < b

Fig. 1.3 A n um b er line.
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Represen tation of N and Z is straigh tforw ard, but the n um b er line de-

scription of Q is more subtle. Although it is easy to indicate a particular

rational on the n um b er line, ho w do w e approac h the problem of trying to

represen t all of them? Supp ose, for example, that w e wish to include on

our line all of the rational n um b ers b et w een 0 and 1. Clearly 0 < 1 = 2 < 1,

and 0 < 1 = 4 < 1 = 2, and 0 < 1 = 8 < 1 = 4 : : : . This is a lot of extra p oin ts to

put on the line; as man y p oin ts as there are p o w ers of 2. Moreo v er, supp ose

that t w o rational n um b ers a and b ha v e b een included on the n um b er line,

where a < b . Then b � a is also a rational n um b er represen ting the distance

b et w een a and b . Th us if w e add a prop er fraction (p ositiv e rational n um-

b er less than 1) of this distance to a then the result will also b e b et w een a

and b . Precisely , for an y p ositiv e rationals p and q w e ha v e

a < b ) a < a +

p

p + q

( b � a ) < b ; since 0 <

p

p + q

< 1

This form ula demonstrates that b et w een an y pair of rational n um b ers, no

matter ho w small the n umerical di�erence b et w een the t w o, there are alw a ys

at least as man y rational n um b ers as there are distinct rational n um b ers

p
p+ q . This dizzying proliferation of n um b ers tak es us w ell b ey ond the realms

of standard in tuition, and leads us gen tly in to an in v estigation of the nature

of `in�nit y'.

1.1.5 1,2,3, in�nity

Our discussion of coun ting ev en tually led us to the result that there are at

least as man y rational n um b ers b et w een an y pair of rational n um b ers as

there are prop er fractions. It w ould certainly app ear that an y attempts to

coun t the rational n um b ers will b e futile, since the coun ting pro cess will

nev er end. Lo osely sp eaking, w e could simply sa y that there are `in�nitely'

man y rational n um b ers b et w een an y in terv al on the n um b er line. But there

are also `in�nitely' man y natural n um b ers. Can w e mak e an y real sense out

of these ideas? P erhaps w e could supp ose that in�nit y w ere some really

h uge n um b er; the biggest n um b er there w as. If w e supp ose that this h uge

n um b er w ere to b e called N, then our rules of arithmetic tell us that w e can

alw a ys mak e the n um b er N+1, whic h is bigger than N . F or that matter,

w e could also mak e the n um b er 2 N, whic h is m uc h bigger than N. Or ev en

the n um b ers N� N or N 10000000

, whic h are v astly larger than N: if w e tak e

an y natural n um b er then w e can alw a ys construct new natural n um b ers

whic h are unimaginably larger than the one w e started o� with. This
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reasoning has sho wn us that in�nit y can not b e though t of as a supremely

h uge n um b er. Someho w the notion of the `n um b er of natural n um b ers'

transcends the notion of natural n um b er itself.

1.1.5.1 Comparison of in�nite sets

Although the size of an in�nite set is not a natural n um b er, p erhaps w e

could try to compare the sizes of di�eren t in�nite sets. Comparison of �nite

sets w as easy: t w o �nite sets con tain the same n um b er of elemen ts if and

only if their mem b ers could b e paired o� one for one. There is no reason

wh y this comparison pro cedure cannot b e applied to in�nite sets. W e shall

therefore mak e a de�nition, whic h w e shall call the pigeon-hole principle:

� Tw o sets, �nite or in�nite, con tain the same number of elemen ts if and

only if there exists some rule whic h pairs o� the elemen ts in one set

with the elemen ts of the other, ev ery elemen t b eing paired o� exactly

once.

� W e use the notation that j S j is the size of a set S . Tw o sets with the

same n um b er of elemen ts ha v e the same size. F or �nite sets j S j is a

natural n um b er; for in�nite sets this is an abstract but useful notion.

Of course, w e need a b enc hmark in�nite set against whic h to b egin to com-

pare other in�nite sets. The whole collection of natural n um b ers pro vides

us with a go o d base to w ork from, b ecause w e feel that j N j is a form of

in�nit y w e can `understand', due to the simple and familiar w a y in whic h

the set N = f 1 ; 2 ; 3 ; : : : g is constructed. An y set S whic h is �nite or of

the same size as N will b e said to b e countable, b ecause w e can lab el the

elemen ts of S with the coun ting n um b ers. Is this countable in�nity the

only v ariet y of in�nit y , or are there others? Let us in v estigate this melting

p ot of ideas more closely .

1.1.6 The arithmetic of in�nities

T o b egin the study of in�nities let us lab el the size of the set N with the

sym b ol 1 , whic h w e read as `in�nit y'. W e can try to understand ho w 1

b eha v es b y augmen ting the set of natural n um b ers with extra elemen ts. In

doing so w e can dev elop a set of abstract `arithmetical rules' for the ob ject

1 .

T o b egin, let us see what happ ens if w e augmen t the set N with a single

additional n um b er suc h as zero. This should giv e us a set f 0 g [ N with
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1 + 1 elemen ts ��
f 0 g [ N

��
=

��
f 0 ; 1 ; 2 ; 3 ; : : : g

��
= 1 + 1

But, b y relab elling the p ositiv e n um b ers 1 ! 0, 2 ! 1 ; : : : ; n ! ( n � 1) ; : : : ,

w e see that there are really the same n um b er of elemen ts in the set N as

in the set f 0 g [ N , b ecause w e can pair their elemen ts o� one for one (Fig.

1.4).

2 3

0 1 2 3

4 n1

n − 1 n

n + 2

n + 1

n + 1

Fig. 1.4 P airing o� the mem b ers of N and f0 g [ N.

W e conclude that whatev er 1 is, it is su�cien tly `large' that augmen ting

a set of size 1 b y one elemen t mak es no di�erence to the size. Extending

this in an ob vious w a y w e �nd the un usual form ula

1 + n = 1 for an y giv en n

Th us, augmen ting N with a �nite set of n um b ers is not su�cien t to break

the barrier and go b ey ond 1 . What if w e try to augmen t N with an in�-

nite set of n um b ers? Let us do this b y considering the in tegers. A simple

application of the pigeon-hole principle tells us that there m ust b e 1 nega-

tiv e n um b ers, and w e ha v e just sho wn that the set of non-negativ e in tegers

m ust also con tain 1 elemen ts. Therefore, b y splitting Z in to negativ e and

non-negativ e pieces w e see that there ough t to b e 2 � 1 in tegers

��Z�� =

���� : : : ; � ( n + 1) ; n; : : : ; � 2 ; � 1 ;| {z }
1

0 ; 1 ; 2 : : : n; ( n + 1) ; : : :| {z }
1

	��� = 2 � 1

Determining the size of Z is a little more complicated than in the previous

examples. The reason for this is that there is no smallest in teger from whic h

to b egin the coun ting: the in tegers stretc h o� in�nitely far in t w o separate

directions. W e cannot simply coun t the p ositiv e n um b ers �rst and then the

negativ e ones b ecause w e w ould nev er reac h the end of the p ositiv e n um b ers
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to start on the negativ e ones

0 ; 1 ; 2 ; 3 ; 4 ; : : : : : : : : : : : :| {z }
nev er ending

; � 1 ; � 2 ; � 3 ; : : : : : : : : : : : :

Similarly , ev ery other in teger w e could c ho ose to coun t from w ould b e b oth

greater and less than an in�nite n um b er of in tegers. In addition, it is no

go o d trying to start coun ting at �1 b ecause the `next n um b er' �1 + 1

w ould also b e �1 . W e w ould nev er get an ywhere. The w a y to a v oid these

problems is to note that the pigeon-hole principle do es not require us to

pair o� the elemen ts of the t w o sets w e wish to compare in an y particular

order: there are still the same n um b er of elemen ts in a set if w e jum ble

them all up. Making use of this fact w e sp ot a clev er w a y to relab el all of

the natural n um b ers to giv e us all of the in tegers, whic h tells us that there

are still just 1 in tegers

Z = f 0 ; 1 ; � 1 ; 2 ; � 2 ; 3 ; � 3 ; : : : ; n; � n; : : : g

This sho ws that starting from 0 w e can prop erly coun t our w a y through Z

b ecause w e ha v e devised a rule telling us ho w to get from one in teger to

the next, and that an y particular c hoice of in teger will alw a ys b e reac hed

from 0 in a �nite n um b er of steps. T o mak e it manifestly clear that the sets

of natural n um b ers and the in tegers ha v e the same size w e write out the

explicit p erm utation � ( n ) whic h tak es the natural n um b ers to the in tegers

in a 1-1 manner (Fig. 1.5).

� ( n ) =

(
� ( n � 1) = 2 n o dd

n= 2 n ev en

1 2 3 4 5 6

0 1 − 1 − 22 3

2n 2n +1

− nn

Fig. 1.5 Corresp ondence b et w een the natural n um b ers and the in tegers.

W e therefore can pair o� the in tegers with the natural n um b ers, telling

us that

��Z�� = 1 . But w e also argued that j Zj = 2 � 1 . Equating the t w o

expressions for the size of Z leads us to the expression 2 � 1 = 1 . An easy
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generalisation of this is the statemen t that for an y �nite natural n um b er n

n � 1 = 1 ;

where w e can in terpret the quan tit y n � 1 as represen ting the size of a set

con taining n copies of the natural n um b ers

���f N [ � � � [ N| {z }
n copies

g

��� = n � 1 = 1 .

So, w e ha v e learned that ev en m ultiplication b y an y natural n um b er n

cannot create an essen tially greater quan tit y than 1 . Ho w ab out m ultipli-

cation b y 1 itself ? Consider the set N � N of all ordered pairs of natural

n um b ers, de�ned to b e

N � N = f ( n; m ) suc h that n; m 2 N g

It is reasonable to de�ne the size of this set to b e

��N � N
��

= 1 � 1 . Ho w

do es this quan tit y compare with 1 ? It is a remark able fact that

��N � N
��

also simply equals 1 . In order to see wh y this statemen t is true w e need

merely to �nd some w a y of pairing o� the mem b ers of N � N with N . This

is ac hiev ed b y thinking of the mem b ers of N � N as represen ted b y a lattice

of p oin ts through whic h w e can snak e our w a y in an ordered fashion (Fig.

1.6).

It is easy to see that this coun ting hits eac h p oin t on the lattice precisely

one time only , and w e can coun t b et w een an y t w o giv en p oin ts on the lattice

in a �nite n um b er of steps. The �rst few pairs in the coun ting sequence are

( n; m ) = (1 ; 1) ; (1 ; 2) ; (2 ; 1) ; (3 ; 1) ; (2 ; 2) ; (1 ; 3) ; (1 ; 4) ; (2 ; 3) ; (3 ; 2) ; : : :

A v ery similar coun ting sc heme sho ws that the set of rational n um b ers is

also coun table: ev en the apparen tly h uge set Q also has only 1 elemen ts.

� There are the same n um b er of ordered pairs of natural n um b ers, as

there are rationals, as there are in tegers, as there are natural n um b ers,

in that ��R�� =

��Z�� =

��Q�� =

��N � N
��

Although this is an amazing result, w e can extend this c hain of reasoning

ev en further. Let us mak e t w o de�nitions, whic h relate to lists of elemen ts

of sets:

� F or an y set S and T w e de�ne their Cartesian product S � T to b e the

set of all ordered pairs S � T = f ( s 2 S; t 2 T ) g .
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7

3

4

5

6

2

1
n

m

1 2 3 4 5 6

Fig. 1.6 Coun ting N � N.

� The n -fold Cartesian pro duct of a set S is de�ned to b e

S

n
� f ( s

1

2 S; s

2

2 S; : : : ; s n 2 S ) g

This ma y b e though t of as a list of n , p ossibly rep eated, mem b ers of S .

In the same w a y that N � N is coun table w e ma y deduce that S � T is

coun table if S and T are b oth coun table. W e ma y apply this result to the

sets N 2

= N � N and N to deduce that N 3

= ( N � N ) � N is also coun table.

Con tin uation of this line of reasoning implies that for all �nite v alues of n��N�� =

��Z�� =

��Q�� =

��Nn �� =

��Zn
��

=

��Qn �� = 1

In terms of basic arithmetic this w ould imply that

1

n
= 1 for an y natural n um b er n

It seems that 1 is a rather strange b east!
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1.1.7 Beyond 1

The previous discussion ma y tempt y ou in to thinking that in�nite sets

always ha v e 1 elemen ts. In�nit y is simply 1 . This is not true: although

there is in fact no smaller size of in�nit y , some sets con tain suc h h ugely

large n um b ers of elemen ts that 1 is totally insu�cien t to describ e their

size, and new in�nities are required. On �rst encoun ter this is a rather

mind b oggling issue, but if y ou think ab out the problem in just the righ t

w a y then it is not to o hard to see ho w suc h sets migh t arise. W e ha v e

sho wn that the n -fold Cartesian pro duct of a coun table set S (the set of

lists of n mem b ers of S ) is alw a ys coun table. In order to try to �nd a set

con taining in excess of 1 elemen ts, w e need to think of a more extreme

w a y of increasing size than that of simply taking p o w ers of n . It is w ell

kno wn from arithmetic that exp onen tial gro wth far exceeds that of simple

p olynomial gro wth in the sense that, for an y �xed v alue of m; 2

n
is m uc h

larger than n

m
for large enough v alues of n . P erhaps w e could utilise this

notion in the study of in�nities and ask whether j 2

N
j > j Nm j = j N j ? In

order to mak e use of this idea w e w ould �rst need to try to in terpret in a

meaningful w a y the expression 2

N
in terms of elemen ts of sets, in the same

w a y that w e in terpret Nm to mean the set of all lists ( n

1

; : : : ; n m ) where

eac h n i is a natural n um b er. Luc kily , there is a v ery basic ob ject in set

theory whic h sa v es the da y: the power set. F or an y set S w e can de�ne the

p o w er set P ( S ) to b e the set of all subsets of S .

� P ( S ) = f X : X � S g

Ho w man y elemen ts are there in a p o w er set? The answ er turns out to

b e `lots' b y an y de�nition of the w ord! T ak e a �nite set X con taining n

elemen ts to explore this concept. Supp ose that I wish to construct a subset

of X . In order to construct m y subset I need to decide whether or not to

include eac h particular elemen t of X in m y subset. I th us ha v e n y es/no

c hoices to mak e. Ev ery c hoice I am presen ted with doubles the n um b er of

p ossible outcomes. There m ust therefore b e 2

n
distinct subsets of X ; this

n um b er gro ws v ery quic kly with n indeed. W e illustrate this rate of gro wth

with the follo wing example

P f 1 g =

�
f 1 g ; f;g

	
P f 1 ; 2 g =

�
f 1 ; 2 g ; f 1 g ; f 2 g ; f;g

	
P f 1 ; 2 ; 3 g =

�
f 1 ; 2 ; 3 g ; f 1 ; 2 g ; f 1 ; 3 g ; f 2 ; 3 g ; f 1 g ; f 2 g ; f 3 g ; f ;g
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F or an in�nite set S w e can mak e the de�nition that j 2

S
j is the size

of the p o w er set of S . The follo wing theorem, due to the founder of the

mo dern study of in�nit y , pro v es that the p o w er set of an y (non-empt y) set

S is always strictly bigger than S .

� Can tor's Theorem:

F or an y set S there can b e no 1-1 corresp ondence b et w een the elemen ts

of S and the elemen ts of the p o w er set P ( S ).

The t ypically abstract set theoretic argumen t w e use to sho w that this

statemen t m ust b e true is an example of proof by contradiction. This is

an extremely simple, y et p o w erful, form of mathematical pro of, whic h is

detailed in the app endices. Essen tially w e supp ose that the theorem is

false, and sho w that this leads to a con tradictory statemen t; this implies

that the theorem m ust b e true. Although the pro of w e giv e is short and

simple, b e w arned that it requires some adv anced though t!

Pro of of Can tor's theorem using con tradiction:

Supp ose that the theorem is false, in that w e can �nd a set S and a

function f : S ! P ( S ) whic h pairs o� the elemen ts in S and P ( S ), eac h

elemen t b eing paired o� exactly once. No w, the p o w er set is a set of sets of

elements of S . Therefore, for an y mem b er s of S the result of the function

f ( s ) is also a set of mem b ers of S . Clearly , s is either con tained in the set

f ( s ) or it is not. T o arriv e at the con tradiction w e lo ok at the abstract set

con taining all of the mem b ers s of S whic h do not lie in the corresp onding

set f ( s )

T = f s 2 S suc h that s = 2 f ( S ) g

A t the start of the pro of w e assumed (incorrectly!) that the function

f is a 1-1 corresp ondence, pairing o� ev ery mem b er of S with a mem b er

of the p o w er set, and vice-v ersa. Therefore, since T is a subset of S and

consequen tly lies in P ( S ), there m ust exist a mem b er x of the set S suc h

that f ( x ) = T . Of course, x is either in T or not in T :

(1) If x 2 T then x =2 f ( x ) b y de�nition of T . Since f ( x ) = T , this implies

that x =2 T .

(2) If x =2 T then x 2 f ( x ) b y de�nition of T . Since f ( x ) = T this implies

that x 2 T .
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Both of these p ossibilities imply that x 2 T and x =2 T sim ultaneously ,

whic h is absurd

3

. Therefore the assumption w e made concerning the exis-

tence of the function f is false, and the theorem is consequen tly pro v en to

b e true. �

Can tor's theorem is remark able b ecause it demonstrates that one can

alw a ys create larger and larger t yp es of in�nite set, b y lo oking at the p o w er

sets of kno wn sets. Since Can tor's theorem is completely general w e can

apply it to the set of the natural n um b ers

� The set of all subsets of N con tains more than 1 elemen ts.

W e ha v e �nally brok en the 1 barrier. An y set con taining more elemen ts

than N is said to b e uncountably in�nite: there simply are not enough

coun ting n um b ers to lab el the elemen ts in the set. This breakthrough

is just a �rst step in the study of in�nite sets. Let us no w lea v e suc h

abstract settings and return to the study of �nite n um b ers where w e shall

surprisingly disco v er another, rather familiar, example of a set whic h is

larger than N .

1.2 The Real Numbers

Consider the follo wing, apparen tly simple, algebraic expression

x

2

= 2

Although this is a v ery straigh tforw ard equation to write do wn, it has, in

fact, no exact rational n um b er solution. In other w ords, out of the whole

in�nit y of rational n um b ers, there are none whic h exactly square to t w o,

ev en though w e can �nd rational n um b ers x for whic h x

2

is arbitrarily close

to 2, suc h as x =

1414213

1000000

whic h squares to 1 : 9999984.

� x

2

6= 2 for an y rational n um b er x

This is a v ery strong statemen t indeed: ho w is it p ossible to know that

there are no rational n um b ers x suc h that x

2

= 2 exactly? It turns out

that it is actually logically imp ossible for a rational n um b er to square to 2.

W e can pro v e that this is indeed the case b y again using con tradiction as

3
A more h uman w a y to put the absurdit y is to consider a village in whic h the barb er

cuts the hair of everyone who do es not cut their o wn hair, and only those p eople. Who

cuts the barb er's hair?
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our main w eap on. Instead of asking wh y the result is true, w e instead ask

wh y the result cannot be false.

Pro of: T o b egin with, supp ose that there is some rational n um b er solu-

tion to x

2

= 2 giv en b y x = a=b where the natural n um b ers a and b ha v e no

common factors. F or x to b e a solution to the equation x

2

= 2 w e require

that ( a=b )

2

= 2 ) a

2

= 2 b

2

. This sho ws that a

2

is an ev en n um b er, whic h

implies that a is also an ev en n um b er, b ecause o dd n um b ers square to o dd

n um b ers. Since w e ma y alw a ys divide an y ev en n um b er b y 2, w e can write

a = 2 A for some other in teger A . Substituting for a giv es (2 A )

2

= 2 b

2

,

hence 4 A

2

= 2 b

2

and b

2

= 2 A

2

. Therefore b is also an ev en n um b er, since

2 A

2

m ust b e ev en. So b oth a and b m ust con tain a factor of 2 b ecause

they are b oth ev en, whic h contradicts our initial supp osition that a and b

con tain no common factors. Therefore, w e deduce that x = a=b is nev er a

solution to the equation x

2

= 2. Hence x

2

= 2 has no solution in the set of

rational n um b ers. �

So what are w e to do no w? A t one lev el w e can b e proud that b efore our

v ery ey es w e can see pro of b ey ond doubt that no rational n um b er squares

to 2, y et at another lev el w e ma y w ell b e v ery surprised b y what w e see.

In fact, so distressed w as Pythagoras b y this result that he reputedly had

the studen t who �rst pro vided a pro of put to death

4

. Ho w ev er, the result

is true, and w e m ust therefore think carefully ab out its implications or

resolution. It certainly p oin ts to the fact that there ough t to exist n um b ers

whic h are not rational n um b ers. Ho w ev er, unlik e the extensions of N to Z

to Q , this issue is most de�nitely not a simple matter to deal with. One

approac h w ould b e simply to state that equations with no rational solutions,

suc h as x

2

= 2, ha v e no real meaning. Ho w ev er, it is hard to den y that

the equation does ha v e t w o v ery reasonable geometric in terpretations: x is

either the length of the h yp oten use of a righ t angled triangle whic h has t w o

sides of length 1, or x is the length of a side of a square whic h has an area

of 2 (Fig. 1.7).

Since suc h shap es do not seem o v erly pathological w e adopt a di�eren t

approac h and presume simply that the rationals lac k enough structure to

cop e with equations suc h as the one discussed: the solution to the equa-

tion x

2

= 2 m ust b e some additional n um b er, b ey ond the rationals. W e

ha v e follo w ed a similar path b efore: the in tegers are b orn from the natural

n um b ers b y pro viding solutions to x + n = 0, and the rational n um b ers are

created from the in tegers n b y pro viding solutions to n � x = 1. Finding a

4
A fairly irrational resp onse.
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Area = 2

1

1

x

x x x = 22

Fig. 1.7 Geometric in terpretations of the equation x2 = 2.

metho d of extension of Q is a more tric ky problem to address satisfactorily .

W e could, for example, de�ne a set of n um b ers whic h incorp orate the so-

lution to the equation x

2

= 2, and all the resulting n um b ers generated b y

arithmetic. This solution is less than acceptable, b ecause it is not a v ery

natural pro cess: it w ould b e most surprising if the only equation without

rational n um b er solutions w ere x

2

= 2; there are presumably man y other

suc h equations aside from the one w e ha v e disco v ered. Ho w w ould they �t

in to the picture? Instead of simply de�ning the solution x to x

2

= 2 to b e

a new n um b er, w e should seek a general principle whic h w ould naturally

giv e rise to it, along with an y other similar n um b ers. An y new non-rational

n um b er whic h arises will b e called irrational.

1.2.1 How to create the irrational numbers

Although it is clearly desirable to de�ne a new n um b er system whic h in-

cludes irrational n um b ers suc h as

p

2 , it is far from clear as to the b est w a y

to approac h this problem. In fact, deciding on the most natural w a y in

whic h to de�ne this new n um b er system caused man y headac hes to man y

mathematicians. Some of these approac hes are complicated and geometri-

cal in nature, but it w as ev en tually agreed that the b est metho d to deal

with irrational n um b ers w as simply to extend the prop erties of the rational

n um b ers with an additional axiom, or basic `rule of the game'. W e can

motiv ate the raison d'être of this axiom with an example from geometry .

Consider the basic problem of determining the circumference of a circle

C from the length of its diameter D . It is no w ada ys a w ell kno wn fact

that v alue C =D is indep enden t of the particular circle in question. This

constan t v alue is called the n um b er � = 3 : 141 : : : , whic h is less w ell kno wn

to b e irrational

5

. Although there are sev eral analytical metho ds of deter-

5
The pro of of the irrationalit y of � is rather in tricate, and w e shall not co v er it here.
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mining the v alue of � , some of whic h w e shall bump in to in due course,

w e shall here lo ok at the simplest geometrical metho d. If w e tak e a circle

of unit diameter then the length of the circumference equals the irrational

n um b er � . If w e inscrib e a regular p olygon inside the circle then the length

of the p erimeter of the p olygon is manifestly less than the length of the

circumference. This is true for an y suc h p olygon, although the di�erence

b et w een the t w o lengths will decrease as w e increase the n um b er of sides

of the p olygon. If w e lab el the total length of the sides of an inscrib ed

regular n -gon as a n , then w e obtain a sequence of terms of increasing size

a

3

; a

4

; a

5

; : : : , eac h of whic h is closer to the v alue of � than its predecessors,

y et nev er exactly equals � for an y �nite v alue of n . One w ould lik e to sa y

that the endp oin t of this sequence of lengths is � . Ho w ev er, in the w orld

of purely rational n um b ers this limit could not exist

6

. The sequence w ould

not ha v e a prop er end p oin t. The new axiom for whic h w e are searc hing

is the v ery reasonable, alb eit tec hnical, statemen t that the end p oin ts of

suc h sequences alw a ys exist. Adding this axiom to the rational n um b ers

pro duces the real number sequence R. W e de�ne R to b e a set of elemen ts

whic h ob ey all of the arithmetical axioms underlying the rational n um b ers,

as w ell as the follo wing fundamental axiom7

� The fundamental axiom of the real numbers:

Supp ose that w e ha v e an in�nite sequence of increasing real n um b ers

whic h are all smaller than some real n um b er. Then there alw a ys exists

a smallest n um b er u whic h is not less than an y of the terms in the

sequence (Fig. 1.8).

� An y real n um b er whic h is not rational is called irrational.

W e ha v e already sho wn that

p

2 is not rational; w e are no w in a p osition

to sho w that the n um b er

p

2 is in fact a real n um b er, with the help of our

new precise de�nition. T o do this, lo ok at the set of all rational n um b ers

x suc h that x

2

< 2, and arrange them in increasing order. Then, b y the

fundamen tal axiom, there is a smallest real n um b er u suc h that u � x for

all of the x . No w supp ose that the square of this n um b er u w ere sligh tly

bigger than 2, so that u

2

= 2 + � where � is some p ositiv e tin y real n um b er.

Then, b ecause of the dense nature of the rationals, w e can �nd rational

6
W e will not w orry ab out the fact that the p olygons migh t not ha v e rational p erimeter

lengths; this w ould b e another de�cit of the rational n um b ers. By not quite completing

the �nal side of eac h p olygon w e can alw a ys create a set of lines of increasing rational

length whic h w e just as w ell could use in our argumen t.

7
This axiom is also kno wn as the Least Upp er Bound axiom. As w e shall see in the

analysis c hapter, there are alternativ e w a ys of expressing this axiom.
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u

u u

A

A B

B

Fig. 1.8 There is a smallest real n um b er u not less than an y of the elemen ts of an y

b ounded real sequence.

n um b ers smaller than u whic h square to n um b ers b et w een 2 and u

2

. T o

see this explicitly w e need to p erform a little algebra:

( u � �= (2 u ))

2

= u

2

� � + �

2

= (4 u

2

)

= 2 + �

2

= (4 u

2

) (since u

2

= 2 + � )

< 2 + � (for small enough � )

= u

2

So u w as not in fact the smallest n um b er bigger than all the n um b ers in

the series. A con tin uation of this logic implies that u

2

= 2 exactly . So,

although there is no n um b er

p

2 in the rational n um b er system, there is

suc h a n um b er in the real n um b er system, courtesy of the fundamen tal

axiom.

1.2.1.1 Algebraic description of the real numbers

W e arriv ed at the real n um b ers after a long journey whic h b egan with

the basic notion of coun ting. Although this w as a v ery instructiv e and

minimal pro cedure, it is also useful to de�ne the real n um b ers simply in

terms of their algebraic prop erties under addition and m ultiplication. The

reason for this is that man y mathematical systems share man y , but not

all, of the prop erties of the real n um b ers, and it is con v enien t to describ e
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these prop erties algebraically . W e shall therefore pro vide an alternativ e and

equiv alen t description of the real n um b ers to that already presen ted: the

algebraic axioms whic h de�ne the real n um b ers are as follo ws: for an y real

n um b ers x , y , z w e ha v e

R0) x + y and x � y are b oth real n um b ers

(Closure under addition and m ultiplication)

R1) ( x + y ) + z = x + ( y + z )

(Asso ciativit y under addition)

R2) x + y = y + x

(Comm utativit y under addition)

R3) x + 0 = x

(Existence of 0)

R4) x + ( � x ) = 0

(Existence of negativ es)

R5) ( x � y ) � z = x � ( y � z )

(Asso ciativit y under m ultiplication)

R6) x � y = y � x

(Comm utativit y under m ultiplication)

R7) x � 1 = x

(Existence of 1)

R8) x � x

�1

= 1 for x 6= 0

(Existence of m ultiplicativ e in v erses)

R9) x � ( y + z ) = x � y + y � z

(Distributivit y)

R10) 0 6= 1

(Non-trivialit y)

R11) Ordering axioms hold

R12) F undamen tal axiom of the real n um b ers holds

Systems satisfying axioms R1-R10 are called �elds and those addition-

ally satisfying R11 are called ordered �elds. An y system whic h satis�es the

axioms of a �eld ma y b e though t of as a n um b er system similar to the ratio-

nal n um b ers, and in man y cases a mathematical analysis will w ork for an y

c hoice of �eld. It is in teresting to note that w e w ould naturally encoun ter

a new t yp e of �eld if w e tried to extend the rational n um b ers algebraically

with the irrational n um b er

p

2 . It is a straigh tforw ard matter to pro v e that

the set of n um b ers p +

p

2 q , where p and q are rational, forms a �eld.
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1.2.2 How many real numbers are there?

Just as the extra requiremen t imp osed on the in tegers that eac h non-zero

n um b er has a m ultiplicativ e in v erse ga v e rise to a v eritable host of ratio-

nal n um b ers, the fundamen tal axiom giv es rise to man y irrational n um b ers

whic h extend the rational n um b er system. W e ha v e lo ok ed at t w o of these

n um b ers: � and

p

2. W e should ask the question: just ho w man y more

n um b ers do w e get b y supplemen ting the rational n um b ers with the funda-

men tal axiom? Although j N j = j Zj = j Q j , it is not necessarily the case that

j Rj = j N j . In fact, this is not the case:

� The set of real n um b ers is uncoun table

W e again use con tradiction to pro v e this result: w e �rst supp ose that R is

coun table and sho w that this leads to a logical imp ossibilit y .

Pro of: Let us lo ok at the set I of all of the real n um b ers whic h lie

b et w een 0 and 1. If I is coun table then w e will b e able to construct a list

of all of the mem b ers of I . Let us supp ose that w e ha v e suc h a list, with

eac h n um b er x 2 I expressed in decimal

8

form.

x =

1X
i=1

a i

10

i
a i 2 f 0 ; : : : ; 9 g

The �rst few decimal expansions in the list ma y read

1 $ 0 : 2309857238457 09 77 : : :

2 $ 0 : 0 129879847069 48 76 : : :

3 $ 0 : 10 19374098477 87 59 : : :

4 $ 0 : 667 8594086766 66 98 : : :

5 $ 0 : 0001 909874573 94 76 : : :

6 $ 0 : 16409 13387987 07 37 : : :

7 $ 0 : 125679 5123786 43 43 : : :

8 $ 0 : 5670727 323459 87 45 : : :

.

.

.

.

.

.

8
Note that there is some am biguit y in this pro cess of whic h w e m ust b e a w are; for

example the n um b er 0 :49999 : : : actually equals 0.5, b ecause of the fundamen tal axiom.

T o pro v e the result prop erly requires us to tak e this tec hnical p oin t in to consideration.
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But this list cannot b e complete. T o see wh y not, consider, for example,

the n um b er r with the decimal expansion

r = 0 : 10011011 : : :

This is constructed b y requiring that the n th decimal place of r is equal to 1

unless the n th decimal place of the n th n um b er in our list is 1, in whic h case

the n th digit of r is zero. The surprising fact is that there is no w a y that

the n um b er r can app ear in our original list, no matter ho w w e theoretically

wrote do wn the n um b ers. The reason for this is that r di�ers from the �rst

n um b er in the list in the �rst digit, the second n um b er in the second digit,

the third n um b er in the third digit and so on. Th us it actually di�ers from

every n um b er in our list, whic h m ust consequen tly ha v e b een incomplete

after all. Our initial assumption m ust ha v e b een incorrect: I is therefore

uncoun table. This remark ably simple argumen t sho ws that there cannot b e

a 1-1 corresp ondence b et w een the natural n um b ers and the real n um b ers

b et w een 0 and 1. It is therefore impossible to coun t the real n um b ers. �

W e ha v e th us again managed to go b ey ond 1 and ha v e unearthed a new

t yp e of in�nite n um b er: the n um b er of real n um b ers. W e call this uncoun t-

ably in�nite n um b er the continuum C = j Rj . It is w ell w orth stressing at

this p oin t that C is larger than 1 from the p oin t of view of in�nities. There

are hugely more reals than there are rationals. In fact, b y an y reasonable

de�nition, virtually ev ery real n um b er is irrational b ecause w e can sho w

that b et w een an y t w o real n um b ers there are uncoun tably man y irrational

n um b ers, y et only coun tably in�nite rationals. Th us the fundamen tal ax-

iom op ens a n umerical 
o o dgate, dro wning the rational n um b ers in a sea

of irrational ones.

1.2.3 Algebraic and transcendental numbers

The real n um b ers are frequen tly pictured in a geometrical con text as cor-

resp onding to all of the p oin ts on an idealised mathematical line. Pic k an y

p oin t on the line and it will corresp ond to a real n um b er; pic k an y real

n um b er and it will corresp ond to a p oin t on the line. These t w o ideas are

so strongly in terw o v en that w e adopt the h yp othesis as a de�nition: an

in�nite mathematical line is simply a represen tation of all of the p oin ts of

R, and only those p oin ts. This is a v ery useful visualisation, but is of lit-

tle use in questions concerning the explicit construction of the v arious real

n um b ers corresp onding to di�eren t p oin ts on the line. Some real n um b ers
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can b e constructed rather simply: the quadratic equation x

2

= 2 pro vides

us with the real n um b er whic h w e call

p

2, and an y rational n um b er has a

v ery simple represen tation n=m , whic h is the solution x to the linear equa-

tion mx = n . Ho w far can w e tak e these ideas? Ho w man y real n um b ers

can w e construct starting from the in tegers and using only basic algebraic

op erations? W e mak e a de�nition

� An algebraic number is an y real n um b er whic h is the solution to a

p olynomial equation with in teger co e�cien ts.

Clearly all rational n um b ers, and all n um b ers

p

n , where n is a natural

n um b er, are algebraic n um b ers. F urthermore, it is also p ossible to sho w

using a little theory of p olynomials that adding, subtracting, dividing and

m ultiplying pairs of algebraic n um b ers yields n um b ers whic h are also alge-

braic. In this sense the set of all algebraic n um b ers forms a �eld and ma y

th us b e considered to b e a w ell de�ned n um b er system. Although it is a

pleasan t, mathematically clean notion that all of the real n um b ers could b e

generated in this w a y from the in tegers, it turns out that the real n um b er

system is far more complex than simply the set of algebraic n um b ers. There

exist real n um b ers whic h are not algebraic.

� A transcendental number is an y real n um b er whic h is not algebraic.

W e ha v e actually met one of these transcenden tal n um b ers already: � . The

pro of that � is not algebraic is ev en more di�cult than the pro of that it is

irrational, and w e shall not v en ture in to this dangerous area. Ho w ev er, it

is rather simple to pro v e that some real n um b ers are not algebraic: to do

this w e sho w that w e can coun t the solutions to p olynomials with in teger

co e�cien ts.

� There are only coun tably man y algebraic n um b ers, but there are un-

coun tably man y transcenden tal n um b ers.

Pro of: Let A b e the set of all algebraic n um b ers x , i.e. all those n um b ers

whic h satisfy a p olynomial equation of the form

P ( x ) = a n x

n
+ a n�1

x

n�1

+ � � � + a

1

x + a

0

= 0 a i 2 Z for eac h i = 0 : : : n

In order to determine the size of A w e m ust �rst ask ho w man y di�eren t

p olynomial equations of the t yp e P ( x ) there are. Consider the set of all

p olynomials P n of degree n with in teger co e�cien ts. W e can completely

categorise eac h mem b er of P n b y a list of in tegers ( a

0

; a

1

; : : : ; a n ), with
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a n 6= 0. Therefore P n is the same size as Zn+1

, whic h w e kno w to b e

coun table. W e can therefore lab el eac h n th order p olynomial with some

natural n um b er m so that p nm is the m th elemen t of P n . No w consider the

union C of all of the sets P n

C = f p nm suc h that n; m 2 N g

Since n and m can tak e an y natural n um b er v alues w e see that there are

as man y p olynomials with in teger co e�cien ts as there are ordered pairs of

natural n um b ers. But w e kno w that N � N is coun table, whic h implies that

C is also coun table. Therefore w e ma y write eac h elemen t of C as c i where

i is a natural n um b er. Finally consider the set A of all algebraic n um b ers.

A p olynomial of degree n has at most n real solutions. Therefore, w e can

lab el the solutions to the p olynomial c i with a ij where the natural n um b er

j tak es as man y v alues as there are solutions to the p olynomial c i . W e

see that the set of all solutions to an y p olynomial with in teger co e�cien ts

A = f a ij : i; j 2 N g do es not con tain more elemen ts than there are ordered

pairs of natural n um b ers. Therefore A is also coun table. Since the set of

real n um b ers is uncoun table this implies that there are uncoun tably man y

transcenden tal n um b ers. �

This result is v ery p o w erful: w e ha v e not only sho wn that there m ust ex-

ist transcenden tal n um b ers; w e no w kno w that there are uncountably man y

transcenden tals. Therefore, essen tially ev ery real n um b er is transcenden tal.

It is am using to think of this result con v ersationally in terms of probabil-

it y: pic king a n um b er `at random' from the real line can essen tially nev er

pro vide an ything other than a transcenden tal result. It is an in teresting

though t that the inclusion of the fundamen tal axiom, whic h is so simple to

state, can lead to suc h a complex and elusiv e n um b er system as the reals

R.

1.2.3.1 Transcendental examples

Although virtually all real n um b ers are transcenden tal, it is usually v ery

di�cult to pro v e whether an y giv en n um b er is or is not transcenden tal. A t

the turn of the 19th cen tury the great mathematician Da vid Hilb ert p osed

a series of mathematical problems, no w kno wn as the `Hilb ert Problems'

whic h he considered to b e p erhaps imp ossible to solv e giv en the mathemat-

ical theories of the da y . One of these w as to pro v e the transcendence of the

n um b er 2

p
2

. It has no w b een sho wn that a

b
is transcenden tal if a is an

algebraic n um b er greater than 1 and b is an irrational algebraic n um b er.
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It is also p ossible to construct v arious transcenden tal n um-

b ers directly . The standard example is Liouville's number l =

0 : 1100010000000 00 00 00 00 00 10 00 : : : , for whic h there are 1s in the n ! deci-

mal places and zeros otherwise. Historically this w as the �rst demonstrably

transcenden tal n um b er; the pro of of its transcendence w as pro vided b y Li-

ouville in 1844. The pro of that Liouville's n um b er is transcenden tal is based

up on the follo wing theorem, also named after Liouville:

� Supp ose that an irrational n um b er x is a solution to an order n p olyno-

mial with in teger co e�cien ts. Then there is a natural n um b er M suc h

that whenev er j x � p=q j < M and p , q con tain no common factors���x �

p

q

��� >

1

q

n+1

T o see ho w w e can use this theorem to pro v e the transcendence of Liouville's

n um b er, de�ne l N to b e the truncation of the n um b er l up to and including

the N th o ccurrence of the digit 1 in l

l

1

=

1

10

; l

2

=

11

100

; l

3

=

110001

1000000

; : : : ; l N =

1101 : : : 001

10

N !

; : : :

No w supp ose that l is an algebraic n um b er. Liouville's theorem w ould then

assert that for large enough v alues of N

j l � l N j >

1

(10

N !

)

( n+1)

W e can also calculate a b ound on j l � l N j directly from the form of the

n um b er l

j l � l N j <

10

10

( N +1)!

Both of these equalities w ould b e true if l w ere an algebraic n um b er. Ho w-

ev er, for large enough v alues of N w e alw a ys ha v e ( n + 1) N ! < ( N + 1)! � 1

for an y giv en v alue of n . This con tradicts the t w o inequalities in v olving

j l � l N j . W e therefore conclude that l is a transcenden tal n um b er.

1.2.4 The continuum hypothesis and an even bigger in�nity

W e conclude our discussion of the real n um b ers rather con v ersationally

with a di�cult question: do es there exists an `in termediately'-sized in�nit y

whic h is larger than the n um b er of rational n um b ers, y et smaller than the

n um b er of reals b et w een 0 and 1, otherwise kno wn as the con tin uum. In
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other w ords, can w e �nd an in�nite set X with

9

1 < j X j < C ? The

continuum hypothesis sa ys that there is no suc h X . T o see wh y one migh t

b egin to b eliev e that this is so note that although j Nn j = j N j for an y �nite

v alue of n w e actually �nd that j NN j = j Rj . It is therefore di�cult to see

ho w a smaller in�nit y migh t slip in b et w een j N j and j Rj . Ho w ev er, caution

m ust alw a ys b e exercised in mathematics, esp ecially so in discussions of

logic, sets and in�nities. It is v ery in teresting to note that in the 1940s

G• odel pro v ed that the standard axioms of mathematics w ere insu�cien t

to pro v e the con tin uum h yp othesis true. Ev en more remark able, in 1963

Cohen pro v ed that in a similar w a y the con tin uum h yp othesis cannot b e

disproved. Th us the truth or falseho o d of the h yp othesis lies outside the

realms of the mathematics whic h ga v e rise to it, and the statemen t is th us

said to b e undecidable. This is a v astly subtle and complex issue. Ho w ev er,

in analogy to the fact that j Nn j = j N j , it is p ossible to pro v e that

j Rn j = j Rj

In terms of geometry this has a v ery in teresting consequence: there are

just as man y p oin ts b et w een 0 and 1 as there are p oin ts on an in�nite 
at

plane, or its simple n -dimensional generalisation. The basic idea b ehind

this notion lies in the fact that w e can create a mapping taking a pair of

real n um b ers to a single real n um b er as

x = 0 � x

1

x

2

x

3

x

4

: : : ;

y = 0 � y

1

y

2

y

3

y

4

: : :

! z = 0 � x

1

y

1

x

2

y

2

x

3

y

3

x

4

y

4

: : : x i ; y i 2 f 0 ; 1 ; : : : ; 9 g

By construction the map is completely in v ertible

10

. This result is so sur-

prising that Can tor, the originator of the pro of, w as at �rst kno wn to sa y `I

see it, but do not b eliev e it.' Ev en so, the result is true. A roughly ph ysical

w a y of thinking ab out this statemen t is that there are as di�eren t man y

p ositions along a line segmen t as there are p oin ts in the en tire univ erse.

Not withstanding this, Can tor's theorem tells us w e can transcend ev en the

con tin uum if w e tak e all p ossible subsets of real n um b ers��
P ( R)

��
� j 2

R
j > j Rn j = C

It is fair to sa y that the discussion of the nature of irrational n um b ers

quic kly led us in to some v ery abstract terrain! The follo wing diagram (Fig.

9
W e sa y that jXj < jY j for t w o sets X and Y if there is no 1-1 function from Y to X .

10
W e again gloss o v er the complication that some real n um b ers ha v e more than one

decimal expansion.
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1.9) sho ws the route w e to ok to arriv e here

1

Induction

! N
n+ m=0

! Z
xy =1

! Q
F und :axiom

! R

jf 1 gj < j N j = j Zj = j Q j < j Rj < jP ( R) j

Fig. 1.9 F rom 1 to in�nit y .

Let us th us no w simply assume the existence of the real n um b ers and

c hange direction to ask a di�eren t t yp e of question: Are there an y other

in teresting systems of n um b ers?

1.3 Complex Numbers and their Higher Dimensional Part-

ners

In all of mathematics there seem to b e no ob jects so p o orly named as com-

plex numbers. Indeed, it is ironic that m uc h of mathematics b ecomes more

simple when one emplo ys complex n um b ers instead of the real n um b ers.

1.3.1 The discovery of i

The irrational n um b er

p

2 w as disco v ered

11

through attempts to solv e the

equation x

2

= 2. As w e sa w previously , there is no ro om in the system

of rational n um b ers for a n um b er whic h solv es this equation. The ratio-

nal n um b ers w ere consequen tly extended with the additional structure of

the fundamen tal axiom to cop e with suc h algebraic statemen ts, resulting

in the real n um b ers. F rom the p ersp ectiv e of the real n um b ers system the

equation x

2

= � 1 presen ts us with a rather similar problem: the equation

seems to b e a v ery reasonable one to write do wn, y et no real n um b er squares

to a negativ e n um b er. Although suc h equations tended to b e disregarded

as meaningless b y early mathematicians, due to their lac k of ob vious geo-

metrical application, it b ecame apparen t that pro viding them with sp ecial

sym b olic solutions seemed to b e rather useful in v arious algebraic problems.

Since an y suc h solution could nev er b e a standard, real n um b er, they w ere

lab elled imaginary12

. T o enable us to b egin our study of these issues w e

11
Or in v en ted, dep ending on y our p ersonal philosoph y concerning suc h matters. Man y

mathematicians b eliev e that mathematics is out there to b e disco v ered, others b eliev e it

to b e purely a construct of the h uman mind.

12
A t one lev el, it is di�cult to visualise in what w a y imaginary n um b ers are less `real'

than real n um b ers.
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de�ne a new n um b er as follo ws:

� There exists a non-real n um b er z suc h that z

2

= � 1. W e m ust giv e

this n um b er a name, so let us call it i .

W e ma y de�ne the complex number system C to b e the set of all n um b ers

whic h ma y b e generated through m ultiplication and addition of the real

n um b ers R and the extra n um b er i , algebraically treating i on the `same

fo oting' as a real n um b er. Since i � i = � 1 is a real n um b er, w e can easily see

that an y complex n um b er reduces to the sum of a real part and an imaginary

part. Most generally w e ma y write a complex n um b er as z = ( a � 1) + ( b � i )

for an y real n um b ers a and b . Multiplication of the complex n um b ers is

de�ned in a sensible w a y , using the same comm utativit y , asso ciativit y and

distributivit y prop erties of the real n um b ers�
a + ib

�
� ( c + id ) =

�
a � c

�
+

�
( ib ) � c

�
+

�
a � ( id )

�
+

�
( ib ) � ( id )

�
= ac + ibc + iad + i

2

bd

= ( ac � bd ) + i ( ad + bc )

This is a useful practical approac h. Ho w ev er, there is a problem asso ciated

with thinking of i as an ordinary n um b er. W e are used to the concept of

order with the real n um b ers: giv en an y t w o di�eren t real n um b ers x and y

w e can alw a ys decide whic h one is bigger. With the complex n um b ers as

w e ha v e de�ned them this is simply not p ossible, b ecause our order axioms

imply themselv es that m

2

� 0 for an y mem b er m of an ordered set of

n um b ers. The imaginary n um b er i clearly violates this expression.

F or precision, clarit y and a signi�can t shift in fo cus, w e de�ne the com-

plex n um b ers algebraically as follo ws, with the help of a little hindsigh t: a

complex number is an ordered pair of real n um b ers ( x; y ) whic h ha v e the

follo wing prop erties under addition and m ultiplication

( x

1

; y

1

) + ( x

2

; y

2

) = ( x

1

+ x

2

; y

1

+ y

2

)

( x

1

; y

1

) � ( x

2

; y

2

) = ( x

1

x

2

� y

1

y

2

; x

1

y

2

+ y

1

x

2

)

These m ultiplication rules are equiv alen t in con ten t to those obtained b y

treating i as if it w ere a real n um b er. Ho w ev er, the b eaut y of this algebraic

approac h is that an y ob jections concerning the `meaning' of the square ro ot

of � 1 are eliminated: w e simply note that

i

2

= � 1 ! (0 ; 1) � (0 ; 1) = ( � 1 ; 0)

W e could sa y that (0 ; 1) = i and ( � 1 ; 0) = � 1; in this sense i =

p

� 1 .
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1.3.2 The complex plane

Let us no w turn our atten tion to the prop erties of complex n um b ers

13

. Since

they are in trinsically t w o-dimensional w e can think ab out represen ting them

b y a plane in the same w a y that w e can represen t the real n um b ers b y a

line. This plane is called either the complex plane or Argand diagram. The

plane has the usual Cartesian axes and the complex n um b er ( x; y ) ma y b e

tak en to giv e the co ordinates of the corresp onding p oin t in the plane. This

is a go o d represen tation: an y p oin t in the plane corresp onds uniquely to

a complex n um b er and vice-v ersa. There are t w o basic complex n um b ers

from whic h all of the others ma y b e obtained through addition and scalar

m ultiplication: (1 ; 0) and (0 ; 1). W e call the axes on whic h these n um b ers

lie real and imaginary resp ectiv ely . An ob vious question no w faces us:

ho w do w e represen t the addition and m ultiplication of complex n um b ers

diagrammatically? Let us lo ok at eac h op eration in turn. By translating

the rules for adding t w o complex n um b ers together, w e see that the p oin t

corresp onding to w + z on the complex plane is the same as the p oin t one

w ould obtain b y forming the vector sum of the t w o v ectors asso ciated with

the z and w . This giv es us a v ery simple w a y to view complex addition

geometrically (Fig. 1.10).

(x, 0)

(x, y)=x+iy

Imaginary

Real

w

z

w+z

(0, y)

Fig. 1.10 Represen tation of complex n um b ers as p oin ts in the Argand plane.

W e no w come to the question concerning in terpretation of the rather

formal lo oking m ultiplication rules. It transpires that the geometric reali-

sation of a pro duct is v ery simple. Let us �rst think for one momen t ab out

13
In this section w e use some of the v ery basic ideas from the theory of v ectors, whic h

are discussed in the app endices.
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the simple m ultiplication

z = ( x; y ) ! ( � 1 ; 0) � ( x; y ) = ( � x; � y )

In terms of the Argand diagram, this has the e�ect of rotating eac h p oin t

b y 180 degrees, or � radians, ab out the origin. Since ( � 1 ; 0) = (0 ; 1) � (0 ; 1)

w e guess that the e�ect of m ultiplying b y i = (0 ; 1) is to rotate b y half of

� radians. Explicitly , ( x; y ) � (0 ; 1) = ( � y ; x ) sho ws that this is indeed the

case. These rotational features suggest that it ma y b e pruden t to consider

represen ting the complex n um b ers b y p olar or angular co ordinates z = ( r ; � )

where x = r cos � and y = r sin � .

The m ultiplication rule for t w o general complex n um b ers is giv en b y

z

1

z

2

= ( x

1

; y

1

) � ( x

2

; y

2

) = ( x

1

x

2

� y

1

y

2

; x

1

y

2

+ y

1

x

2

) = ( X ; Y )

Ev aluation of X and Y in terms of the p olar co ordinates of z

1

and z

2

giv es

us, with the help of some basic trigonometry

X = r

1

cos �

1

r

2

cos �

2

� r

1

sin �

1

r

2

sin �

2

= r

1

r

2

cos ( �

1

+ �

2

)

Y = r

1

cos �

1

r

2

sin �

2

+ r

1

sin �

1

r

2

cos �

2

= r

1

r

2

sin( �

1

+ �

2

)

Th us, in p olar co ordinates w e �nd that if z

1

= ( r

1

; �

1

) and z

2

= ( r

2

; �

2

)

then z

1

z

2

= ( r

1

r

2

; �

1

+ �

2

). In w ords this reads: m ultiplication b y a complex

n um b er in p olar co ordinates ( r ; � ) causes a rotation b y an angle � and a

stretc h b y a factor of r . Notice that the angles in this m ultiplication form ula

are additiv e. This means that for an y complex n um b er ( r ; � ), m ultiplication

b y ( r ; � � ) results in a complex n um b er ( r

2

; 0) whic h lies on the real axis

and equals the squared distance x

2

+ y

2

of the p oin t ( r ; � ) from the origin

in the complex plane. The concept of length is v ery useful in geometrical

applications. T o formalise this notion let us de�ne the complex conjugate

of z = x + iy , written as �z to b e x � iy . The modulus j z j , or distance from

the origin, of z is then de�ned through the relationship j z j

2

= z �z = x

2

+ y

2

(Fig. 1.11).

1.3.2.1 Using complex numbers in geometry

The moral of the story so far is that the Argand plane mak es complex

n um b ers simple. Use Cartesian co ordinates for problems in v olving addition

and p olar co ordinates for problems in v olving m ultiplication. This giv es us

a �rm foundation for theory of complex n um b ers. But what use are they?

An immediate and fruitful application of these n um b ers is in the study of

geometry in the plane: an y plane geometry question can clearly b e recast
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r

wz

θ θ

θ

z

v

y = rsin(θ)

|v| = |wz|

x = rcos(θ)

Fig. 1.11 P olar co ordinate represen tation and m ultiplication of complex n um b ers.

in the language of complex n um b ers. W e list a few example results, the

pro ofs of whic h can essen tially b e found b y translating the results bac k in to

t w o-dimensional geometry . Ho w ev er, the b eaut y of this approac h is that

once w e ha v e our rewrite, b oth the real x and y co ordinates are con v enien tly

pac k aged together in to a single v ariable z , the manipulation of whic h is often

simpler than the corresp onding real v ariable expressions. F urthermore,

rather complicated geometrical results often ha v e v ery neat and elegan t

complex v ariable expressions, in whic h it is m uc h simpler to visualise the

prop erties or symmetries of the problem.

� F our complex n um b ers z

1

; z

2

; z

3

; z

4

lie on a circle or a straigh t line when

and only when the cross ratio is a real n um b er, where w e de�ne the

cross ratio C ( z

1

; z

2

; z

3

; z

4

) to b e

C ( z

1

; z

2

; z

3

; z

4

) =

( z

1

� z

3

)( z

2

� z

4

)

( z

1

� z

4

)( z

2

� z

3

)

� The centre of gravity, or in tersection of the lines joining eac h v ertex

with the midp oin t of its opp osite side, of an y triangle in the complex

plane with v ertices �; � ; 
 is at the p oin t z =

1

3

( � + � + 
 ). The condition

for the triangle to b e equilateral is �

2

+ �

2

+ 


2

� � 
 � 
 � � �
 = 0.

� A M�obius Transformation is a function f ( z ) of the form

f ( z ) =

az + b

cz + d

a; b; c; d 2 C ; ad � bc 6= 0

The k ey prop ert y of these functions is that they send circles in the

complex plane to either another circle or a straigh t line

14

.

14
This result hin ts at the fact that, in the w orld of complex analysis, straigh t lines and



A MATHEMATICAL BRIDGE - An Intuitive Journey in Higher Mathematics
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/5354.html

June 9, 2003 14:52 WSPC/Bo ok T rim Size for 9in x 6in b o ok

Numbers 35

1.3.3 de Moivre's theorem

An extension of the basic geometric results concerning m ultiplication in the

complex plane giv es us an easy w a y to tak e p o w ers of complex n um b ers,

through de Moivre's theorem for an y rational n um b er p

z = ( r cos � ; r sin � ) ) z

p
= ( r

p
cos p� ; r

p
sin p� )

This result is easily pro v en to b e true for in teger p o w ers of p using induction,

whic h is discussed in the app endices. Essen tially w e shall sho w that the

result for n = 1 implies in a simple w a y the result for n = 2, whic h in turn

implies the result for n = 3 and so on.

Pro of of de Moivre's theorem

Supp ose that the follo wing statemen t is indeed true for ev ery z =

( r cos � ; r sin � ) for some v alue of n

z

n
= ( r

n
cos n� ; r

n
sin n� )

Then this certainly implies that

z

n+1

= ( r

n
cos n� ; r

n
sin n� ) � ( r cos � ; r sin � )

Expansion of the pro duct using the rules of complex n um b ers and simplify-

ing the resulting expression using trigonometrical iden tities quic kly yields

the result that

z

n
=

�
r

n+1

cos( n + 1) � ; r

n+1

sin( n + 1) �

�
So, if de Moivre's theorem is true for p = n then it m ust also b e true for

p = n + 1. But the truth of de Moivre's theorem when p = 1 is clear, since

this is just the trivial statemen t that ( r

1

cos 1 � ; r

1

sin 1 � ) = ( r cos � ; r sin � ).

Then, b y principle of mathematical induction, the theorem is true for an y

natural v alue of p .

W e no w con tin ue in sligh tly less formal w a y to sho w that the theorem

is also true for negativ e in tegers. Note that�
r

n
cos n� ; r

n
sin n�

�
�

�
r

�n
cos ( � n� ) ; r

�n
sin( � n� )

�
= (1 ; 0)

whic h implies that z

�n
=

�
r

�n
cos ( � n ) � ; r

�n
sin( � n ) �

�
, from the de�nition

of z

�1

. Finally , to extend this pro of to hold for all rational n um b ers w e

supp ose that z

1 =n
= w where n is an in teger and w is another complex

n um b er, giv en b y w = ( r cos � ; r sin � ). Since w = z

1 =n
w e m ust ha v e

circles are actually v ery closely related to eac h other. Roughly sp eaking, it is usual to

treat a straigh t line as an example of a circle whic h passes through a `p oin t at in�nit y'.
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z = w

n
, whic h w e can simplify to z = ( r

n
cos n� ; r

n
sin n� ) b y using the

theorem for in teger p o w ers on n . W e therefore deduce that

( r

n
cos n� ; r

n
sin n� )

1 =n
= ( r cos � ; r sin � )

whic h pro v es the theorem for z

1 =n
. By com bining the results for p o w ers of

n and 1 =m w e can demonstrate the truth of the assertion for an y rational

p o w er z

n=m
, giving us a v ery straigh tforw ard w a y to manipulate complex

p o w ers. �

1.3.4 Polynomials and the fundamental theorem of algebra

Complex n um b ers are not only useful as sym b olical con v eniences: they

frequen tly pro vide us with v ery deep and signi�can t mathematical results

whic h are simply not accessible to us if w e use real v ariables alone. One of

these is the fundamental theorem of algebra, whic h w e no w motiv ate and

discuss. As its name suggests, this is a great and imp ortan t theorem.

1.3.4.1 Finding solutions to polynomial equations

The n um b er i w as originally de�ned to b e the solution to the p olynomial

equation z

2

+ 1 = 0. What ab out the solution to other p olynomial expres-

sions? Do w e need to in v en t more new n um b ers to solv e these equations?

Let us b egin at a v ery simple lev el with the example of quadratic equa-

tions. W e can explicitly deduce the algebraic solution to an y second order

p olynomial ( a 6= 0) as follo ws

p ( z ) � az

2

+ bz + c = 0 a 6= 0 ; b; c 2 C

,

"
a

�
z +

b

2 a

�
2

� a

�
b

2 a

�
2

#
+ c = 0

,

�
z +

b

2 a

�
2

=

�
b

2 a

�
2

�

c

a

, z =

� b

2 a

�

r
b

2

� 4 ac

4 a

2

Since the equation implies the solution and the solution implies the equation

w e see that there are alw a ys one or t w o solutions to the equation in the

complex plane. Th us w e can alw a ys �nd complex solutions to an y second

order p olynomial; the complex n um b ers are su�cien t in this situation.
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No w that quadratic equations ha v e b een dealt with, let us lo ok at cubic

p olynomials. A general equation of this t yp e can b e written as p ( z ) =

z

3

+ az

2

+ bz + c , after dividing throughout b y the co e�cien t of z

3

. W e

can simplify this equation a little further. By writing w = ( z + a= 3) w e see

that w e can rewrite the equation in a form whic h has no quadratic term, in

that p ( z ) � p

0
( w ) = w

3

+ pw + q for some complex n um b ers p and q , whic h

can easily b e determined. Th us an y cubic equation can simply b e reduced

to a sp ecial form p

0
whic h has no quadratic terms. This sp ecial form of the

equation has an explicit solution

w

3

+ pw + q = 0 has a solution w

0

=

3

s
q

2

+

r
p

3

27

+

q

2

4

+

3

s
q

2

�

r
p

3

27

+

q

2

4

Using this solution w e ma y factorise our original cubic equation in to

( w � w

0

) � (quadratic piece), and then �nd t w o more complex solutions

using our result for quadratic equations. Th us the general cubic equation

is completely solv ed, with manifestly complex n um b er solutions. In a sim-

ilar w a y w e can also solv e quartic p olynomial equations. Ho w ev er, this is

the end of the road regarding this pro cedure for �nding the solution to

p olynomials, b ecause it can b e pro v en that no general form ula for the solu-

tion to a quin tic equation exists. Although the pro of itself is rather tric ky

and b eautiful, making use of the theory of Galois, the result highligh ts a

concern: since w e cannot explicitly �nd a solution to the general quin tic

p olynomial, w e cannot b e sure that all suc h p olynomials are soluble using

the complex n um b ers. Do these p olynomials alw a ys ha v e solutions in the

complex plane? This is not at all clear. F or example, are there an y complex

n um b er solutions to z

5

+ � z

4

+

132p
2

z

3

+

15

79+ i z

2

+ i

p

17 z � 123325 + 21 i = 0?

The fundamental theorem of algebra is a v ery imp ortan t theorem whic h

reassures us that the complex n um b ers are indeed su�cien t to solv e any

p olynomial expression completely; there is no need to con tin ue the searc h

for an y other n um b ers as far as basic algebra is concerned. Considering the

complexit y of the problem this is a truly impressiv e result.

� The fundamen tal theorem of algebra

An y p olynomial of degree n , p ( z ) = z

n
+ a n�1

z

n�1

� � � + a

1

z + a

0

,

where a

0

; a

1

; : : : ; a n�1

are an y complex n um b ers ( a

0

6= 0) has precisely

n , p ossibly rep eated, complex n um b er solutions.

The pro of of this statemen t is rather elab orate, and w e shall necessarily

sk ate o v er some tec hnical p oin ts.
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Sk etc h pro of

W e shall use con tradiction as our main w eap on. Supp ose, to b egin with,

that there are in fact no ro ots of the p olynomial o v er the complex n um b ers.

This means that p ( z ) can nev er v anish if z is a complex n um b ers. No w lo ok

at the set of complex p oin ts z ( R ; � ) = ( R cos � ; R sin � ) with 0 � � < 2 � for

some �xed non-zero v alue of the radius R . These p oin ts de�ne a circular

lo op whic h wraps around the origin exactly once. No w lo ok at the set of

p oin ts p ( z ( R ; � )). As w e increase � from 0 to 2 � the p olynomial will trace

out a closed curv e in the Argand plane. Note that since w e ha v e assumed

that p ( z ) 6= 0, the curv e traced out b y the p olynomial cannot pass through

the origin, but ma y lo op around it n R times, where n R is an in teger. No w

consider c hanging the radius R of the initial circle b y a v ery small amoun t

� R . Clearly , the resulting lo op p ( z ( R + � R ; � )) will also c hange only v ery

sligh tly . Th us the n um b er of times the curv e lo ops around the origin will

also c hange v ery sligh tly . Ho w ev er, the lo op n um b er m ust alw a ys b e an

in teger. This means that it cannot c hange v ery sligh tly: either it do es not

c hange at all, or it c hanges b y an in teger, whic h is not a small c hange. Th us

n R is a constan t, for an y v alue of R . No w let us lo ok at v ery large v alues

of the radius R , at whic h the leading term z

n
of the p olynomial dominates,

so that j p ( z ) j � j z

n
j . This means that a circle whic h wraps around the

origin one time will b e sen t to a roughly circular curv e whic h wraps around

the origin n times. No w lo ok at an extremely small circle of v ery small

radius. In this case the mo dulus of z

n
will also b e v ery small for n � 1.

Therefore the constan t, non-zero term a

0

dominates, and eac h p oin t on the

small circle will b e mapp ed b y the p olynomial on to a p oin t in the complex

plane whic h is v ery close to p (0) = a

0

6= 0. Since a v ery small lo op cen tred

on a p oin t a w a y from the origin cannot reac h the origin, w e see that in this

particular case the lo op actually cannot wind around the origin an y times

at all. No w w e arriv e at an absurdit y: since w e deduced that the n um b er of

lo ops around the origin w as constan t w e ma y equate this n um b er for large

and small initial circles to �nd that 0 = n . This con tradicts logic, whic h

implies that our initial assumption that there are no solutions w as in fact

wrong. Therefore there m ust b e at least one complex solution p ( z

1

) = 0.

In tuitiv ely , as w e pass from the large circle to the small circle the resulting

lo op m ust pass through the origin, and this is where w e �nd our solution

z

1

(Fig. 1.12). T o sho w that there are n solutions w e note that w e can no w

alw a ys factorise the p olynomial in to the pro duct of ( z � z

1

) and a p olynomial

of degree n � 1. The full result follo ws b y the principle of mathematical

induction. �
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y

x

y

x

P (0)

Fig. 1.12 A p olynomial P ( x) maps a circle on to some lo op in the complex plane, at

least one of whic h passes through the origin.

Impressiv e as the pro of of the fundamen tal theorem of algebra is, w e

really ha v e just touc hed the tip of an iceb erg: complex n um b ers are truly

ubiquitous, and o ccur as an essen tial feature of a v ast arra y of mathematical

theories; w e mak e use of complex n um b ers man y times.

1.3.5 Any more numbers?

The complex n um b er system pro v ed to b e so natural and useful that man y

mathematicians w ondered if there w ere an y n um b er systems of ev en higher

dimension. Since real n um b ers are one-dimensional and complex n um b ers

liv e in an essen tially t w o-dimensional setting, it is reasonable to endea v-

our to �nd a set of three-dimensional n um b ers. P erhaps these could ha v e

applications in three-dimensional geometry . It transpires that there are

gra v e di�culties in v olv ed with suc h a pro cess. T o gain a feel for wh y this is

the case, let us attempt naiv ely to construct suc h a set of n um b ers, whic h

w e could call X -n um b ers. As a �rst step, w e m ust clearly in tro duce some

new X -n um b er j whic h is not to b e found in the complex plane. F or our

three-dimensional X -n um b er system, an y X -n um b er ma y b e decomp osed

as x = A + B i + C j, where A; B ; C are real n um b ers and i

2

= � 1. In

particular, i j m ust also b e an X -n um b er, in whic h case w e m ust b e able to

�nd real n um b ers a; b; c for whic h

i j = a + bi + c j a; b; c 2 R
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What p ossible v alues can the real n um b ers a; b; c tak e? Let us p erform

a little algebra, supp osing that our new system of X -n um b ers enjo ys the

same algebraic rules as the complex n um b ers. By m ultiplying b oth sides of

the expression for i j b y i w e see that

i ( i j) = i ( a + bi + c j)

) � 1 � j = ai � b + c ( i j)

) � j = ai � b + c ( a + bi + c j) = ( � b + ac ) + ( a + bc ) i + c

2 j

) j = ( b � ac � ( a + bc ) i ) = (1 + c

2

) whic h is a complex n um b er

This last equation implies that j is actually only a complex n um b er. This

is a con tradiction. It is therefore inconsisten t to assume that j is a new

t yp e of n um b er giv en our manipulations. So, what w en t wrong? Basically ,

w e made t w o main assumptions:

(1) The new X -n um b er system con tained a single basic new t yp e of n um-

b er, called j.

(2) The new X -n um b ers ob ey ed the same algebraic rules as the complex

n um b ers.

In order to obtain a new set of n um b ers whic h extend the complex n um-

b ers w e m ust c hange these assumptions in some w a y . Surprisingly , w e m ust

c hange both of these rules: it transpires that the natural successor to C

actually exists in not three but four dimensions, and this requires us to dis-

card one of the basic axioms of complex arithmetic. These n um b ers, called

quaternions, are represen ted using four di�eren t `t yp es' of basic n um b er

( 1; i; j; k). The set of quaternions is lab elled H in honour of their disco v erer

H amil ton .

1.3.5.1 The quaternions

W e de�ne the m ultiplication prop erties of the base quaternions in a purely

algebraic fashion b y writing do wn a formal set of rules

1i = i1 = i 1j = j1 = j 1k = k1 = k

i2

= � 1 j2

= � 1 k2

= � 1

ij = k jk = i ki = j

ji = � k kj = � i ik = � j

A general quaternion is found b y taking real m ultiples of the four n um b ers

1; i; j; k and adding them, so that q = a 1 + b i + c j + d k, for arbitrary
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real n um b ers a; c; b; d . Addition and m ultiplication in teract in the same

w a y as they do for the complex n um b er system. If w e lo ok a little more

closely at the w a y that these quaternions com bine, then w e notice something

strange o ccurring: ij 6= ji. W e therefore see that the addition of the extra

dimensions is not without cost: w e lose the prop ert y of commutativity whic h

the real and complex n um b ers enjo y; whereas ab = ba for an y real or

complex n um b ers a and b , the order in whic h quaternionic n um b ers are

m ultiplied is imp ortan t. In other w ords, q r 6= r q for a general pair of

quaternionic n um b ers q and r . Despite this un usual prop ert y , the reason

that the quaternions mak e a go o d n um b er system is b ecause ev ery non-zero

quaternion q has a m ultiplicativ e in v erse q

�1

with q q

�1

= 1, giv en b y�
a 1 + b i + c j + d k

��1

=

1

( a

2

+ b

2

+ c

2

+ d

2

)

�
a 1 � b i � c j � d k

�
In fact, the quaternions enjo y all of the algebraic prop erties of the complex

n um b ers system, with the exception of comm utativit y .

The presen tation of the formal quaternion m ultiplication rules is v ery

similar to the basic w a y in whic h one w ould de�ne complex n um b ers as the

set generated b y the pair f 1 ; i =

p

� 1 g using + and � . All w ell and go o d,

but is there a �rm algebraic represen tation of the quaternions in v olving

only complex or real n um b ers? The answ er to this question is y es, but

since the n um b er system is more in v olv ed w e m ust mak e use of complex

matrices �
1 0

0 1

�
| {z }

1

�
0 1

� 1 0

�
| {z }

i

�
0 i

i 0

�
| {z }

j

�
i 0

0 � i

�
| {z }

k

It is a simple matter to sho w that these satisfy the quaternionic m ultipli-

cation rules using the standard algebra for matrix m ultiplication.

This is all �ne as a piece of abstract mathematics, but ho w do the

quaternions work? W e pro ceed b y analogy with the complex n um b ers.

Recall that a complex n um b er of length 1 in the Argand plane decomp oses

as z

0

= cos � + i sin � , and m ultiplication b y this n um b er corresp onds to a

rotation b y an angle � ab out the origin of a plane. A quaternion usefully

decouples in to a scalar and a three-dimensional v ector piece

f �; v = ( x; y ; z ) g  ! q = ( �; x; y ; z )



A MATHEMATICAL BRIDGE - An Intuitive Journey in Higher Mathematics
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/5354.html

June 9, 2003 14:52 WSPC/Bo ok T rim Size for 9in x 6in b o ok

42 A Mathematical Bridge

Using this corresp ondence w e can write an y v ector in three dimensions

uniquely as a quaternion, although man y quaternions do not corresp ond to

suc h a v ector

f v = ( x; y ; z ) g  ! q v = (0 ; x; y ; z )

Supp ose no w that w e ha v e a three-dimensional geometry problem in whic h

w e wish to p erform a rotation R ab out a direction u b y an angle � , so that

v ! v0 = R v . W e can construct a `rotation quaternion' Q as

Q =

�
cos � = 2 ; u sin � = 2

�
An explicit calculation, with Q

�1

constructed from the de�nition giv en

previously , sho ws that

q v0 = Qq v Q

�1

 ! v0 = R v

As this stands it is a simple rewrite, turning a three-dimensional real

geometry problem in to a one-dimensional quaternionic problem. Th us w e

can in v estigate rotations without ev er using matrices and v ectors. Ho w-

ev er, the quaternionic geometry has a great deal of structure whic h go es

far b ey ond the simple example sho wn here, in whic h w e only considered

the sp ecial quaternions (0 ; x; y ; z ) with a zero in the �rst slot, and there

are features of three-dimensional geometry whic h are hidden to us un til w e

b egin to explore the prop erties of quaternions. It is a v ery b eautiful fact

that in order to describ e the w a y that matter in teracts with space at a v ery

fundamen tal lev el one m ust by necessity use the strange features of quater-

nionic geometry . Needless to sa y , the non-comm utativit y of quaternions

leads to some v ery bizarre and coun ter-in tuitiv e prop erties of fundamen tal

particles of matter. This is dev elop ed in the theory of quan tum mec hanics.

1.3.5.2 Cayley numbers

W e no w conclude this section with a surprising theorem, whic h w e lo osely

state without pro of: there is only one other higher dimensional system

of n um b ers in whic h ev ery non-zero elemen t has a m ultiplicativ e in v erse,

and this is eigh t-dimensional. Suc h n um b ers are called Ca yley n um b ers or

o ctonions O . An o ctonion is written do wn as an eigh t-dimensional quan tit y

in m uc h the same w a y as a quaternion is four-dimensional and a complex

n um b er is t w o-dimensional. Unsurprisingly , it turns out that the o ctonionic

structure is ev en more restrictiv e than that of the quaternions: �rstly they

are not comm utativ e; secondly , they are not ev en associative, in the sense
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that O

1

� ( O

2

� O

3

) 6= ( O

1

� O

2

) � O

3

for three general o ctonionic n um b ers

O

1

; O

2

and O

3

. Th us, it is meaningless to write do wn O

1

� O

2

� O

3

, b ecause

the order of the m ultiplication c hanges the outcome.

Essen tially , the in tuitiv e reason wh y there are no higher dimensional

n um b er systems is that there are no more `spare prop erties' lik e comm uta-

tivit y and asso ciativit y of the real n um b ers to use up. Octonions represen t

the limit of complexit y in a n um b er system b efore b ecoming hop elessly

restricted. W e can see this in the follo wing table

Real Complex Quaternionic Octonionic

Multiplicativ e in v erses y es y es y es y es

Asso ciativ e y es y es y es ��

Comm utativ e y es y es �� ��

Ordered y es �� �� ��

Finally , w e remark that although o ctonions ha v e b een used in pure

mathematics to solv e a few problems concerning sev en- and eigh t-

dimensional geometry , no place as y et has b een found in nature for suc h

n um b ers. Ho w ev er, it is in teresting to note that man y mo dern theories of

fundamen tal ph ysics require that the univ erse has man y more spatial di-

mensions than just three. It transpires that suc h theories usually ha v e the

symmetries of an eigh t-dimensional space. P erhaps this is where this �nal,

most extreme form of n um b er will mak e con tact with nature.

1.4 Prime Numbers

W e ha v e seen ho w to b egin to dev elop v arious sophisticated concepts of

n um b er. It is no w time to c hange the emphasis and start to prob e more

deeply in to the prop erties of our initial departure p oin t: normal, �nite

whole natural n um b ers. Cen tral to the structure of the natural n um b ers are

the prime numbers. These are whole n um b ers p > 1 whic h are only exactly

divisible b y themselv es and 1, suc h as 2 ; 13 ; 29 and 53. W e do not classify

1 as a prime n um b er b ecause it has so man y prop erties sp ecial to itself,

and deserv es to b e in a class of its o wn. The study of prime n um b ers leads

to the dev elopmen t of one of the most fascinating areas of mathematics

to da y: n um b er theory . P art of the app eal of n um b er theory is that its

problems are often v ery simple to state, y et can b e �endishly di�cult to

pro v e or dispro v e. In addition, the pro ofs can b e v ery simple and neat, or
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extremely long and con v oluted. F or this reason budding amateurs often try

to solv e outstanding problems in n um b er theory using v ery simple metho ds,

whereas the professional mathematician brings to b ear all the `to ols of the

trade' to try to crac k a particularly tough n ut. Man y problems in n um b er

theory are form ulated as conjectures, whic h are statemen ts there either to

b e pro v en or dispro v ed. F or example, the `Goldbac h conjecture' has resisted

all attempts at pro of for o v er 250 y ears. The conjecture states that

� All ev en n um b ers bigger than t w o can b e written as the sum of t w o

prime n um b ers.

Is this true, or is this false? Although nob o dy kno ws for sure, it is simple

to see a few examples of Goldbac h's conjecture in action

18 = 11 + 7 46 = 43 + 3 450 = 223 + 227

All that w ould b e needed to dispro v e Goldbac h's conjecture is a single coun-

terexample. This is an explicit example of a pair of n um b ers for whic h w e

can c hec k that the conjecture fails. Ho w ev er, although there are millions

of examples for whic h Goldbac h's conjecture has b een explicitly sho wn to

hold, nob o dy has ev er managed to presen t a single coun terexample. P er-

haps there are none to b e found, or p erhaps p eople simply ha v e not lo ok ed

in the righ t place. The truth or falseho o d of the theorem hangs in the

balance, although it seems that the scales are hea vily tipp ed to w ards the

side of truth.

Another result whic h is simple to state is Fermat's last theorem. This

sa ys that a

n
+ b

n
= c

n
only has solutions for natural n um b ers a; b and c

when the natural n um b er n tak es the v alues 1 or 2. There are no solutions

when n > 2. T o man y p eople it seems that there ough t to exist some

neat simple tric k or w a y of viewing the problem whic h mak es the truth

of this statemen t ob vious. Suc h opinions are comp ounded b y a written

commen t from F ermat himself in his cop y of Diophan tus: `I ha v e disco v ered

a truly marv ellous pro of of this theorem, whic h this margin is not large

enough to con tain.' Certainly , F ermat b eliev ed that he had found a v ery

simple pro of of the conjecture. Sadly , he died in 1665 b efore rev ealing his

argumen ts to an y one. Three cen turies, and thousands of failed attempts

later, a complete and gen uine pro of of the theorem w as �nally presen ted

b y Wiles in Cam bridge in the 1990s. This sev eral-h undred-page pro of of

v ery recen t vin tage is an ything but simple, and in v olv es extremely adv anced

concepts in n um b er theory . Ev en so, this is not to sa y that a v ery simple

alternativ e pro of do es not exist. Ma yb e some da y a y oung mathematician
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will sp ot the clev er tric k whic h clearly demonstrates the v eracit y of F ermat's

result.

1.4.1 Computers, algorithms and mathematics

With ev er increasing pro cessing p o w er, computers are b ecoming more and

more useful in the study of mathematics. So m uc h so, that man y p eople

with a naiv e understanding of mathematics b eliev e that most mathematical

problems could surely b e solv ed on a computer. F ortunately , for those

who enjo y mathematics, there are only a limited class of problems whic h a

computer is able to cop e with, ev en in principle. The reason for this is that

computers need to b e told precisely what to do. They require problems

to b e form ulated as algorithms, whic h are precise and unam biguous step

b y step metho ds or recip es. T o sho w the limitations of computers w e note

that it migh t b e tempting to think that Goldbac h's conjecture could b e

pro v en either true or false with the aid of a really h uge computer, b ecause

the conjecture is easy to c hec k true or false for eac h n , just b y c hec king all

p ossible sums of prime n um b ers up to n . But this metho d can nev er w ork if

the result is true, since it is imp ossible ev er to c hec k all of the ev en n um b ers,

b ecause there are an in�nit y of them. W e could c hec k the �rst trillion or

so ev en n um b ers, but ev en if ev ery n um b er w e c hec k can b e written as a

sum of t w o prime n um b ers, this do es not pro v e the theorem: who is to

sa y that the result do es not suddenly fail for some bigger n um b er, suc h

as t w o trillion? So computers cannot help us if the result is, in fact, true.

Supp osing, con v ersely , that the result w ere false. If so, then there m ust exist

at least one ev en n um b er whic h is not the sum of t w o prime n um b ers. But

the �rst n um b er for whic h this migh t o ccur could b e astonishingly large,

so large that ev en the biggest computer imaginable could not cop e with its

size. Therefore computers cannot help us to pro v e mathematical statemen ts

suc h as the one in question, unless w e are v ery luc ky and a coun terexample

turns out to b e a relativ ely small n um b er. Computers are, ho w ev er, v ery

helpful in pro ving the plausibility of the theorem in question: Goldbac h's

conjecture certainly seems reasonable, b ecause all of the millions of n um b ers

whic h ha v e ev er b een c hec k ed ha v e passed the test.

So, computers cannot help us with statemen ts concerning in�nities, and

an y go o d algorithm m ust ev en tually terminate if the computer is to b e of

use to us. This leads us on to a v ery imp ortan t practical issue. Computers

alw a ys run at �nite sp eed, and there is th us a balance b et w een the rate

at whic h the computer can p erform op erations, and the n um b er of steps
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required b efore an algorithm terminates. Algorithms ab ound in n um b er

theory , enabling us to determine all sorts of prop erties of the natural n um-

b ers in a v ery systematic fashion. Ho w ev er, the time tak en for some of these

algorithms to terminate can gro w extremely quic kly as the n um b er in ques-

tion increases. Algorithms whose n um b er of steps gro w exp onen tially will

quic kly defeat an y computer. This tends to b e a feature of n um b er theory:

there often exist b eautiful theoretical algorithms for calculating in teresting

n um b ers, suc h as the nth prime. In practice, unfortunately , these recip es

frequen tly tak e imp ossibly long to implemen t, once the n um b ers start to

get to o big. W e shall so on meet examples of suc h algorithms.

1.4.2 Properties of prime numbers

Prime n um b ers are of paramoun t imp ortance in n um b er theory . Wh y is

this the case? It is b ecause the basic prop ert y of the n um b ers implies the

fundamental theorem of arithmetic:

� Ev ery natural n um b er has a unique decomp osition in to a pro duct of

prime n um b ers. These are called the prime factors.

Prime n um b ers, in some sense, therefore p erform the same task for m ultipli-

cation that the n um b er 1 do es for addition: whereas eac h natural n um b er

is a unique sum of a series of 1s, eac h prime n um b er is a unique product

of prime n um b ers. Prime factorisations are v ery useful b ecause it is p ossi-

ble to see at a glance the division prop erties of a giv en n um b er, whic h are

essen tial b oth in practical and theoretical applications. A simple example

b est illustrates ho w one obtains the factorisation. Consider 7540:

7540 � 2 = 3770

3770 � 2 = 1885

1885 � 2 6= a whole n um b er, so lo ok at the next prime

1885 � 3 6= a whole n um b er, so lo ok at the next prime

1885 � 5 = 377

377 � 5 6= a whole n um b er, so lo ok at the next prime

377 � 7 6= a whole n um b er, so lo ok at the next prime

377 � 11 6= a whole n um b er, so lo ok at the next prime

377 � 13 = 29 whic h is a prime

) 7540 = 2 � 2 � 5 � 13 � 29

The reason b ehind writing this pro cedure out in full is to stress that

although the prime factorisation pro cedure is v ery simple indeed, it tak es
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a long time to carry out in practice, ev en for v ery small n um b ers suc h as

7540. In fact, the n um b er of steps of the ab o v e algorithm tak en to p erform

the factorisation pro cedure for a n um b er N increases exp onen tially with N .

T o emphasise just ho w quic kly this gro wth o ccurs, w e note that curren tly a

300-digit n um b er w ould tak e billions of y ears to factorise on ev en the fastest

computers

15

. Ev en if a computer could manage to factorise suc h a n um b er,

the addition of eac h single extra digit increases the computation time enor-

mously . A few extra digits w ould again mak e the calculation practically

imp ossible. The algorithm is also essen tially the basic w a y to disco v er if a

giv en n um b er n is prime or not: w e m ust try to divide the n um b er n b y all

prime n um b ers less than

p

n + 1. It is in teresting to remark that although

it is b eliev ed that there is no essen tially quic k er w a y to factorise n um b ers

than the pro cedure giv en, there are extremely rapid w a ys to test if a n um-

b er is almost certainly prime or not. Th us, in practical terms, the problem

of �nding relativ ely large prime n um b ers is tractable, whereas the problem

of factorising large n um b ers is not. This discrepancy is exploited in some

v ery imp ortan t applications of n um b er theory to cryptograph y , whic h w e

shall discuss later.

1.4.3 How many prime numbers are there?

The �rst few prime n um b ers ma y easily b e written do wn

2 ; 3 ; 5 ; 7 ; 11 ; 13 ; 17 ; 1 9 ; : : : ; : : : ; 1193 ; 1201 ; 1213 ; : : : ; 10627 ; 10631 ; 10 63 9 ; : : :

None of these n um b ers ha v e an y divisors except themselv es and 1. Do es

this list con tin ue forev er, or do es it terminate for some v ery large, biggest

prime n um b er? The answ er to the second question is `no' and this w as

pro v en in an tiquit y b y the Greek mathematician Euclid.

� There is an in�nit y of prime n um b ers

The argumen t to demonstrate this statemen t runs as follo ws, and is

another classical pro of b y con tradiction.

Pro of: Assume that the statemen t is false, and that there are actually

only a �nite n um b er n of primes whic h w e can list as f p

1

; : : : ; p n g . No w

consider the n um b er P = p

1

� p

2

� � � � � p n + 1. Dividing this n um b er b y

the i th prime p i from our list giv es us the n um b er

P =p i = ( p

1

� p

2

� p

3

� � � � p i�1

� 1 � p i+1

� � � � p n ) + 1 =p i

15
In the y ear 2000, 150-digit n um b ers to ok y ears of computing time to factorise.
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This cannot b e a whole n um b er b ecause the �rst piece is a whole n um b er,

whereas 0 < 1 =p i < 1. This is true for eac h and ev ery prime in our list.

Therefore none of the prime n um b ers in our list divides in to the n um b er

P . This means that there m ust b e other prime n um b ers whic h w ere not in

our original list, since either P itself is prime or it has some other prime

factors. This contradicts our initial assumption that the n um b er of primes

is �nite; there m ust therefore b e an in�nite n um b er of prime n um b ers after

all. �

1.4.3.1 Distribution of the prime numbers

W e no w kno w that there are in�nitely man y prime n um b ers: no matter ho w

high y ou coun t, y ou will still meet n um b ers whic h are not exactly divisible

b y an y of the smaller ones. Although Euclid's argumen t pro v es that one

ma y con tin ue to �nd new prime n um b ers forev er, it sa ys nothing directly

ab out ho w frequently the new prime n um b ers o ccur. This is a v astly more

di�cult issue. One of the problems in tac kling suc h a question is that the

prime n um b ers do not seem to b e distributed in a particularly uniform w a y

throughout the natural n um b ers: as w e coun t our w a y through the �rst

few natural n um b ers then sometimes w e see lots of prime n um b ers bunc hed

together, whereas sometimes there exist relativ ely sparse areas; in fact,

there are arbitrarily large gaps in the sequence of prime n um b ers. Although

there is no kno wn single form ula whic h giv es the exact distribution of the

prime n um b ers, nor is there lik ely to b e, w e men tion one appro ximation,

due to Legendre, the justi�cation of whic h is rather complicated. This is

called the prime number theorem16

� There are roughly

N
ln( N )

prime n um b ers less than an y n um b er N , the

appro ximation getting b etter and b etter as N increases.

1.4.4 Euclid's algorithm

Although it is v ery time consuming to �nd the prime factors of a giv en

natural n um b er, mathematicians often w an t to compare t w o natural n um-

b ers with eac h other to see whic h factors they ha v e in common. Dividing

eac h b y the largest, or highest, common factor giv es t w o n um b ers whic h

are coprime to eac h other. Since the t w o resulting n um b ers ha v e no factors

in common, a pair of coprime n um b ers b eha v e lik e prime n um b ers with

resp ect to eac h other. T o picture this more clearly w e consider the t w o

16
P araphrased here.
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n um b ers 546 = 2 � 3 � 7 � 13 and 7540 = 2

2

� 5 � 13 � 29. No w, although

eac h con tains man y factors, b y insp ection of the n um b ers w e can see that

the highest factor they b oth con tain is 26 = 2 � 13. Dividing out b y 26 w e

obtain the pair of n um b ers 21 = 3 � 7 and 290 = 2 � 5 � 29. These n um b ers

ha v e no factors in common and are therefore coprime. The notion of copri-

malit y is v ery imp ortan t in n um b er theory , and rather luc kily it turns out

that there is a v ery e�cien t algorithm whic h enables us v ery quic kly to cal-

culate the highest common factor of t w o natural n um b ers without actually

needing to kno w the prime factors of eac h b eforehand. T o understand ho w

this can b e, let us tak e a step bac kw ards and lo ok at a nice simple piece of

mathematics: long division. Long division presen ts us with a metho d for

dividing one natural n um b er in to another. F or example, w e ma y divide 8

in to 74 to get

74 = 8 � 9 + 2

In general, if w e divide the natural n um b er b in to a larger natural n um b er

a then w e will obtain a result of the form

a = b � q + r

where the p ositiv e remainder r is less than the divisor b . Let us think ab out

this expression. Supp ose that a and b share a common factor, whic h w e

call n , and that r 6= 0. Dividing through b y the common factor giv es us

a=n =

�
b � q

�
=n + r =n

Since n is a factor of b oth a and b the �rst t w o terms in this equation m ust

b e whole n um b ers. Therefore the third term r =n m ust also b e whole, whic h

implies that n is also a factor of r , b ecause r 6= 0. Since this m ust b e true

for an y factor n w e conclude that the highest common factor of the t w o

n um b ers a and b , denoted b y hcf ( a; b ) m ust also divide the remainder r .

Supp ose that the hcf ( a; b ) is N . W riting a = N A; b = N B ; r = N R then

w e �nd that

A = B q + R A and B are coprime (no factor in common)

Supp ose no w that B and R ha v e a common factor m > 1. Since A and B

are coprime, m cannot divide exactly in to A . Therefore, dividing through

the equation b y m giv es an in teger on the righ t hand side and a prop er

fraction on the left hand side, whic h is absurd. Therefore B and R m ust
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also b e coprime. Th us, w e deduce that the highest common factor of the

t w o n um b ers a and b m ust b e the same as that for b and the remainder r

hcf ( a; b ) = hcf ( b; r )

This is highly useful b ecause the searc h for the highest common factor of

the original pair ( a; b ) has b een simpli�ed to one in v olving the t w o smaller

n um b ers ( b; r ). W e can no w p erform a fresh long division on this new pair

to �nd a new remainder, whic h giv es us an ev en smaller pair of n um b ers.

This pro cess con tin ues un til the remainder is zero, A = B q , at whic h p oin t

w e ma y deduce that the highest common factor of the original pair is B , or

un til the divisor is 1, in whic h case the t w o n um b ers w ere coprime to b egin

with.

1.4.4.1 The speed of the Euclid algorithm

The algorithm w e ha v e just describ ed w as originally disco v ered b y Euclid,

and one sp ecial b eaut y is that it pro vides us with an answ er v ery quic kly .

T o see just ho w quic kly , supp ose that w e b egin b y trying to �nd the highest

common factors of t w o general natural n um b ers a

1

and a

2

, with a

1

> a

2

.

The �rst step of Euclid's pro cedure giv es us

a

1

= a

2

� q + a

3

Since a

3

is the remainder term, w e ma y supp ose that it is less than the

divisor a

2

, so that a

2

> a

3

. In addition, the n um b er q is at least as big as

1, so w e �nd that

a

1

= a

2

� q + a

3

> 2 a

3

Rep eated application of Euclid's algorithm giv es us the c hain of inequalities

a

1

> 2 a

3

; a

1

> 4 a

5

; a

1

> 8 a

7

: : :

Th us w e �nd in general that

a

1

2

k
> a

2 k +1

� 0

This means that for an y initial c hoice of a

1

w e can �nd a v alue of k suc h

that a

2 k +1

< 1. Since the a n m ust alw a ys b e a whole n um b er, w e see

that a

2 k +1

m ust in fact equal zero, in whic h case the algorithm m ust ha v e

terminated in at most 2 k � 1 steps, although in practice the answ er will

b e obtained more rapidly ev en than this. Computationally this is v ery

pleasing b ecause w e can �nd the highest common factors of essen tially



A MATHEMATICAL BRIDGE - An Intuitive Journey in Higher Mathematics
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/5354.html

June 9, 2003 14:52 WSPC/Bo ok T rim Size for 9in x 6in b o ok

Numbers 51

exp onen tially increasing n um b ers with just a linear increase in time. T o

demonstrate the implemen tation of the algorithm let us lo ok at the pair of

n um b ers (7540,546) from the previous example.

1 : 7540 = 546 � 13 + 442 ) hcf (7540 ; 546) = hcf (546 ; 442)

2 : 546 = 442 � 1 + 104 ) hcf (546 ; 442) = hcf (442 ; 104)

3 : 442 = 104 � 4 + 26 ) hcf (442 ; 104) = hcf (104 ; 26)

4 : 104 = 26 � 4 + 0 ) hcf (7540 ; 546) = 26

1.4.4.2 Continued fractions

Euclid's metho d of �nding the highest common factors of t w o n um b ers also

giv es us a rather in teresting and un usual w a y to represen t the ratio of t w o

in tegers as a continued fraction. This is essen tially a `nested' sequence of

fractions. A simple demonstration of a con tin ued fraction is the follo wing:

1

1 +

2

1+

1
3

=

1

1 +

2

4
3

=

1

1 +

3

2

=

1

5

2

=

2

5

With the assistance of Euclid's algorithm w e ma y easily put an y regular

fraction in to con tin ued form. Rewriting in a sligh tly di�eren t w a y the

results from our previous application of Euclid's algorithm w e �nd that

(1)

7540

546

= 13 +

442

546

(2)

546

442

= 1 +

104

442

(3)

442

104

= 4 +

26

104

(4)

104

26

= 4 + 0

After a little though t it b ecomes clear that w e can write

7540

546

= 13 +

1

1 +

1

4+

1
4

A con tin ued fraction ma y con tain arbitrarily large n um b ers of sub-fractions,

but will ev en tually terminate for an y giv en rational n um b er. Muc h more

in teresting to the n um b er theorist are the con tin ued fractions whic h do not

ev er terminate, since these ma y b e used to de�ne irrational numbers: an y

irrational n um b er has a con tin ued fraction expansion whic h carries on for-

ev er. Although w e shall not pro v e this, to see wh y it is a plausible statemen t

let us do a little coun ting. A general con tin ued fraction is expressed as

x =

a

b +

c
d+

e
f+:::
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This in v olv es an in�nite string of N in tegers ( a; b; c; d; e; f ; : : : ). Although

Nn is coun table for an y �nite n , w e �nd that NN is uncoun tably in�nite.

There are therefore certainly enough con tin ued fractions to go around. Ex-

istence is one thing. Can w e ev er actually �nd these in�nite con tin ued

fractions for an irrational n um b er? In other w ords, is it p ossible to write

do wn a form ula detailing suc h a n um b er, and then to decide what irra-

tional n um b er the con tin ued fraction corresp onds to? The answ er to this is

a de�nite y es, and one particularly fruitful source is through the study of

quadratic equations with in teger co e�cien ts. This is b ecause an equation

suc h as x

2

= ax + 1 ma y b e rearranged as x = a + 1 =x b y dividing through

b y x , where a > 0, since x = 0 do es not satisfy the equation. W e can

then see immediately that the solution x m ust b e a v ery regular con tin ued

fraction

x = a +

1

a +

1

a+

1
a+:::

=

�
( a +

p

a

2

+ 4) = 2 if a > 0

( a �

p

a

2

+ 4) = 2 if a < 0

By w orking out the explicit solution to the quadratic equation for v arious

v alues of a w e can con v ert the square ro ots whic h arise in to con tin ued

fractions. F or example, the n um b er a = 1 is an expansion for the so called

`golden ratio' x = (1 +

p

5 ) = 2, whic h app ears in all sorts of applications

of mathematics to nature. Cho osing a to b e 2 giv es the expansion for

1 +

p

2 . These expansions are remark able b ecause w e at once feel that w e

can understand ho w to `write do wn' these in�nite irrational n um b ers and

comprehend them in their en tiret y; instead of a jum ble of seemingly random

digits of the decimal expansion w e see a simple, regular pattern emerging.

1 : 618033989 : : :  !

1 +

p

5

2

� 1 +

1

1 +

1

1+

1

1+ 1

1+ 1
1+:::

2 : 414213562 : : :  ! 1 +

p

2 � 2 +

1

2 +

1

2+

1

2+ 1

2+ 1
2+:::

Although only a tin y subset of all con tin ued fractions can tak e on suc h

simple forms, it is pleasing to note that v ery simple expressions exist for

the imp ortan t transcenden tal n um b ers e and � . There are sev eral suc h
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expansions; w e presen t t w o of these without justi�cation

e = 2 +

1

1 +

1

2+

2

3+ 3

4+ 4
5+:::

� =

4

1 +

1

2

2+

32

2+ 52

2+ 72

2+:::

Rational appro ximations to the irrational n um b er ma y b e found b y trun-

cating the fraction at some p oin t; the further do wn the con tin ued fraction

the b etter the appro ximation will tend to b e.

1.4.5 Bezout's lemma and the fundamental theorem of

arithmetic

Euclid's algorithm enables us easily to test pairs of n um b ers for coprimalit y .

As w e ha v e men tioned, pairs of suc h n um b ers enjo y man y nice prop erties.

One of these is Bezout's Lemma, whic h w e shall use as a to ol to dig do wn

to some in teresting fundamen tal results in n um b er theory .

� F or an y t w o in tegers a and b whic h are not b oth zero w e can �nd

in tegers u and v whic h solv e the equation

au + bv = 1

if and only if a and b are coprime to eac h other.

The pro of of this useful little result relies up on the basic prop erties of

long division in the same w a y that Euclid's algorithm do es.

Pro of: W e kno w for sure that a and b can only satisfy au + bv = 1 if they

are coprime; otherwise w e could divide b oth sides b y the highest common

factor of a and b whic h w ould lea v e an in teger on the left and a fraction less

than 1 on the righ t, whic h is imp ossible. W e can th us restrict our atten tion

to those a and b whic h are coprime. No w consider c ho osing u and v whic h

mak e the smallest possible p ositiv e in teger of the form s = au + bv . W e

w an t to pro v e that s = 1. T o do this w e shall sho w that s divides in to b oth

of the coprime n um b ers a and b ; this is only p ossible if s = 1. T o pro ceed

w e app eal to long division, whic h tells us that w e can �nd in tegers q and r

suc h that

a = sq + r 0 � r < s

) 0 � r = a � sq = a � ( au + bv ) q = a (1 � uq ) + b ( � v q ) < s
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Th us w e ha v e found new in tegers U = 1 � uq and V = � v q giving us a non-

negativ e n um b er r = aU + bV whic h is less than the supp osed minim um

p ositiv e v alue s . The only w a y that this is p ossible is if r = 0, in whic h case

a = sq , and s divides exactly in to a . Similarly , s m ust also divide exactly

in to b , in whic h case s is a common factor of a and b sim ultaneously . Since

a and b are coprime w e deduce that s = 1, and the result is pro v ed. �

Let us no w use Bezout's lemma to help us to pro v e the follo wing fun-

damen tal results concerning prime n um b ers:

(1) Supp ose that a natural n um b er a is coprime to eac h of the n um b ers

b

1

; b

2

; : : : ; b n . Then a is also coprime to the pro duct b

1

b

2

: : : b n .

(2) Supp ose that a prime n um b er p exactly divides in to a pro duct ab of

t w o natural n um b ers. Then p m ust divide exactly in to at least one of

a and b .

These results are so basic that y ou ma y use them automatically without

giving them a second though t. Ho w ev er, it is b y no means ob vious that ei-

ther of them are true for all p ossible c hoices of natural n um b ers. Although

the pro ofs are v ery short, it is instructiv e to see the phrase `ob vious' con-

v erted in to a precise mathematical argumen t. Let us therefore pro v e the

results:

Pro of of 1.

Since a is coprime to eac h of the n um b ers b

1

; b

2

; : : : ; b n w e ma y apply

Bezout's lemma to eac h pair in turn: w e can �nd in tegers u i ; v i whic h solv e

the equations au i + b i v i = 1 for i = 1 ; : : : ; n . Rewriting eac h of these

equations as b i v i = 1 � au i and taking their pro duct w e see that

( b

1

v

1

) : : : ( b n v n ) = ( b

1

: : : b n )( v

1

: : : v n ) = (1 � au

1

) : : : (1 � au n )

Expanding out the brac k ets on the righ t hand side of this expression giv es

us 1 � aU for some in teger U . If w e write v

1

: : : v n = V then w e see that

aU + ( b

1

: : : b n ) V = 1

This pro v es that a m ust also b e coprime to b

1

: : : b n . �

Pro of of 2.

Supp ose that ab=p is a natural n um b er for a pair a; b of natural n um b ers

and a prime n um b er p . Supp ose also that p do es not divide exactly in to a .

Since p is a prime n um b er this means that a and p are coprime: w e therefore
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can use Bezout's lemma to �nd in tegers u and v suc h that au + pv = 1.

This enables us to write

b = b � 1 = b ( au + pv ) = ( ab ) u + bpv

Dividing through b y p giv es us

b=p = ab=p + bv

No w, since p divides in to ab the righ t hand side of this equation is a whole

n um b er. Therefore the left hand side is also a whole n um b er, whic h means

that p m ust divide exactly in to b . �

W e can mak e use of these results to conclude this section with a pro of of

the fundamen tal theorem of arithmetic with whic h w e op ened the discussion

of prime n um b ers: eac h natural n um b er has a unique decomp osition in to

prime factors. This is the main result in the theory of prime n um b ers.

Pro of of fundamen tal theorem of arithmetic

T o pro v e this result w e �rst m ust sho w that eac h natural n um b er greater

than 1 has at least one prime factor decomp osition. W e can then mo v e on

to address the question of uniqueness.

Supp ose that there w ere a natural n um b er whic h do es not p ossess a

prime n um b er decomp osition. Then there m ust certainly b e a smallest

natural n um b er n whic h could not b e written as a pro duct of prime n um-

b ers. Clearly n m ust b e the pro duct of at least t w o smaller factors greater

than 1, otherwise it w ould itself b e prime. But eac h of these smaller factors

m ust b e expressible as a pro duct of prime n um b ers b ecause w e assumed

that n w ere the smallest n um b er whic h did not ha v e a prime factor ex-

pansion. Consequen tly the pro duct of the factors of n is also a pro duct of

prime n um b ers. This con tradicts our initial supp osition whic h pro v es that

eac h natural n um b er has at least one prime decomp osition.

No w let us no w supp ose that these prime n um b er decomp ositions are

not necessarily unique: there exists a natural n um b er a whic h has more

than 1 prime n um b er decomp osition as follo ws

a = p

1

: : : p n N = q

1

: : : q m N with eac h p i and q i prime

where all of the p i are di�eren t from all of the q j , and N is a piece con-

taining all of the common factors. W e kno w that N 6= a b ecause the

t w o decomp ositions of A are distinct. This implies that b oth n and m

are p ositiv e indices. Dividing throughout b y N w e arriv e at the equalit y
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p

1

: : : p n = q

1

: : : q m . Dividing throughout b y p

1

sho ws that p

1

m ust divide

in to one of the q j . This is imp ossible since none of the q j are equal to

p

1

. Therefore our initial assumption m ust ha v e b een incorrect: there is no

natural n um b er whic h has more than 1 prime n um b er decomp osition. �

1.5 Modular Numbers

One of the �rst pieces of n um b er theory that man y of us learn, other than

basic arithmetic, is that of integers modulo n. Consider, for example, an

analogue w atc h. The w atc h coun ts the hours as they pass, but ev ery t w elv e

hours the time cycle b egins again. If it is eigh t o'clo c k no w then three

hours later it will b e elev en o'clo c k, whereas �v e hours later the time will

b e one o'clo c k, instead of thirteen o'clo c k. This is an example of arithmetic

mo dulo t w elv e. Although the example of `clo c k arithmetic' is v ery simple,

it transpires that mo dular arithmetic is of fundamen tal use in the study of

adv anced n um b er theory , and it is therefore imp ortan t to understand the

w a y in whic h suc h n um b er systems op erate. In general, when p erforming

arithmetic mo dulo n w e w ork with the in tegers in the usual fashion, except

that w e mak e the iden ti�cation n � 0 for some �xed v alue of n . This giv es

us the rule that for an y in teger m

m + pn � m mo d ( n ) for an y in teger p

So, since the in teger n is iden ti�ed with 0, coun ting in the w orld of in tegers

mo d( n ) tak es on the form

: : : ; ( n � 1) ; 0 ; 1 ; 2 ; : : : ; ( n � 1) ; 0 ; 1 ; 2 : : : ; ( n � 1) ; 0 ; 1 ; : : :

Therefore, if one w orks with suc h a n um b er system then there are essen tially

only n di�eren t n um b ers. Nice and simple. Ho w ev er, the transition from

the in�nite sequence of the in tegers to a �nite set of mo dular n um b ers is

not without cost: when w orking with mo dular n um b ers it no longer mak es

an y sense to sa y that one n um b er is less than or greater than another. T o

see wh y this is the case, examine the follo wing c hain of logic:

3 < 9 mo d 24

hence 3 � 3 < 3 � 9(= 27) = 3 mo d 24

therefore 9 < 3 mo d 24
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W e th us arriv e at a con tradiction, sho wing that w e cannot de�ne an ordering

of in tegers mo dulo some n um b er. This is the price that w e pa y for the

luxury of �niteness.

1.5.1 Arithmetic modulo a prime number

Undoubtedly , mo dular arithmetic comes in to its o wn when w e w ork mo dulo

a prime n um b er. Sev eral v ery nice prop erties are then enjo y ed b y the

n um b er system. If early timek eep ers had decided to split our da y in to 13

hours then p erhaps these prop erties w ould b e more familiar to us! The

main result is as follo ws:

� If p is a prime n um b er then ev ery p ositiv e in teger 0 < m < p has a

unique mo d p m ultiplicativ e in v erse

Pro of: Clearly p and m < p are coprime. Therefore Bezout's lemma tells

us that w e can �nd in tegers u and v so that mu + pv = 1, whic h implies

that 1 mo d p = ( mu + pv ) mo d p = ( mu ) mo d p , since p mo d p = 0.

Therefore u is certainly a mo d p m ultiplicativ e in v erse to m . Of course,

an y u implied b y Bezout is just some normal in teger, whic h corresp onds

to a unique mo d p in teger. W e ma y therefore supp ose for our mo dular

arithmetic purp oses that 0 < u < p . This sho ws that a mo d p m ultiplicativ e

in v erse to m exists. W e ma y also sho w that these in v erses are unique. T o do

this, w e supp ose that m has t w o mo d p in v erses, so that mu = mu

0
= 1 with

0 < u; u

0
< p . Multiplying b oth sides b y u implies that ( um ) u = ( um ) u

0
.

Since ( um ) = 1 w e see that u = u

0
. Therefore b oth of our supp osed in v erses

are the same, and the in v erse m ust consequen tly b e unique. �

This result means that giv en an y p ositiv e in teger m not divisible exactly

b y p w e can alw a ys �nd a whole n um b er u suc h that mu = 1 mo d p . F or

example 3 � 4 = 1 mo d 11. Of course, when w orking with the in tegers,

t w o natural n um b ers cannot m ultiply together to giv e 1, unless they are

b oth 1 or b oth � 1. The mo dular arithmetical v ersion of this statemen t is

� If p is a prime n um b er and 0 < m < p then m

2

= 1 mo d p if and only

if m = 1 or ( p � 1)

Pro of: Whic h n um b ers 0 < m < p ha v e the prop ert y that they square

to 1? If m

2

= 1 mo d p then m

2

� 1 = ( m + 1)( m � 1) = 0 mo d p . This

means that ( m + 1)( m � 1) is a m ultiple of the prime n um b er p , whic h is

only p ossible if one of the factors is a m ultiple of p . This is only p ossible
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if m = 1 or m = p � 1. This sho ws that if m

2

= 1 mo d p then m = 1 or

p � 1. W e can also sho w that the con v erse is also true: clearly 1

2

is alw a ys

1, and ( p � 1)

2

= p

2

� 2 p + 1 = (0 � 0) � (2 � 0) + 1 = 1 mo d p . �

This is a rather useful little result, and as an example sho ws that w e

kno w for sure that 28 is a `square ro ot' of one mo d 29, without an y further

calculation.

1.5.1.1 A formula for the prime numbers

Mo dular arithmetic is extremely imp ortan t in man y applications in n um b er

theory . In the 18th cen tury Sir John Wilson pro v ed the follo wing b eautiful

and simple test for primalit y

� If p is a prime n um b er then ( p � 2)! = 1 mo d p .

� If p > 4 is not a prime n um b er then ( p � 2)! = 0 mo d p .

Pro of: Consider the pro duct ( p � 2)! mo d p = 2 � 3 � � � � � ( p � 2)

mo d p . W e ha v e already seen that when p is a prime n um b er the only self-

in v erse mo dular n um b ers are 1 and p � 1. All other mo d p n um b ers ha v e

a unique in v erse not equal to itself. Therefore the expansion for ( p � 2)!

mo d p splits in to pairs of mo d p in v erse partners, whic h com bine to giv e

a pro duct of 1s. Therefore ( p � 2)! mo d p = 1 if p is a prime n um b er.

What happ ens if p is not prime? Then w e m ust ha v e p = AB for some

n um b ers 1 < A; B < p � 1. If A 6= B then b oth A and B are factors

in the expansion for ( p � 2)!. Therefore ( p � 2)! is a m ultiple of p , whic h

consequen tly v anishes mo d p . If A = B then p � 2 > 2 A if p > 4. Therefore

b oth 2 A and A are factors in the expansion for ( p � 2)! and the pro duct

again v anishes mo d p , pro ving the result. �

Wilson's theorem is amazing b ecause w e could, in principle, calculate

all of the prime n um b ers, without ev er needing to c hec k for factors, as one

w ould normally need to do; the mec hanics of mo dular arithmetic tak es care

of all of this. F urthermore, w e deriv ed the result in just a couple of lines.

The practical problem whic h arises is that it tak es an exceedingly long time

to w ork out factorials and then to divide b y p : for example, to c hec k that 17

is prime w e m ust sho w that 15! = 1 mo d 17, whic h amoun ts to dividing 17

in to 1.3 million million; to see whether 61 is prime, w e m ust try to divide 61

in to 1 : 386 � 10

80

. Clearly suc h a pro cess is v ery long winded, and for large

primes is utterly imp ossible to implemen t in practice. The sheer size of the

n um b ers w ould v ery quic kly defeat an y computer. So although it is a prett y
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theoretical result, the metho d of c hec king a large n um b er to see if it has

an y factors b eats Wilson's test practically . Ho w ev er, as mathematicians,

w e can still b e inspired b y its clean, simple b eaut y .

1.5.1.2 Fermat's little theorem

Another nice result whic h giv es the 
a v our of arithmetic mo dulo a prime

n um b er p is Fermat's little theorem. This result, whic h is rather more simple

to pro v e than F ermat's last theorem, informs us that

� If p is a prime n um b er then m

p�1

= 1 mo d p for an y in teger m

Pro of: T o b egin the pro of note that the result is manifestly true when

m is a m ultiple of p , b ecause here the statemen t reduces to 0

p
= 0. T o

con tin ue, w e can no w just lo ok at the cases for whic h m is not a m ultiple of

p . Clearly , without losing generalit y , w e can restrict our atten tion to v alues

of m b et w een 0 and p . Next, consider the set S = f n

1

; n

2

; : : : ; n p�1

g �

f 1 ; 2 ; : : : ; p � 1 g of all the distinct non-zero in tegers mo dulo p . Then for

an y in teger 0 < m < p w e m ust ha v e that all of the n um b ers in the set

mS = f mn

1

; mn

2

; : : : ; mn p�1

g are di�eren t from eac h other mo dulo p .

T o see wh y this is, supp ose that t w o of the n um b ers in the set mS are

the same: ( mn i ) mo d p = ( mn j ) mo d p for some n i and n j . Since p

is a prime n um b er w e kno w that m m ust ha v e a mo d p m ultiplicativ e

in v erse, whic h means w e are allo w ed to divide m out of the equation ( mn i )

mo d p = ( mn j ) mo d p , implying that n i = n j . Therefore the n um b ers

mn i and mn j m ust b e di�eren t when n i and n j are di�eren t, and the sets

of n um b ers S and mS m ust consequen tly b e iden tical, since eac h con tains

all of the in tegers 0 < n < p . Th us the pro duct of the n um b ers in S m ust

equal the pro duct of n um b ers in mS

n

1

n

2

: : : n p�1

mo d p

= ( mn

1

)( mn

2

) : : : ( mn p�1

) mo d p

=

�
m

p�1

��
n

1

n

2

: : : n p�1

�
mo d p

Since all of the n um b ers n

1

; : : : ; n p�1

are all b et w een 0 and p they eac h

ha v e a m ultiplicativ e in v erse. Therefore, their pro duct also has an in v erse.

Dividing the equations b y the in v ertible n um b er n

1

n

2

: : : n p�1

pro vides us

with the expression m

p�1

= 1 mo d p , whic h implies the result. �

W e shall no w mak e essen tial use of F ermat's little theorem in the dev el-

opmen t of the fascinating and widely used RSA co ding pro cedure.
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1.5.2 RSA cryptography

W e conclude our discussion of n um b ers with a highly practical and useful

application of the n um b er theory w e ha v e dev elop ed: cryptograph y . Cryp-

tograph y is the study of taking data and con v erting it in to a co ded form

whic h is unreadable except to those p eople who kno w the metho d of de-

co ding the data. W e discuss a truly remark able co ding pro cedure called

RSA cryptograph y , after its in v en tors Riv est, Shamir and Adelman. Their

co de tak es full adv an tage of the fact that in practical terms it is relativ ely

easy to generate large, almost certainly , prime n um b ers, y et factorising big

n um b ers tak es an exceedingly long time.

The RSA co de has t w o in teresting prop erties. First of all, it is exceed-

ingly hard to break in an y reasonable amoun t of time. The reason for this

is that it ma y b e sho wn that an y algorithm for breaking the co de quic kly is

essen tially equiv alen t to w orking out a new and fast w a y to factorise v ery

large n um b ers. Since it is generally b eliev ed that there cannot exist an y es-

sen tially quic k er w a y to p erform factorisation than the ones already kno wn,

ev en in theory , the co de is clearly v ery strong. The second feature of the

co de is that it is a public key cryptosystem. Let us explain the meaning

of this term. There are t w o pieces to a co ding pro cedure: �rst of all the

message m ust b e put in to the cryptic form b y the sender; secondly the re-

ceiv er m ust deco de it. In a public k ey system the co de is arranged so that

kno wledge of the metho d needed to enco de a message do es not giv e the

means to deco de a message. This is a highly useful prop ert y . F or example,

a .com or an online bank migh t let all of its clien ts kno w the w a y to enco de

their �nancial details to send o v er the in ternet, who w ould b e happ y with

the kno wledge that nob o dy except the bank could ev er in terpret the co ded

data

17

. This pro cess is demonstrated in the �gure (Fig. 1.13).

Luc kily for e-commerce, there exists an abundance of RSA co des, indi-

vidual examples of whic h are v ery easy to construct. W e shall sho w ho w the

theory b ehind the co des w orks. Essen tially , the co de is based on a mo dular

generalisation of raising a n um b er to a p o w er and then taking the ro ot to

that p o w er to return the input n um b er. In mo dular arithmetic this pro-

cedure reduces to taking t w o di�erent whole-n um b er p o w ers; one of these

n um b ers is publicised, but the other k ept secret.

17
In practice, limited band width means that this is p erhaps not quite true for someone

with a h uge computer.
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a
42

???

Coder

Decoder

???

42 b

Fig. 1.13 An RSA mac hine.

1.5.2.1 Creating the RSA system

T o create an RSA system w e c ho ose t w o very large prime n um b ers p and

q , of the order of roughly 2

250

. Since there exist go o d metho ds of quic kly

generating n um b ers whic h are almost certainly prime

18

this is a simple

pro cedure. W e then m ultiply these prime n um b ers together to giv e us a

h uge n um b er N = pq . W e shall no w w ork with the in tegers mo d N. The

RSA co de is a w a y of completely sh u�ing up these N in tegers. The k ey

p oin t is that the w a y in whic h the n um b ers are mixed up is actually di�erent

to the w a y in whic h the n um b ers are unmixed. This is wh y kno wledge of

the co ding pro cedure do es not giv e kno wledge of the deco ding system. Note

that the n um b ers are so thoroughly mixed that trying to unmix the n um b ers

without kno wing the metho d w ould b e rather lik e trying to un whisk a b o wl

of cak e mixture in to its comp onen t eggs and 
our. In order to see ho w all

this can p ossibly w ork w e m ust presen t a little more n um b er theory , and

b egin b y de�ning

� ( N ) = ( p � 1)( q � 1) ;

18
By `almost certainly' w e mean to within a probabilit y of around 1 =2

500
. In practical

terms, w e ma y treat this as zero.
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where Euler's function � ( N ) is seen, with a little though t, to b e the n um b er

of natural n um b ers less than N whic h are coprime to N , in that they share

no common factors. W e no w pic k an in teger a whic h has no factors in

common with � ( N ). This is most easily done b y �nding another prime

n um b er whic h is smaller than � ( N ), y et bigger than b oth p and q . Since

a and � ( N ) are coprime b y construction, with the assistance of Bezout's

lemma in mo d N w e can no w �nd natural n um b ers b and r so that

ab = 1 + � ( N ) r

The b ones of the co de is then the arithmetical equation

� u

ab
= u mo d ( N = pq ) for an y in teger u

T o demonstrate the truth of this expression w e need to use F ermat's little

theorem.

Pro of: Rep eated m ultiplication of the expression in F ermat's little the-

orem implies that for an y in teger u and natural n um b er s

u

s( p�1)+1

= u mo d p ) p is a factor of u

s( p�1)+1

� u

Similarly , w e kno w that q m ust b e a factor of ( u

t( q�1)+1

� u ) for an y natural

n um b er t . Since these expressions are true for an y natural n um b ers s and

t , w e are at lib ert y to c ho ose them so that s = r ( q � 1) and t = r ( p � 1) for

some other natural n um b er r . W e then see that b oth of the prime n um b ers

p and q , and consequen tly the pro duct N = pq , will sim ultaneously divide

in to u

r ( p�1)( q�1)+1

� u . W e deduce that

u

r ( p�1)( q�1)+1

� u = 0 mo d ( N = pq )

Since ( p � 1)( q � 1) = � ( N ) w e can use our result from Bezout's lemma to

pro v e that u

ab
= u mo d ( N = pq ) for an y in teger u . �

W e no w ha v e all the mac hinery that w e need for the co de. An y RSA

system simply b oils do wn to the particular c hoice of the three n um b ers

( N = pq ; a; b ). The co de is implemen ted as follo ws:

(1) Select t w o prime n um b ers p and q .

(2) Construct some triple of n um b ers ( N = pq ; a; b ). F or eac h N there are

man y p ossibilities for the c hoice of a and the c hoice of b .

(3) W e publicise N and a . Armed with this information an yb o dy can put

a message, whic h w e shall supp ose ma y b e reduced to a sequence of
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n um b ers u b et w een 1 and N , in to co ded form. T o co de a n um b er u

they w ould tak e

u ! v = u

a
mo d N

T o all in ten ts and purp oses the output to the co ding is some essen tially

random n um b er b et w een 0 and N . F or this reason deco ding a co ded

message is really exceedingly di�cult.

(4) No w supp ose that w e receiv e all of the co ded messages. W e are able

to translate them in to their original forms b ecause w e ha v e kno wledge

of the secret n um b er b . T o deco de a message w e simply raise v to the

p o w er b

v ! v

b
mo d N = u

ab
mo d N = u

whic h can b e seen to repro duce the initial n um b er uniquely .

Since factorising large n um b ers is practically imp ossible, nob o dy can w ork

out the n um b er b . The co de is consequen tly secure. Ho w ev er, w e can no w

see that if someone w ere able to think up some clev er metho d of factorising

n um b ers in a quic k fashion then the co de w ould easily b e brok en: from the

factorisation of N a crac k er w ould straigh t a w a y b e able to �nd p and q ,

and since a is public he or she w ould b e able to �nd the deco ding n um b er

b . Con v ersely , crac king the co de b y obtaining b directly in some other

w a y w ould quic kly giv e kno wledge of p and q , and th us the factorisation

of N . In general it seems that all metho ds of deco ding an RSA co de in a

practical time p erio d ev en tually reduce to the problem of factorising the

n um b er N quic kly . Luc kily , it is b eliev ed that there is essen tially no fast

w a y to factorise large n um b ers. F or this reason the RSA co de is considered

b y man y mathematicians to b e p erfect.

1.5.2.2 An RSA cryptosystem

Let us lo ok at a `to y example' sho wing ho w w e w ould construct an RSA

cryptosystem

(1) Let us c ho ose the t w o prime n um b ers to b e p = 2 and q = 11. Th us

N = 22.

(2) W e no w construct the n um b er � (22) = (2 � 1) � (11 � 1) = 10. This

is the n um b er of natural n um b ers less than 22 whic h do not con tain

factors of 2 or 11.
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(3) W e no w pic k a n um b er a coprime to and less than � (22) = 10. The

p ossible c hoices are 3,7 and 9. Let us pic k a = 3.

(4) W e �nd natural n um b ers whic h solv e the equation ab = 1 + � (22) r

mo d N to �nd b . In our case w e �nd that

3 � 7 � 10 � 2 = 1

Our c hoice of a therefore implies that b = 7.

(5) T o enable p eople to co de a string of natural n um b ers u < 22 w e publi-

cise ( a; N ) = (3 ; 22). The co ding pro cedure op erates as

u ! v = u

3

mo d 22

(6) W e can deco de the n um b er v with our kno wledge of the n um b er b ;

nob o dy else can do so

u = v

7

mo d 22

T o see our p ersonal RSA co de in action let us �rst co de the n um b er 173124

and then deco de the result. W e split the n um b er in to (17)(3)(12)(4) whic h

then co des as

17 ! 17

3

= 223 � 22 + 7

3 ! 3

3

= 22 � 1 + 5

12 ! 12

3

= 78 � 22 + 12

4 ! 4

3

= 22 � 2 + 20

The co ded string is then v = (7)(5)(12)(20). This is deco ded through the

prescription

7 ! 7

7

= 37433 � 22 + 17

5 ! 5

7

= 3551 � 22 + 3

12 ! 12

7

= 1628718 � 22 + 12

20 ! 20

7

= 58181818 � 22 + 4

and returns the original string (17)(3)(12)(4) � 173124.


